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� à ¡®â å [1], [2] à áá¬ âà¨¢ «®áì à¥è¥­¨¥ § ¤ ç¨ �¨«ì¡¥àâ  á ¡¥áª®­¥ç­ë¬ ¨­¤¥ªá®¬ ¤«ï ¯®-
«ã¯«®áª®áâ¨ ¯ãâ¥¬ á¢¥¤¥­¨ï ¥¥ ª á®®â¢¥âáâ¢ãîé¥© § ¤ ç¥ �¨¬ ­  ¬¥â®¤®¬ �.�.�ãáå¥«¨è¢¨«¨
([3], á. 139{155).

� ¤ ­­®© à ¡®â¥ ®¤­®à®¤­ ï § ¤ ç  �¨«ì¡¥àâ  á ¡¥áª®­¥ç­ë¬ ¨­¤¥ªá®¬ à¥è ¥âáï ­¥¯®áà¥¤-
áâ¢¥­­® ¯ãâ¥¬ ®¡®¡é¥­¨ï ­  à áá¬ âà¨¢ ¥¬ë© á«ãç © ¬¥â®¤  à¥£ã«ïà¨§¨àãîé¥£® ¬­®¦¨â¥«ï,
à §à ¡®â ­­®£® �.�. � å®¢ë¬ ([4], á. 273) ¨ à §¢¨â®£® ¢ àï¤¥ à ¡®â ¤àã£¨å  ¢â®à®¢ [5]{[8] ¤«ï
§ ¤ ç¨ �¨«ì¡¥àâ  á ª®­¥ç­ë¬ ¨­¤¥ªá®¬.

�ãáâì L | ¢¥é¥áâ¢¥­­ ï ®áì ¢ ¯«®áª®áâ¨ ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® z = x + iy, D = fz :
Im z > 0g. �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î �(z) = u(z) + iv(z),  ­ «¨â¨ç¥áªãî, ®£à ­¨ç¥­­ãî ¢
®¡« áâ¨ D ¨ ­¥¯à¥àë¢­® ¯à®¤®«¦¨¬ãî ¢® ¢á¥ â®çª¨ ª®­âãà  L, ¯® ªà ¥¢®¬ã ãá«®¢¨î

a(t)u(t)� b(t)v(t) = 0; (1)

£¤¥ a(t), b(t) | § ¤ ­­ë¥ ­  L ¤¥©áâ¢¨â¥«ì­ë¥ äã­ªæ¨¨, ¯à¨ç¥¬ a2+b2 6= 0 ¢áî¤ã ­  L, ¢ª«îç ï
¡¥áª®­¥ç­® ã¤ «¥­­ãî â®çªã.

�¥è¥­¨¥ ¯®áâ ¢«¥­­®© § ¤ ç¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ª« áá¥ ®£à ­¨ç¥­­ëå äã­ªæ¨©.
�¥à¥¯¨è¥¬ ãá«®¢¨¥ (1) ¢ ¢¨¤¥

Re[e�i�(t)�(t)] = 0; (2)

£¤¥ G(t) = a(t)� ib(t),   �(t) = argG(t): �ã¤¥¬ áç¨â âì ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ®£à ­¨ç¥­¨ï:

1) �(t) =

(
��t� + e�(t); t > 0;

�+jtj� + e�(t); t < 0;

£¤¥ ��, �+, �| ¯®áâ®ï­­ë¥, 0 < � < 1, ��2+�+2
6= 0, e�(t) | äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

��¥«ì¤¥à  á ¯®ª § â¥«¥¬ �, 0 < � < 1; ­  ¢á¥¬ ª®­âãà¥ L, ¢ª«îç ï ¡¥áª®­¥ç­® ã¤ «¥­­ãî â®çªã,
| ãá«®¢¨î HL(�) ¢ ®¡®§­ ç¥­¨ïå ([5], á. 113),

2) jG(t)j ã¤®¢«¥â¢®àï¥â ãá«®¢¨î HL(�).
�®§ì¬¥¬ äã­ªæ¨î

P (z) + iQ(z) = lei�z� = lei�r�ei��;

