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� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï £¥®¬¥âà¨ï í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª  ¨
¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¯á¥¢¤®¯®â¥­æ¨ «®¢. �à¨ à áá¬®âà¥­¨¨ ¢®¯à®á  ® áãé¥áâ¢®¢ ­¨¨ á¢ï§­®-
áâ¨, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë ¤«ï ãà ¢­¥­¨ï, ¯à¨¬¥­ï¥âáï ¬¥â®¤, ¯à¥¤-
«®¦¥­­ë© ¢ [1] ¤«ï ¨§ãç¥­¨ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª . �®«ãç¥­­ë¥ à¥§ã«ì-
â âë ®¡®¡é îâ à¥§ã«ìâ âë áâ âì¨ [1] ­  á«ãç © ãà ¢­¥­¨© ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª .

1. �¥®¬¥âà¨ï í¢®«îæ¨®­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï âà¥âì¥£®
¯®àï¤ª . �ã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ

�¡ê¥ªâ®¬ ¨áá«¥¤®¢ ­¨ï ¢ ¤ ­­®© à ¡®â¥ ï¢«ïîâáï ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ç áâ­ë-
¬¨ ¯à®¨§¢®¤­ë¬¨ âà¥âì¥£® ¯®àï¤ª 

ut = f(t; x1; : : : ; xn; u; uj ; ujk; ujkl) (j; k; l = 1; : : : ; n):

�¤¥áì u | ­¥¨§¢¥áâ­ ï äã­ªæ¨ï, ut | ¥¥ ¯à®¨§¢®¤­ ï ¯® ¯¥à¥¬¥­­®© t, ¨¬¥îé¥© á¬ëá« ¢à¥¬¥-
­¨, ui | ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬; äã­ªæ¨ï f ­¥ á®¤¥à¦¨â ut.
�à ¢­¥­¨ï â ª®£® ¢¨¤  ­®áïâ ­ §¢ ­¨¥ í¢®«îæ¨®­­ëå. � ª®¢ë¬ ï¢«ï¥âáï ¨§¢¥áâ­®¥ ãà ¢­¥­¨¥
�®àâ¥¢¥£ {¤¥ �à¨§ .

�ã¤¥¬ ¯®« £ âì, çâ® (t; x1; : : : ; xn; u; uj ; ujk; ujkl) |  ¤ ¯â¨à®¢ ­­ë¥ «®ª «ì­ë¥ ª®®à¤¨­ âë
(n + 2)-¬¥à­®£® à áá«®¥­¨ï E á (à áá«®¥­­®©) (n + 1)-¬¥à­®© ¡ §®© M ; ª®®à¤¨­ âë ¢ M |
¯¥à¥¬¥­­ë¥ t, x1; : : : ; xn. �®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â § ¤ îâáï ä®à¬ã« ¬¨8><>:

et = '0(t);exi = 'i(t; x1; : : : ; xn);eu = 'n+1(t; x1; : : : ; xn; u):
i = 1; : : : ; n; (1 )

Bëà ¦ ï t, x1; : : : ; xn, u ç¥à¥§ et, ex1; : : : ; exn, eu, ¯®«ãç¨¬  ­ «®£¨ç­ë¥ ä®à¬ã«ë8><>:
t =  0(et);
xi =  i(et; ex1; : : : ; exn);
u =  n+1(et; ex1; : : : ; exn; eu): i = 1; : : : ; n; (1¡)

�¥à¥å®¤ï ª à áá«®¥­¨î J3E £®«®­®¬­ëå áâàã© âà¥âì¥£® ¯®àï¤ª  à áá«®¥­¨ï E, ­ è¥ ãà ¢-
­¥­¨¥ § ¯¨è¥¬ ¢ ¢¨¤¥

�0 � f(t; x1; : : : ; xn; u; �j ; �jk; �jkl) = 0: (2)

