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1. � á¢ï§¨ á ¨¬¥îé¨¬¨áï ¬®£®ç¨á«¥ë¬¨ à¥§ã«ìâ â ¬¨ ¯® ¯à¨¡«¨¦¥®¬ã à¥è¥¨î
à §«¨çëå ª« áá®¢ ®¯¥à â®àëå ãà ¢¥¨© ¢ ¯®á«¥¤¥¥ ¢à¥¬ï ¢®§¨ª«  ¨ à §¢¨¢ ¥âáï â¥®-
à¨ï ®¯â¨¬¨§ æ¨¨ ¢ëç¨á«¨â¥«ìëå ¬¥â®¤®¢, â. ¥. â¥®à¨ï ¯®áâà®¥¨ï ¨ ¨áá«¥¤®¢ ¨ï  ¨¡®«¥¥
â®çëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç. � ¤ ®© áâ âì¥ ¯à¨¤¥à¦¨¢ ¥¬áï ¯®¤å®¤ , à §à ¡®â ®£®
�.�. � ¡¤ã«å ¥¢ë¬ [1]. �â®â ¯®¤å®¤ ¡ë« ¨á¯®«ì§®¢  ¬®£¨¬¨  ¢â®à ¬¨ ¯à¨ ®¡®á®¢ ¨¨ ®¯â¨-
¬ «ì®áâ¨ (¢ ®á®¢®¬, ¯® ¯®àï¤ªã) ¯àï¬ëå ¬¥â®¤®¢ à¥è¥¨ï ®¯¥à â®àëå ãà ¢¥¨©.

� áá¬®âà¨¬ ãà ¢¥¨ï

Kx = y (x 2 X; y 2 Y ); (1)

PnKxn = Pny (xn 2 Xn): (2)

�¤¥áì X, Y | ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢   ¤ C ¨«¨ R, K : X ! Y | «¨¥© ï ¡¨¥ªæ¨ï,
n | ä¨ªá¨à®¢ ®¥  âãà «ì®¥ ç¨á«®, Xn ¨ Yn | n-¬¥àë¥ ¯®¤¯à®áâà áâ¢  ¢ X ¨ Y á®®â-
¢¥âáâ¢¥®, Pn | «¨¥© ï áîàê¥ªæ¨ï ¨§ Y   Yn. �à ¢¥¨¥ (2)  §ë¢ ¥âáï ¯à®¥ªæ¨®ë¬

¬¥â®¤®¬ à¥è¥¨ï ãà ¢¥¨ï (1), § ¤ ë¬ ®¯¥à â®à®¬ Pn ¨ ¯®¤¯à®áâà áâ¢®¬ ¯à¨¡«¨¦¥ëå
à¥è¥¨©Xn. �¥è¥¨¥ ãà ¢¥¨ï (1) ®¡®§ ç¨¬ x�. � «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ãà ¢¥¨¥ (2)
®¤®§ ç® à §à¥è¨¬® ¤«ï «î¡®£® y 2 Y . �£® à¥è¥¨¥ ®¡®§ ç¨¬ x�n. �®§¨ª ¥â ¢®¯à®á ®  å®-
¦¤¥¨¨ áà¥¤¨ ¢á¥å ®¤®§ ç® à §à¥è¨¬ëå ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ â¥å, ¤«ï ª®â®àëå ®âª«®¥¨¥
â®ç®£® à¥è¥¨ï x� ®â ¯à¨¡«¨¦¥®£® à¥è¥¨ï x�n ¡ë«® ¡ë  ¨¬¥ìè¨¬   § ¤ ®¬ ¬®¦¥-
áâ¢¥ à¥è¥¨© F � X. �«ï å à ªâ¥à¨§ æ¨¨ íâ®£® ®âª«®¥¨ï ¡ë«  ¢¢¥¤¥  [1]{[3] ®¯â¨¬ «ì ï
®æ¥ª  ¯®£à¥è®áâ¨ ª« áá  ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢

Vn(F ) = inf
Xn;Yn;Pn

sup
x�2F

kx� � x�nk;

£¤¥ inf ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¯®¤¯à®áâà áâ¢ ¬ Xm, Ym à §¬¥à®áâ¨ m � n ¢ X ¨ Y
á®®â¢¥âáâ¢¥® ¨ «¨¥©ë¬ áîàê¥ªæ¨ï¬ Pm ¨§ Y   Ym â ª¨¬, çâ® ãà ¢¥¨¥ (2) ®¤®§ ç®
à §à¥è¨¬® ¤«ï «î¡ëå y 2 Y .