£¤¥ l, � | ¤¥©áâ¢¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, r = jzj, � = arg z | ®¤­®§­ ç­ ï ­¥¯à¥àë¢­ ï ¢ ¯®-
«ã¯«®áª®áâ¨ Im z > 0 ¢¥â¢ì arg z, ã¤®¢«¥â¢®àïîé ï á®®â­®è¥­¨î 0 � � � �: �â  äã­ªæ¨ï
ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ®¡« áâ¨ D;   ­  ¥¥ £à ­¨æ¥ L ¯à¨­¨¬ ¥â §­ ç¥­¨ï

P (t) + iQ(t) = ljtj�[cos(�+ ��) + i sin(�+ ��)];

£¤¥ � = 0 ¯à¨ t > 0, � = � ¯à¨ t < 0:
�ë¡¥à¥¬ ç¨á«  l > 0, 0 � � < 2� â ª, çâ®¡ë

l cos� = ��; l cos(�+ ��) = �+;
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â. ¥. çâ®¡ë

l cos� = ��; l sin� =
�� cos(��)� �+

sin(��)
:

�â¬¥â¨¬, çâ® ¯à¨ íâ®¬

P (t) =

(
��t�; t > 0;

�+jtj�; t < 0;

Q(t) =

(
(�� cos(��)� �+)t�=sin(��); t > 0;

(�� � �+ cos(��))jtj�=sin(��); t < 0:
(3)

�¯à¥¤¥«¨¬  ­ «¨â¨ç¥áªãî ®£à ­¨ç¥­­ãî ¢ ®¡« áâ¨ D äã­ªæ¨î, £à ­¨ç­ë¥ §­ ç¥­¨ï ¬­¨-
¬®© ç áâ¨ ª®â®à®© à ¢­ë �(t)� P (t) = e�(t), ä®à¬ã«®© ([3], á. 155)

�(z) =
1
�

Z +1

�1

e�(t) dt

t� z
:

�  ª®­âãà¥ L íâ  äã­ªæ¨ï ¯à¨­¨¬ ¥â §­ ç¥­¨ï �+(t) = �0(t)+ie�(t), £¤¥ �0(t) = 1
�

+1R
�1

e�(t1) dt1
t1�t

.

� ãç¥â®¬ ¨§«®¦¥­­®£® ¢ëè¥ ¯¥à¥¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (2) ¢ ¢¨¤¥

Re[e��
+(t)e�ile

i�t��(t)] = 0: (4)

�¢¥¤¥¬ äã­ªæ¨î

F (z) = ie��(z)e�ile
i�z��(z); Im z > 0; (5)

 ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ D. �®£« á­® (4)

ImF+(t) = 0 (6)

¢áî¤ã ­  L: �®á«¥¤­¥¥ ¯®§¢®«ï¥â  ­ «¨â¨ç¥áª¨ ¯à®¤®«¦¨âì äã­ªæ¨î F (z) ­  ¯®«ã¯«®áª®áâì
Im z < 0 ¯® § ª®­ã F (z) = F (z): �®íâ®¬ã á®£« á­® (5) ¨¬¥¥¬

F (z) = �ie��(z)eile
�i�z� �(z); Im z < 0: (7)

�®à¬ã«ë (5), (7) ®¯à¥¤¥«ïîâ æ¥«ãî äã­ªæ¨î F (z), ¯®àï¤®ª ª®â®à®© ­¥ ¬®¦¥â ¯à¥¢®áå®-
¤¨âì �:

�«ï äã­ªæ¨¨ Q(z) = r�l sin(�+ ��) ¨¬¥¥¬

Q(rei�) =
r�

sin��
[�� cos[(� � �)�]� �+ cos ��]: (8)

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® à¥è¥­¨ï �(z) ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ ¢ë¯®«­ï¥âáï á®®â-
­®è¥­¨¥ (5), ¢ ª®â®à®¬ F (z) | æ¥« ï äã­ªæ¨ï, ¯à¨­¨¬ îé ï ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï ­ 
L: �â ª, ¥á«¨ ®¤­®à®¤­ ï ªà ¥¢ ï § ¤ ç  ¨¬¥¥â ®£à ­¨ç¥­­®¥ ¢ ®¡« áâ¨ D à¥è¥­¨¥ �(z); â®
¯®àï¤®ª à®áâ  �F æ¥«®© äã­ªæ¨¨ F (z), ®¯à¥¤¥«ï¥¬®© ä®à¬ã« ¬¨ (5), (7), ­¥ ¯à¥¢®áå®¤¨â �:

�ãáâì F (z) | ¯à®¨§¢®«ì­ ï æ¥« ï äã­ªæ¨ï, ¯à¨­¨¬ îé ï ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï ­  L,
â®£¤  ¤«ï äã­ªæ¨¨ �(z), ®¯à¥¤¥«ï¥¬®© ä®à¬ã«®© (5), ¢ë¯®«­ï¥âáï ªà ¥¢®¥ ãá«®¢¨¥ (4).

