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� áá¬ âà¨¢ ¥âáï § ¤ ç  ¤¨áªà¥â¨§ æ¨¨ ¤«ï ­¥ª®â®àëå ª« áá®¢ ãà ¢­¥­¨© I à®¤  Ax = f á
¨áâ®ª®¯à¥¤áâ ¢¨¬ë¬¨ à¥è¥­¨ï¬¨ x = jAjpv. �«ï «î¡ëå p > 0 áâà®¨âáï ¬¥â®¤, ª®â®àë© ¢ á«ãç ¥
 ¯à¨®à­®£® ¢ë¡®à  ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ¤®áâ¨£ ¥â ®¯â¨¬ «ì­®£® ¯®àï¤ª  â®ç­®áâ¨. �à¨
íâ®¬ ¯®ª § ­®, çâ® ¢ á¬ëá«¥ ®¡ê¥¬  ¨á¯®«ì§ã¥¬®© ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨ ¯à¥¤« £ ¥¬ë© ¬¥â®¤
ï¢«ï¥âáï ¡®«¥¥ íª®­®¬¨ç­ë¬ ¢ áà ¢­¥­¨¨ á âà ¤¨æ¨®­­®© £ «¥àª¨­áª®© ¤¨áªà¥â¨§ æ¨¥©.

� à ¡®â¥ ¯à¥¤« £ ¥âáï íª®­®¬¨ç­ ï ¬®¤¨ä¨ª æ¨ï ¯à®¥ªæ¨®­­®© áå¥¬ë à¥è¥­¨ï ­¥ª®àà¥ªâ-
­ëå § ¤ ç, ª®â®à ï ¯®§¢®«ï¥â ¤®áâ¨çì ®¯â¨¬ «ì­®£® ¯®àï¤ª  â®ç­®áâ¨, ¨á¯®«ì§ãï ¯à¨ íâ®¬
áãé¥áâ¢¥­­® ¬¥­ìè¨© ®¡ê¥¬ ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨ ¯® áà ¢­¥­¨î á âà ¤¨æ¨®­­ë¬ ¯®¤å®¤®¬.

�ãáâì X | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®,   A | «¨­¥©­ë© ª®¬¯ ªâ­ë© ®¯¥à â®à ¨§ X ¢ X.
� áá¬®âà¨¬ § ¤ çã ª®­¥ç­®¬¥à­®©  ¯¯à®ªá¨¬ æ¨¨ à¥è¥­¨© ãà ¢­¥­¨© I à®¤ 

Ax = f (1)

á® á¢®¡®¤­ë¬ ç«¥­®¬ f ¨§ ¬­®¦¥áâ¢  Range(A) := ff : f = Ag; g 2 Xg. �ã¤¥¬ áç¨â âì, çâ®
¢¬¥áâ® f § ¤ ­® ­¥ª®â®à®¥ ¥£® ¯à¨¡«¨¦¥­¨¥ f� 2 X�;f , £¤¥ X�;f | è à à ¤¨ãá  � ¢ ¯à®áâà ­áâ¢¥
X á æ¥­âà®¬ ¢ f ,   � | ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®, ª®â®à®¥ ®¡ëç­® ¨§¢¥áâ­®.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ (1) ¡ã¤¥¬ áâà®¨âì á ¯®¬®éìî à¥£ã«ïà¨§ â®à  ¤«ï íâ®£® ãà ¢­¥­¨ï.
�«¥¤ãï ¨¤¥¥ [1] ® ¯®áâà®¥­¨¨ à¥£ã«ïà¨§ â®à  ª ª äã­ªæ¨¨ ®â ®¯¥à â®à  à¥è ¥¬®£® ãà ¢­¥­¨ï,
à áá¬®âà¨¬ ­¥ª®â®à®¥ ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® äã­ªæ¨© fg�g, 0 < � < 1, ¨§¬¥à¨¬ëå ¯®
�®à¥«î ­  ®âà¥§ª¥ [0; 
21 ], kAkX!X � 
1. �  íâ¨ äã­ªæ¨¨ ­ «®¦¨¬ ¤¢  ãá«®¢¨ï

sup
0���
21

�pj1� �g�(�)j � �p�
p; 0 � p � p0; (2)

sup
0���
21

�1=2jg�(�)j � ���
�1=2; (3)

£¤¥ p0, �p ¨ �� | ­¥ª®â®àë¥ ­¥ § ¢¨áïé¨¥ ®â � ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë. �ãáâì x0 | ­ ¨¬¥­ì-
è¥¥ ¯® ­®à¬¥ ¢ X à¥è¥­¨¥ (1), â®£¤  ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥­¨ï ª x0 ¯à¨¬¥¬ í«¥¬¥­â x� = R�f�,
£¤¥ à¥£ã«ïà¨§ â®à R�, � = �(�), ¡ã¤¥â § ¤ ¢ âìáï á®®â­®è¥­¨¥¬

R� = R�(A) =: g�(A�A)A�; (4)

  A� â ª®©, çâ® ¤«ï «î¡ëå '; g 2 X (';Ag) = (A�'; g) (¯®¤ (�; �) ¯®­¨¬ ¥¬ áª «ïà­®¥ ¯à®¨§¢¥-
¤¥­¨¥ ¢ X).

