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�®­ïâ¨¥ á¨«ì­®© (A;B)-¬®¤¥«¨, ¢¢¥¤¥­­®¥ ¢ [1] ¨ à §¢¨â®¥ ¢ [2]{[5], á®¯àï¦¥­® á â¥®à¥â¨ª®-
¬­®¦¥áâ¢¥­­ë¬¨ ª®­áâàãªæ¨ï¬¨ � «¬ ­ {�¥á à®¢¨ç  ([6], c. 21; [7], c. 54) ¯à¨¬¥­¨â¥«ì­® ª § -
¤ ç¥ à¥ «¨§ æ¨¨ «¨­¥©­®© ­¥¯à¥àë¢­®© ª®­¥ç­®¬¥à­®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ([6], á. 353). �à¨
íâ®¬ ¨áá«¥¤®¢ ­¨¥ § ¤ ç¨ à¥ «¨§ æ¨¨ ¨¬¥­­® «¨­¥©­®© ­¥¯à¥àë¢­®© á¨áâ¥¬ë (¤¨áªà¥â­ë© ¯®¤-
å®¤ á¬. ¢ [8]) ®¡ãá«®¢«¥­® ­¥ â®«ìª® ¢®§¬®¦­®áâìî ¢ ¯®«­®¬ ®¡ê¥¬¥ ¨á¯®«ì§®¢ âì ¡®£ âë©  à-
á¥­ « «¨­¥©­®© ¬ â¥¬ â¨ª¨, ­® ¨ â¥¬, çâ®, ¢®-¯¥à¢ëå, â¥®à¨ï ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï
¯®¤®¡­ëå á¨áâ¥¬ ­¥®¡å®¤¨¬  ¤«ï «®ª «ì­®£® ¨§ãç¥­¨ï ¯à®¡«¥¬ë à¥ «¨§ æ¨¨ ­¥«¨­¥©­ëå ®¡ê-
¥ªâ®¢ [9],   ¢®-¢â®àëå,  ­ «¨â¨ç¥áª¨©  ¯¯ à â á¨«ì­ëå (A;B)-¬®¤¥«¥© ®âªàë¢ ¥â ¯¥àá¯¥ªâ¨¢ã
®¡®¡é¥­¨ï ¢ «¨­¥©­®© ¯®áâ ­®¢ª¥ ª« áá¨ç¥áª®© ¤¥â¥à¬¨­¨à®¢ ­­®© â¥®à¨¨ ¨¤¥­â¨ä¨ª æ¨¨ [3],
¢ ç áâ­®áâ¨, ­  ®á­®¢¥ ¨á¯®«ì§®¢ ­¨ï á¯¥æ¨ «ì­ëå ¯à®£à ¬¬­ëå ¯à®æ¥¤ãà «®£¨ç¥áª®£® ¢ë¢®¤ 
( ¢â®¬ â¨ç¥áª®£® ¤®ª § â¥«ìáâ¢  â¥®à¥¬) ¢ ¯à®æ¥áá å ¯®áâà®¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ¬®¤¥«¥©
ã¯à ¢«¥­¨ï (¯®¤à®¡­®áâ¨ ¢ [2]).

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì (X; k � kX ) | ¢¥é¥áâ¢¥­­®¥ ª®­¥ç­®¬¥à­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, t0 < t1, T b=[t0; t1] |
®âà¥§®ª ç¨á«®¢®© ¯àï¬®© R á ¬¥à®© �¥¡¥£  � ¨ Lp(T; �;X), 1 � p < 1, | ¡ ­ å®¢ë ¯à®áâà ­-
áâ¢  ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ (mod�) �-¨§¬¥à¨¬ëå ®â®¡à ¦¥­¨©  : T ! X, áã¬¬¨àã¥¬ëå ¯®

�®å­¥àã, á ­®à¬®© k kXp b=� R
T

k (t)kpX�(dt)
�1=p

. �¥à¥§ Hp0 (1 � p0 < 1) ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢®

Lp0(T; �;Rn)�Lp0(T; �;Rm) c ­®à¬®© k(!1; !2)kH
p0
b=[(k!1kRnp0 )p0+(k!2kR

m

p0 )p
0

]1=p
0

, !1 2 Lp0(T; �;Rn),
!2 2 Lp0(T; �;Rm). � ª®­¥æ, AC(T;Rn) | «¨­¥©­®¥ ¬­®£®®¡à §¨¥ ¢á¥å  ¡á®«îâ­® ­¥¯à¥àë¢­ëå
­  T äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ Rn ¨ �b=AC(T;Rn)�Lp0(T; �;Rm); ¯à¨ íâ®¬ ®¡®§­ ç¥­¨¥ ª®­áâàãª-
æ¨¨ � ¡ã¤¥â ¯à¨¬¥­ïâìáï ¡¥§ á¯¥æ¨ «ì­®£® ãª § ­¨ï ­  â®, çâ®  ) ¬­®¦¥áâ¢® � | ¯®¤¬­®¦¥-
áâ¢® ¢ Hp0 (¢ íâ®¬ ¯®«®¦¥­¨¨ â®çª ¬ ¨§ AC(T;Rn) ¢ ª®­áâàãªæ¨¨ � áâ ¢ïâáï á®®â¢¥âáâ¢ãîé¨¥
ª« ááë íª¢¨¢ «¥­â­®áâ¨ ¨§ Lp0(T; �;Rn) ¨ ­ ®¡®à®â, ¥á«¨ ­¥ª®â®àë© ª« áá íª¢¨¢ «¥­â­®áâ¨ ¨§
Lp0(T; �;Rn) á®¤¥à¦¨â â®çªã ¨§ AC(T;Rn), â® â ª ï â®çª  ¥¤¨­áâ¢¥­­ ï), ¡) â®¯®«®£¨ç¥áª ï
áâàãªâãà  ¢ � ¥áâì áã¦¥­¨¥ ¬¥âà¨ç¥áª®© â®¯®«®£¨¨ ¨§ Hp0 , ¯®à®¦¤¥­­®© ­®à¬®© k � kH

p0
.

�ë¤¥«¨¬ ª« áá «¨­¥©­ëå ¬­®£®¬¥à­ëå á¨áâ¥¬, ®¯¨áë¢ ¥¬ëå ¢¥ªâ®à­®-¬ âà¨ç­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¢¨¤ 

_x(t) = A(t)x(t) +B(t)u(t); t 2 T; (1)

¯à¨ íâ®¬ ¯à¥¤¯®« £ ¥¬, çâ® x(�) 2 AC(T;Rn) | à¥è¥­¨¥ � à â¥®¤®à¨ (K-à¥è¥­¨¥), u(�) 2
Lp0(T; �;Rm) | ¢¥ªâ®à-äã­ªæ¨ï ã¯à ¢«¥­¨ï,A(�) 2 Lp(T; �;L(Rn; Rn)), B(�) 2 Lp(T; �;L(Rm; Rn)),

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò99-01-01279).
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£¤¥ p; p0 2 (1;1) ¨ á¢ï§ ­ë á®®â­®è¥­¨¥¬ 1=p + 1=p0 = 1, L(Rm; Rn) | ¡ ­ å®¢® ¯à®áâà ­-
áâ¢® (á ®¯¥à â®à­®© ­®à¬®©) ¢á¥å «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¨§ Rm ¢ Rn; ¡ã¤¥¬ ¤®-
¯ãáª âì ­¥áâà®£®¥ ¢ëà ¦¥­¨¥: \¯ à  (x; u) 2 � | K-à¥è¥­¨¥ á¨áâ¥¬ë (1)", ¥á«¨ (x(�); u(�))
¯®â®ç¥ç­® �-¯®çâ¨ ¢áî¤ã ¢ T ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1) ¤«ï ­¥ª®â®à®© ¯ àë ®¯¥à â®à®¢
(A(�); B(�)) 2 Lp(T; �;L(Rn; Rn))� Lp(T; �;L(Rm; Rn)), ¯à¨ íâ®¬ á ¬ã ¯ àã (A(�); B(�)) ¡ã¤¥¬ ­ -
§ë¢ âì (A;B)-¬®¤¥«ìî [1].

