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�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ¯®á«¥¤¥©áâ¢¨¥¬ ï¢«ïîâáï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ¡¨®-
«®£¨ç¥áª¨å, å¨¬¨ç¥áª¨å, íª®­®¬¨ç¥áª¨å ¯à®æ¥áá®¢: ãç¥â íää¥ªâ  ¯®á«¥¤¥©áâ¢¨ï ¤ ¥â ¢®§¬®¦-
­®áâì ¡®«¥¥ â®ç­®£® ¨å ®¯¨á ­¨ï ([1]{[3]). �«ï ãà ¢­¥­¨© á ¯®á«¥¤¥©áâ¢¨¥¬ â ª ¦¥, ª ª ¨ ¤«ï
¯à®ç¨å ¬®¤¥«¥© ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬, ®¤­®© ¨§ ®á­®¢­ëå ¯à®¡«¥¬ ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ãáâ®©-
ç¨¢®áâ¨ à¥è¥­¨ï ¯à¨ ¢®§¬ãé¥­¨ïå à §«¨ç­®© ¯à¨à®¤ë. � ­­ ï à ¡®â  ¯®á¢ïé¥­  ¯®«ãç¥­¨î
¯à¨§­ ª®¢ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãª § ­­ëå ãà ¢­¥­¨©, áä®à¬ã«¨à®¢ ­­ëå ¢ â¥à¬¨­ å ¨áå®¤-
­®© § ¤ ç¨.

� áá¬®âà¨¬ á¨áâ¥¬ã «¨­¥©­ëå äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

_x(t) +A(t)x(t� r(t)) = 0; t 2 R+ � [0;1); x(�) = 0; � =2 R+ ; (1)

£¤¥ A { ¬ âà¨æ -äã­ªæ¨ï à §¬¥à­®áâ¨ n � n á áã¬¬¨àã¥¬ë¬¨ ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥
[0; T ] ª®¬¯®­¥­â ¬¨, r : R+ ! R+ | ¨§¬¥à¨¬ ï ¯® �¥¡¥£ã äã­ªæ¨ï. �®¤ à¥è¥­¨¥¬ á¨áâ¥¬ë
(1) ¡ã¤¥¬ ¯®­¨¬ âì ¢¥ªâ®à-äã­ªæ¨î x : R+ ! R

n á  ¡á®«îâ­® ­¥¯à¥àë¢­ë¬¨ ­  ª ¦¤®¬ [0; T ]
ª®¬¯®­¥­â ¬¨, ã¤®¢«¥â¢®àïîéãî (1) ¯®çâ¨ ¢áî¤ã. �¥è¥­¨¥ á¨áâ¥¬ë (1) ¯à¨ «î¡®© ­ ç «ì­®©
â®çª¥ s ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ [4]

x(t) = C(t; s)x(s); t � s:

� âà¨æ -äã­ªæ¨ï C ­ §ë¢ ¥âáï ¬ âà¨æ¥© �®è¨ á¨áâ¥¬ë (1) ¨ ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥
á«¥¤ãîé¥© § ¤ ç¨ [4]:

@

@t
C(t; s) +A(t)C(t� r(t); s) = 0; t � s; C(�; s) = 0; � < s; C(s; s) = E: (2)

� âà¨æ  �®è¨ ¡ã¤¥â ®á­®¢­ë¬ ®¡ê¥ªâ®¬ ­ è¥£® ¨áá«¥¤®¢ ­¨ï.

�¯à¥¤¥«¥­¨¥. �¨áâ¥¬ã (1) ­ §®¢¥¬  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®©, ¥á«¨ kC(t; s)k ! 0 ¯à¨
t! +1 ¨ «î¡®¬ s 2 R+ ; íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®©, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥
¯®áâ®ï­­ë¥ � ¨ N , çâ® ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (1) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(t; s)k � N exp(��(t� s)); t � s � 0:

�¡®§­ ç¨¬ ç¥à¥§ L ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå,   ç¥à¥§ L1 | ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå
¢ áãé¥áâ¢¥­­®¬ ­  R+ äã­ªæ¨©.

�¥®à¥¬  1. �ãáâì kA(�)k 2 L. �®£¤ 

 ) ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (1) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(t; s)k � const ¯à¨ ¢á¥å t � s � 0;

¡) ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ T > 0, çâ® ¤«ï ¢á¥å t, s, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
t � s � T , á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® kC(t; s)�Ek < ".
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�®ª § â¥«ìáâ¢®. � á¨«ã ¨§¢¥áâ­®© [5] ®æ¥­ª¨ ¤«ï ¬ âà¨æë �®è¨ ¯®«ãç ¥¬

kC(t; s)k � exp
�Z t

s

kA(�)kd�
�
� exp

�Z 1

0

kA(�)kd�
�
= K <1;

¨ ãâ¢¥à¦¤¥­¨¥  ) ¤®ª § ­®. �§ ãà ¢­¥­¨ï (2) ¨ â®«ìª® çâ® ãáâ ­®¢«¥­­®© ®æ¥­ª¨ ¯®«ãç ¥¬
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 � KkA(t)k;





Z t
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C(�; s)d�





 � K

Z t

s

kA(�)kd�;

¨«¨ kC(t; s) � Ek � K
1R
s

kA(�)kd� . �âáî¤  ¢ á¨«ã áå®¤¨¬®áâ¨ ¨­â¥£à «  á«¥¤ã¥â ãâ¢¥à¦¤¥-

­¨¥ ¡).