�¥®à¥¬  1. �«ï â®£® çâ®¡ë à¥è¥­¨¥ �(z) ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ ¡ë«® ®£à ­¨ç¥­­ë¬

¢ ®¡« áâ¨ D, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯®àï¤®ª �F æ¥«®© äã­ªæ¨¨ F (z), ¢å®¤ïé¥© ¢

á®®â­®è¥­¨¥ (5) ¤«ï ãª § ­­®£® à¥è¥­¨ï �(z), ­¥ ¯à¥¢®áå®¤¨« � ¨ ­  ª®­âãà¥ L ¤«ï ¢á¥å ¤®-

áâ â®ç­® ¡®«ìè¨å jtj ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

jF (t)j � CeQ(t); C = const: (9)
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�¥®à¥¬  2. �¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ (2) ¤ ¥âáï ä®à¬ã«®©

�(z) = �ie�(z)eile
i�z�F (z); (10)

£¤¥ F (z) | ¯à®¨§¢®«ì­ ï æ¥« ï äã­ªæ¨ï, ¯®àï¤®ª ª®â®à®© ­¥ ¯à¥¢®áå®¤¨â �, ¯à¨­¨¬ îé ï
¢¥é¥áâ¢¥­­ë¥ §­ ç¥­¨ï ­  @D, ¯®¤ç¨­¥­­ë¥ ãá«®¢¨î (9).

�¥®à¥¬  3. �ãáâì � < 1=2: �®£¤  ®¤­®à®¤­ ï ªà ¥¢ ï § ¤ ç  (4)

a) ­¥ ¨¬¥¥â ­¥âà¨¢¨ «ì­ëå ®£à ­¨ç¥­­ëå à¥è¥­¨©, ¥á«¨ ¨ â®«ìª® ¥á«¨ �� cos(��) < �+;
«¨¡® �+ cos(��) > ��;

b) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¥á«¨ ¨ â®«ìª® ¥á«¨ �� cos(��) = �+, �+ cos(��) < ��; «¨¡®
�+ cos(��) = ��, �� cos(��) > �+; ¢¨¤ 

�(z) = iAe�(z)eile
i�z� ; ImA = 0;

c) ¨¬¥¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® ®£à ­¨ç¥­­ëå à¥è¥­¨©, ¥á«¨ ¨ â®«ìª® ¥á«¨ �� cos(��)>�+,
�� > �+ cos(��):

�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  áà ¢­¥­¨¨ ¨­¤¨ª â®à  à®áâ  hF (�) äã­ªæ¨¨ F (z) ¨ äã­ªæ¨¨
h(�) = [�+ cos �� � �� cos �(� � �)]=sin�� ¨ â¥®à¥¬¥ �à £¬¥­ {�¨­¤¥«�¥ä .

�ãáâì �� � �+ < 0, ¨ �(z) | ®£à ­¨ç¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (4). T®£¤  ¤«ï äã­ªæ¨¨ (8)
¨¬¥¥¬ Q(rei�=2) < 0; á«¥¤®¢ â¥«ì­®, jF (rei�=2)j < C ¢ á¨«ã á¨¬¬¥âà¨¨ jF (re�i�=2)j < C; ¯®íâ®¬ã
¯® ¯à¨­æ¨¯ã �à £¬¥­ {�¨­¤¥«�¥ä  jF (z)j < C ¢® ¢á¥© ¯«®áª®áâ¨, â. ¥. F (z) � 0: � ª¨¬ ®¡à §®¬,
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �á«¨ �� � �+ < 0, â® ®¤­®à®¤­ ï ªà ¥¢ ï § ¤ ç  (4) ¨¬¥¥â â®«ìª® ­ã«¥¢®¥

à¥è¥­¨¥.