�¯à¥¤¥«¥­¨¥ 1 ([1]). �®¤¬­®¦¥áâ¢® P � � ®¡« ¤ ¥â
| á¢®©áâ¢®¬ ®¡ëª­®¢¥­­®© «¨­¥©­®-¤¨ää¥à¥­æ¨ «ì­®© á®¢¬¥áâ¨¬®áâ¨ (���-á®¢¬¥áâ¨¬®-

áâ¨), ¥á«¨ «¨¡® P = ;, «¨¡® áãé¥áâ¢ã¥â â ª ï á¨áâ¥¬  (1), çâ® SpanP á®¤¥à¦¨âáï ¢ ª« áá¥ ¥¥
K-à¥è¥­¨© (â®£¤  P ­ §®¢¥¬ ���-á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬);

| á¢®©áâ¢®¬ à á¯à¥¤¥«¥­­®© «¨­¥©­®-¤¨ää¥à¥­æ¨ «ì­®© á®¢¬¥áâ¨¬®áâ¨ (���-á®¢¬¥áâ¨¬®-
áâ¨), ª®£¤  «¨¡® P = ;, «¨¡® ª ¦¤®¥ ®¤­®í«¥¬¥­â­®e ¯®¤¬­®¦¥áâ¢® ¨§ SpanP ï¢«ï¥âáï ���-
á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬ (â®£¤  P ­ §®¢¥¬ ���-á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬).

�¢®©áâ¢® ���-á®¢¬¥áâ¨¬®áâ¨ ¥áâì á¢®©áâ¢® ª®­¥ç­®£® å à ªâ¥à  ([10], á. 28) (ç¥£® ­¥«ì§ï
áª § âì ¢ ®â­®è¥­¨¨ ���-á®¢¬¥áâ¨¬®áâ¨), çâ® ¯®ª §ë¢ ¥â

�â¢¥à¦¤¥­¨¥ 1. �ãáâì N | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ �. �®£¤ 
á¢®©áâ¢® ���-á®¢¬¥áâ¨¬®áâ¨ ¯® ®â­®è¥­¨î ª N ¥áâì á¢®©áâ¢® ª®­¥ç­®£® å à ªâ¥à .

�¯à¥¤¥«¥­¨¥ 2 ([5]). �ãáâì N | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ � ¨ ¯ãáâì
áãé¥áâ¢ãîâ P�, P# (®¡®î¤­® ¨«¨ å®âï ¡ë P#) | ­¥¯ãáâë¥ ¬ ªá¨¬ «ì­ë¥, ¯à¨ ã¯®àï¤®ç¥­¨¨
®â­®á¨â¥«ì­® â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï, ¯®¤¬­®¦¥áâ¢  ¨§ N , ®¡« ¤ îé¨¥ á®®â¢¥â-
áâ¢¥­­® á¢®©áâ¢®¬ ���-á®¢¬¥áâ¨¬®áâ¨ ¨ á¢®©áâ¢®¬ ���-á®¢¬¥áâ¨¬®áâ¨. �®£¤  «¨­¥©­ë¥ ¯à®-
áâà ­áâ¢ , ­ âï­ãâë¥ ­  P� ¨ P#, ­ §®¢¥¬ á®®â¢¥âáâ¢¥­­® ®¡ëª­®¢¥­­ë¬ ¯« áâ®¬ ­ ¤ N ¨ à á-
¯à¥¤¥«¥­­ë¬ ¯« áâ®¬ ­ ¤ N , ¨ ¥á«¨ ª ª®©-«¨¡® ¨§ ­¨å á®¤¥à¦¨â ¬­®¦¥áâ¢® N , â® â ª®© ¯« áâ
¡ã¤¥¬ ­ §ë¢ âì ®¤­®à®¤­ë¬.

�®¦¥â á«ãç¨âìáï, çâ® ­ ¤ N áãé¥áâ¢ã¥â ª ª ®¡ëª­®¢¥­­ë©, â ª ¨ à á¯à¥¤¥«¥­­ë© ¯« áâ
(¯à¨ íâ®¬ ®­¨ ¬®£ãâ ­¥ á®¢¯ ¤ âì), ¨«¨ áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­­ë© ¯« áâ, ­® ®âáãâáâ¢ã¥â ®¡ëª-
­®¢¥­­ë© ([5], ¯à¨¬¥à 1); ­ ª®­¥æ, ¢á¥£® íâ®£® ¬®¦¥â ­¥ ¡ëâì! �®®â­®è¥­¨ï ¬¥¦¤ã íâ¨¬¨ à §-
«¨ç­ë¬¨ ¯®­ïâ¨ï¬¨ ¢ ¦­ë, ¯®áª®«ìªã ­ «¨ç¨¥ ­ ¤ N ®¡ëª­®¢¥­­®£® (®¤­®à®¤­®£®) ¯« áâ 
£¥®¬¥âà¨ç¥áª¨ à ¢­®á¨«ì­® áãé¥áâ¢®¢ ­¨î á¨«ì­®© (­¥®¯à®¢¥à£­ãâ®©) (A;B)-¬®¤¥«¨ [1]. � -
«¥¥, ¢áïª®¥ ¯®¤¬­®¦¥áâ¢® N � � ¢ á®®â¢¥âáâ¢¨¨ á ãâ¢¥à¦¤¥­¨¥¬ 1 ¨ «¥¬¬®© �¥©å¬î««¥à {
�ìîª¨ ([10], c. 28) «¨¡® ­¥ á®¤¥à¦¨â ­¨ ®¤­®£® ­¥¯ãáâ®£® ¯®¤¬­®¦¥áâ¢  á® á¢®©áâ¢®¬ ���-
á®¢¬¥áâ¨¬®áâ¨ (  §­ ç¨â, ¨ ���-á®¢¬¥áâ¨¬®áâ¨), «¨¡® ­ ¤ N áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­­ë© ¯« áâ
(¢®§¬®¦­®, ­¥ ¥¤¨­áâ¢¥­­ë©); çâ® ¦¥ ª á ¥âáï ¢®¯à®á  ® áãé¥áâ¢®¢ ­¨¨ ®¡ëª­®¢¥­­®£® ¯« -
áâ  ­ ¤ N , â® ®â¢¥â ­  ­¥£® ­¥ áâ®«ì ®¤­®§­ ç­ë© ([1]{[5]), ¢ ç áâ­®áâ¨, ª ª ¯®ª § ­® ¢ [5],
¥£® áãé¥áâ¢®¢ ­¨¥ á¢ï§ ­® á  ­ «¨§®¬ ¯à®æ¥¤ãàë ¨­¤ãªâ¨¢­®£® ®¤­®í«¥¬¥­â­®£® à áè¨à¥­¨ï
���-á®¢¬¥áâ¨¬ëå ¬­®¦¥áâ¢. � á¢ï§¨ á ¯®á«¥¤­¨¬ § ¬¥ç ­¨¥¬ ¨­â¥à¥á ¯à¥¤áâ ¢«ïîâ á«¥¤ãî-
é¨¥ § ¤ ç¨:

| ¤«ï ­¥¯ãáâëå ���-á®¢¬¥áâ¨¬ëå ¯®¤¬­®¦¥áâ¢ P �, f(x�; u�)g � �, £¤¥ P � ­¥ ¡®«¥¥ ç¥¬
áç¥â­® ¨ (x�; u�) =2 P �, ®¯à¥¤¥«¨âì  ­ «¨â¨ç¥áª¨¥ ãá«®¢¨ï, ª®£¤  P � [ f(x�; u�)g ï¢«ï¥âáï ���-
á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬;

| ¯®ª § âì, çâ® ¢ ª« áá¥ \¯ áá¨¢­ëå" âà ¥ªâ®à¨© (u � 0) â ª¨¥ å à ªâ¥à¨áâ¨ª¨ ¯« áâ®¢
­ ¤ áç¥â­ë¬ ¬­®¦¥áâ¢®¬ N � �, ª ª à á¯à¥¤¥«¥­­ë© ¨ ®¡ëª­®¢¥­­ë©, íª¢¨¢ «¥­â­ë.

2. �á¯®¬®£ â¥«ì­ë¥ ¯®áâà®¥­¨ï

�ãáâì ¬­®¦¥áâ¢® ­ ¡«î¤ ¥¬ëå ¤¨­ ¬¨ç¥áª¨å ¯à®æ¥áá®¢ (¬­®¦¥áâ¢® ­ ¡«î¤¥­¨©) N |
¯à®¨§¢®«ì­®¥ ­¥¯ãáâ®¥ ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ¯®¤¬­®¦¥áâ¢® ¢ � ¨ ¯ãáâì PN | ¬­®¦¥áâ¢®
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¢á¥å í«¥¬¥­â®¢ ¨§ N , o¡« ¤ îé¨å (ª ª ®¤­®í«¥¬¥­â­ë¥ ¯®¤¬­®¦¥áâ¢  ¢ �) á¢®©áâ¢®¬ ���-
á®¢¬¥áâ¨¬®áâ¨; ¯à¨ íâ®¬ PN ¡ã¤¥¬ ­ §ë¢ âì å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢  ­ -
¡«î¤¥­¨© N [1].

