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� ¤ ç  ­ å®¦¤¥­¨ï ®¯â¨¬ «ì­®£® §­ ç¥­¨ï äã­ªæ¨®­ «  ­  p¥è¥­¨ïå ¤pã£®© ®¯â¨¬¨§ æ¨-
®­­®© § ¤ ç¨ á¢®¤¨âáï ª § ¤ ç¥ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ­¥ª®â®p®£® äã­ªæ¨®­ « , ª®â®pë©
(¤ ¦¥ ¢ á«ãç ¥ £« ¤ª®áâ¨ ¨áå®¤­ëå äã­ªæ¨®­ «®¢) ï¢«ï¥âáï áãé¥áâ¢¥­­® ­¥£« ¤ª¨¬. �ª § ­-
­®¥ á¢¥¤¥­¨¥ ¯p®¢®¤¨âáï á ¯®¬®éìî â¥®p¨¨ â®ç­ëå èâp ä­ëå äã­ªæ¨©.

1. �¯â¨¬¨§ æ¨ï ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥

� ¤ ­­®¬ p §¤¥«¥ ¯p¨¢®¤ïâáï ¡¥§ ¤®ª § â¥«ìáâ¢ ­¥ª®â®pë¥ p¥§ã«ìâ âë ¨§ â¥®p¨¨ ®¯â¨¬¨§ -
æ¨¨ ¢ ¬¥âp¨ç¥áª¨å ¯p®áâp ­áâ¢ å. �®ª § â¥«ìáâ¢  ¬®¦­® ­ ©â¨ ¢ [1], [2].

1.1. � ¤ ç  ¡¥§ãá«®¢­®© ®¯â¨¬¨§ æ¨¨
�ãáâì ­  ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ X á ¬¥âà¨ª®© � ®¯à¥¤¥«¥­ äã­ªæ¨®­ « f : X ! R =

[�1;+1]. �®«®¦¨¬ dom f = fx 2 X j f(x) 2 Rg ¨ ¯à¥¤¯®«®¦¨¬, çâ®

dom f 6= ;: (1)

�ãáâì x 2 dom f . �®«®¦¨¬

f#(x) = lim inf
y2X
y!x

f(y)� f(x)
�(x; y)

: (2)

�á«¨ ­¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fykg â ª®©, çâ®

yk 2 X; yk 6= x 8k; yk ! 0;

â® ¯® ®¯à¥¤¥«¥­¨î ¯®« £ ¥¬ f#(x) = +1. �®áª®«ìªã x 2 dom f , â® ¯à¥¤¥« ¢ (2) ¢á¥£¤  áãé¥-
áâ¢ã¥â, å®âï ®­ ¬®¦¥â ¡ëâì à ¢¥­ ª ª +1, â ª ¨ �1.

�¥«¨ç¨­ã f#(x) ­ §®¢¥¬ áª®à®áâìî ­ ¨áª®à¥©è¥£® á¯ãáª  äã­ªæ¨¨ f ¢ â®çª¥ x.
�§ (2) ¨¬¥¥¬ p §«®¦¥­¨¥

f(y) = f(x) + �(x; y)f#(x) + o(�(x; y));

£¤¥

lim inf
y!x

o(�(x; y))
�(x; y)

= 0:

�­ «®£¨ç­® ¤«ï x 2 dom f ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­ 

f"(x) = lim sup
y2X
y!x

f(y)� f(x)
�(x; y)

: (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò03-01-00668).
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�á«¨ ­¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâ¨ fykg â ª®©, çâ®

yk 2 X; yk 6= x 8k; yk ! x;

â® ¯® ®¯à¥¤¥«¥­¨î ¯®« £ ¥¬ f"(x) = �1: �®áª®«ìªã x 2 dom f , â® ¯à¥¤¥« ¢ (3) â ª¦¥ ¢á¥£¤ 
áãé¥áâ¢ã¥â, å®âï ®­ ¬®¦¥â ¡ëâì à ¢¥­ ¨ ¡¥áª®­¥ç­®áâ¨.

�§ (3) ¢ëâ¥ª ¥â p §«®¦¥­¨¥

f(y) = f(x) + �(x; y)f"(x) + o(�(x; y));

£¤¥

lim sup
y!x

o(�(x; y))
�(x; y)

= 0:

�¥«¨ç¨­ã f"(x) ­ §®¢¥¬ áª®à®áâìî ­ ¨áª®à¥©è¥£® ¯®¤ê¥¬  äã­ªæ¨¨ f ¢ â®çª¥ x.
�®«®¦¨¬ f� = inf

x2X
f(x), f� = sup

x2X

f(x). � á¨«ã (1) ¨¬¥¥¬ f� < +1, f� > �1: �á«¨ f(x�) = f�

¤«ï ­¥ª®â®à®© â®çª¨ x� 2 X, â® x� ­ §ë¢ ¥âáï â®çª®© ¬¨­¨¬ã¬  (¨«¨ £«®¡ «ì­®£®,  ¡á®«îâ­®£®
¬¨­¨¬ã¬ ) äã­ªæ¨¨ f ­  X. �®­¥ç­®, ¬®¦¥â á«ãç¨âìáï, çâ® â ª®© â®çª¨ x� ­¥ áãé¥áâ¢ã¥â.

�á«¨ ¤«ï x 2 X ®ª § «®áì f(x) = +1 ¨«¨ f(x) = �1, â® x ¯® ®¯à¥¤¥«¥­¨î á®®â¢¥âáâ¢¥­­®
ï¢«ï¥âáï â®çª®© £«®¡ «ì­®£® ¬ ªá¨¬ã¬  ¨«¨ £«®¡ «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  X.

�¥®à¥¬  1.1. �«ï â®£® çâ®¡ë x� 2 dom f ¡ë«  â®çª®© £«®¡ «ì­®£® ¨«¨ «®ª «ì­®£® ¬¨­¨-

¬ã¬  äã­ªæ¨¨ f ­  X, ­¥®¡å®¤¨¬®, çâ®¡ë

f#(x�) � 0: (4)

�á«¨

f#(x�) > 0;

â® x� ï¢«ï¥âáï â®çª®© áâà®£®£® «®ª «ì­®£® ¬¨­¨¬ã¬  f ­  X.

�¥®à¥¬  1.2. �«ï â®£® çâ®¡ë x� 2 dom f ¡ë«  â®çª®© £«®¡ «ì­®£® ¨«¨ «®ª «ì­®£® ¬ ªá¨-

¬ã¬  äã­ªæ¨¨ f ­  X, ­¥®¡å®¤¨¬®, çâ®¡ë

f"(x�) � 0: (5)

�á«¨

f"(x�) < 0;

â® x� ï¢«ï¥âáï â®çª®© áâà®£®£® «®ª «ì­®£® ¬ ªá¨¬ã¬  äã­ªæ¨¨ f ­  X.

