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�¢¥¤¥¨¥. �® ¢áïª¨¬ ¬®¦¥áâ¢®¬ M á¢ï§   ¯®«ã£àã¯¯  I(M), á®áâ®ïé ï ¨§ ¢á¥¢®§¬®¦-
ëå ç áâ¨çëå ¨ê¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ¬®¦¥áâ¢  M . �   §ë¢ ¥âáï á¨¬¬¥âà¨ç¥áª®©
¨¢¥àá®© ¯®«ã£àã¯¯®©. � ¥© ¨¬¥¥âáï ¢ ¦ ï ¯®¤¯®«ã£àã¯¯  I(M), á®áâ®ïé ï ¨§ ¢á¥¢®§¬®¦-
ëå ¨ê¥ªæ¨© M !M .

�®«ã£àã¯¯  I(M) ¢ â¥®à¨¨ ¨¢¥àáëå ¯®«ã£àã¯¯ ¨£à ¥â à®«ì,   «®£¨çãî à®«¨ á¨¬¬¥âà¨-
ç¥áª®© £àã¯¯ë S(M) ¢ â¥®à¨¨ £àã¯¯, â. ¥. ï¢«ï¥âáï ã¨¢¥àá «ì®© ¯à¥¤áâ ¢«ïîé¥© (â¥®à¥¬ 
� £¥à  |   «®£ â¥®à¥¬ë �í«¨).

�¥á¬®âàï   ¤®áâ â®ç®¥ ¨áá«¥¤®¢ ¨¥ ¨¢¥àáëå ¯®«ã£àã¯¯ (á¬. [1]{[3]; [4], £«. 4; [5] ¨ [6]),
¥ª®â®àë¥ á¢®©áâ¢  ¯®«ã£àã¯¯ë I(M) ¨ ¥¥ ¯®¤¯®«ã£àã¯¯ ¥é¥ ¥ ¢ëï¢«¥ë. � ¯à¨¬¥à,  ¢â®à®¬
®¡ àã¦¥®, çâ® ¢ á«ãç ¥ ¥áç¥â®áâ¨ ¬®¦¥áâ¢  M ¯®«ã£àã¯¯ë I(M) ¨ I(M) ®¡« ¤ îâ á¢®©-
áâ¢®¬, ª®â®à®¥ ª®à®âª® ¬®¦® ®å à ªâ¥à¨§®¢ âì ª ª á¡ « á¨à®¢ ®áâì ª®¬¬ãâ â¨¢®áâ¨.

1. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â . � áâ¨çë¬ ¯à¥®¡à §®¢ ¨¥¬ ¬®¦¥áâ¢  M  §ë¢ ¥âáï
¢áïª®¥ ®â®¡à ¦¥¨¥ f : L ! M , £¤¥ L | ¯®¤¬®¦¥áâ¢® ¢ M ,  §ë¢ ¥¬®¥ ®¡« áâìî ®¯à¥¤¥-
«¥¨ï D(f) ç áâ¨ç®£® ¯à¥®¡à §®¢ ¨ï f .

�á«¨ A �M , â® ç¥à¥§ eA ®¡®§ ç ¥âáï ç áâ¨ç®¥ ¯à¥®¡à §®¢ ¨¥ ¬®¦¥áâ¢  M , ®¯à¥¤¥«¥-
®¥ á«¥¤ãîé¨¬ ®¡à §®¬: D(eA) = A ¨ eA(x) = x ¤«ï «î¡®£® x 2 A. � áâ¨ç®¥ ¯à¥®¡à §®¢ ¨¥
eMnA ®¡®§ ç ¥âáï ç¥à¥§ 0A.

� áâ¨ç®¥ ¯à¥®¡à §®¢ ¨¥ f ¬®¦¥áâ¢  M  §ë¢ ¥âáï ç áâ¨çë¬ ¨ê¥ªâ¨¢ë¬ ¯à¥®¡à §®-
¢ ¨¥¬ ¬®¦¥áâ¢  M , ¥á«¨ á®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥¨¥ D(f)!M ¨ê¥ªâ¨¢®.

� áâ¨çë¥ ¨ê¥ªâ¨¢ë¥ ¯à¥®¡à §®¢ ¨ï ¬®¦¥áâ¢  M ®¡à §ãîâ (®â®á¨â¥«ì® ®¯¥à æ¨¨
áã¯¥à¯®§¨æ¨¨) ¯®«ã£àã¯¯ã I(M). �«¥¬¥â eM (á®®â¢¥âáâ¢¥® 0M ) íâ®© ¯®«ã£àã¯¯ë ï¢«ï¥âáï
¥¤¨¨çë¬ (á®®â¢¥âáâ¢¥® ã«¥¢ë¬) í«¥¬¥â®¬.