�á«®¢¨¬áï ®â«¨ç âì ¢ ®¡®§­ ç¥­¨ïå í«¥¬¥­â (x; u) ¨§ PN ª ª ª« áá íª¢¨¢ «¥­â­®áâ¨ (â. ¥.
í«¥¬¥­â ¯à®áâà ­áâ¢  Hp0) ®â ª®­ªà¥â­®£® ¯à¥¤áâ ¢¨â¥«ï íâ®£® ª« áá  (x(�); u(�)).

�ãáâì P � � SpanPN | ­¥ª®â®à®¥ «¨­¥©­®¥ ���-á®¢¬¥áâ¨¬®¥ ¬­®¦¥áâ¢®. �¡®§­ ç¨¬ ç¥à¥§
E� ¯à®¨§¢®«ì­ë© (­® ä¨ªá¨à®¢ ­­ë© ¨ ¯à®­ã¬¥à®¢ ­­ë©)  «£¥¡à ¨ç¥áª¨© ¡ §¨á ¢ P � ¨ ¯ãáâì
(x�(�); u�(�)) | § ¤ ­­ë© í«¥¬¥­â ¨§ PN . �ç¥¢¨¤­®, ¢ «î¡®© ä¨ªá¨à®¢ ­­®© â®çª¥ t 2 T ¢®§¬®¦-
­® à §«®¦¥­¨¥ (x�(t); u�(t)) ª ª ¢¥ªâ®à  ¨§ Rn+m ­  ¥£® ¯à®¥ªæ¨î ¢ Spanf(x(t); u(t))i : (x; u)i 2
E�; i = 1; 2; : : : g, ª®â®àãî ®¡®§­ ç¨¬ ç¥à¥§ (x��(t); u

�
�(t)), ¨ ¤®¯®«­¥­¨¥ (x�?(t); u

�
?(t))b=(x�(t);

u�(t))� (x��(t); u
�
�(t)), ª®â®à®¥, ®ç¥¢¨¤­®, ®àâ®£®­ «ì­® (á¨¬¢®« ?) ª Spanf(x(t); u(t))i : (x; u)i 2

E�; i = 1; 2; : : : g.

�¥¬¬  1. �à¥¤áâ ¢«¥­¨¥ (x�; u�) = (x��; u
�
�) + (x�?; u

�
?) ­¥ § ¢¨á¨â ®â E� (â. ¥. ®â ¢ë¡®à 

 «£¥¡à ¨ç¥áª®£® ¡ §¨á  ¢ P �).

�¥¬¬  2. �ãáâì (x�; u�) 2 PN . �®£¤  (x��; u
�
�); (x

�
?; u

�
?) 2 Hp0.

�ãáâì F | á¥¬¥©áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ¢á¥å å à ªâ¥à¨áâ¨ç¥áª¨å äã­ªæ¨© ­  í«¥¬¥­-
â å �- «£¥¡àëS �-¨§¬¥à¨¬ëå ¯®¤¬­®¦¥áâ¢ ¨§ T . �«ï äã­ªæ¨®­ «ì­ëå ¬­®¦¥áâ¢ �E b=f�(x; u)i :
� 2 F; (x; u)i 2 E�; i = 1; 2; : : : g ¨ �(x�

?
;u�
?
) b=f�(x�?; u�?) : � 2 Fg ç¥à¥§ 
k ¨ 
(x�

?
;u�
?
) ®¡®-

§­ ç¨¬ § ¬ëª ­¨ï ¢ ¯à®áâà ­áâ¢¥ Hp0 ¬­®¦¥áâ¢ Span�E ¨ Span�(x�
?
;u�
?
) á®®â¢¥âáâ¢¥­­®, ç¥à¥§

�(x�
?
;u�
?
) | á¥¬¥©áâ¢® ¢á¥å á¨£­ «ì­ëå äã­ªæ¨© [11], ®â¢¥ç îé¨å í«¥¬¥­âã (x�?; u

�
?) 2 Hp0 , â. ¥.

�(x�
?
;u�
?
) b=Lp0(T; ��?; R), £¤¥ ��? b= R (kx�?(t)kp0Rn + ku�?(t)k

p0

Rm)�(dt).

�¥¬¬  3. �ãáâì 
E ¨ 
(x�
?
;u�
?
) | ¯®¤¯à®áâà ­áâ¢  ¨§ Hp0 , ¢¢¥¤¥­­ë¥ ¢ëè¥. �®£¤   ) 
E \


(x�
?
;u�
?
) = f0g; ¡) 
E +
(x�

?
;u�
?
) § ¬ª­ãâ® ¢ Hp0.

�®ª § â¥«ìáâ¢®.  ) �®áâ â®ç­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥­¨ï

(8! 6= 0; ! 2 
(x�
?
;u�
?
)) (9!

� 2 Lp(T; �;R
n)� Lp(T; �;R

m)) :

(8!0 2 Span�E) (f!
�; !g 6= 0& f!�; !0g = 0);

£¤¥ f�; �g ®§­ ç ¥â ª ­®­¨ç¥áªãî ¡¨«¨­¥©­ãî ä®à¬ã, ãáâ ­ ¢«¨¢ îéãî ¤¢®©áâ¢¥­­®áâì ¬¥¦¤ã
¯à®áâà ­áâ¢ ¬¨ Lp0(T; �;Rn)� Lp0(T; �;Rm) ¨ Lp(T; �;Rn)� Lp(T; �;Rm).

� á¨«ã â¥®à¥¬ 1 ¨ 4 ¨§ [11]  ­ «¨â¨ç¥áª ï áâàãªâãà  ¯à®áâà ­áâ¢  
(x�
?
;u�
?
) ¨¬¥¥â ¢¨¤


(x�
?
;u�
?
) = f�(x�?; u

�
?) : � 2 �(x�

?
;u�
?
)g. �ãáâì ! | ¯à®¨§¢®«ì­o ä¨ªá¨à®¢ ­­ë© ­¥­ã«¥¢®© í«¥-

¬¥­â ¨§ 
(x�
?
;u�
?
). �®£¤  (ª ª â®«ìª® çâ® ãáâ ­®¢«¥­®) ! = �(x�?; u

�
?) ¤«ï ­¥ª®â®à®© äã­ªæ¨¨

� 2 �(x�
?
;u�
?
). �¡®§­ ç¨¬ ç¥à¥§ S+ ¨ S� ¬­®¦¥áâ¢ , á®®â¢¥âáâ¢¥­­® à ¢­ë¥ ft 2 T : �(t) � 0g

¨ ft 2 T : �(t) < 0g, ¨ ¯ãáâì �+ ¨ �� | ¨å å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨. �¥¯¥àì à áá¬®âà¨¬
¢¥ªâ®à-äã­ªæ¨î �(x�

?
;u�
?
) : T ! Rn+m ¢¨¤ 

�(x�
?
;u�
?
)(t)b=

(
(x�?(t); u

�
?(t))h(x

�
?(t); u

�
?(t)); (x

�
?(t); u

�
?(t))i

�1=2; (x�?(t); u
�
?(t)) 6= 0;

0; (x�?(t); u
�
?(t)) = 0:

�ç¥¢¨¤­®, (�+ � ��)�(x�
?
;u�
?
) 2 Lp(T; �;Rn) � Lp(T; �;Rm) ¨ f(�+ � ��)�(x�

?
;u�
?
); !g > 0. � ¤àã£®©

áâ®à®­ë, 8(x; u)i 2 E� (i = 1; 2; : : : ) ¢ á¨«ã ª®­áâàãªæ¨¨ (x�?; u
�
?) ¤«ï ¯®çâ¨ ¢á¥å t ¨§ T ¡ã¤¥â

h(x(t); u(t))i; (x�?(t); u
�
?(t))i = 0, ®âªã¤ , ¨á¯®«ì§ãï ¨­â¥£à «ì­ãî ä®à¬ã  ­ «¨â¨ç¥áª®£® ¯à¥¤-

áâ ¢«¥­¨ï ¤«ï f�; �g, ­¥á«®¦­® ã¡¥¤¨âìáï, çâ® 8!0 2 Span�E ¡ã¤¥â f(�+ � ��)�(x�
?
;u�
?
); !