�¯à¥¤¥«¥­¨¥ 1.1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (4) â®çª  x� 2 X ­ §ë¢ ¥âáï inf-áâ æ¨®­ à­®©,
  ¯à¨ ¢ë¯®«­¥­¨¨ (5) | sup-áâ æ¨®­ à­®© â®çª®© äã­ªæ¨¨ f ­  X.

�¯à¥¤¥«¥­¨¥ 1.2. �®á«¥¤®¢ â¥«ì­®áâì fxkg, xk 2 X, â ª ï, çâ® f(xk) ! f� = inf
x2X

f(x),

­ §ë¢ ¥âáï ¬¨­¨¬¨§¨àãîé¥©,   ¢ á«ãç ¥ f(xk) ! f� = sup
x2X

f(x) | ¬ ªá¨¬¨§¨àãîé¥© ¤«ï

äã­ªæ¨¨ f ­  X.
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1.2. �¯â¨¬¨§ æ¨ï ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¯à¨ ­ «¨ç¨¨ ®£à ­¨ç¥­¨©
�ãáâì fX; �g | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, 
 � X | ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® íâ®£® ¯à®áâà ­-

áâ¢ . �p¥¤¯®«®¦¨¬, çâ® ­  X ®¯p¥¤¥«¥­ äã­ªæ¨®­ « f : X ! R. �à¥¡ã¥âáï ­ ©â¨

inf
x2


f(x) = f�
: (6)

�á«¨ ¢¬¥áâ® ¬­®¦¥áâ¢  X ¢§ïâì ¬­®¦¥áâ¢® 
 á â®© ¦¥ ¬¥âà¨ª®© �, â® § ¤ ç  ãá«®¢­®© ¬¨-
­¨¬¨§ æ¨¨ (6) ï¢«ï¥âáï § ¤ ç¥© ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨ ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ f
; �g.
�¤­ ª® ç áâ® ã¤®¡­® ¨ ¯®«¥§­® ­¥ ¤¥« âì â ª®£® á¢¥¤¥­¨ï.

�¥®à¥¬  1.3. �«ï â®£® çâ®¡ë x� 2 
 ¡ë«  â®çª®© £«®¡ «ì­®£® ¨«¨ «®ª «ì­®£® ¬¨­¨¬ã¬ 

äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
, ­¥®¡å®¤¨¬®, çâ®¡ë

f#(x�;
) = lim inf
y2

y!x�

f(y)� f(x�)
�(y; x�)

� 0: (7)

�á«¨ ®ª § «®áì f#(x�;
) > 0, â® x� | â®çªa áâà®£®£® «®ª «ì­®£® ¬¨­¨¬ã¬ .

�¥®à¥¬  1.4. �«ï â®£® çâ®¡ë x� 2 
 ¡ë«  â®çª®© £«®¡ «ì­®£® ¨«¨ «®ª «ì­®£® ¬ ªá¨¬ã¬ 

äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
, ­¥®¡å®¤¨¬®, çâ®¡ë

f"(x�;
) = lim sup
y2

y#x�

f(y)� f(x�)
�(y; x�)

� 0: (8)

�á«¨ ®ª § «®áì f"(x�;
) < 0, â® x� | â®çªa áâà®£®£® «®ª «ì­®£® ¬ ªá¨¬ã¬ .

�®çª  x� 2 
, ã¤®¢«¥â¢®àïîé ï (7), ­ §ë¢ ¥âáï inf-áâ æ¨®­ à­®©,   â®çª  x� 2 
, ã¤®¢«¥-
â¢®àïîé ï (8), | sup-áâ æ¨®­ à­®© ¤«ï äã­ªæ¨¨ f ­  
.

�ãáâì


 = fx 2 X j '(x) = 0g; (9)

£¤¥

' : X ! R; '(x) � 0 8x 2 X: (10)

� ¬¥â¨¬, çâ® «î¡®¥ ¬­®¦¥áâ¢® 
 � X ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (9), £¤¥ ' ã¤®¢«¥â¢®àï¥â (10).
� ¯à¨¬¥à, ¬®¦­® ¢§ïâì

'(x) =

(
0; x 2 
;

1; x =2 
:

�á«¨ ¬­®¦¥áâ¢® 
 § ¬ª­ãâ®¥, â® ¢ ª ç¥áâ¢¥ ' ¬®¦­® â ª¦¥ ¢§ïâì äã­ªæ¨î

'(x) = inf
y2


�(x; y):

�¯à¥¤¥«¥­¨¥ 1.3. �®á«¥¤®¢ â¥«ì­®áâì fxkg ­ §ë¢ ¥âáï¬¨­¨¬¨§¨àãîé¥© (¬. ¯.) ¤«ï äã­ª-
æ¨¨ f ­  ¬­®¦¥áâ¢¥ 
, ¥á«¨

xk 2 
 8k; f(xk) ���!
k!1

f�
 = inf
x2


f(x):

�®á«¥¤®¢ â¥«ì­®áâì fxkg ­ §ë¢ ¥âáï ®¡®¡é¥­­®© ¬¨­¨¬¨§¨àãîé¥© (®. ¬. ¯.) ¤«ï äã­ªæ¨¨ f ­ 

, ¥á«¨

xk 2 X 8k; �(xk;
) = inf
y2


�(xk; y)! 0; f(xk) �! f�
:

�®á«¥¤®¢ â¥«ì­®áâì fxkg ­ §ë¢ ¥âáï '-¬¨­¨¬¨§¨àãîé¥© ('-¬. ¯.) ¤«ï äã­ªæ¨¨ f ­  
, ¥á«¨

xk 2 X 8k; '(xk)! 0; f(xk) �! f�
:
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1.3. �âà ä­ë¥ äã­ªæ¨¨

�ãáâì fX; �g | ¬¥âp¨ç¥áª®¥ ¯p®áâp ­áâ¢®, ¬­®¦¥áâ¢® 
 § ¤ ­® ¢ ¢¨¤¥ (9). � ä¨ªá¨pã¥¬
� � 0. �ã­ªæ¨ï

F�(x) = f(x) + �'(x) (11)

­ §ë¢ ¥âáï èâà ä­®© äã­ªæ¨¥© (¤«ï § ¤ ­­ëå f ¨ '), ç¨á«® � | èâà ä­ë¬ ¯ à ¬¥âà®¬.
�®«®¦¨¬

F �
� = inf

x2X
F�(x):

�«ï «î¡®£® � � 0 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fx�kg, ª®â®à ï ï¢«ï¥âáï ¬¨­¨¬¨§¨àãîé¥©
¤«ï äã­ªæ¨¨ F�(x) ­  X, â. ¥.

F�(x�k) �! inf
x2X

F�(x):

�¥¬¬  1.1. �á«¨

inf
x2X

f(x) = f� > �1; (12)

â® d(�) = lim sup
k!1

'(x�k) ���!
k!1

0.