�««îáâà æ¨¥© ª ®¯¨á ­­®© áå¥¬¥ à¥£ã«ïà¨§ æ¨¨ ¬®¦¥â á«ã¦¨âì ®¡®¡é¥­­ë© ¬¥â®¤ �¨å®-
­®¢  [2]. �ãáâì q � �1=2. �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ x� ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ãà ¢­¥­¨ï II à®¤ 

(�q+1I + (A�A)q+1)x� = (A�A)qA�f�; (5)

£¤¥ I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à. �â® ¬¥â®¤ ¢¨¤  (4) á äã­ªæ¨¥© g�(�) = �q=(�q+1 + �q+1), ¤«ï
ª®â®à®© ¢ë¯®«­¥­ë ãá«®¢¨ï (2), (3) ¯à¨ p0 = q + 1. � á«ãç ¥ q = 0 ¯®«ãç ¥¬ ®¡ëç­ë© ¬¥â®¤
�¨å®­®¢ .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �¥¦¤ã­ à®¤­®£® ­ ãç­®£® ä®­¤  �¦.�®à®á  (£à ­â òUB1000).
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�á¯®«ì§ãï à¥£ã«ïà¨§ â®à R� (4), ®áãé¥áâ¢«ï¥¬ ¯¥à¥å®¤ ®â ­¥ª®àà¥ªâ­®© § ¤ ç¨ ª à¥£ã«ïà¨-
§®¢ ­­®¬ã ãà ¢­¥­¨î, ­ ¯à¨¬¥à, (5), ¯à®æ¥áá ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ª®â®à®£® ãáâ®©ç¨¢. �®-
áâà®¥­¨¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï à¥£ã«ïà¨§®¢ ­­®© § ¤ ç¨ ¢ â¥®à¨¨ ­¥ª®àà¥ªâ­ëå § ¤ ç ç áâ®
à áá¬ âà¨¢ ¥âáï (á¬., ­ ¯à., [3]) ª ª ¯à®¡«¥¬  ¤¨áªà¥â¨§ æ¨¨, áãâì ª®â®à®© § ª«îç ¥âáï ¢ â®¬,
çâ® ¤«ï ¯®áâà®¥­¨ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (1) ¨á¯®«ì§ã¥âáï â®«ìª® ¤¨áªà¥â­ ï ¨­ä®à¬ æ¨ï
®¡ ®¯¥à â®à¥ A ¨ ¯à¨¡«¨¦¥­­®© ¯à ¢®© ç áâ¨ f�. �®­ªà¥â­ ï áå¥¬  ¤¨áªà¥â¨§ æ¨¨ ®¯à¥¤¥«ï-
¥âáï ¢ë¡®à®¬ ª®­¥ç­®¬¥à­®£® ®¯¥à â®à  AN = AN(A), rankAN = N , ¤®áâ â®ç­® ¡«¨§ª®£® ª A.
�à¨ íâ®¬ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ xN;� ãà ¢­¥­¨ï (1) § ¤ ¥âáï á®®â­®è¥­¨¥¬

xN;� = RN;�f�; RN;� = g�(A
�
NAN)A

�
N : (6)

� ¤ «ì­¥©è¥¬ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �®¤ § ¯¨áìî an �� bn ¡ã¤¥¬ ¯®­¨-
¬ âì, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï c0, ¯à¨ ª®â®à®© ­¥à ¢¥­áâ¢® an � c0bn ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å
n � n0. �à¨ íâ®¬ ¯®áâ®ï­­ ï c0 ­¥ § ¢¨á¨â ®â n. � ¯¨áì an � bn ®§­ ç ¥â, çâ® an �� bn ¨
bn �� an ®¤­®¢à¥¬¥­­®.

�à¨  ¯à¨®à­®© ¨­ä®à¬ æ¨¨ ®¡ ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ à¥è¥­¨ï x ãà ¢­¥­¨ï (1), â. ¥. ¯à¨
­¥ª®â®àëå p > 0 ¨ � > 0

x 2Mp;�(A) := fu : u = jAjpv; v 2 X�;0g; jAj = (A�A)1=2;

¨§¢¥áâ­®, çâ® x | ­ ¨¬¥­ìè¥¥ ¯® ­®à¬¥ X à¥è¥­¨¥ (1) ¨ ([4], á. 14)

inf
R�(A)

sup
f=Ax0;

x02Mp;�(A)

sup
f�2X�;f

kx0 �R�(A)f�kX � �p=(p+1); (7)

(inf ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦­ë¬ à¥£ã«ïà¨§ â®à ¬), ¯à¨ íâ®¬ ([4], á. 51) ¤«ï ®¡¥á¯¥ç¥­¨ï ®¯â¨¬ «ì-
­®£® ¯®àï¤ª  â®ç­®áâ¨ (7) ­ã¦­® ¢ (4) ¨ (6) ¢ë¡à âì � = �(�) ¨§ ãá«®¢¨ï � � �2=(p+1).