0g = 0.
¡) � àï¤ã á ¯à®áâà ­áâ¢®¬ 
E + 
(x�

?
;u�
?
) á ­®à¬®©, ¨­¤ãæ¨à®¢ ­­®© ¨§ ¯à®áâà ­áâ¢  Hp0 ,

ª ª®â®à®¬ã ®â­®á¨âáï ä®à¬ã«¨à®¢ª  ¯. ¡), à áá¬®âà¨¬ ¯à®áâà ­áâ¢® 
E � 
(x�
?
;u�
?
) á ­®à¬®©

(k!0kp
0

H
p0
+ k!00kp

0

H
p0
)1=p

0

, !0 2 
E, !00 2 
(x�
?
;u�
?
). �ç¥¢¨¤­®, ¯à®áâà ­áâ¢® 
E � 
(x�

?
;u�
?
) ¡ ­ å®¢®.

�¡®§­ ç¨¬ ç¥à¥§ V ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯à®áâà ­áâ¢ ¬¨ 
E � 
(x�
?
;u�
?
) ¨


E+
(x�
?
;u�
?
), ®à£ ­¨§®¢ ­­®¥ ¯® ¯à ¢¨«ã (!0; !00)! !0+!00, ª®â®à®¥, ®ç¥¢¨¤­®, ¡ã¤¥â «¨­¥©­ë¬
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¨ ­¥¯à¥àë¢­ë¬. �á«¨ ¡ã¤¥â ­¥¯à¥àë¢­ë¬ â ª¦¥ ¨ ®¯¥à â®à V �1, â® ãâ¢¥à¦¤¥­¨¥ ¯. ¡) ¢ëâ¥-
ª ¥â ¨§ á«¥¤áâ¢¨ï â¥®à¥¬ë 1 ([12], á. 450), ¯à¨ç¥¬ ­¥¯à¥àë¢­®áâì ®¯¥à â®à  V �1 ¢ á¨«ã â¥®à¥-
¬ë 2 ([12], á. 245) ¬®¦­® § ¬¥­¨âì ­¥¯à¥àë¢­®áâìî ¥£® áã¦¥­¨ï V �1 j (Span�E +Span�(x�

?
;u�
?
)).

�®ª ¦¥¬ íâ®. �ãáâì (!01; !
0
2) 2 Span�E, (!001 ; !

00
2 ) 2 Span�(x�

?
;u�
?
), £¤¥ !01; !

00
2 2 Lp0(T; �;Rn) ¨

!001 ; !
0
2 2 Lp0(T; �;R

m). �®£¤  ¢ á¨«ã íª¢¨¢ «¥­â­®áâ¨ ­®à¬ ¢ Rk (k = n+m, k = 2) ¯®çâ¨ ¢áî¤ã
¢ T á¯à ¢¥¤«¨¢  (á ãç¥â®¬ (!01(t); !

0
2(t))?(!

00
1 (t); !

00
2 (t)) ¢ R

n+m) ¤«ï á®®â¢¥âáâ¢ãîé¨å (á¬¥­ ¬
­®à¬ ¢ Rk) ª®­áâ ­â ci > 0, i = 1; 4, á«¥¤ãîé ï æ¥¯®çª  ®â­®è¥­¨©:

k!01(t) + !001 (t)k
p0

Rn + k!02(t) + !002 (t)k
p0

Rm �

� c1(h(!01(t) + !001 (t); !
0

2(t) + !002 (t)); (!
0

1(t) + !001 (t); !
0

2(t) + !002 (t))i
1=2)p

0

�

�c1(h(!01(t); !
0

2(t)); (!
0

1(t); !
0

2(t))i+ h(!001 (t); !
00

2 (t)); (!
00

1 (t); !
00

2 (t))i)
1=2)p

0

�

� c2(h(!
0

1(t); !
0

2(t)); (!
0

1(t); !
0

2(t))i
1=2 + h(!001 (t); !

00

2 (t)); (!
00

1 (t); !
00

2 (t))i
1=2)p

0

�

� c3((k!
0

1(t)k
p0

Rn + k!02(t)k
p0

Rm)
1=p0 + (k!001 (t)k

p0

Rn + k!002 (t)k
p0

Rm)
1=p0)p

0

�

� c4(k!
0

1(t)k
p0

Rn + k!02(t)k
p0

Rm + k!001 (t)k
p0

Rn + k!002 (t)k
p0

Rm);

®âªã¤  á ®ç¥¢¨¤­®áâìî á«¥¤ã¥â ­¥¯à¥àë¢­®áâì ®¯¥à â®à  V �1 j (Span�E + Span�(x�
?
;u�
?
)).

�¥§¤¥ ¤ «¥¥ ¤«ï ¤¢ãå «î¡ëå § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ ¨§ Hp0 â ª¨å, çâ® ¨å ¯¥à¥á¥ç¥­¨¥
ï¢«ï¥âáï ­ã«ì-¯®¤¯à®áâà ­áâ¢®¬,   ¢¥ªâ®à­ ï áã¬¬  § ¬ª­ãâ  ¢ Hp0 , ãá«®¢¨¬áï §­ ª ¨å ¢¥ª-
â®à­®£® á«®¦¥­¨ï ®¡®§­ ç âì ç¥à¥§ �.

3. �¥®à¥¬  ® à áè¨à¥­¨¨ ���-á®¢¬¥áâ¨¬®£® ¬­®¦¥áâ¢ 

�ãáâì P � � SpanPN ï¢«ï¥âáï «¨­¥©­ë¬ ���-á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬, (x�; u�) 2 PN ,
(x�; u�) =2 P � ¨ ¯ãáâì 
(x�;u�) | § ¬ëª ­¨¥ ¢ ¯à®áâà ­áâ¢¥ Hp0 ¬­®¦¥áâ¢  Spanf�(x�; u�) : � 2 Fg.
�ëïá­¨¬, ¯à¨ ª ª¨å ãá«®¢¨ïå «¨­¥©­®¥ ¬­®¦¥áâ¢® 
E+
(x�;u�) § ¬ª­ãâ® ¢ â®¯®«®£¨¨ ¯à®áâà ­-
áâ¢  Hp0 . �ª §ë¢ ¥âáï, çâ® ¯à¨ íâ¨å ãá«®¢¨ïå ¨ ¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå  «£¥¡à ¨ç¥áª®-
£® å à ªâ¥à  ���-á®¢¬¥áâ¨¬®¥ ¬­®¦¥áâ¢® P � à áè¨àï¥¬® ¤® ���-á®¢¬¥áâ¨¬®£® ¬­®¦¥áâ¢ 
P � [ f(x�; u�)g. �ç¥¢¨¤­®, çâ® ­  íâ®¬ ¯ãâ¨ ®¤­¨¬ ¨§ ¯®¤å®¤®¢ ï¢«ï¥âáï ®¯à¥¤¥«¥­¨¥ å à ª-
â¥à¨áâ¨ç¥áª®£® ¯à¨§­ ª  ¤«ï à ¢¥­áâ¢  
E + 
(x�;u�) = 
E � 
(x�

?
;u�
?
). �âã § ¤ çã à¥è îâ ¤¢¥

á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �«ï ¯®¤¯à®áâà ­áâ¢ 
E ¨ 
(x�
?
;u�
?
) ¯à®áâà ­áâ¢  Hp0 á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥


E � 
(x�
?
;u�
?
) � 
E +
(x�;u�).