�®«ã£àã¯¯ã  §®¢¥¬ á¡ « á¨à®¢ ®©, ¥á«¨ ¤«ï «î¡®£® ¥¥ ¥¥¤¨¨ç®£® ¨ ¥ã«¥¢®£® í«¥-
¬¥â  a ¬®¦¥áâ¢® í«¥¬¥â®¢, ª®¬¬ãâ¨àãîé¨å á a, à ¢®¬®é® ¬®¦¥áâ¢ã í«¥¬¥â®¢, ¥ ª®¬-
¬ãâ¨àãîé¨å á a.

�¥®à¥¬ . �ãáâì ¬®¦¥áâ¢® M ¡¥áª®¥ç®. �®«ã£àã¯¯ë I(M) ¨ I(M) ¥ á¡ « á¨à®¢ ë

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬®¦¥áâ¢® M áç¥â®.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë. � ª ª ª ¬®¦¥áâ¢® M ¡¥áª®¥ç®, â® jI(M)j = jI(M)j =
jM jjMj = 2jM j. �á«¨ F | ¯®«ã£àã¯¯  ¨ f 2 F , â® ç¥à¥§ CF (f) ®¡®§ ç ¥âáï æ¥âà «¨§ â®à
í«¥¬¥â  f ¢ ¯®«ã£àã¯¯¥ F .

�®«ã£àã¯¯ë I(Z) ¨ I(Z) ª®â¨ã «ìë. �à¥¤êï¢¨¬ í«¥¬¥â á® áç¥âë¬ æ¥âà «¨§ â®à®¬.
�ãáâì � : Z! Z â ª®¢®, çâ® �(n) � n+1. �¯¨è¥¬ æ¥âà «¨§ â®à í«¥¬¥â  � ¢ ¡®«¥¥ è¨à®ª®©

¯®«ã£àã¯¯¥ PT (Z) ¢á¥å ç áâ¨çëå ¯à¥®¡à §®¢ ¨© ¬®¦¥áâ¢  Z. �®ª ¦¥¬, çâ® CPT (Z)(�) =
f�kgk2Z [ f0Zg. �ãáâì f 2 CPT (Z)(�). �á«¨ n0 2 D(f), â® ��1(f(n0)) = f(��1(n0)) = f(n0 � 1),
¯®íâ®¬ã n0 � 1 2 D(f), â. ¥. D(f) = Z. � «¥¥ ¨¬¥¥¬ f(n) = f(�n(0)) = �n(f(0)) = �f(0)(n).

�¡à â®¥ á«¥¤ã¥â ¨§ «¥¬¬ 4 ¨ 5 ¨¦¥, ¤«ï ®¡®á®¢ ¨ï ª®â®àëå ¢¢¥¤¥¬ ¥ª®â®àë¥ ¯®ïâ¨ï
¨ ¤®ª ¦¥¬ âà¨ «¥¬¬ë.
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�¡« áâìî § ç¥¨© ç áâ¨ç®£® ¯à¥®¡à §®¢ ¨ï f ¬®¦¥áâ¢  M  §ë¢ ¥âáï ¬®¦¥áâ¢®
E(f) = f(D(f)). �®«®¦¨¬ DE(f) = D(f) [E(f), f 0(x) = x ¤«ï «î¡®£® x 2 d(f).

�  ¬®¦¥áâ¢¥ DE(f) ¢¢¥¤¥¬ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ á«¥¤ãîé¨¬ ®¡à §®¬: x1 � x2 â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ ¥®âà¨æ â¥«ìë¥ æ¥«ë¥ ç¨á«  k1 ¨ k2 â ª¨¥, çâ® fk1(x1) =
fk2(x2). �â® ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨, ¤«ï ª®â®à®£® x � f(x) ¤«ï «î¡®£® x 2 DE(f).

�á«¨ f 2 I(M), â® ®¯¨á ¨¥ ¢¢¥¤¥®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ ¬®¦® ¯¥à¥ä®à¬ã«¨-
à®¢ âì ¨ ç¥: x1 � x2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¥®âà¨æ â¥«ì®¥ æ¥«®¥ ç¨á«® k
â ª®¥, çâ® fk(x1) = x2 ¨«¨ x1 = fk(x2).