�¥®à¥¬  5. �á«¨ � � 1=2 ¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï �� < 0 ¨«¨ �+ > 0; â® ®¤­®à®¤­ ï ªà ¥¢ ï
§ ¤ ç  (4) ¨¬¥¥â â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì � � 1=2 ¨ �� < 0;   § ¤ ç  (4) ¨¬¥¥â ­¥­ã«¥¢®¥ ®£à ­¨ç¥­­®¥ à¥è¥­¨¥,
â®£¤  ¨­¤¨ª â®à à®áâ  äã­ªæ¨¨ F (z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î hF (�=2�) = hF (��=2�) � �� < 0;
çâ® ¯à®â¨¢®à¥ç¨â ¨§¢¥áâ­®¬ã (­ ¯à., [9], á. 84) á®®â­®è¥­¨î hF (� + �=�) + hF (�) � 0.

�ãáâì ­¥à ¢¥­áâ¢ 

�� cos(��)� �+ > 0; �� � �+ cos(��) > 0 (11)

¢ë¯®«­ïîâáï ®¤­®¢à¥¬¥­­®. �®®â­®è¥­¨¥ (9) ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å jtj á ãç¥â®¬ (3) § ¯¨è¥¬
â ª

jF (t)j �

8<:Ce
�� cos ����+

sin��
t� ; t > 0;

Ce
����+ cos��

sin��
jtj� ; t < 0:

(12)

�â¨ ¯®á«¥¤­¨¥ ­¥à ¢¥­áâ¢  ¢ë¯®«­ïîâáï ¤«ï «î¡®© æ¥«®© äã­ªæ¨¨ F (z) ¯®àï¤ª  �F < �
¯à¨ ãá«®¢¨¨ (11).

�á­®, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2 ¬®¦­® ãâ®ç­¨âì:

�¥®à¥¬  6. � á«ãç ¥, ª®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  (11), ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© ªà -
¥¢®© § ¤ ç¨ (4) ¤ ¥âáï ä®à¬ã«®© (10), £¤¥ F (z) | ¯à®¨§¢®«ì­ ï æ¥« ï äã­ªæ¨ï, ¯à¨­¨¬ îé ï

­  L ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï, ¯®àï¤®ª ª®â®à®© �F � �, ¨ ¯à¨ �F = � ã¤®¢«¥â¢®àïîé ï á®®â-
­®è¥­¨ï¬ (12) ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å jtj.

�ãáâì � � 1=2, �� � 0, �+ � 0 ¨ ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

�� cos(��)� �+ > 0; �� � �+ cos(��) < 0 (13)

¨«¨

�� cos(��)� �+ < 0; �� � �+ cos(��) > 0: (14)
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� á«ãç ¥, ª®£¤  ¨¬¥îâ ¬¥áâ® (13), ¢â®à®¥ ­¥à ¢¥­áâ¢® (12) ¯®ª §ë¢ ¥â, çâ® ¯à¨ �F < � á«¥¤ã¥â
lim

t!�1
[(ln jF (t)j)=jtj�F ] = �1; çâ® ­¥¢®§¬®¦­® ([10], á. 259; [9], á. 74), ¯®íâ®¬ã ¡ã¤¥¬ áç¨â âì �F = �:

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �ãáâì � � 1=2 ¨ �� � 0, �+ � 0; ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (13) ¨«¨ (14), â®£¤ 
®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨ (4) ¤ ¥âáï ä®à¬ã«®© (10), £¤¥ F (z) | ¯à®¨§¢®«ì­ ï,

¯à¨­¨¬ îé ï ­  L ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï, æ¥« ï äã­ªæ¨ï ¯®àï¤ª  �; ã¤®¢«¥â¢®àïîé ï ­¥-
à ¢¥­áâ¢ ¬ (12).

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à­®áâì �.�. � à¨äìï­®¢ã, ®¡à â¨¢è¥¬ã ¨å ¢­¨¬ ­¨¥ ­  ­¥®¡å®-
¤¨¬®áâì ¢ë¯®«­¥­¨ï ãá«®¢¨© �� � 0, �+ � 0 ¤«ï áãé¥áâ¢®¢ ­¨ï ­¥­ã«¥¢®£® à¥è¥­¨ï ¢ á«ãç ¥
� > 1=2.
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