�¯à¥¤¥«¥¨¥ 1. �à®¥ªæ¨®ë© ¬¥â®¤ (2)  §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï

¬®¦¥áâ¢  à¥è¥¨© F áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢, ¥á«¨

sup
x�2F

kx� � x�nk � Vn(F ) (n!1):

� áá¬®âà¨¬ ¢¥«¨ç¨ã
V (F;Xn) = inf

Yn;Pn
sup
x�2F

kx� � x�nk:

�¯à¥¤¥«¥¨¥ 2. �à®¥ªæ¨®ë© ¬¥â®¤ (2)  §®¢¥¬  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï

¬®¦¥áâ¢  F , ¥á«¨
sup
x�2F

kx� � x�nk � V (F;Xn) (n!1):
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�®¢®àïâ ( ¯à., [5], á. 191), çâ® ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢ fXng1n=1 (Xn � X) ¯à¥-
¤¥«ì® ¯«®â  ¢ X, ¥á«¨ En(x)! 0 (n!1) ¤«ï «î¡®£® x 2 X.

� ¯®¬¨¬ ( ¯à., [4], á. 17), çâ® n-¬ ¯à®¥ªæ¨®ë¬ ¯®¯¥à¥ç¨ª®¬ æ¥âà «ì®-á¨¬¬¥âà¨ç®£®
(æ. á.) ¬®¦¥áâ¢  F � X  §ë¢ ¥âáï ¢¥«¨ç¨ 

�n(F ) = inf
Xm;Sm

sup
x2F

kx� Smxk;

£¤¥ inf ¡¥à¥âáï ¯® ¢á¥¬ m-¬¥àë¬ ¯®¤¯à®áâà áâ¢ ¬ Xm ¢ X â ª¨¬, çâ® m � n ¨ ¢á¥¬ ¯à®¥ª-
â®à ¬ Sm ¢ X â ª¨¬, çâ® ImSm = Xm.

�¥®à¥¬  1. �«ï «î¡®£® æ¥âà «ì®-á¨¬¬¥âà¨ç®£® ¬®¦¥áâ¢  F � X à¥è¥¨© ãà ¢¥-

¨ï (1) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

Vn(F ) = �n(F ):

�«ï «î¡®£® ¬®¦¥áâ¢  F � X ¯®«®¦¨¬

E(F;Xn) = sup
x2F

En(x);

£¤¥ En(x) |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ í«¥¬¥â  x ¯®¤¯à®áâà áâ¢®¬ Xn.

�¥®à¥¬  2. �ãáâì X | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, K | ¯«®â® § ¤ ë© ¢ X ¨ê¥ªâ¨¢-

ë© ®¯¥à â®à, (KerPn)? � D(K�), dimK�(KerPn)? = n, B1

n | ¥¤¨¨çë© è à ¢ K�((KerPn)?).
�®£¤ , ¥á«¨ E(B1

n;Xn) < 1, â® ãà ¢¥¨¥ (2) ®¤®§ ç® à §à¥è¨¬® ¤«ï «î¡®£® y 2 ImK ¨

kx� � x�nk �
En(x�)p

1�E2(B1
n;Xn)

:

� ç áâ®áâ¨, ¥á«¨ E(B1

n;Xn) ! 0 (n ! 1), â® ¤«ï «î¡®£® æ. á. ¬®¦¥áâ¢  à¥è¥¨© F � X
¯à®¥ªæ¨®ë© ¬¥â®¤ (2) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬. �á«¨, ªà®¬¥ â®£®, Xn ï¢«ï¥â-

áï íªáâà¥¬ «ìë¬ ¯®¤¯à®áâà áâ¢®¬ ¤«ï �n(F ) (n � n0), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) ¡ã¤¥â
 á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (1).

�ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. � áá¬®âà¨¬ ãà ¢¥¨¥

Kx =: (A+B)x = y (x; y 2 H); (3)

£¤¥ A ¨ B | ¯«®â® § ¤ ë¥ ¢ H «¨¥©ë¥ ®¯¥à â®àë.

�¥®à¥¬  3. �ãáâì áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© ®¡à âë© ª A ®¯¥à â®à A�1, B | ª®¬-

¯ ªâë© ®¯¥à â®à, ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢ fXng1n=1 ¯à¥¤¥«ì® ¯«®â  ¢ H,

(KerPn)? � D(A�) (n � n0) ¨ E(A�(V 1

n );Xn)! 0 (n!1), £¤¥ V 1

n | ¥¤¨¨çë© è à ¢ (KerPn)?.
�á«¨ ®¤®à®¤®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨î (3), ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥,

â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) à¥è¥¨ï ãà ¢¥¨ï (3) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï

«î¡®£® æ. á. ¬®¦¥áâ¢  à¥è¥¨© F . �á«¨, ªà®¬¥ â®£®, Xn ï¢«ï¥âáï íªáâà¥¬ «ìë¬ ¯®¤¯à®-

áâà áâ¢®¬ ¤«ï ¯à®¥ªæ¨®®£® ¯®¯¥à¥ç¨ª  �n(F ) (n � n0), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) ¡ã¤¥â
 á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (3).