�á«¨ f 2 I(M) ¨ n 2 N, â® ¢ëà ¦¥¨¥ (fn)�1(x) «¨¡® ¥ ®¯à¥¤¥«¥®, «¨¡® ®¯à¥¤¥«¥® ®¤-
®§ ç® (â. ¥. ï¢«ï¥âáï ¥ª®â®àë¬ ®¤®§ ç® ®¯à¥¤¥«¥ë¬ í«¥¬¥â®¬). � ¯®á«¥¤¥¬ á«ãç ¥
íâ®â í«¥¬¥â ®¡®§ ç ¥âáï f�n(x). �à®¬¥ â®£®, ¤«ï «î¡®£® x 2 D(f) ¨¬¥¥¬ f 0(x) = x. � ª¨¬
®¡à §®¬, ¥á«¨ f 2 I(M), x 2 M ¨ n 2 Z, â® ¢ëà ¦¥¨¥ fn(x) «¨¡® ¥ ®¯à¥¤¥«¥®, «¨¡® ®¯à¥¤¥-
«¥® ®¤®§ ç®.

�¥¯¥àì ¥é¥ ¡®«¥¥ ã¯à®áâ¨¬ ®¯¨á ¨¥ ¢¢¥¤¥®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ ¢ á«ãç ¥, ¥á«¨
f 2 I(M). �¬¥¥¬ x0 � x â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x0 = fk(x) ¤«ï ¥ª®â®à®£® k 2 Z.

�®¦¥áâ¢® ¢á¥å ª« áá®¢ íª¢¨¢ «¥â®áâ¨ à áá¬ âà¨¢ ¥¬®£® ®â®è¥¨ï ®¡®§ ç¨¬ ç¥à¥§
U(f).

�¥¬¬  1. �á«¨ f 2 I(M) ¨ ¬®¦¥áâ¢® DE(f) ¥áç¥â®, â® jU(f)j = jDE(f)j.

�®ª § â¥«ìáâ¢®. � ª ª ª f 2 I(M), â® ª ¦¤ë© ª« áá íª¢¨¢ «¥â®áâ¨ � ¥ ¡®«¥¥ ç¥¬
áç¥â¥. �®íâ®¬ã jDE(f)j � @0jU(f)j. �âáî¤  á«¥¤ã¥â jU(f)j > @0 (¢ ¯à®â¨¢®¬ á«ãç ¥ ¡ë«® ¡ë
jDE(f)j � @0jU(f)j � @0 | ¯à®â¨¢®à¥ç¨¥). �®íâ®¬ã jU(f)j � jDE(f)j � @0jU(f)j = jU(f)j.

�á«¨ W � U(f), â® ¯®«®¦¨¬ W = [
A2W

A.

�¥¬¬  2. �á«¨ f 2 I(M), â® jCI(M)(f)j � 2jU(f)j.

�®ª § â¥«ìáâ¢®. �ãáâì X � U(f). �¥£ª® ¯à®¢¥à¨âì, çâ® eX 2 CI(M)(f). �à®¬¥ â®£®, ¥á«¨
Y � U(f) ¨ Y 6= X, â® eY 6= eX . �®íâ®¬ã jCI(M)(f)j � 2jU(f)j.

�¥¬¬  3. �á«¨ f 2 I(M) ¨ ¬®¦¥áâ¢® U(f) ¡¥áª®¥ç®, â® jCI(M)(f)j � 2jU(f)j.

�®ª § â¥«ìáâ¢®. �¥à¥§ U1 ®¡®§ ç¨¬ ¬®¦¥áâ¢® ®¤®í«¥¬¥âëå ª« áá®¢ íª¢¨¢ «¥â®-
áâ¨ � ¨ ¯®«®¦¨¬ U� = U(f) n U1. �ãáâì jU1j = jU(f)j. �«ï ¢áïª®© ¡¨¥ªæ¨¨ � : U 1 ! U 1

®¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ f� :M !M á«¥¤ãîé¨¬ ®¡à §®¬:

f�(x) =

(
�(x); ¥á«¨ x 2 U 1;

f(x); ¥á«¨ x =2 U 1:

�ç¥¢¨¤®, f� | ¨ê¥ªæ¨ï. �¥£ª® ¯à®¢¥àï¥âáï, çâ® f� ª®¬¬ãâ¨àã¥â á f . �à®¬¥ â®£®, ¥á«¨
 : U 1 ! U 1 ¨  6= �, â® f 6= f�. � ç¨â, ¬®é®áâì æ¥âà «¨§ â®à  CI(M)(f) ¥ ¬¥ìè¥
¬®é®áâ¨ ¬®¦¥áâ¢  ¢á¥¢®§¬®¦ëå ¡¨¥ªæ¨© U1 ! U 1. �®íâ®¬ã jCI(M)(f)j � 2jU1j = 2jU(f)j.