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 4 ¨§ [11] ¯à®¨§¢®«ì­ë© í«¥¬¥­â ! ¯à®áâà ­áâ¢ 

(x�;u�) ¨¬¥¥â ¢¨¤ ! = ��(x�; u�) = ��((x��; u

�
�) + (x�?; u

�
?)), �

� 2 �(x�;u�), £¤¥ �(x�;u�) | á¥¬¥©áâ¢®
¢á¥å á¨£­ «ì­ëå äã­ªæ¨© å à ªâ¥à¨áâ¨ç¥áª®£® í«¥¬¥­â  (x�; u�), â. ¥. �(x�;u�) b=Lp0(T; �#; R), £¤¥
�# b= R (kx�(t)kp0Rn + ku�(t)kp

0

Rm)�(dt). �¥âàã¤­® ãáâ ­®¢¨âì, çâ® á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ �(x�;u�) �
�(x�

?
;u�
?
) ¨, á«¥¤®¢ â¥«ì­®, ��(x�?; u

�
?) 2 
(x�

?
;u�
?
) | ­  ®á­®¢ ­¨¨  ­ «¨â¨ç¥áª®© áâàãªâãàë


(x�
?
;u�
?
), ¯à¨¢¥¤¥­­®© ¢ ¤®ª § â¥«ìáâ¢¥ ¯.  ) «¥¬¬ë 3. � ª¨¬ ®¡à §®¬, ¢ á¨«ã ¯à®¨§¢®«ì­®-

áâ¨ ¢ë¡®à  ! â¥®à¥¬  1 ¡ã¤¥â á¯à ¢¥¤«¨¢®©, ¥á«¨ ¯®ª ¦¥¬, çâ® ��(x��; u
�
�) 2 
E. �«ï ¤®ª -

§ â¥«ìáâ¢  ¯®á«¥¤­¥£® ¢ª«îç¥­¨ï ¨á¯®«ì§ã¥¬ áâ ­¤ àâ­ë© ¯®¤å®¤ ¢ § ¤ ç å  ¯¯à®ªá¨¬ æ¨¨,
  ¨¬¥­­®, ¯®ª ¦¥¬, çâ® f!�; (x��; u

�
�)g = 0 ¤«ï ¢áïª®£® !� 2 Lp(T; �;Rn) � Lp(T; �;Rm) â ª®-

£®, çâ® 8! 2 Span�E f!�; !g = 0. �ç¥¢¨¤­®, ¤«ï íâ®£® ¤®áâ â®ç­® ãáâ ­®¢¨âì, çâ® ¢ Rn+m

!�(y)?Spanf(x(t); u(t))i : (x; u)i 2 E�; i = 1; 2; : : : g ¯®çâ¨ ¢áî¤ã ¢ T .
�ãáâì !� 2 Lp(T; �;Rn)� Lp(T; �;Rm) ¨ ¯ãáâì 8! 2 Span�E f!�; !g = 0. � §«®¦¨¬ ¢¥ªâ®à-

äã­ªæ¨î !�(�) ¢ ª ¦¤®© â®çª¥ t 2 T ¢ áã¬¬ã !��(t) +!
�
?(t)b=!�(t), £¤¥ !��(t) 2 Spanf(x(t); u(t))i :

(x; u)i 2 E�g?!�?(t). �®£¤ , ¥á«¨ !
�
� 6= 0, â® áãé¥áâ¢ã¥â S� 2 S, �(S�) > 0 ¨ 8t 2 S� !�0(t) 6= 0,

¯à¨ íâ®¬ !�� 2 Lp(T; �;R
n)� Lp(T; �;Rm).
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�á­®, çâ® ¢ E� áãé¥áâ¢ã¥â ¯ à  (x; u)i â ª ï, çâ® (x(t); u(t))i 6= 0 ¯®çâ¨ ¢áî¤ã ¢ S� (¢ ¯à®-
â¨¢­®¬ á«ãç ¥ Spanf(x(t); u(t))i : (x; u)i 2 E�; i = 1; 2; : : : g = f0g ¯®çâ¨ ¢áî¤ã ¢ S� ¨, á«¥-
¤®¢ â¥«ì­®, !�� = 0). �¡®§­ ç¨¬ ç¥à¥§ S�+ ¨ S�� ¯®¤¬­®¦¥áâ¢  ¨§ S�, á®®â¢¥âáâ¢¥­­® à ¢­ë¥
ft 2 S� : f!��(t); (x(t); u(t))ig � 0g ¨ ft 2 S� : f!��(t); (x(t); u(t))ig < 0g. �ç¥¢¨¤­®, å®âï ¡ë ®¤­®
¨§ ¯®¤¬­®¦¥áâ¢ S�+ ¨«¨ S�� ¨¬¥¥â ­¥­ã«¥¢ãî ¬¥àã. �ãáâì â ª¨¬ ¯®¤¬­®¦¥áâ¢®¬ ¡ã¤¥â S�+. �®£¤ 
�S�

+
(x; u)i 2 Span�E ¨ f!��(t); �S�+(x; u)ig > 0, £¤¥ �E�

+
(�) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¯®¤-

¬­®¦¥áâ¢  S+. �á­®, çâ® f!(t); �S�
+
(x; u)ig > 0,   íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨ï¬, ®¯à¥¤¥«ïîé¨¬

ª®­áâàãªæ¨î !�.

�¥®à¥¬  2. �ãáâì T0 b=ft 2 T : (x�?(t); u
�
?(t)) = 0g ¨ ��(�) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï

¬­®¦¥áâ¢  T n T0. �®£¤  
E �
(x�
?
;u�
?
) � 
e +
(x�;u�), ¥á«¨ ¨ â®«ìª® ¥á«¨ �(x�

?
;u�
?
) � ���(x�;u�).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì �! 2 �(x�
?
;u�
?
) ¨ ¯ãáâì ! b=�!(x�?; u�?),   §­ ç¨â,

! 2 
E�
(x�
?
;u�
?
) � 
E+
(x�;u�). �®£¤ , á ®¤­®© áâ®à®­ë, ¢¥ªâ®à ! ®¤­®§­ ç­® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

! = !0+�!(x�?; u
�
?), £¤¥ !

0 = 0 2 
E,   á ¤àã£®©, | ! = !00+�(x�; u�) = !00+�(x��; u
�
�)+�(x

�
?; u

�
?),

£¤¥ !00 2 
E, � 2 �(x�;u�). �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á«¥¤ã¥â �(x��; u
�
�) 2 
E ¨ �(x�?; u

�
?) 2


(x�
?
;u�
?
), ®âªã¤  !0 = !00+�(x��; u

�
�) ¨ �!(x

�
?; u

�
?) = �(x�?; u

�
?). � ª¨¬ ®¡à §®¬, á ãç¥â®¬ «¨­¥©­®©

¨§®¬¥âà¨¨ ¬¥¦¤ã ¡ ­ å®¢ë¬¨ ¯à®áâà ­áâ¢ ¬¨ �(x�
?
;u�
?
) ¨ 
(x�

?
;u�
?
) ¡ã¤¥â �! = ��� ¨ (¢ á¨«ã

¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  �!) �(x�
?
;u�
?
) = ���(x�;u�).

�®áâ â®ç­®áâì. �ãáâì ! 2 
E � 
(x�
?
;u�
?
). �®£¤  ¨¬¥¥¬ ! = !0 + �!(x�?; u

�
?), £¤¥ !

0 2 
E,
�! 2 �(x�

?
;u�
?
). � ª ª ª �! 2 ���(x�;u�) � �(x�;u�), â® !0+�!(x�?; u

�
?) = !0+�!(x�?; u

�
?)+�!(x

�
�; u

�
�)�

�!(x��; u
�
�) = !0 � �!(x��; u

�
�) + �!(x�; u�) ¨, á«¥¤®¢ â¥«ì­®, ! 2 
E + 
(x�;u�) | ­  ®á­®¢ ­¨¨

!0 � �!(x��; u
�
�) 2 
E ¨ �!(x�; u�) 2 
(x�;u�).

�«¥¤áâ¢¨¥ 1. � ¢¥­áâ¢® 
E � 
(x�
?
;u�
?
) = 
E + 
(x�;u�) ¨¬¥¥â ¬¥áâ®, ¥á«¨ ¨ â®«ìª® ¥á«¨

�(x�
?
;u�
?
) = ���(x�;u�).

�à¨¬¥à 1. �ãáâì n = m = 1, p = p0 = 2, T = [0; 1], N = f(et; 0); (et + t2=2; t)g, P � = f�(et; 0) :
� 2 Rg, (x�; u�) = (et + t2=2; t); ¯à®áâãî ¯à®¢¥àªã â®£®, çâ® P � ï¢«ï¥âáï ���-á®¢¬¥áâ¨¬ë¬
¬­®¦¥áâ¢®¬ (á¬. â¥®à¥¬ã 2 [1]), ¨ (x�; u�) 2 PN (á¬. â¥®à¥¬ã 1 [1]), ®¯ãáª ¥¬. �®£¤  ���(x�;u�) =
L2(T; �;R) ¢ â® ¢à¥¬ï ª ª �(x�

?
;u�
?
) = L2(T; �;R), £¤¥ � =

R
t2�(dt). �á­®, çâ® 1=t 2 �(x�

?
;u�
?
),

­® 1=t 2 L2(T; �;R). � ª¨¬ ®¡à §®¬, �(x�
?
;u�
?
) 6� ���(x�;u�) ¨, á«¥¤®¢ â¥«ì­®, 
E � 
(x�

?
;u�
?
) 6�


E +
(x�;u�).