�®«®¦¨¬ 
� = fx 2 X j '(x) < �g, r� = sup
y2
�

�(y;
).

�¥¬¬  1.2. �ãáâì inf
x2X

f(x) = f� > �1, r� ��!
�#0

0,   äã­ªæ¨ï f à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­ 


�0 ¤«ï ­¥ª®â®à®£® �0 > 0. �®£¤  lim
�!1

F �
� = f�
.

1.4. �®çª¨ £«®¡ «ì­®£® ¬¨­¨¬ã¬ 

� ãç¥â®¬ 1.3 á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1.5. �ãáâì ¨¬¥¥â ¬¥áâ® (12) ¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï :

1) áãé¥áâ¢ã¥â �0 <1 â ª®¥, çâ® ¤«ï ª ¦¤®£® � � �0 ­ ©¤¥âáï x� 2 X, ¤«ï ª®â®à®£®

F�(x�) = F �
� = inf

x2X
F�(x);

2) ­ ©¤ãâáï � > 0 ¨ a > 0 â ª¨¥, çâ®

'#(x) � �a < 0 8x 2 
� n 
; (13)

£¤¥


� = fx 2 X j '(x) < �g;

3) äã­ªæ¨ï f «¨¯è¨æ¥¢  ­  
� n 
, â. ¥. ¤«ï ­¥ª®â®à®£® L <1

jf(x1)� f(x2)j � L�(x1; x2) 8x1; x2 2 
� n 
: (14)

�®£¤  áãé¥áâ¢ã¥â �� � �0 â ª®¥, çâ®

'(x�) = 0 8� > ��; f(x�) = f�
 = inf
x2


f(x);

â. ¥. â®çª  x� | à¥è¥­¨¥ § ¤ ç¨ (6).
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�¯à¥¤¥«¥­¨¥ 1.4. �¨á«® �� � 0 ­ §ë¢ ¥âáï ª®­áâ ­â®© â®ç­®£® èâà ä  (¤«ï äã­ªæ¨¨
f ­  ¬­®¦¥áâ¢¥ 
), ¥á«¨

F �
� := inf

x2X
F�(x) = inf

x2

f(x) =: f�
 8� > �� (15)

¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fx�kg â ª ï, çâ® ¤«ï ¢á¥å � > ��

x�k 2 X 8k; F�(x
�
k) ���!

k!1
F �
� ; �(x�k;
) ���!

k!1
0:

�¨¦­¨¥ £à ­¨ ¢ (15) ¬®£ãâ ¨ ­¥ ¤®áâ¨£ âìáï.

�ã­ªæ¨ï F�(x) ¯p¨ � > �� ­ §ë¢ ¥âáï äã­ªæ¨¥© â®ç­®£® èâp ä .

� ª¨¬ ®¡p §®¬, ¢ ãá«®¢¨ïå â¥®p¥¬ë 1.5 �� ï¢«ï¥âáï ª®­áâ ­â®© â®ç­®£® èâp ä , â. ª. ¢ ª -
ç¥áâ¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fx�kg ¬®¦­® ¢§ïâì \¯®áâ®ï­­ãî" ¯®á«¥¤®¢ â¥«ì­®áâì, ¯®«®¦¨¢ (¤«ï
«î¡®£® ä¨ªá¨p®¢ ­­®£® � > ��) x�k = x� 8k.

�¥®à¥¬  1.6. �ãáâì ¨¬¥¥â ¬¥áâ® (12) ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï 2) ¨ 3) â¥®p¥¬ë 1:5. �®£¤  áã-
é¥áâ¢ã¥â �� � �0, ï¢«ïîé ïáï ª®­áâ ­â®© â®ç­®£® èâp ä  ¤«ï äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
.

1.5. �®çª¨ «®ª «ì­®£® ¬¨­¨¬ã¬  ¨ inf-áâ æ¨®­ p­ë¥ â®çª¨
�¥®à¥¬  1.7. � ãá«®¢¨ïå â¥®à¥¬ë 1:5 ­ ©¤¥âáï â ª®¥ �� <1, çâ® ¯à¨ � > �� ¢á¥ â®çª¨

«®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ F�(x), ¯à¨­ ¤«¥¦ é¨¥ ¬­®¦¥áâ¢ã 
�, ï¢«ïîâáï ¨ â®çª ¬¨

«®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  
.

�¥®à¥¬  1.8. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 2) ¨ 3) â¥®à¥¬ë 1:5. �á«¨ x0 2 
| â®çª  «®ª «ì-

­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  
, â® ­ ©¤¥âáï �� <1 â ª®¥, çâ® x0 ¯à¨ � > �� ¡ã¤¥â â®çª®©

«®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ F�(x).

�¥®à¥¬  1.9. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ç¨á¥« � > 0, a > 0 ¨ L < 1 ¢ë¯®«­¥­ë ãá«®¢¨ï (13)
¨ (14). �®£¤  ­ ©¤¥âáï â ª®¥ �� <1, çâ® ¯à¨ � > �� «î¡ ï inf-áâ æ¨®­ à­ ï â®çª  äã­ªæ¨¨
F�(x) ­  ¬­®¦¥áâ¢¥ X, ¯à¨­ ¤«¥¦ é ï ¬­®¦¥áâ¢ã 
�, ï¢«ï¥âáï ¨ inf-áâ æ¨®­ à­®© â®çª®©

äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
.

� ¬¥ç ­¨¥ 1.1. �§ â¥®à¥¬ 1.5, 1.7 ¨ 1.8 á«¥¤ã¥â, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 1.5
¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å � ¢á¥ â®çª¨ £«®¡ «ì­®£® ¨ «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨© F�(x) ­  X
¨ äã­ªæ¨¨ f ­  
, ¯à¨­ ¤«¥¦ é¨¥ ¬­®¦¥áâ¢ã 
�, á®¢¯ ¤ îâ.

�¡ëç­® ¡®«ìè¨­áâ¢® áãé¥áâ¢ãîé¨å ç¨á«¥­­ëå ¬¥â®¤®¢ ¯à¨¢®¤ïâ «¨èì ª inf-áâ æ¨®­ à­®©
â®çª¥. �§ â¥®à¥¬ë 1.9 á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ ª®íää¨æ¨¥­â¥ � ¢á¥ inf-áâ æ¨®­ à-
­ë¥ â®çª¨ äã­ªæ¨¨ F�(x) ­  X, ¯à¨­ ¤«¥¦ é¨¥ ¬­®¦¥áâ¢ã 
�, ï¢«ïîâáï ¨ inf-áâ æ¨®­ à­ë¬¨
â®çª ¬¨ äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
. �¡à â­®¥, ¢®®¡é¥ £®¢®àï, ­¥¢¥à­®, ­® ­ á ­¥ ¨­â¥à¥áãîâ
inf-áâ æ¨®­ à­ë¥ â®çª¨ äã­ªæ¨¨ f ­  
, ­¥ ï¢«ïîé¨¥áï â®çª ¬¨ «®ª «ì­®£® ¨«¨ £«®¡ «ì­®£®
¬¨­¨¬ã¬ .