� ª ­ §ë¢ ¥¬ë¥ ¯à®¥ªæ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï à¥£ã«ïà¨§®¢ ­­ëå ãà ¢­¥­¨© á®áâ®ïâ ¢ á«¥-
¤ãîé¥¬ (á¬., ­ ¯à., [5], x 6.3). �ãáâì e1; e2; : : : ; em; : : : | ­¥ª®â®àë© ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á

¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X,   Pm' =
mP
k=1

(ek; ')ek | ®àâ®¯à®¥ªâ®à ­  «¨­¥©­ãî ®¡®«®çªã

¯¥à¢ëå m í«¥¬¥­â®¢ ¡ §¨á . � ®¯¨á ­­®© ¢ëè¥ áå¥¬¥ à¥£ã«ïà¨§ æ¨¨ ¯®« £ ¥¬ AN = PmAPl ¨
¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ xl;m;� ®¯à¥¤¥«ï¥¬ á®£« á­® (6)

xl;m;� = Rl;m;�f�; Rl;m;� = g�(PlA
�PmAPl)PlA

�Pm: (8)

� à ¬ª å ¯à®¥ªæ¨®­­®© áå¥¬ë ¤¨áªà¥â¨§ æ¨¨ ¢®§­¨ª ¥â ¢®¯à®á ® ç¨á«¥ ¡ §¨á­ëå í«¥¬¥­â®¢,
âà¥¡ã¥¬ëå ¤«ï ®¡¥á¯¥ç¥­¨ï ®¯â¨¬ «ì­®£® ¯®àï¤ª  â®ç­®áâ¨ (7). �«ï ®â¢¥â  ­  íâ®â ¢®¯à®á
­ã¦­  ­¥ª®â®à ï  ¯à¨®à­ ï ¨­ä®à¬ æ¨ï ® \£« ¤ª®áâ¨" ®¯¥à â®à  A.

�¡®§­ ç¨¬ ç¥à¥§ Xr, 0 < r < 1, «¨­¥©­®¥ ­®à¬¨à®¢ ­­®¥ ¯®¤¯à®áâà ­áâ¢® X, á­ ¡¦¥­­®¥
­®à¬®© kfkXr = kfkX + kDrfkX , £¤¥ Dr | ­¥ª®â®àë© «¨­¥©­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ Xr

¢ X, ¨ ¤«ï «î¡®£® m = 1; 2; : : : ; kI �PmkXr!X � crm
�r, ¯à¨ íâ®¬ ª®­áâ ­â  cr ­¥ § ¢¨á¨â ®â m.

� áá¬®âà¨¬ ª« ááë «¨­¥©­ëå ®¯¥à â®à®¢

H
1 = fA : kAk � 
1g;

Hr;s

 = fA 2 H
1 ; kAkX!Xr � 
2; kA

�kX!Xs � 
3; k(DrA)�kX!Xs � 
4g;


 = (
1; 
2; 
3; 
4);

£¤¥ ¯®¤ k � k §¤¥áì ¨ ­¨¦¥ ¯®­¨¬ ¥âáï k � kX!X . �«ï ¨««îáâà æ¨¨ ãá«®¢¨©, ®¯à¥¤¥«ïîé¨å ª« áá
Hr;s


 , à áá¬®âà¨¬ ¨­â¥£à «ì­ë© ®¯¥à â®à

Ax(t) =
Z 1

0
a(t; �)x(�)d�
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¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ L2 äã­ªæ¨©, áã¬¬¨àã¥¬ëå ¢ ª¢ ¤à â¥ ­  (0; 1) á ®¡ëç­®© ­®à¬®©.
�à¨ r = 1 ¢ ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  Xr ¢®§ì¬¥¬ á®¡®«¥¢áª®¥ ¯à®áâà ­áâ¢® W 1

2 äã­ªæ¨© f(t),
¨¬¥îé¨å ¯à®¨§¢®¤­ë¥ f 0 2 L2,  

kfkW 1
2
= kfkL2

+ kdf=dtkL2
:

�ãáâì Sm | ®¯¥à â®à, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© äã­ªæ¨¨ f 2 L2 ç áâ­ãî áã¬¬ã ¥¥
àï¤  �ãàì¥{�  à  ¯®àï¤ª  m. �á­®, çâ® Sm | ®àâ®¯à®¥ªâ®à ­  «¨­¥©­ãî ®¡®«®çªã ¯¥à¢ëå m
í«¥¬¥­â®¢ ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  �  à . �§¢¥áâ­® ([6], á. 82), çâ®

kI � SmkW 1
2!L2

� c1m
�1:

�â® ®§­ ç ¥â, çâ® ¤«ï X = L2, X1 = W 1
2 , D1 = d=dt ¨ Pm = Sm ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï, ®¯à¥-

¤¥«ïîé¨¥ Xr ¯à¨ r = 1. �á«¨ ï¤à® a(t; �) ¨­â¥£à «ì­®£® ®¯¥à â®à  ¨¬¥¥â á¬¥è ­­ãî ç áâ­ãî
¯à®¨§¢®¤­ãî ¨ Z 1

0

Z 1

0

����@i+ja(t; �)@ti@� j

����2dt d� <1; i; j = 0; 1;

â®, ª ª «¥£ª® ¯à®¢¥à¨âì, A 2 Hr;s

 ¯à¨ r = s = 1, X = L2, Xr = Xs =W 1

2 ¨ ¯à¨ ­¥ª®â®à®¬ ­ ¡®à¥
¯ à ¬¥âà®¢ 
.