�à¨¬¥à 1 ¯à¥¤áâ ¢«ï¥â ¨â¥£à «ì®¥ ãà ¢¥¨¥

�(s)x(s) +
Z b

a

h(s; t)x(t)dt = y(s); (4)

£¤¥ à¥è¥¨¥ x ¨é¥âáï ¢ L2[a; b], y 2 L2[a; b], h 2 L2[a; b]2, D(�) ¯«®â® ¢ L2[a; b] ¨ 1=� 2 L1[a; b].
�ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢ fXng1n=1 ¯à¥¤¥«ì® ¯«®â  ¢ L2[a; b], Yn = Xn=a,

Pn | ®àâ®¯à®¥ªâ®à   Yn.
�à¥¤¯®«®¦¨¬, çâ® ®¤®à®¤®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨î (4), ¨¬¥¥â â®«ìª® ã-

«¥¢®¥ à¥è¥¨¥. �®£¤  ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) à¥è¥¨ï ãà ¢¥¨ï (4) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨
®¯â¨¬ «ìë¬ ¤«ï «î¡®£® æ. á. ¬®¦¥áâ¢  à¥è¥¨© F .
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�á«¨, ªà®¬¥ â®£®, Xn ï¢«ï¥âáï íªáâà¥¬ «ìë¬ ¤«ï ¯à®¥ªæ¨®®£® ¯®¯¥à¥ç¨ª  �n(F ) (n �
n0), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå
¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (4).

�¥®à¥¬  4. �ãáâì áãé¥áâ¢ã¥â A�1 | ª®¬¯ ªâë© ®¯¥à â®à, B | ¥¯à¥àë¢ë© ®¯¥à -

â®à, ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢ fXng1n=1 ¯à¥¤¥«ì® ¯«®â  ¢ H, (KerPn)? � D(A�)
(n � n0) ¨ E(A�(V 1

n );Xn)! 0 (n!1), £¤¥ V 1

n | ¥¤¨¨çë© è à ¢ (KerPn)?. �á«¨ ®¤®à®¤®¥

ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨î (3), ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥, â® ¯à®¥ªæ¨®-

ë© ¬¥â®¤ (2) à¥è¥¨ï ãà ¢¥¨ï (3) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï «î¡®£® æ. á.

¬®¦¥áâ¢  à¥è¥¨© F . �á«¨, ªà®¬¥ â®£®, Xn ï¢«ï¥âáï íªáâà¥¬ «ìë¬ ¤«ï ¯à®¥ªæ¨®®£® ¯®-

¯¥à¥ç¨ª  �n(F ) (n � n0), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (2) ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬

áà¥¤¨ ¢á¥å ¯à®¥ªæ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨ï (3).

�à¨¬¥à 2 | á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ I-à®¤ 

1
�

Z
1

�1

p
1� � 2

� � t
x(�)d� +H(x; �) = y(t); (5)

£¤¥ x ¨é¥âáï ¢ L2;p[�1; 1], p(t) =
p
1� t2, y(t) 2 L2;p[�1; 1], H : L2;p ! L2;p | ¥¯à¥àë¢ë© ®¯¥-

à â®à â ª®©, çâ® ®¤®à®¤®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨î (5), ¨¬¥¥â â®«ìª® ã«¥¢®¥
à¥è¥¨¥. �ãáâì Xn = Linf1; t; : : : ; tn�1g, Pn | ®àâ®¯à®¥ªâ®à   Xn. �®£¤  ¯à®¥ªæ¨®ë© ¬¥â®¤
(2) à¥è¥¨ï ãà ¢¥¨ï (5) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï «î¡®£® æ. á. ¬®¦¥áâ¢ 
à¥è¥¨© F .

�à¨¬¥à 3 á®áâ ¢«ï¥â ªà ¥¢ãî § ¤ çã

d2x

dt2
+ p(t)x(t) = y(t);

x(0) = x(1) = 0;

£¤¥ p(t) 2 L1[0; 1]. �ãáâì Xn = Lin fsink�t; k = 1; ng, Pn | ®àâ®¯à®¥ªâ®à   Xn. �®£¤  ¯à®¥ªæ¨-
®ë© ¬¥â®¤ (2) à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ìë¬ ¤«ï
«î¡®£® æ. á. ¬®¦¥áâ¢  F .
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