�ä®p¬ã«¨pã¥¬ ¥é¥ ®¤­® ãá«®¢¨¥, ¯p¨ ¢ë¯®«­¥­¨¨ ª®â®p®£® § ¤ ç  ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨
á¢®¤¨âáï ª § ¤ ç¥ ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨.

�¥®à¥¬  1.10. �à¥¤¯®«®¦¨¬, çâ® x0 2 
 | â®çª  «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­ 

¬­®¦¥áâ¢¥ 
 ¨ çâ® áãé¥áâ¢ãîâ a > 0 ¨ � > 0 â ª¨¥, çâ®

'(x) � a�(x;
) 8x 2 B�(x0):

�á«¨ äã­ªæ¨ï f «¨¯è¨æ¥¢  ­  B�(x0) á ª®­áâ ­â®© �¨¯è¨æ  L, â® ­ ©¤¥âáï â ª®¥ �� < 1,

çâ® x0 ¯à¨ � > �� ï¢«ï¥âáï â®çª®© «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ F�(x) = f(x) + �'(x) ­ 
¬­®¦¥áâ¢¥ X.

�¥§ã«ìâ âë ¯® â¥®p¨¨ èâp ä­ëå ¨ â®ç­ëå èâp ä­ëå äã­ªæ¨© ¬®¦­® ­ ©â¨, ­ ¯p¨¬¥p, ¢
p ¡®â å [2]{[11].
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2. � ¤ ç  ¤¢ãåãp®¢­¥¢®© ®¯â¨¬¨§ æ¨¨

2.1. �®áâ ­®¢ª  § ¤ ç¨
�ãáâì fX; �g|¬¥âp¨ç¥áª®¥ ¯p®áâp ­áâ¢®; f; f1 : X ! R | § ¤ ­­ë¥ ­¥¯p¥pë¢­ë¥ äã­ªæ¨¨;

G � X | § ¤ ­­®¥ ¬­®¦¥áâ¢®.
�®«®¦¨¬


 = fx 2 G j f1(x) � f1(y) 8y 2 Gg;

â. ¥. 
 � G| ¬­®¦¥áâ¢® â®ç¥ª ¬¨­¨¬ã¬  äã­ªæ¨¨ f1 ­  ¬­®¦¥áâ¢¥ G. �p¥¤¯®«®¦¨¬, çâ® 
 6= ;.

� ¤ ç  P1: � ©â¨ min
x2


f(x).

� ¤ ç  P1 ï¢«ï¥âáï ¤¢ãåãp®¢­¥¢®© (¤¢ãåíâ ¯­®©) § ¤ ç¥© ®¯â¨¬¨§ æ¨¨. �­®£¨¥ ¯p ªâ¨ç¥-
áª¨¥ § ¤ ç¨ ¬®£ãâ ¡ëâì ®¯¨á ­ë á ¯®¬®éìî ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥©, ¢ ª®â®pëå âp¥¡ã¥âáï
p¥è âì § ¤ ç¨ ¯®¤®¡­®£® ¢¨¤  (­ ¯p., [12], [13]). � ¤ ­­®© p ¡®â¥ á ¯®¬®éìî â¥®p¨¨ â®ç­ëå
èâp ä®¢ § ¤ ç  ¤¢ãåíâ ¯­®© ®¯â¨¬¨§ æ¨¨ á¢®¤¨âáï ª § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ ­¥ª®â®p®£® äã­ªæ¨-
®­ «  ­  ¢á¥¬ ¯p®áâp ­áâ¢¥ [9].

2.2. �âp ä­ë¥ äã­ªæ¨¨ ¢ ¤¢ãåãp®¢­¥¢®© § ¤ ç¥
�­®¦¥áâ¢® 
 ¬®¦­® ¯p¥¤áâ ¢¨âì ¢ ¢¨¤¥


 = fx 2 G j '(x) = 0g; (16)

£¤¥

'(x) := sup
y2G

(f1(x)� f1(y)) = f1(x)� f�1G; f�1G = inf
y2G

f1(y): (17)

�â¬¥â¨¬, çâ® '(x) � 0 8x 2 G:
� áá¬®âp¨¬ á«ãç ©, ª®£¤  ¬­®¦¥áâ¢® G ¯p¥¤áâ ¢«¥­® ¢ ¢¨¤¥

G = fx 2 X j '1(x) = 0g;

£¤¥
'1(x) � 0 8x 2 X:

� ä¨ªá¨àã¥¬ � = (�1; �2) � 0. � ¯¨áì � � 0 §¤¥áì ¨ ¢¥§¤¥ ¤ «¥¥ ®§­ ç ¥â, çâ® �1 � 0, �2 � 0.
�­ «®£¨ç­® � > 0 ®§­ ç ¥â, çâ® �1 > 0, �2 > 0. �¢¥¤¥¬ äã­ªæ¨î

F�(x) = f(x) + �1['(x) + �2'1(x)]:

�ã­ªæ¨ï F�(x) ­ §ë¢ ¥âáï èâà ä­®© (¤«ï § ¤ ­­ëå f , ' ¨ '1), ¢¥ªâ®p � | èâà ä­ë¬ ¯ à -

¬¥âà®¬. �®«®¦¨¬
F �
� = inf

x2X
F�(x):

�«ï «î¡®£® � � 0 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fx�kg, ª®â®à ï ï¢«ï¥âáï ¬¨­¨¬¨§¨àãîé¥©
¤«ï äã­ªæ¨¨ F�(x) ­  X, â. ¥.

F�(x�k) �! inf
x2X

F�(x):

�¯à¥¤¥«¥­¨¥ 2.1. �®á«¥¤®¢ â¥«ì­®áâì fxkg ­ §ë¢ ¥âáï (';'1)-¬¨­¨¬¨§¨àãîé¥© ¤«ï äã­ª-
æ¨¨ f ­  
 ((';'1)-¬. ¯.), ¥á«¨

xk 2 X 8k; '(xk)! 0; '1(xk)! 0;

f1(xk) �! f�1G = inf
x2G

f1(x); f(xk) �! f�
 = inf
x2


f(x):

54



�¥¬¬  2.1. �á«¨

inf
x2X

f(x) = f� > �1; inf
x2X

f1(x) = f�1 > �1;

â®

d(�) = lim sup
k!1

'(x�k) ���!
�!1

0; (18)

d1(�) = lim sup
k!1

'1(x�k) ���!
�!1

0: (19)

�¤¥áì �!1 ®§­ ç ¥â, çâ® minf�1; �2g ! 1.