�«ï ¤ «ì­¥©è¥£® ¨áá«¥¤®¢ ­¨ï ã¤®¡­® ¯à¨¢¥áâ¨ àï¤ ¯à¨§­ ª®¢ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© áª -
«ïà­®£® ãà ¢­¥­¨ï

_x(t) + �(t)x(t� r(t)) = 0; t 2 R+ ; x(�) = 0; � =2 R+ ; (3)

£¤¥ äã­ªæ¨ï � : R+ ! C áã¬¬¨àã¥¬  ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ [0; T ].

�¥¬¬  1 ([6]). �ãáâì �(t) 2 R+ 8t 2 R+ . �®£¤ , ¥á«¨

vrai lim
t!1

Z t

t�r(t)

�(s)ds < 3=2; t � r(t);

¤«ï äã­ªæ¨¨ �®è¨ ãà ¢­¥­¨ï (3) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jC(t; s)j � N exp
�
� �

Z t

s

�(�)d�
�
; N; � > 0: (4)

�¥¬¬  2 ([6]). �ãáâì �(t) 2 R+ 8t 2 R+ . �®£¤ , ¥á«¨

vrai lim
t!1

Z t

t�r(t)
�(s)ds < �=2; t � r(t);

¤«ï äã­ªæ¨¨ �®è¨ ãà ¢­¥­¨ï (3) á¯à ¢¥¤«¨¢  ®æ¥­ª  (4).

�¥¬¬  3 ([7]). �ãáâì �(t) = ei'(t), ' : R+ ! (��; �],   vrai lim
t!1

r(t) � ! < 1. �®£¤ , ¥á«¨

¯à¨ ­¥ª®â®à®¬ � 2 R+

sup
t��

Z t

�

exp
�
�

Z t

s

cos'(�)d�
�
ds < !�1;

ãà ¢­¥­¨¥ (3) íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®.

�¥¬¬  4 ([7]). �á«¨ ¯à¨ ­¥ª®â®à®¬ � 2 R+

sup
t��

Z t

�

j�(s)j exp
�
�

Z t

s

Re �(�)d�
�
ds <

�
vrai lim

t!1

Z t

t�r(t)

j�(s)jds
��1

;

â® ¤«ï äã­ªæ¨¨ �®è¨ ãà ¢­¥­¨ï (3) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jC(t; s)j � N exp
�
� �

Z t

s

j�(�)jd�
�
; �;N > 0:

�¥®à¥¬  2. �ãáâì A(t) = a(t)A, £¤¥ A | ¯®áâ®ï­­ ï n � n-¬ âà¨æ , a(t) | ¢¥é¥áâ¢¥­-

­ ï ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï. �á«¨ ¤«ï ¢á¥å á®¡áâ¢¥­­ëå ç¨á¥« �k, k = 1; n, ¬ âà¨æë A
¢ë¯®«­¥­® å®âï ¡ë ®¤­® ¨§ ãá«®¢¨©:

 ) �k 2 R, 0 < �k vrai lim
t!1

tR
t�r(t)

a(s)ds < 3=2;
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¡) �k 2 R, 0 < �k vrai lim
t!1

tR
t�r(t)

a(s)ds < �=2;

¢) j�kj2 vrai lim
t!1

tR
t�r(t)

a(s)ds < Re �k;

£) �k vrai lim
t!1

tR
t�r(t)

a(s)ds 2 fz 2 C : jzj < �

2
� j arg zjg,

â® ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (1) ¯à¨ ¢á¥å t � s � 0 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(t; s)k � N exp
�
� �

Z t

s

a(�)d�
�

á ­¥ª®â®àë¬¨ ¯®áâ®ï­­ë¬¨ � > 0 ¨ N > 0.

�®ª § â¥«ìáâ¢®. �¥ ­ àãè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® a(�) =2 L ¨ a(t) > 0 ¯à¨ ¢á¥å

t 2 R+ . � ¬¥­®© ¯¥à¥¬¥­­ëå u = '(t) =
tR
0

a(s)ds, x('�1(u)) = y(u) á¨áâ¥¬  (1) ¯à¨¢®¤¨âáï ª

¢¨¤ã

y0(u) +Ay

�
u�

'�1(u)Z
'�1(u)�r('�1(u))

a(s)ds
�
= 0; u 2 R+ : (5)

�® â¥®à¥¬¥ �ãà  ([8], â¥®à¥¬  2.3.1) ¬ âà¨æã A ¬®¦­® á ¯®¬®éìî ã­¨â à­®£® ¯à¥®¡à §®¢ ­¨ï
¯à¨¢¥áâ¨ ª âà¥ã£®«ì­®¬ã ¢¨¤ã. �§ «¥¬¬ 1{4, â¥®à¥¬ë �4 ¨§ [9] ¨ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥-
­¨ï à¥è¥­¨ï [4] á«¥¤ã¥â, çâ® á¨áâ¥¬  (5) íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ . �®§¢à é ïáì ª ¨áå®¤­ë¬
¯¥à¥¬¥­­ë¬, ¯®«ãç ¥¬ ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (1) âà¥¡ã¥¬ãî ®æ¥­ªã.
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