�¡®§­ ç¨¬ ç¥à¥§ 	p

1
¨ 	r;s;p


 ª« ááë ãà ¢­¥­¨© (1) á® á¢®¡®¤­ë¬¨ ç«¥­ ¬¨ f 2 AMp;�(A) :=
ff : f = Ag; g 2Mp;�(A)g ¨ ®¯¥à â®à ¬¨ A á®®â¢¥âáâ¢¥­­® ¨§ Hp


1
¨ Hr;s;p


 .
�ãáâì Card(IP ) | ®¡é¥¥ ç¨á«® §­ ç¥­¨© áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© ¢¨¤  (ei; Aej), (ei; f�), âà¥-

¡ã¥¬®¥ ¯à¨ ¯à®¥ªæ¨®­­®© áå¥¬¥ ¤¨áªà¥â¨§ æ¨¨ ¤«ï ®¡¥á¯¥ç¥­¨ï ®¯â¨¬ «ì­®£® ¯®àï¤ª  â®ç­®-
áâ¨ �p=(p+1). �á¯®«ì§ãï à¥§ã«ìâ â [2], ¬ë ¬®¦¥¬ ¤«ï ª« áá®¢ 	r;s;p


 à¥è¨âì ¢®¯à®á ® á®®â­®è¥­¨¨
¬¥¦¤ã m; l ¨ � ¢ (8).

�¥®à¥¬  1 ([2]). �¯â¨¬ «ì­ë© ¯®àï¤®ª ¯®£à¥è­®áâ¨ (7) ­  ª« áá¥ 	r;s;p

 ®¡¥á¯¥ç¨¢ ¥âáï ¢

à ¬ª å âà ¤¨æ¨®­­®© áå¥¬ë ¤¨áªà¥â¨§ æ¨¨ (2), (3), (8) ¯à¨ � � �2=(p+1) ¨ m; l â ª¨å, çâ®
mr�minfp;2g � ls�minfp;1g � ��p=(p+1). �à¨ íâ®¬

Card(IP ) = ml +m � ��a;

£¤¥

rs(p+ 1)a =

8>><>>:
r + s; 0 < p � 1;

rp+ s; 1 � p � 2;

(2r + s)p=2; 2 � p � 2p0:

�áå®¤­ ï ¬®â¨¢ æ¨ï. �¡é ï ¨¤¥ï ¯à¥¤« £ ¥¬®© ­¨¦¥ ¬®¤¨ä¨ª æ¨¨ ¯à®¥ªæ¨®­­®© áå¥¬ë
á®áâ®¨â ¢ á«¥¤ãîé¥¬. �ë ¬®¦¥¬ á®åà ­¨âì ¯®àï¤®ª â®ç­®áâ¨ (7), áãé¥áâ¢¥­­® á®ªà â¨¢ ¯à¨
íâ®¬ ç¨á«® ¨á¯®«ì§ã¥¬ëå äã­ªæ¨®­ «®¢ (ei; Aej). � á«ãç ¥ ãà ¢­¥­¨© II à®¤  íâ  ¨¤¥ï ¡ë« 
ãá¯¥è­® à¥ «¨§®¢ ­  ¢ à ¡®â å [7], [8]. � ãà ¢­¥­¨ï¬ I à®¤  â ª®© ¯®¤å®¤ ¢¯¥à¢ë¥ ¡ë« ¯à¨¬¥-
­¥­ �.�.�¥à¥¢¥à§¥¢ë¬ [9], £¤¥ à áá¬ âà¨¢ «¨áì â®«ìª® ®¯¥à â®àë á ¨§®âà®¯­®© \£« ¤ª®áâìî"
(â. ¥. r = s),   à¥è¥­¨ï (1) ¯à¥¤¯®« £ «¨áì ¯à¨­ ¤«¥¦ é¨¬¨M2;�(A), çâ® ¢ ¯à¨­ïâëå ã ­ á ®¡®-
§­ ç¥­¨ïå á®®â¢¥âáâ¢ã¥â ª« ááã ãà ¢­¥­¨© 	r;r;2


 . �¤­ ª® ¢ á«ãç ¥ ¯à®¨§¢®«ì­ëå ¯ à ¬¥âà®¢ r,
s ¨ p ¨á¯®«ì§ã¥¬ë© ¢ [9] ¬¥â®¤ ã¦¥ ­¥ ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® â®ç­®áâ¨. �¥«ì ¤ ­­®© áâ âì¨
| ¯®áâà®¥­¨¥ ­®¢ëå íª®­®¬¨ç­ëå ¢ á¬ëá«¥ ¢¥«¨ç¨­ë Card(IP ) ¯à®¥ªæ¨®­­ëå áå¥¬ ¤«ï ¢á¥©
èª «ë ª« áá®¢ 	r;s;p