�®ª § â¥«ìáâ¢®. �® ¯à¥¤¯®«®¦¥­¨î 
 6= ;, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â x 2 
. �®£¤ 
F�(x) = f(x); ¯®íâ®¬ã

F �
� � F�(x) = f(x) 8� � 0: (20)

�®¯ãáâ¨¬, çâ® (18) ­¥ ¨¬¥¥â ¬¥áâ , â®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì f�sg ¨ ç¨á«® a > 0
â ª¨¥, çâ® ¨¬¥¥â ¬¥áâ® ¯® ªp ©­¥© ¬¥p¥ ®¤­® ¨§ á®®â­®è¥­¨©:

�s ! +1; d(�s) � a; (21)

�s ! +1; d1(�s) � a: (22)

� á«ãç ¥ (21) ¤«ï ª ¦¤®£® �s ­ ©¤¥¬ â ª®¥ ks, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

'(x�sks) �
a

2
; F�s(x�sks) = F �

�s
+ "s; (23)

£¤¥ "s # 0. � á¨«ã (21) ¨ (23) ¨¬¥¥¬

F�s(x�sks) = f(x�sks) + �1s['(x�sks) + �2s'1(x�sks)] � f(x�sks) + �1s'(x�sks) � f� + �1s

a

2
���!
s!1

+1:
(24)

� á¨«ã (20) ¨ (23)
F�s(x�sks) = F �

�s
+ "s � f(x) + "s �! f(x);

  «¥¢ ï ç áâì ¢ (24) áâà¥¬¨âáï ª +1. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â ­¥¢®§¬®¦­®áâì
á«ãç ï (21).

� á«ãç ¥ (22) á­®¢  ¤«ï ª ¦¤®£® �s ­ ©¤¥¬ â ª®¥ ks, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

'1(x�sks) �
a

2
; F�s(x�sks) = F �

�s
+ "s; (25)

£¤¥ "s # 0. � á¨«ã (22) ¨ (25) ¨¬¥¥¬ (áà. á (24))

F�s(x�sks) = f� + �1s�2s

a

2
���!
s!1

+1: (26)

� á¨«ã (20) ¨ (25)
F�s(x�sks) = F �

�s
+ "s � f(x) + "s �! f(x);

  «¥¢ ï ç áâì ¢ (26) áâà¥¬¨âáï ª +1. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â ­¥¢®§¬®¦­®áâì
á«ãç ï (22).

�«¥¤áâ¢¨¥ 2.1. �á«¨ ¤«ï «î¡®£® � � �0 � 0 áãé¥áâ¢ã¥â x� 2 X â ª®¥, çâ® F�(x�) = F �
� , â®

'(x�) ���!
�!1

0; '1(x�) ���!
�!1

0:

�¤¥áì ¨ ¤ «¥¥ � = (�1; �2), �0 = (�01; �02).

�á¯®¬­¨¢ «¥¬¬ã 1.2, ¯®«®¦¨¬


� = fx 2 X j '(x) < �g; r� = sup
y2
�

�(y;
):
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�¥¬¬  2.2. �ãáâì

inf
x2X

f(x) = f� > �1; r� ��!
�#0

0; (27)

  äã­ªæ¨ï f à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  
�0 ¤«ï ­¥ª®â®à®£® �0 > 0. �®£¤ 

lim
�!1

F �
� = f�
:

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤ãâáï a > 0 ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�kg =
f(�k1; �k2)g ¨ fxkg â ª¨¥, çâ® �k �!1, xk 2 X,

f(xk) + �1k['(xk) + �2k'1(xk)] � f�
 � a: (28)

�§ (28) á«¥¤ã¥â '(xk) + �2k'1(xk) �! 0. �âáî¤  ¢ á¨«ã ­¥®âp¨æ â¥«ì­®áâ¨ ' ¨ '1

'(xk) �! 0; '1(xk) �! 0: (29)

�ë¡¥à¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì f"kg â ªãî, çâ® "k # 0. �«ï ª ¦¤®£® xk ­ ©¤¥¬ â ª®¥ yk 2 
,
çâ®

�(yk; xk) � �(xk;
) + "k � r�k + "k; (30)

£¤¥ �k = '(xk) + "k. �§ (29) á«¥¤ã¥â �k ! 0,   â®£¤  ¨§ (27) r�k �! 0. �®íâ®¬ã ¨§ (29) ¨ (30)
¨¬¥¥¬ �(yk; xk) �! 0. �âáî¤ , ¨§ (28) ¨ à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ f ­  
�0 ¤«ï ¤®áâ â®ç­®
¡®«ìè¨å k á«¥¤ã¥â

f(yk) = f(xk) + [f(yk)� f(xk)] < f�
 �
a

2
;

çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î f�
, ¨¡® yk 2 
.

2.3. �®ç­ë¥ èâp ä­ë¥ äã­ªæ¨¨ ¢ ¤¢ãåãp®¢­¥¢®© § ¤ ç¥
�¥¬¬  2.3. �á«¨ ¯p¨ ­¥ª®â®p®¬ �0 � 0 ­ è«®áì x�0 2 X â ª®¥, çâ®

F�0(x�0) = F �
�0
:= inf

x2X
F�0(x); (31)

¨ ¯p¨ íâ®¬

'(x�0) = 0; '1(x�0) = 0;

â® x�0 | â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢¥ 
.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® � > 0 ¨¬¥¥¬

F �
� := inf

x2X
F�(x) � inf

x2G
F�(x) = inf

x2G
ff(x) + �1'(x)g �

� inf
x2


ff(x) + �1'(x)g = inf
x2


f(x) = f�
 8� � 0: (32)

�§ (31) c«¥¤ã¥â x�0 2 G, x�0 2 
. �®£¤  F�0(x�0) = f(x�0). �§ (31) ¨ (32)

F �
�0
:= inf

x2X
F�0(x) = f(x�0) � f�
 := inf

x2

f(x) � f(x�0):

�âáî¤  f�
 = f(x�0).
�p¨ � > �0

F�(x) = f(x) + �1['(x) + �2'1(x)] =

= f(x) + [�01 + (�1 � �01)]['(x) + (�02 + (�2 � �02))'1(x)] =

= F�0(x) + (�1 � �01)'(x) + (�1�2 � �01�02)'1(x): (33)

� ª ª ª

�1 � �01 > 0; �1�2 � �01�02 > 0; '(x) � 0; '1(x) � 0; (34)
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â® F�(x) � F�0(x): �âáî¤ 

F �
� � F �

�0
: (35)

� ¤pã£®© áâ®p®­ë, ¨§ (32)

F �
� � f�
 = F �

�0
: (36)

�§ (35) ¨ (36) ¨¬¥¥¬

F �
� = F �

�0
: (37)

�á«¨ F �
� = F�(x�), â® ¨§ (33)

F �
� = F�(x�) = F�0(x�) + (�1 � �01)'(x�) + (�1�2 � �01�02)'1(x�):

�âáî¤ , ¨§ (34) ¨ (37) á«¥¤ã¥â '(x�) = '1(x�) = 0 (¢ ¯p®â¨¢­®¬ á«ãç ¥ F�0(x�) < F �
� , ¨ ¨§ (37)

F�0(x�) < F �
�0
; çâ® ¯p®â¨¢®p¥ç¨â ®¯p¥¤¥«¥­¨î F �

�0
).