�ãáâì jU�j = jU(f)j. �«ï ¢áïª®£® ¯®¤¬®¦¥áâ¢  X � U� ®¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ fX :M !M
á«¥¤ãîé¨¬ ®¡à §®¬:

fX(x) =

(
f(x); ¥á«¨ x 2 X;

x; ¥á«¨ x =2 X:

�ç¥¢¨¤®, fX | ¨ê¥ªæ¨ï. �¥£ª® ¯à®¢¥àï¥âáï, çâ® fX ª®¬¬ãâ¨àã¥â á f . �à®¬¥ â®£®, ¥á«¨
Y � U� ¨ Y 6= X, â® fY 6= fX . �®íâ®¬ã jCI(M)(f)j � 2jU�j = 2jU(f)j.

�¥¬¬  4. �á«¨ ¬®¦¥áâ¢® M ¥áç¥â®, f 2 I(M), g 2 I(M), â® jCI(M)(f)j = jCI(M)(g)j =
2jMj.
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�®ª § â¥«ìáâ¢®. �ãáâì jDE(f)j = jM j. �®£¤  ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ «¥¬¬ 1 ¨ 2. �ãáâì
jDE(f)j < jM j. �®£¤  jM n DE(f)j = jM j. �á«¨ X � M n DE(f), â® eX 2 CI(M)(f). �®íâ®¬ã
jCI(M)(f)j � 2jMj.

�â¢¥à¦¤¥¨¥ ® æ¥âà «¨§ â®à¥ CI(M)(g) á«¥¤ã¥â ¨§ «¥¬¬ 1 ¨ 3.

�¥¬¬  5. �á«¨ ¬®¦¥áâ¢®M ¡¥áª®¥ç® ¨ f 2 I(M)nfeM ; 0Mg, â® jI(M)nCI(M)(f)j = 2jMj.

�®ª § â¥«ìáâ¢®. �ãáâì f = eA ¤«ï ¥ª®â®à®£® ®¤®í«¥¬¥â®£® ¬®¦¥áâ¢  A = fag ¨
b 6= a. �á«¨ g 2 I(M) ¨ g(a) = b, â® g =2 CI(M)(f). �®íâ®¬ã jI(M) nCI(M)(f)j � 2jM j. �ãáâì f 6= eA
¤«ï «î¡®£® ®¤®í«¥¬¥â®£® ¬®¦¥áâ¢  A. �®£¤  ¢ ¬®¦¥áâ¢¥ M áãé¥áâ¢ãîâ b ¨ c â ª¨¥, çâ®
b 2 D(f), f(b) 6= b, c 6= b, c 6= f(b) ¨ c 6= f 2(b) (¥á«¨ f 2(b) ¥ ®¯à¥¤¥«¥®, â® ãâ¢¥à¦¤¥¨¥ c 6= f 2(b)
ï¢«ï¥âáï ¢¥àë¬, â. ª. ¢ëà ¦¥¨¥ c ®¯à¥¤¥«¥®). �ãáâì g 2 I(M), fb; f(b)g � D(g), g(b) = f(b) ¨
g(f(b)) = c. �®£¤  g =2 CI(M)(f). �®íâ®¬ã jI(M) n CI(M)(f)j � 2jMj.

� ¬¥ç ¨¥ 1. � [7] à áá¬ âà¨¢ « áì ¯®«ã£àã¯¯  T (M) ¢á¥å ¯à¥®¡à §®¢ ¨© ¬®¦¥áâ¢ M .
�  ¥áç¥â®¥ ¬®¦¥áâ¢® M ¡ë«®  «®¦¥® ¤®¯®«¨â¥«ì®¥ ®£à ¨ç¥¨¥, á¢ï§ ®¥ á ¥£® ¬®é-
®áâìî. �à¨ íâ®¬ ãá«®¢¨¨ ¡ë«® ¤®ª § ®, çâ® ¤«ï «î¡®© ¨ê¥ªæ¨¨ g : M ! M æ¥âà «¨§ â®à
CT (M)(g) ¨¬¥¥â ¬®é®áâì 2jMj. � ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥¨¥ ® á¡ « á¨à®¢ ®áâ¨ ¯®«ã£àã¯¯ë
I(M) ï¢«ï¥âáï áãé¥áâ¢¥ë¬ ãá¨«¥¨¥¬ â¥®à¥¬ë 2 ¨§ [7].

� ¬¥ç ¨¥ 2. � á¢ï§¨ á «¥¬¬®© 5 ¢®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á: ¢¥à® «¨, çâ® ¢ á«ãç ¥
¥áç¥â®£® ¬®¦¥áâ¢  M «î¡ ï ¯®«ã£àã¯¯  S â ª ï, çâ® I(M) � S � I(M), ï¢«ï¥âáï á¡ « -
á¨à®¢ ®©?

�¢â®à ¡« £®¤ à¨â à¥æ¥§¥â  §  æ¥ë¥ á®¢¥âë ¨ ¯à¥¤«®¦¥¨ï.
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