 .
� ¦¤®¬ã ®¯¥à â®àã A 2 H
1 ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ®¯¥à â®à

Ab;n = An :=
nX

k=1

(P2k � P2k�1)AP2bn�k + P1AP2bn :
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£¤¥ b | ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®, ­¥ ¬¥­ìè¥¥ 1. � á«ãç ¥, ª®£¤  bn ­¥ ï¢«ï¥âáï æ¥«ë¬
ç¨á«®¬, ¯®¤ P2bn�k ¡ã¤¥¬ ¯®­¨¬ âì P[2bn�k ], £¤¥ [a] | æ¥« ï ç áâì a. � ¯à¥¤« £ ¥¬®© ­ ¬¨ ¬®-
¤¨ä¨ª æ¨¨ ¯à®¥ªæ¨®­­®© áå¥¬ë ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì
í«¥¬¥­â

xb;n;� = Rb;n;�f�; Rb;n;� = g�(A�
b;nAb;n)A�

b;n: (9)

�æ¥­ªã ¯®£à¥è­®áâ¨ ãª § ­­®© áå¥¬ë ­  ª« áá¥ 	p

1
¤ ¥â

�¥®à¥¬  2. �ãáâì � � �2=(p+1). �®£¤  ­  ª« áá¥ 	p

1

¤«ï ¯à®¥ªæ¨®­­®© áå¥¬ë (2), (3), (9)
á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx0 �R�(A)f�kX �� �p=(p+1) + k jAjp � jAnj
pk+ ��1=(p+1)k(P2nA�Ab;n)jAj

pk:

�®ª § â¥«ìáâ¢®. �ãáâì, ª ª ¨ ¢ [2],

Sb;n;� = I � g�(A�
nAn)A�

nAn:

�®£¤  ¨§ (9) ­ å®¤¨¬

x0 �Rb;n;�f� = Rb;n;�(f � f�) + Sb;n;�x0 +Rb;n;�(An �A)x0: (10)

�æ¥­¨¬ â¥¯¥àì ®â¤¥«ì­® ¢á¥ âà¨ á« £ ¥¬ëå ¨§ ¯à ¢®© ç áâ¨ (10).
1. �®áª®«ìªã ¢ á¨«ã (3) ¤«ï «î¡®£® «¨­¥©­®£® ®£à ­¨ç¥­­®£® ®¯¥à â®à  B ¨§ X ¢ X á¯à -

¢¥¤«¨¢  ®æ¥­ª 

kg�(B
�B)B�k � ���

�1=2; (11)

â® ¨§ (9) ­ å®¤¨¬
kRb;n;�(f � f�)kX �� ��1=2�:

2. � ãç¥â®¬ (2) ¨¬¥¥¬

kSb;n;�x0kX � �(kSb;n;�jAnj
pk+ kSb;n;�kk jAj

p � jAnj
pk) �� �p=2 + k jAjp � jAnj

pk:

3. � ª ª ª ¢ á¨«ã ®¯à¥¤¥«¥­¨ï An á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ A�
nP2n = A�

n, â®

Rb;n;�(An �A)x0 = g�(A
�
nAn)(A

�
nAn �A�

nP2nA)x0 = Rb;n;�(An � P2nA)x0:

�âªã¤ , ãç¨âë¢ ï (3) ¨ (11), ¤«ï ¯®á«¥¤­¥£® á« £ ¥¬®£® ¯®«ãç ¥¬

kRb;n;�(An �A)x0kX �� ��1=2k(An � P2nA)jAjpk:

� á¨«ã ãá«®¢¨ï â¥®à¥¬ë � � �2=(p+1) ¯®«ãç ¥¬ ¨áª®¬ãî ®æ¥­ªã.

� ¬¥ç ­¨¥. �à¨ p = 1 ¢® ¢â®à®¬ á« £ ¥¬®¬ ­ ©¤¥­­®© ¢ â¥®à¥¬¥ 2 ®æ¥­ª¨ ¬®¦­® ã¡à âì
§­ ª ¬®¤ã«ï. �«ï íâ®£® ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï ®¤­¨¬ á®®¡à ¦¥­¨¥¬ ¨§ ([4], á. 100). � ¨¬¥­-
­®, ¯à¨ p = 1 à¥è¥­¨¥ (1) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ x0 = A�z, z 2 X�;0. �®£¤ , ¨á¯®«ì§ãï ¯®«ïà­®¥
à §«®¦¥­¨¥ ®¯¥à â®à  ([10], á. 421) A�

n = jAnjU
�, £¤¥ U ¨ U� | ç áâ¨ç­® ¨§®¬¥âà¨ç¥áª¨¥ ®¯¥à -

â®àë (kUk = 1), ­ å®¤¨¬

kSb;n;�x0kX � kSb;n;�A
�
nzkX + kSb;n;�(A� �A�

n)zkX �

� � (kSb;n;�jAnj k+ kSb;n;�k kA
� �A�

nk) �� �1=2 + kA�Ank:

�«¥¤áâ¢¨¥. �«ï ¤®áâ¨¦¥­¨ï ­  ª« áá¥ ãà ¢­¥­¨© �p

1
®¯â¨¬ «ì­®£® ¯®àï¤ª  ¯®£à¥è­®áâ¨

(7) ¢ à ¬ª å áå¥¬ë ¤¨áªà¥â¨§ æ¨¨ (2), (3), (9) ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï á«¥¤ãîé¨å ãá«®¢¨©:

(i) k jAjp � jAnj
pk �� �p=(p+1), p 6= 1; kA�Ank �� �1=2, p = 1;

(ii) k(P2nA�An)jAjpk �� �.
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�à¨¢¥¤¥¬ â¥¯¥àì àï¤ ¢á¯®¬®£ â¥«ì­ëå à¥§ã«ìâ â®¢, ª®â®àë¥ ¯®âà¥¡ãîâáï ¢ ¤ «ì­¥©è¥¬.
�ãáâì B ¨ eB | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë ¨§ X ¢ X. �à¨ «î¡ëå p > 0 ¨ m = 1; 2; : : :
á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ ([2], [4], cá. 93, 95)

k jBjp � jPmBj
pk �� k(I � Pm)Bk

minfp;2g; (12)

k(I � Pm)jBjpk �� kB(I � Pm)kminfp;1g; (13)

k jBjp � j ~Bjpk �� �pkB � ~Bkminfp;1g; (14)

�p = fj ln kB � eBk j; p = 1; 1; p 6= 1g;

  ¥á«¨ B = B� � 0 ¨ eB = eB� � 0, â®

kBp � eBpk �� kB � eBkminfp;1g: (15)

�¥¬¬  1. �ãáâì A 2 Hr;s

 . �®£¤  ¤«ï An = Ab;n

kA�A�A�
nAnk �� 2�2rn + 2�(bs�(s�2r)+)n;

£¤¥

a+n =

8>><>>:
an; a > 0;

log2 n; a = 0;

0; a < 0:

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¤«ï A 2 Hr;s

 ¨ «î¡ëå m; l; � = 1; 2; : : :

k(I � Pm)Ak � 
2crm
�r; kA(I � Pl)k � 
3csl

�s;

kA(I � P�)kX!Xr � k(I � P�)A�k+ k(I � P�)(DrA)�k � (
3 + 
4)cs��s:

�á¯®«ì§ãï íâ¨ ­¥à ¢¥­áâ¢ , ¯®«ãç ¥¬

k(I � P�)A(I � P�)k � kI � P�kXr!XkA(I � P�)kX!Xr � (
3 + 
4)crcs��r��s: (16)

� «¥¥

kA�A�A�
nAnk � kA�(I � P2n)

2Ak+ kA�P2nA�A�
nAnk: (17)

� ª ª ª ¢ á¨«ã ®¯à¥¤¥«¥­¨ï An = Ab;n á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥

A�
nAn =

nX
k=1

P2bn�kA
�(P2k � P2k�1)AP2bn�k + P2bnA

�P1AP2bn ;

â®

kA�P2nA�A�
nAnk � kA�P1A� P2bnA

�P1AP2bnk+
nX

k=1

kGkk; (18)

Gk = A�(P2k � P2k�1)A� P2bn�kA
�(P2k � P2k�1)AP2bn�k :

�à¨ ¯®¬®é¨ (16) ­ å®¤¨¬

kGkk �� k(I � P2bn�k)A�(P2k � P2k�1)AP2bn�kk+

+ kP2bn�kA
�(P2k � P2k�1)A(I � P2bn�k)k �� 2�bsn+k(s�2r): (19)

�à®¬¥ â®£®,

kA�P1A� P2bnA
�P1AP2bnk � k(I � P2bn)A

�P1Ak+ kP2bnA
�P1A(I � P2bn)k �� 2�bsn: (20)
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� ª¨¬ ®¡à §®¬, ¢ á¨«ã (18){(20) ¨¬¥¥¬

kA�P2nA�A�
nAnk �� 2�bsn

nX
k=0

2k(s�2r):

�âªã¤  á ãç¥â®¬ (16) ¨ (17) ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  2. �ãáâì A 2 Hr;s

 . �®£¤  ¤«ï «î¡®£® p � 0

k(P2nA�An)jAj
pk �� 2�(bs(1+minfp;1g)�(s(1+minfp;1g)�r)+)n:

�®ª § â¥«ìáâ¢®. �®áª®«ìªã

P2nA�An =
nX

k=1

(P2k � P2k�1)A(I � P2bn�k) + P1A(I � P2bn);

â® ¢ á¨«ã (13) ¨ (16)

k(P2nA�An)jAjpk �
nX

k=1

k(P2k � P2k�1)A(I � P2bn�k)kk(I � P2bn�k)jAjpk+

+ kP1A(I � P2bn)k k(I � P2bn)jAj
pk ��

nX
k=0

2�kr
�
2�s(bn�k)

�1+minfp;1g

: �

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ï¢«ï¥âáï ®á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë.