� ª¨¬ ®¡p §®¬, ¯p¨ � > �0 «î¡ ï â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ F� ­  X ï¢«ï¥âáï â®çª®© ¬¨-
­¨¬ã¬  äã­ªæ¨¨ f ­  
. �¯p ¢¥¤«¨¢® ¨ ®¡p â­®¥: ¯p¨ � > �0 «î¡ ï â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨

f ­  
 ï¢«ï¥âáï â®çª®© ¬¨­¨¬ã¬  äã­ªæ¨¨ F� ­  X.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì x� | â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ F�(x) ­  X ¨ x� 2 
. �®£¤ 

f(x�) = f�
; F�(x�) = F �
� :

�á«¨ x� 2 
 ¨ f(x�) = f�
, â® f(x
�) = f(x�) ¨

F�(x�) = f(x�) = f(x�) = F�(x�) = F �
� ;

â. ¥. x� (â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  
) ï¢«ï¥âáï ¨ â®çª®© ¬¨­¨¬ã¬  äã­ªæ¨¨ F� ­  X.
�â ª, ¯p¨ � > �0 ¬­®¦¥áâ¢® â®ç¥ª ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­  
 á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬

â®ç¥ª ¬¨­¨¬ã¬  äã­ªæ¨¨ F� ­  X. �ã­ªæ¨î F�(x) ¢ íâ®¬ á«ãç ¥ ¡ã¤¥¬ ­ §ë¢ âì â®ç­®©
èâp ä­®© äã­ªæ¨¥© (¤«ï ¤¢ãåãp®¢­¥¢®© § ¤ ç¨).

2.4. �®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï â®ç­®© èâp ä­®© äã­ªæ¨¨
�ãáâì fX; �g | ¬¥âp¨ç¥áª®¥ ¯p®áâp ­áâ¢®. � áá¬®âp¨¬ § ¤ çã ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ f(x)

­  ¬­®¦¥áâ¢¥

 = fx 2 G j '(x) = 0g;

£¤¥ '(x) = sup
y2G

(f1(x)� f1(y)), G � X. �®«®¦¨¬


� = fx 2 G j '(x) � �g; F1�1(x) = f(x) + �1'(x):

�p¥¤¯®«®¦¨¬, çâ®
inf
x2G

f(x) = f�G > �1:

�®«®¦¨¬

'#G(x) := lim inf
y2G
y!x

'(y)� '(x)
�(x; y)

= lim inf
y2G
y!x

f1(y)� f1(x)
�(x; y)

=: f#1G(x):

�§ â¥®p¥¬ë 1.5 ¢ëâ¥ª ¥â

�¥®à¥¬  2.1. �ãáâì

1) áãé¥áâ¢ã¥â �10 <1 â ª®¥, çâ® ¤«ï ª ¦¤®£® �1 > �10 ­ ©¤¥âáï x�1 2 X, ¤«ï ª®â®à®£®

F1�1(x�1) = F �
1�G = inf

x2G
F1�1(x);

2) ­ ©¤ãâáï � > 0 ¨ a > 0 â ª¨¥, çâ®

f#1G = '#G(x) � �a < 0 8x 2 
� n 
; (38)
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3) äã­ªæ¨ï f «¨¯è¨æ¥¢  ­  
� n 
.

�®£¤  áãé¥áâ¢ã¥â ��1 � �10 â ª®¥, çâ®

'(x�1) = 0 8�1 > ��1; f(x�1) = f�
 = inf
x2


f(x);

â .¥. â®çª  x�1 | à¥è¥­¨¥ § ¤ ç¨ P1.

� ª¨¬ ®¡p §®¬, ¯p¨ �1 > ��1 § ¤ ç  ¬¨­¨¬¨§ æ¨¨ f ­  ¬­®¦¥áâ¢¥ 
 íª¢¨¢ «¥­â­  § ¤ ç¥
¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ F1�1 ­  ¬­®¦¥áâ¢¥ G.

� áá¬®âp¨¬ á«ãç © G = fx 2 X j '1(x) = 0g, £¤¥ '1(x) � 0 8x 2 X. � ä¨ªá¨pã¥¬ «î¡®¥
�1 > ��1. �­®¢  ¯p¨¬¥­¨¬ â¥®p¥¬ã 1.5. �®áâp®¨¬ äã­ªæ¨î

F�(x) = F1�1(x) + �2'1(x) = f(x) + �1['(x) + �2'1(x)]:

�p¥¤¯®«®¦¨¬, çâ® äã­ªæ¨¨ f ¨ f1 «¨¯è¨æ¥¢ë ­  ¬­®¦¥áâ¢¥ G" nG, £¤¥

" > 0; G" = fx 2 X j '1 � "g;

  äã­ªæ¨ï '1 ã¤®¢«¥â¢®pï¥â ãá«®¢¨î

'#1(x) := lim inf
y2X
y!x

'1(y)� '1(x)
�(x; y)

� �a1 < 0 8x 2 G" nG; (39)

â®£¤  ¯® â¥®p¥¬¥ 1.5 áãé¥áâ¢ã¥â ��2 � 0 (§ ¢¨áïé¥¥ ®â �1) â ª®¥, çâ® ¯p¨ �2 > ��2 § ¤ ç  ¬¨-
­¨¬¨§ æ¨¨ F1�1 ­  ¬­®¦¥áâ¢¥ G íª¢¨¢ «¥­â­  § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ F1�1 + �2'1(x) ­ 
¬­®¦¥áâ¢¥ X.

�®«®¦¨¬ �2 = �1�2. �§ ¨§«®¦¥­­®£® á«¥¤ã¥â

�¥®à¥¬  2.2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®p¥¬ë 2:1 ¨ ãá«®¢¨¥ (39), â® áãé¥áâ¢ã¥â �� =
(��1; �

�
2) � 0 â ª®¥, çâ® ¯p¨ � > �� § ¤ ç  ¬¨­¨¬¨§ æ¨¨ f ­  ¬­®¦¥áâ¢¥ 
 íª¢¨¢ «¥­â­ 

§ ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ F�(x) = f(x) + �1['(x) + �2'1(x)] ­  ¬­®¦¥áâ¢¥ X.

�á«¨ ¯p®¢¥pª  ãá«®¢¨ï (39) ®¡ëç­® ­¥ ¯p¥¤áâ ¢«ï¥â âpã¤­®áâ¥©, â® ¯p®¢¥pª  ãá«®¢¨ï (38)
ï¢«ï¥âáï ¤®áâ â®ç­® á«®¦­®© § ¤ ç¥© (¨§ â®£®, çâ® '#(x) = f#1 (x) � �a < 0, ­¥ á«¥¤ã¥â '#G(x) =
f#1G(x) � �a < 0 !).