�¯¨á ­¨¥ ãá«®¢¨©, ¯à¨ ª®â®àëå â ª¨¥ å à ªâ¥à¨áâ¨ª¨ ¯« áâ  ­ ¤ ¬­®¦¥áâ¢®¬ ­ ¡«î¤¥­¨©
N , ª ª ®¡ëª­®¢¥­­ë© ¨ à á¯à¥¤¥«¥­­ë©, á®¢¯ ¤ îâ, ¬®¦¥â ¡ëâì ®á­®¢ ­® ­  á¢®©áâ¢¥ à áè¨-
àï¥¬®áâ¨ ���-á®¢¬¥áâ¨¬®£® ¬­®¦¥áâ¢  ¤® ­®¢®£® á  ­ «®£¨ç­ë¬ á¢®©áâ¢®¬. �¤­ã ¨§  ­ «¨â¨-
ç¥áª¨å ª®­áâàãªæ¨© â ª®£® à áè¨à¥­¨ï ¢ëà ¦ ¥â

�¥®à¥¬  3. �ãáâì P � � SpanPN | «¨­¥©­®¥ ���-á®¢¬¥áâ¨¬®¥ ¬­®¦¥áâ¢®, E� b=
f(x; u)igi=1;2;::: | ¥£®  «£¥¡à ¨ç¥áª¨© ¡ §¨á, (x�; u�) 2 PN , �i : T ! R (i = 1; 2; : : : ) | äã­ª-

æ¨¨, ®¯à¥¤¥«¥­­ë¥ ¢ á®®â¢¥âáâ¢¨¨ á ¯à¥¤áâ ¢«¥­¨¥¬ (x��(t); u
�
�(t)) =

P
i
�i(t)(x(t); u(t))i, £¤¥

¢ ä¨ªá¨à®¢ ­­®© â®çª¥ t 2 T ¤«ï ª ¦¤®£® i ¢á¥ �i(t), §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ç¨á« , à ¢-

­®£® dimSpanf(x(t); u(t))i : (x; u)i 2 E�; i = 1; 2; : : : g, à ¢­ë ­ã«î, ¨ ¯ãáâì T0 b=ft 2 T :
(x�?(t); u

�
?(t)) = 0g. �®£¤  f(x�; u�)g [ P � ï¢«ï¥âáï ���-á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬, ¥á«¨ ¨¬¥-

îâ ¬¥áâ® á«¥¤ãîé¨¥ ¤¢  á¢®©áâ¢ :

 ) �(x�
?
;u�
?
) � ���(x�;u�), £¤¥ ��(�) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  T n T0;

¡) ¯®çâ¨ ¢áî¤ã ¢ T0 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® _x�(t) =
P
i
�i(t) _x(i)(t), £¤¥ x(i) | ¯¥à¢ ï ª®¬¯®-

­¥­â  ¯ àë (x; u)i 2 E�.

�®ª § â¥«ìáâ¢®. �ãáâì ¬­®¦¥áâ¢  S+ = S \ T0 ¨ S� = S n T0 ¤«ï ¯à®¨§¢®«ì­®£®, ­® ä¨ª-
á¨à®¢ ­­®£® S 2 S. �¥à¥§ �+(�) ®¡®§­ ç¨¬ å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ¬­®¦¥áâ¢  T0. �à®¬¥
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â®£®, § ¬¥â¨¬, çâ® ¤«ï ¢áïª®© ¯ àë (x0; u0) 2 Spanff(x�; u�)g[P �g ¯à¨ ­¥ª®â®à®¬ æ¥«®¬ k ¨¬¥¥â

¬¥áâ® (x0; u0) = (x0; u0) + �0(x�; u�), £¤¥ (x0; u0) =
kP
i=1

�0i (x; u)i, �0; �
0
i 2 R, (x; u)i 2 E

�, i = 1; k.

�®£¤ , á ®¤­®© áâ®à®­ë, ¢ á¨«ã ¯.  ) â¥®à¥¬ë 3 ¨ á«¥¤áâ¢¨ï 1 ¡ã¤¥â 
E + 
(x�;u�) =

E � 
(x�

?
;u�
?
) = �+(
E � 
(x�

?
;u�
?
)) � ��(
E � 
(x�

?
;u�
?
)) = �+
E � (��
E � ��
(x�

?
;u�
?
)) =

�+
E � (��
E � ��
(x�;u�)), â. ¥. ��
E + ��
(x�;u�) | § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­-
áâ¢  Hp0 . � ¤àã£®© áâ®à®­ë, ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2 [1] �0�(S) � (�0+(S))

1=p(�0(S))1=p
0

,
���(S) � (��+(S))

1=p(��(S))1=p
0

, £¤¥

�0�(S)b= Z
S

k _x0(t)krn�(dt);

�0(S)b= Z
S

(kx0(t)kp
0

Rn + ku0(t)kp
0

Rm)�(dt);

���(S)b= Z
S

k�0 _x�(t)kRn�(dt);

��(S)b= Z
S
(k�0x

�(t)kp
0

Rn + k�0u
�(t)kp

0

Rm)�(dt);

(2)

�0+ ¨ ��+ | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ¬¥àë,  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ®â­®á¨â¥«ì­® � ¨ ­¥ § ¢¨-
áïé¨¥ ®â ¢ë¡®à  S ¨ (x0; u0).

� á¨«ã â¥®à¥¬ë 2 [1],   â ª¦¥ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 3 ¡ã¤¥â ãáâ ­®-
¢«¥­ , ¥á«¨ ¯®ª ¦¥¬, çâ® ¤«ï ­¥ª®â®à®© ¯®«®¦¨â¥«ì­®© ¬¥àë �+,  ¡á®«îâ­® ­¥¯à¥àë¢­®© ®â-
­®á¨â¥«ì­® � ¨ ­¥ § ¢¨áïé¥© ®â ¢ë¡®à  S ¨ (x0; u0), ¨¬¥¥â ¬¥áâ® ��(S+) � (�+(S+))1=p(�(S+))1=p

0

,
��(S�) � (�+(S�))1=p(�(S�))1=p

0

,

��(S)b= Z
S

k _x0(t)kRn�(dt);

�(S)b= Z
S
(kx0(t)k

p0

Rn + ku0(t)k
p0

Rm)�(dt):
(3)

�ãáâì ¯à®áâà ­áâ¢® ��(
E � 
(x�;u�)) ­ ¤¥«¥­® ­®à¬®© (k��!0k
p0

H
p0
+ k��!

00kp
0

H
p0
)1=p

0

, !0 2 
E,
!00 2 
(x�;u�); ïá­®, çâ® íâ® ¯à®áâà ­áâ¢® ¡ã¤¥â ¡ ­ å®¢ë¬. �¡®§­ ç¨¬ ç¥à¥§ V ¢§ ¨¬­® ®¤­®§­ ç-
­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯à®áâà ­áâ¢®¬ ��(
E �
(x�;u�)) ¨ ¯®¤¯à®áâà ­áâ¢®¬ ��
E ���
(x�;u�)

¯à®áâà ­áâ¢ Hp0 (á ­®à¬®©, ¨­¤ãæ¨à®¢ ­­®© ¨§Hp0), ®à£ ­¨§®¢ ­­®¥ ¯® ¯à ¢¨«ã (��!0; ��!00)!
��!

0+��!00, ª®â®à®¥ ¡ã¤¥â «¨­¥©­ë¬ ¨ ­¥¯à¥àë¢­ë¬. �  ®á­®¢ ­¨¨ â¥®à¥¬ë � ­ å  ®¡ ®¡à â-
­®¬ ®¯¥à â®à¥ ([12], á. 225) § ª«îç ¥¬, çâ® ­¥¯à¥àë¢¥­ â ª¦¥ ¨ ®¯¥à â®à V �1. �ãáâì c� | ¥£®
­®à¬  ¨ cb=max[1; c�].