�¥®à¥¬  3. �ãáâì � � �2=(p+1). �¯â¨¬ «ì­ë© ¯®àï¤®ª ¯®£à¥è­®áâ¨ (7) ­  ª« áá¥ 	r;s;p



®¡¥á¯¥ç¨¢ ¥âáï ¢ à ¬ª å ¯à®¥ªæ¨®­­®© áå¥¬ë ¤¨áªà¥â¨§ æ¨¨ (2), (3), (9) ¢ á«ãç ¥, ª®£¤  ¯ à -

¬¥âàë b ¨ n ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

 ) ¤«ï 0 < p � 1 2�r(p+1)n � �; b =

(
rp

s(p+1)
+ 1; r=s � 1 + p;

r=s; r=s � 1 + p;

¡) ¤«ï 1 � p � 2 2�r(p+1)n � �; b =

(
rp
2s
+ 1; r=s � 2=p;

rp=s; r=s � 2=p;

¢) ¤«ï 2 � p � 2p0 2�2r(p+1)n=p � �; b =

(
r(p+2)

2sp
+ 1; r=s � 2p=(3p � 2);

2r=s; r=s � 2p=(3p � 2):

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®æ¥­¨¬ ¢¥«¨ç¨­ã k jAjp � jAnj
pk ¯à¨ p 6= 1. �«ï íâ®£® ¢®á-

¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢ ¬¨ (12) ¨ (14)

k jAjp � jAnj
pk � k jAjp � jP2nAj

pk+ k jAnj
p � jP2nAj

pk ��

�� k(I � P2n)Akminfp;2g + kAn � P2nAk
minfp;1g:

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã (15) ¨¬¥¥¬

k jAjp � jAnj
pk = k(A�A)p=2 � (A�

nAn)
p=2k �� kA�A�A�

nAnk
minfp=2;1g:

� ª¨¬ ®¡à §®¬, ­  ®á­®¢ ­¨¨ ¯®«ãç¥­­ëå ¢ëè¥ ®æ¥­®ª ¤«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï (i) ¨§ á«¥¤áâ¢¨ï
â¥®à¥¬ë 2 ¤®áâ â®ç­®, çâ®¡ë

min
�
k(I � P2n)Akminfp;2g + kAn � P2nAk

minfp;1g

kA�A�A�
nAnk

minfp=2;1g

�
�� �p=(p+1): (21)
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�á«¨ â¥¯¥àì ¯®«®¦¨âì ��1 = 2Mn, M = log(��1)=n, â® ¢ á¨«ã ãá«®¢¨© (ii) á«¥¤áâ¢¨ï ª â¥®à¥¬¥ 2,
(21), «¥¬¬ 1, 2 ¨ ®æ¥­ª¨ (16) ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ ¤«ï ®¯à¥¤¥«¥­¨ï ¯ à ¬¥âà®¢ b ¨
M 8>><>>:

r �minfp; 2g � pM=(p+ 1);�
bs � pM=((p+ 1)minfp; 1g) + (s� r)+
bs � pM=((p+ 1)minfp=2; 1g) + (s� 2r)+

bs � (M + (s(1 +minfp; 1g) � r)+)=(1 + minfp; 1g);

(22)

£¤¥ ª¢ ¤à â­ ï áª®¡ª  ®§­ ç ¥â, çâ® ¨§ § ª«îç¥­­ëå ¢ ­¥¥ ­¥à ¢¥­áâ¢ ¢ ®¡éãî á¨áâ¥¬ã ¢å®¤¨â
«¨èì â®, ¯à ¢ ï ç áâì ª®â®à®£® ¬¥­ìè¥. � ¯®¬­¨¬ (á¬. ¨áå®¤­ãî ¬®â¨¢ æ¨î), çâ® æ¥«ìî ¤ ­-
­®© à ¡®âë ï¢«ï¥âáï ¯®áâà®¥­¨¥ ­¥ ¯à®áâ® ®¯â¨¬ «ì­®© ¯® â®ç­®áâ¨ áå¥¬ë ¤¨áªà¥â¨§ æ¨¨, ­®
â ª¦¥ ¨ ­ ¨¡®«¥¥ íª®­®¬¨ç­®© ¢ á¬ëá«¥ ¢¥«¨ç¨­ë

Card(IP ) � n2bn � ��b=M log(��1): (23)