�ç¨âë¢ ï (17), § ª«îç ¥¬, çâ® § ¤ ç  P1 íª¢¨¢ «¥­â­  § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨
��(x) = f(x) + �1[f1(x) + �2'1(x)] ­  ¬­®¦¥áâ¢¥ X.

� ¬¥ç ­¨¥ 2.1. �ëè¥ ¯p¥¤¯®« £ «®áì, çâ® ¨­ä¨¬ã¬ äã­ªæ¨¨ F�(x) ­  X ¤®áâ¨£ ¥âáï. �®-
«ãç¥­­ë¥ p¥§ã«ìâ âë ¬®£ãâ ¡ëâì ®¡®¡é¥­ë ­  á«ãç ©, ª®£¤  íâ®â ¨­ä¨¬ã¬ ­¥ ¤®áâ¨£ ¥âáï (¢
â¥p¬¨­ å ¬¨­¨¬¨§¨pãîé¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©).

3. �¢ãåãp®¢­¥¢ ï § ¤ ç  ¢ ª®­¥ç­®¬¥p­®¬ ¯p®áâp ­áâ¢¥

3.1. �¥£ã«ïp­ë© á«ãç ©
� áá¬®âp¨¬ ¯®¤p®¡­¥¥ á«ãç ©, ª®£¤  X = R

n , f , f1 | ­¥¯p¥pë¢­® ¤¨ää¥p¥­æ¨pã¥¬ë¥äã­ª-
æ¨¨,   ¬­®¦¥áâ¢® G § ¤ ­® ¢ ¢¨¤¥

G = fx 2 Rn j hi(x) = 0 8i 2 1; Ng;

£¤¥ äã­ªæ¨¨ hi(x) ­¥¯p¥pë¢­® ¤¨ää¥p¥­æ¨pã¥¬ë ­  Rn . �â® ¬­®¦¥áâ¢® ¬®¦­® ¯¥p¥¯¨á âì ¢
ä®p¬¥

G = fx 2 R
n j '1(x) = 0g;

£¤¥

'1(x) := max
i2I

hi(x); I = 0; N; (40)

h0(x) = 0 8x 2 R
n .
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�­®¦¥áâ¢® 
, ª ª ¨ ¢ëè¥, ®¯p¥¤¥«¥­® á®®â­®è¥­¨ï¬¨ (16), (17).
�ãáâì äã­ªæ¨¨ hi (i 2 1; N) ã¤®¢«¥â¢®pïîâ áâ ­¤ pâ­ë¬ ãá«®¢¨ï¬ p¥£ã«ïp­®áâ¨ (­ ¯p.,

¥á«¨ ¢ «î¡®© â®çª¥ x =2 
 £p ¤¨¥­âë h0i(x) \ ªâ¨¢­ëå" ®£p ­¨ç¥­¨©, â.¥. â ª¨å, çâ® hi(x) =
'1(x), «¨­¥©­® ­¥§ ¢¨á¨¬ë). �®£¤  '1 ã¤®¢«¥â¢®pï¥â ãá«®¢¨î (39). �p¥¤¯®«®¦¨¬ â ª¦¥, çâ®
¢ë¯®«­¥­ë ãá«®¢¨ï â¥®p¥¬ë 2.1. �®£¤ , ª ª á«¥¤ã¥â ¨§ â¥®p¥¬ë 1.5, ¯p¨ ¤®áâ â®ç­® ¡®«ìè¨å
�1 ¨ �2 § ¤ ç  ¬¨­¨¬¨§ æ¨¨ f ­  ¬­®¦¥áâ¢¥ 
 íª¢¨¢ «¥­â­  § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨
F�(x) = f(x) + �1['(x) + �2'1(x)] ­  ¢á¥¬ ¯p®áâp ­áâ¢¥ R

n . �ç¨âë¢ ï ¢¨¤ äã­ªæ¨© '(x) ¨
'1(x), ¯®«ãç ¥¬, çâ® § ¤ ç  ¬¨­¨¬¨§ æ¨¨ f ­  ¬­®¦¥áâ¢¥ 
 íª¢¨¢ «¥­â­  § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨
äã­ªæ¨¨

��(x) = f(x) + �1[f1(x) + �2max
i2I

hi(x)] (41)

­  ¢á¥¬ ¯p®áâp ­áâ¢¥ Rn . �ã­ªæ¨ï �� ï¢«ï¥âáï áã¡¤¨ää¥p¥­æ¨pã¥¬®©, ¨ ¥¥ áã¡¤¨ää¥p¥­æ¨ «
¨¬¥¥â ¢¨¤

@��(x) = f 0(x) + �1[f 01(x) + �2@'1(x)]; (42)

£¤¥
@'1(x) = cofh0i(x) j i 2 R(x)g; R(x) = fi 2 I j hi(x) = '1(x)g:

�á«¨ x� | â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ � ­  R
n , â® ¯® ­¥®¡å®¤¨¬®¬ã ãá«®¢¨î ¬¨­¨¬ã¬  (á¬.

[13]{[17]) ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ 0n 2 @�(x�); â. ¥. ­ ©¤ãâáï ª®íää¨æ¨¥­âë �i â ª¨¥, çâ®

�i � 0;
X

i2R(x�)

�i = 1; f 0(x�) + �1

�
f 01(x

�) + �2

X
i2R(x�)

�ih
0
i(x

�)
�
= 0n: (43)

�®áª®«ìªã x� | â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ f1 ­  G, â®

f 01(x
�) + �2

X
i2R(x�)

�ih
0
i(x

�) = 0n; (44)

£¤¥ �i � 0,
P

i2R(x�)

�i = 1. �p¨ íâ®¬ 0 2 R(x�) = fi 2 I j hi(x�) = 0g.

�§ (43) ¨ (44) á«¥¤ã¥â

f 0(x�) +
X

i2R(x�)


ih
0
i(x

�) = 0n; (45)

£¤¥ 
i = (�i � �i)�1�2 8i 2 R(x�). �â¬¥â¨¬, çâ® ª®íää¨æ¨¥­âë 
i ¬®£ãâ ¡ëâì «î¡®£® §­ ª .
�®«®¦¨¬ 
i = 0 8i =2 R(x�). �§ (45) ¢ëâ¥ª ¥â

�¥®à¥¬  3.1. �á«¨ äã­ªæ¨ï '1 § ¤ ­  á®®â­®è¥­¨¥¬ (40) ¨ ¢ë¯®«­¥­ë áä®à¬ã«¨à®¢ ­­ë¥

¢ëè¥ ãá«®¢¨ï, â® ­ ©¤ãâáï â ª¨¥ ª®íää¨æ¨¥­âë 
i 2 R, çâ® â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ f ­ 

¬­®¦¥áâ¢¥ 
 ï¢«ï¥âáï áâ æ¨®­ p­®© â®çª®© äã­ªæ¨¨

F (x; 
) = f(x) +
X
i2I


ihi(x)

­  ¢á¥¬ ¯p®áâp ­áâ¢¥ Rn . �¤¥áì 
 = (
1; : : : ; 
N ) 2 R
n .