�®ª ¦¥¬, çâ® ¬¥à  �+ b=cp(�0++ ��+) ®â¢¥ç ¥â ¢ë¤¢¨­ãâ®¬ã ¢ëè¥ âà¥¡®¢ ­¨î ¤«ï ¯®¤¬­®¦¥-
áâ¢  S�. � ãç¥â®¬ ä®à¬ã« (2) ¨ (3) ¨¬¥¥¬

��(S�) =
Z
S�

k _x0(t) + �0 _x
�(t)kRn�(dt) �

Z
S�

k _x0(t)kRn�(dt) +
Z
S�

k�0 _x
�(t)kRn�(dt) �

� (�0+(S�))
1=p(�0(S�))

1=p0 + (��+(S�))
1=p(��(S�))

1=p0 �

� c(�0+(S�) + ��+(S�))
1=p(�(S�))1=p

0

(�+(S�))1=p(�(S�))1=p
0

:

� «¥¥, ¯®ª ¦¥¬, çâ® ¬¥à  �+ = cp(�0+ + ��+) ®¡« ¤ ¥â ª®­áâàãªæ¨¥©, ®â¢¥ç îé¥©  ­ «®£¨ç­®¬ã
âà¥¡®¢ ­¨î ¨ ¤«ï ¯®¤¬­®¦¥áâ¢  S+. � íâ®© æ¥«ìî ª®­ªà¥â¨§¨àã¥¬ �0+  ­ «¨â¨ç¥áª¨¬ ¯à¥¤áâ -
¢«¥­¨¥¬ �0+(S)b= R

S

(kA(t)kp
L(Rn ;Rn)+ kB(t)k

p
L(Rm;Rn))�(dt), £¤¥ (A(�); B(�)) | (A;B)-¬®¤¥«ì, ®â¢¥ç -

îé ï ���-á®¢¬¥áâ¨¬®¬ã ¬­®¦¥áâ¢ã P �. �¥¯¥àì á ãç¥â®¬ á¢®©áâ¢  ¡) ¨§ ãá«®¢¨© â¥®à¥¬ë 3
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¨¬¥¥¬

��(S+) =
Z
S+

k _x0(t) + �0 _x�(t)kRn�(dt) =
Z
S+





 _x0(t) + �0
X
i

�i(t) _x(i)(t)





Rn

�(dt) =

=
Z
S+





A(t)x0(t) +B(t)u0(t) + �0
X
i

�i(t)A(t)x(i)(t) + �0
X
i

�i(t)B(t)u(i)






Rn

�(dt) =

=
Z
S+

kA(t)x0(t) +B(t)u0(t)kRn�(dt) �

�

�Z
S+

kA(t)kp
L(Rn;Rn)�(dt)

�1=p�Z
S+

kx0(t)k
p0

Rn�(dt)
�1=p0

+

+
�Z

S+

kB(t)kp
L(Rm;Rn)�(dt)

�1=p�Z
S+

ku0(t)k
p0

Rm�(dt)
�1=p0

�

�

�Z
S+

(kA(t)kp
L(Rn;Rn) + kB(t)kp

L(Rm;Rn))�(dt)
�1=p�Z

S+

(kx0(t)k
p0

Rn + ku0(t)k
p0

Rm)�(dt)
�1=p0

�

� (�+(S+))
1=p(�(S+))

1=p0 : �

�¥®à¥¬  3 ¢ ®¡é¥¬ á«ãç ¥ ­¥ ¨¬¥¥â ®¡à é¥­¨ï, çâ® ¯®ª §ë¢ ¥â

�à¨¬¥à 2. � ª®­áâàãªæ¨¨ ¯à¨¬¥à  1 ãá«®¢¨¥ ¡) â¥®à¥¬ë 3 ¢ë¯®«­¥­®, â®£¤  ª ª ãá«®¢¨¥  )
å®¤®¬ à ááã¦¤¥­¨© ¯à¨¬¥à  1 ®¯à®¢¥à£ ¥âáï. �à¨ íâ®¬ SpanfP �[f(x�; u�)gg ®¡« ¤ ¥â á¢®©áâ¢®¬
���-á®¢¬¥áâ¨¬®áâ¨, â. ª. ¬­®¦¥áâ¢® P � [ f(x�; u�)g à¥ «¨§ã¥âáï ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬®©
¢¨¤  _x = x+ u (¯à®¢¥àï¥âáï ¯àï¬ë¬ ¢ëç¨á«¥­¨¥¬).

4. �¥ª®â®àë¥ á«¥¤áâ¢¨ï ¤«ï ¬­®¦¥áâ¢  ­ ¡«î¤¥­¨©
á® á¯¥æ¨ «ì­®© áâàãªâãà®©

� íâ®¬ à §¤¥«¥ ®¡à â¨¬áï ª ¨§ãç¥­¨î á¢®©áâ¢ ¯« áâ®¢ ­ ¤ áç¥â­ë¬ ¬­®¦¥áâ¢®¬ ­ ¡«î¤¥-
­¨© N á¯¥æ¨ «ì­®© áâàãªâãàë,   ¨¬¥­­®, á å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬­®¦¥áâ¢®¬ PN , á®áâ®ïé¨¬
¨áª«îç¨â¥«ì­® ¨§ \¯ áá¨¢­ëå" âà ¥ªâ®à¨©, â. ¥. (x; u) 2 PN ) u � 0.

�â¢¥à¦¤¥­¨¥ 2. �ãáâì ¨¬¥¥â ¬¥áâ® ¯®áë«ª  â¥®à¥¬ë 3 ¯à¨ ãá«®¢¨¨, çâ® PN á®áâ®¨â

¨§ ¯ áá¨¢­ëå âà ¥ªâ®à¨©. �®£¤  ¤«ï ­ «¨ç¨ï á¢®©áâ¢  ���-á®¢¬¥áâ¨¬®áâ¨ ¤«ï P �[f(x�; u�)g
­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ ãá«®¢¨©  ) ¨ ¡) ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 3.

�®ª § â¥«ìáâ¢®. �®¤â¢¥à¤¨¬ á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï  ), â. ª. ãá«®¢¨¥ ¡) ®ç¥¢¨¤­®. �ãáâì
�(T n T0) 6= 0. �®£¤  T n T0 = T , â. ª. ¢ ¯à®â¨¢­®¬ á«ãç ¥ áãé¥áâ¢ã¥â ¬®¬¥­â t0 2 T , ¯à¨
ª®â®à®¬ x�(t0) =

P
i
�ix(i)(t0) (£¤¥ ¢á¥ ª®­áâ ­âë �i, §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ç¨á« , à ¢­ë

­ã«î), ®âªã¤  x�(�) =
P
i
�ix(i)(�) ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï á¨áâ¥¬ë (1) á (A;B)-¬®¤¥«ìî,

®â¢¥ç îé¥© ¬­®¦¥áâ¢ã SpanfP � [ f(x�; 0)gg, ¨ ¯à®å®¤ïé¥£® ¢ t0 ç¥à¥§ â®çªã x�(t0). �«¥¤®¢ -
â¥«ì­®, áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë cj > 0, j = 1; 4, çâ® inf

t2T
kx�(t)kp

0

Rn = c1, sup
t2T

kx�(t)kp
0

Rn = c2,

inf
t2T

kx�?(t)k
p0

Rn = c3, sup
t2T

kx�?(t)k
p0

Rn = c4 ¨, §­ ç¨â, á®¢¯ ¤ îâ ª« ááë áã¬¬¨àã¥¬ëå á p0-áâ¥¯¥­ìî

­  T äã­ªæ¨© á®®â¢¥âáâ¢¥­­® ¯® ¬¥à ¬ � 0 =
R
kx�(t)kp

0

Rn�(dt) ¨ � 00 =
R
kx�?(t)k

p0

Rn�(dt). � ª¨¬
®¡à §®¬, �(x�;u�) = �(x�

?
;u�
?
).