� ª®­ ¯à¥®¡à §®¢ ­¨ï �î, �îk̂, �îk̂l̂ â ª®© ¦¥, ª ª ã á®®â¢¥âáâ¢ãîé¨å ç áâ­ëå ¯à®¨§¢®¤­ëå
uî, uîk̂, uîk̂l̂ (bi; bk; bl = 0; : : : ; n) á¥ç¥­¨ï à áá«®¥­­®£® ¬­®£®®¡à §¨ï, § ¤ ­­®£® á®®â­®è¥­¨ï¬¨
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u = u(t; x1; : : : ; xn). �®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¤«ï ª®®à¤¨­ âë �0 § ¯¨áë¢ îâáï á«¥¤ãîé¨¬
®¡à §®¬:

�0 =
@ n+1

@eu d'0

dt
e�0 + @ n+1

@eu d'j

dt
e�j + @ n+1

@et d'0

dt
+
@ n+1

@exj d'j

dt
:

�¥âàã¤­® ¢ë¯¨á âì ¨ ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â �i, �ij , �ijk : �­ «¨§¨àãï á®®â­®è¥-
­¨ï (1¡) ¨ ¢ëà ¦¥­¨ï ¤«ï ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨© ª®®à¤¨­ â �i, �ij , �ijk; ¬®¦­® § ª«îç¨âì,
çâ® ¯¥à¥¬¥­­ë¥ t, xi, u, �ĵ , �ij , �ijk ¬®£ãâ ®¤­®¢à¥¬¥­­® à áá¬ âà¨¢ âìáï ¨ ª ª ç áâì «®ª «ì-
­ëå ª®®à¤¨­ â ¬­®£®®¡à §¨ï J3E, ¨ ª ª ¢áï á®¢®ªã¯­®áâì «®ª «ì­ëå ª®®à¤¨­ â ­¥ª®â®à®£®
¬­®£®®¡à §¨ï J

3
E, ª®â®à®¥ ï¢«ï¥âáï ä ªâ®à¬­®£®®¡à §¨¥¬ ¬­®£®®¡à §¨ï J3E.

� ­¥¥ [1] ã¦¥ ®â¬¥ç «®áì, çâ® ãà ¢­¥­¨¥ (2), ¢®®¡é¥ £®¢®àï, â¥àï¥â á¯¥æ¨ «ì­ë© ¢¨¤ ¯à¨
¯à®¨§¢®«ì­ëå ¯à¥®¡à §®¢ ­¨ïå ª®®à¤¨­ â. �¤­ ª® ¢®§¬®¦­® ãª § âì ­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì-
­ë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¢¨¤ ãà ¢­¥­¨ï ­¥ ¬¥­ï¥âáï. � à¥§ã«ìâ â¥ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨©
ãà ¢­¥­¨¥ (2) ¯à¨­¨¬ ¥â ¢¨¤

@ n+1

@eu d'0

dt
f�0 + � � � � f

����
t= 0(~t); xi= i(~x1;:::;~xn);:::

= 0:

�¥à¢®­ ç «ì­ë© ¢¨¤ ãà ¢­¥­¨ï ­¥ ¨§¬¥­¨âáï, ¥á«¨ ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î

@ n+1

@eu d'0

dt
= 1;

çâ® ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ¢ á«ãç ¥8><>:
t = et+ c;

xi = 'i(t; ex1; : : : ; exn);
u = eu+  (t; ex1; : : : ; exn): (3)

�®¦­® ãâ¢¥à¦¤ âì, çâ® § ¤ ­¨¥ í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï (2) íª¢¨¢ «¥­â­® § ¤ ­¨î ­ 
¬­®£®®¡à §¨¨ J

3
E äã­ªæ¨¨ ¢¨¤ 

�0 � f(t; xi; u; �j ; �kl; �jkl)

¯à¨ ãá«®¢¨¨ ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨© (3) ­  ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â ­  E.
�ãáâì !î, !n+1, !n+1

n+1, !
0
0, !

i
ĵ
, !n+1

j;n+1, !
n+1

ĵ
, !0

00, !
i

ĵk̂
, !n+1

n+1;n+1; : : : ¨ â. ¤. | c¨¬¬¥âà¨ç­ë¥ ¯®
­¨¦­¨¬ ¨­¤¥ªá ¬ áâàãªâãà­ë¥ ä®à¬ë à áá«®¥­¨© £®«®­®¬­ëå à¥¯¥à®¢ ¬­®£®®¡à §¨ï E. �à¨
íâ®¬ !î, !n+1, !n+1

î1:::̂ik
(k = 1; 2; : : : ; r) | £« ¢­ë¥ ä®à¬ë ¢ à áá«®¥­¨¨ £®«®­®¬­ëå r-áâàã© JrE.