�§ â¥®p¥¬ë 3.1 á«¥¤ã¥â, çâ® ¥á«¨ ¨§¢¥áâ­ë ª®íää¨æ¨¥­âë 
i, â® ¤«ï p¥è¥­¨ï § ¤ ç¨
P1 ¤®áâ â®ç­® ­ ©â¨ áâ æ¨®­ p­ë¥ â®çª¨ äã­ªæ¨¨ F (x; 
) ­  R

n , â. ¥. â®çª¨, ¤«ï ª®â®pëå
F 0
x(x; 
) = 0n. �áï ¯p®¡«¥¬  á®áâ®¨â ¢ â®¬, çâ® ®¡ëç­® íâ¨ ª®íää¨æ¨¥­âë ­ ¬ ­¥ ¨§¢¥áâ­ë.

� ¬¥ç ­¨¥ 3.1. �®«®¦¨¬

'1(x) := max
i21:N

hi(x);


� = fx 2 G j '(x) � �g:
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�®£¤ 
@'1(x) = cofh0i(x) j i 2 R(x)g;

£¤¥
R(x) = fi 2 I j hi(x) = '1(x)g:

�¢¥¤¥¬ ª®­ãá

K(x) =

(
f0ng; '1(x) < 0;

fv 2 R
n j v = �w; � � 0; w 2 @'1(x)g; '1(x) = 0:

�®¦­® ¯®ª § âì, çâ® ãá«®¢¨¥ (38) ¢ë¯®«­¥­®, ­ ¯p¨¬¥p, ¥á«¨ áãé¥áâ¢ãîâ a > 0 ¨ � â ª¨¥, çâ®

�(f 01(x);K(x)) � a > 0 8x 2 
� n 
;

£¤¥ �(f 01(x);K(x)) = min
v2K(x)

kf 01(x)� vk.

3.2. �¡é¨© á«ãç ©
� áá¬®âp¨¬ á«ãç ©, ª®£¤  ãá«®¢¨ï â¥®p¥¬ë 3.1 ­¥ ¢ë¯®«­¥­ë. �p¥¤¯®«®¦¨¬, çâ® ¯p¨ ­¥ª®-

â®p®¬ " > 0 ¬­®¦¥áâ¢®
G" = fx 2 R

n j '1(x) � "g

®£p ­¨ç¥­®, â®£¤  ®­® ¨ § ¬ª­ãâ®. �®«®¦¨¬

F�(x) = f(x) + �1['(x) + �2'1(x)]:

� ª á«¥¤ã¥â ¨§ «¥¬¬ë 2.1, ¤«ï ¬¨­¨¬¨§¨pãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fx�kg ¢ë¯®«­ïîâáï á®®â-
­®è¥­¨ï (18), (19). �®íâ®¬ã, ¢ á¨«ã ®£p ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢ G", ¯p¨ ¤®áâ â®ç­® ¡®«ìè¨å � íâ 
¯®á«¥¤®¢ â¥«ì­®áâì ®£p ­¨ç¥­  ¨ (â. ª. ¬­®¦¥áâ¢® G" ®£p ­¨ç¥­®,   äã­ªæ¨ï F�(x) ­¥¯p¥pë¢­ )
áãé¥áâ¢ãîâ ¥¥ ¯p¥¤¥«ì­ë¥ â®çª¨. �ãáâì x� | â®çª  ¬¨­¨¬ã¬  äã­ªæ¨¨ F� ­  Rn . �ã­ªæ¨ï F�
áã¡¤¨ää¥p¥­æ¨pã¥¬  ¨ ¥¥ áã¡¤¨ää¥p¥­æ¨ « á®¢¯ ¤ ¥â á áã¡¤¨ää¥p¥­æ¨ «®¬ äã­ªæ¨¨ ��(x)
(á¬. (41), (42)):

@F�(x) = @��(x) = f 0(x) + �1[f
0
1(x) + �2@'1(x)]:

�® ­¥®¡å®¤¨¬®¬ã ãá«®¢¨î ¬¨­¨¬ã¬  0n 2 @F�(x�), ¯®íâ®¬ã ­ ©¤ãâáï ª®íää¨æ¨¥­âë �i(�) � 0
â ª¨¥, çâ® X

i2R(x�)

�i(�) = 1; f 0(x�) + �1

�
f 01(x�) + �2

X
i2R(x�)

�i(�)h0i(x�)
�
= 0n;

£¤¥ R(x�) = fi 2 I j hi(x�) = '1(x�)g. �âáî¤  ¢ á¨«ã ®£p ­¨ç¥­­®áâ¨ f 0(x) ­  G"

A(x�) := f 01(x�) + �2

X
i2R(x�)

�i(�)h0i(x�) �! 0n: (46)

�®áª®«ìªã ¬­®¦¥áâ¢® fx�g ®£p ­¨ç¥­®, â® ¬®¦­® ¢ë¡p âì áå®¤ïéãîáï ¯®á«¥¤®¢ â¥«ì­®áâì
fx�k = xkg: xk ! x� 2 G". �¤¥áì �k = (�k1; �k2). �¥§ ®£p ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦¥¬ áç¨â âì,
çâ® �ki := �i(�k) �! ��i ¨ çâ® R(xk) = R� 8k.

�®§¬®¦­ë ¤¢  á«ãç ï: 1) 0 2 R�, 2) 0 =2 R�.
�á«¨ 0 2 R�, â® '1(xk) = 0 8k, â. ¥. xk 2 G.
�á«¨ ¦¥ ®ª § «®áì 0 62 R�, â® ¨§ (46) ¢ëâ¥ª ¥â á®®â­®è¥­¨¥X

i2R�

��ih
0
i(x

�) = 0n;

£¤¥ ��i � 0,
P
i2R�

��i = 1. �p¨ íâ®¬ '1(x�) = 0, â. ¥. £p ¤¨¥­âë h0i(x
�) «¨­¥©­® § ¢¨á¨¬ë.

� ¬¥ç ­¨¥ 3.2. �á«¨ § p ­¥¥ ¨§¢¥áâ­®, çâ® £p ¤¨¥­âë h0i(x
�) (i 2 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë

­  ¬­®¦¥áâ¢¥ G, â® á®®â­®è¥­¨¥ 0 =2 R� ­¥¢®§¬®¦­®. �â® ®§­ ç ¥â, çâ® ¢ íâ®¬ á«ãç ¥ ¯p¨
¤®áâ â®ç­® ¡®«ìè¨å � â®çª  x� ¡ã¤¥â ¯p¨­ ¤«¥¦ âì ¬­®¦¥áâ¢ã G.
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