�â¢¥à¦¤¥­¨¥ 3. �á«¨ áç¥â­®¥ ¬­®¦¥áâ¢® N � � â ª®¢®, çâ® ¢ª«îç¥­¨¥ (x; u) 2 PN , £¤¥
PN | å à ªâ¥à¨áâ¨ç¥áª®¥ ¬­®¦¥áâ¢® ¬­®¦¥áâ¢  ­ ¡«î¤¥­¨© N , ¢«¥ç¥â u � 0, â® ¢áïª®¥

«¨­¥©­®¥ ¬­®¦¥áâ¢® P � SpanPN , ®¡« ¤ îé¥¥ á¢®©áâ¢®¬ ���-á®¢¬¥áâ¨¬®áâ¨, ï¢«ï¥âáï

���-á®¢¬¥áâ¨¬ë¬ ¬­®¦¥áâ¢®¬.
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�®ª § â¥«ìáâ¢®. �ãáâì P | ¬­®¦¥áâ¢® ¨§ ä®à¬ã«¨à®¢ª¨ ãâ¢¥à¦¤¥­¨ï 3 ¨ ¯ãáâì Ep | ¥£®
 «£¥¡à ¨ç¥áª¨© ¡ §¨á. �®ª ¦¥¬ ¢­ ç «¥, çâ® dimP � n. � íâ®© æ¥«ìî ¤®áâ â®ç­® ãáâ ­®¢¨âì,
çâ® ¤«ï «î¡®© á¨áâ¥¬ë f(x; 0)i : (x; 0)i 2 P; x(i) 6� 0; i = 1; n+ 1g áãé¥áâ¢ã¥â ­ ¡®à ª®­áâ ­â �i,

i = 1; n+ 1, â ª¨å, çâ®
n+1P
i=1

�ix(i)(�) = 0, £¤¥ ­¥ª®â®àë¥ ¨§ �i ­¥ à ¢­ë ­ã«î.

�ãáâì f(x; 0)gi=1;n+1 | â ª ï á¨áâ¥¬ . �®£¤  áãé¥áâ¢ã¥â â®çª  t0 2 T , ¢ ª®â®à®© ¨¬¥¥â ¬¥áâ®
n+1P
i=1

�ix(i)(t0) = 0, £¤¥ ­¥ ¢á¥ �i à ¢­ë ­ã«î. � ª ª ª «î¡ ï «¨­¥©­ ï ª®¬¡¨­ æ¨ï í«¥¬¥­â®¢

¨§ P ®¡« ¤ ¥â ���-á¢®©áâ¢®¬, â® ¤«ï
n+1P
i=1

�i(x; 0)i áãé¥áâ¢ã¥â ¤¨ää¥à¥­æ¨ «ì­ ï á¨áâ¥¬  (1),

®¡« ¤ îé ï à¥è¥­¨¥¬
n+1P
i=1

�i(x; 0)i ¨, á«¥¤®¢ â¥«ì­®,
n+1P
i=1

�ix(i)(�) = 0 ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨

à¥è¥­¨ï â ª®© á¨áâ¥¬ë,   â ª¦¥ à ¢¥­áâ¢ 
n+1P
i=1

�ix(i)(t0) = 0. � ª¨¬ ®¡à §®¬, dimP � n.

�¥¯¥àì ¯®ª ¦¥¬, çâ® P | ���-á®¢¬¥áâ¨¬®¥ ¬­®¦¥áâ¢®. �®ª § â¥«ìáâ¢® ¤ ­­®£® ¢ª«î-
ç¥­¨ï ¯à®¢¥¤¥¬ ¯® ¨­¤ãªæ¨¨. �ãáâì Mk ®§­ ç ¥â á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥: ¥á«¨ Ek � Ep,
dimSpanEk = k, â® SpanEk ®¡« ¤ ¥â á¢®©áâ¢®¬ ���-á®¢¬¥áâ¨¬®áâ¨. �â¢¥à¦¤¥­¨¥ M1 ¯à®-
¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®. �à¥¤¯®«®¦¨¬, çâ® Mk�1 á¯à ¢¥¤«¨¢® ¤«ï ­¥ª®â®à®£® k > 1. �ãáâì
(x�; u�) 2 Ep ¨ (x�; u�) =2 Ek�1, ¯à¨ íâ®¬ ���-á®¢¬¥áâ¨¬®¥ ¬­®¦¥áâ¢® SpanEk�1 ®¡®§­ ç¨¬ ç¥-
à¥§ P �, ¨ ¯ãáâì (x�?; u

�
?) | ª®­áâàãªæ¨ï, à áá¬®âà¥­­ ï ¢ëè¥ ¢ ®â­®è¥­¨ïå ¬¥¦¤ã (x�; u�)

¨ P �. �¥âàã¤­® ãáâ ­®¢¨âì, çâ® T0 = ft 2 T : (x�?(t); u
�
?(t)) = 0g = ;, ®âªã¤  á«¥¤ã¥â,

çâ® áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë cj > 0, j = 1; 4, çâ® inf
t2T

kx�(t)kp
0

Rn = c1, sup
t2T

kx�(t)kp
0

Rn = c2,

inf
t2T

kx�?(t)k
p0

Rn = c3, sup
t2T

kx�?(t)k
p0

Rn = c4, ¨, §­ ç¨â (ª ª ã¦¥ ®â¬¥ç «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à-

¦¤¥­¨ï 2), �(x�;u�) = �(x�
?
;u�
?
), ®âªã¤  ãâ¢¥à¦¤¥­¨¥ 3 ¢¥à­® ¢ á¨«ã â¥®à¥¬ë 3.

�§ ¤®ª § ­­®£® ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â

�â¢¥à¦¤¥­¨¥ 4. �á«¨ u � 0 ¤«ï ª ¦¤®© ¯ àë (x; u) 2 PN , £¤¥ PN | å à ªâ¥à¨áâ¨ç¥áª®¥

¬­®¦¥áâ¢® ­¥ª®â®à®£® áç¥â­®£® ¬­®¦¥áâ¢  ­ ¡«î¤¥­¨© N , â® «î¡®© ®¡ëª­®¢¥­­ë© ¯« áâ

­ ¤ N ï¢«ï¥âáï à á¯à¥¤¥«¥­­ë¬ ¯« áâ®¬ ­ ¤ N ¨ ­ ®¡®à®â.

5. � ª«îç¥­¨¥

�à®¡«¥¬   ­ «¨â¨ç¥áª®£® ®¯¨á ­¨ï ãá«®¢¨©, ¯à¨ ª®â®àëå à á¯à¥¤¥«¥­­ë© ¨ ®¡ëª­®¢¥­-
­ë© ¯« áâë íª¢¨¢ «¥­â­ë, á ®¤­®© áâ®à®­ë, ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨ \á ¬®¤®áâ â®ç­®©", â. ª.
¯à¥¤áâ ¢«ï¥â â¥®à¥â¨ç¥áª¨© ¨­â¥à¥á ¤«ï ¯®­¨¬ ­¨ï â®­ª®© â®¯®«®£®- «£¥¡à ¨ç¥áª®© áâàãª-
âãàë ¬­®¦¥áâ¢  ­ ¡«î¤ ¥¬ëå ¤¨­ ¬¨ç¥áª¨å ¯à®æ¥áá®¢ P (¢ ¯à®áâà ­áâ¢¥ Hp0), à¥ «¨§ã¥¬®-
£® á¨áâ¥¬®© ¢¨¤  (1),   á ¤àã£®©, ¨¬¥¥â ¯à ªâ¨ç¥áªãî æ¥­­®áâì, â. ª. ãá«®¢¨ï, ®¯à¥¤¥«ïîé¨¥
¢ª«îç¥­¨¥ P ¢ á¨áâ¥¬ã ¬­®¦¥áâ¢ á® á¢®©áâ¢®¬ ���-á®¢¬¥áâ¨¬®áâ¨, ï¢«ïîâáï ¡®«¥¥ á« ¡ë¬¨ ¨
ª®­áâàãªâ¨¢­ë¬¨ (á¬. â¥®à¥¬ã 1 [1]) ¢ áà ¢­¥­¨¨ á ãá«®¢¨ï¬¨ ¢ª«îç¥­¨ï P ¢ á¥¬¥©áâ¢® ���-
á®¢¬¥áâ¨¬ëå ¬­®¦¥áâ¢ (á¬. â¥®à¥¬ã 2 [1]). �«¥¤ãîé¨© è £ ¢ íâ®¬ ¨áá«¥¤®¢ ­¨¨, ¢®§¬®¦­®,
á®áâ®¨â ¢ ¢ëïá­¥­¨¨, ­ áª®«ìª® á¢®©áâ¢® § ¬ª­ãâ®áâ¨ ¬­®¦¥áâ¢  
E+
(x�;u�) ¢ â®¯®«®£¨¨ ¯à®-
áâà ­áâ¢  Hp0 , ¯®§¢®«¨¢è¥¥ ¯®«ãç¨âì â¥®à¥¬ã 3 ® à áè¨à¥­¨¨ ���-á®¢¬¥áâ¨¬®£® ¬­®¦¥áâ¢ ,
§ ¢¨á¨â ®â á«¥¤áâ¢¨ï 1.

�¨â¥à âãà 
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