�§ á®®â­®è¥­¨ï (23) ¢¨¤­®, çâ® ­ ¨¡®«¥¥ íª®­®¬¨ç­®© ¯à¥¤« £ ¥¬ ï áå¥¬  ¡ã¤¥â â®£¤ , ª®-
£¤  ®â­®è¥­¨¥ b=M ¯à¨ ®£à ­¨ç¥­¨ïå (22) ¡ã¤¥â ­ ¨¬¥­ìè¨¬. �¥è¥­¨¥ íâ®© § ¤ ç¨ ¤à®¡­®-
«¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¤®áâ¨£ ¥âáï ¢ ¢¥àè¨­¥ ¬­®£®£à ­­¨ª , ®¯¨áë¢ ¥¬®£® á¨áâ¥¬®©
(22), â. ¥. â®£¤ , ª®£¤  ¤¢  ¨§ ®£à ­¨ç¥­¨© (22) ¢ë¯®«­ïîâáï ª ª à ¢¥­áâ¢ . �ç¨âë¢ ï á¯¥æ¨ä¨-
ªã á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (22) ¨ ¯®«®¦¨â¥«ì­®áâì ¢á¥å ª®íää¨æ¨¥­â®¢ ¢ ­¥©, ­¥âàã¤­® § ¬¥â¨âì,
çâ® ¯¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (22) ¢å®¤¨â ¢ ç¨á«® íâ¨å ¤¢ãå ®£à ­¨ç¥­¨©.

�âáî¤  ¤«ï á«ãç ï p � 2 ¯à¨ «î¡ëå r; s > 0 à¥è¥­¨¥¬ (b�;M�) § ¤ ç¨ ¤à®¡­®-«¨­¥©­®£®

¯à®£à ¬¬¨à®¢ ­¨ï ¡ã¤¥â M� = 2r(p+ 1)=p, b� = max
n
2r+(s�2r)+

s
; r(p+1)

sp
+ (2s�r)+

2s

o
.

�¥è ï  ­ «®£¨ç­ë¬ ®¡à §®¬ § ¤ çã ¯à¨ p < 2, ¬ë â¥¬ á ¬ë¬ § ¢¥àè ¥¬ ¤®ª § â¥«ìáâ¢®
â¥®à¥¬ë 3.

�«¥¤áâ¢¨¥ 1. �«ï ®¡¥á¯¥ç¥­¨ï ®¯â¨¬ «ì­®£® ¯®àï¤ª  â®ç­®áâ¨ (7) ­  ª« áá¥ ãà ¢­¥­¨©
	r;s;p

 ¢ à ¬ª å áå¥¬ë (2), (3), (9) âà¥¡ã¥âáï

Card(IP ) � ��a log(��1);

£¤¥

 ) a =

(
rp+s(p+1)
rs(p+1)2

; r=s � 1 + p;
1

s(p+1)
; r=s � 1 + p;

¯à¨ 0 < p � 1;

¡) a =

(
rp+2s

2rs(p+1)
; r=s � 2=p;

p
s(p+1)

; r=s � 2=p;
¯à¨ 1 � p � 2;

¢) a =

(
r(p+2)+2sp

4rs(p+1)
; r=s � 2p=(3p � 2);

p
s(p+1)

; r=s � 2p=(3p � 2);
¯à¨ 2 � p � 2p0:

�à¨¢¥¤¥­­ë¥ ¢ á«¥¤áâ¢¨¨ ®æ¥­ª¨ ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¨§ â¥®à¥¬ë 3 ¨ á®®â­®è¥­¨ï
(23).

� ¬¥ç ­¨¥ 1. �à ¢­¥­¨¥ â¥®à¥¬ë 1 ¨ á«¥¤áâ¢¨ï ª â¥®à¥¬¥ 3 ¯®ª §ë¢ ¥â, çâ® á â®çª¨ §à¥­¨ï
®¡ê¥¬  ¤¨áªà¥â­®© ¨­ä®à¬ æ¨¨, âà¥¡ã¥¬®© ¤«ï ¤®áâ¨¦¥­¨ï ­  ª« áá¥ 	r;s;p


 ®¯â¨¬ «ì­®£® ¯®-
àï¤ª  â®ç­®áâ¨ (7), áå¥¬  ¤¨áªà¥â¨§ æ¨¨ (2), (3), (9) íª®­®¬¨ç­¥¥ âà ¤¨æ¨®­­®© ¯à®¥ªæ¨®­­®©
áå¥¬ë (2), (3), (8) ¯® ¯®àï¤ªã ¢¥«¨ç¨­ë � ¯à¨ «î¡ëå r; s > 0 ¨ 0 < p � 2p0.

� ¬¥ç ­¨¥ 2. �®«ãç¥­­ ï ¢ á«¥¤áâ¢¨¨ â¥®à¥¬ë 3 ®æ¥­ª  ¤«ï ª« áá  	r;r;2

 «ãçè¥ ­  «®£ -

à¨ä¬¨ç¥áª¨© ¬­®¦¨â¥«ì á®®â¢¥âáâ¢ãîé¥£® à¥§ã«ìâ â  ¨§ [9].

�¢â®à £«ã¡®ª® ¯à¨§­ â¥«¥­ ¯à®ä. �.�. � ¡®â¨­ã §  ¯®«¥§­ë¥ § ¬¥ç ­¨ï, á¯®á®¡áâ¢®¢ ¢è¨¥
ã«ãçè¥­¨î áâ âì¨.
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