� ¯à¨¬¥à,

!î = dxî (!0 = dt); !n+1 = du� �îdx
î; !n+1

î1:::̂ik
= d�î1:::̂ik � �î1:::̂ik ĵdx

ĵ

| ª®­â ªâ­ë¥ ä®à¬ë.
�âàãªâãà­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ®­¨ ã¤®¢«¥â¢®àïîâ, áãâì8><>:

d!0 = !0 ^ !0
0;

d!i = !0 ^ !i0 + !j ^ !ij ;

d!n+1 = !0 ^ !n+1
0 + !j ^ !n+1

j + !n+1 ^ !n+1
n+1

(4)

¨ ãà ¢­¥­¨ï, ¯®«ãç îé¨¥áï ¯à®¤®«¦¥­¨¥¬ (4).
� ¯¨è¥¬ ¤¨ää¥à¥­æ¨ « äã­ªæ¨¨

�0 � f(t; x1; : : : ; xn; u; �j ; �jk; �jkl)

(«¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2)) ¢ ¢¨¤¥

d(�0 � f) = !n+1
0 � F0!

0 � Fi!
i � F!n+1 � F j!n+1

j � F jk!n+1
jk � F jkl!n+1

jkl :
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�à®¤®«¦ ï íâ® á®®â­®è¥­¨¥, ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ã¤®¢«¥â¢®-
àïîâ ª®íää¨æ¨¥­âë F jkl, F jk, F j , F , Fi, F0:

dF jkl + Fmkl!jm + F jml!km + F jkm!lm � F jkl!n+1
n+1 = 0;

dF jk + Fmk!jm + F jm!km � F jk!n+1
n+1 +

3
2
F uv(j!k)uv � 3F jkm!n+1

m;n+1 = 0;

dF i + Fm!im � F i!n+1
n+1 � 2F im!n+1

m;n+1 + F uv!iuv + F uvw!iuvw � 3F iuv!n+1
uv;n+1 = 0;

dF � F!n+1
n+1 � Fm!n+1

m;n+1 � F uv!n+1
uv;n+1 � F jkl!n+1

jkl;n+1 = 0;

dFi + Fl!
l
i + F!n+1

i + F l!n+1
il + F lk!n+1

ilk + F jkl!n+1
ijkl = 0;

dF0 + Fj!
j
0 � F!n+1

0 + F j!n+1
0j + F jk!n+1

0jk + F jkl!n+1
0jkl = 0:

�§ íâ¨å ãà ¢­¥­¨© ¢¨¤­®, çâ® ãª § ­­ë¥ ª®íää¨æ¨¥­âë ï¢«ïîâáï ª®¬¯®­¥­â ¬¨ ¯®«ï £¥®-
¬¥âà¨ç¥áª®£® ®¡ê¥ªâ , § ¤ ­­®£® ­  J4E . �®¤®¡ê¥ªâ ¬¨ íâ®£® ®¡ê¥ªâ  á«ã¦ â fF jkl; F jk ; F jg,
fF jkl; F jkg, fF jklg; ¯à¨ íâ®¬ fF jklg | ®â­®á¨â¥«ì­ë© â¥­§®à. �®íää¨æ¨¥­âë F i ¨ F 0 ¢å®¤ïâ ¢
äã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ, ¯®«¥ ª®â®à®£® § ¤ ­® ­  ¬­®£®®¡à §¨¨ J4E. �¤­ ª® ¢ â® ¦¥ á ¬®¥
¢à¥¬ï F i ¨ F 0 ï¢«ïîâáï â ª¦¥ ª®¬¯®­¥­â ¬¨ á ¬®áâ®ïâ¥«ì­®£® ®¡ê¥ªâ , § ¤ ­­®£® ­  ¬­®-
£®®¡à §¨¨ J

4
E, £« ¢­ë¬¨ ä®à¬ ¬¨ ª®â®à®£® á«ã¦ â !î, !n+1, !n+1

ĵ
, !n+1

ĵk̂
: : : (�â® á«¥¤ã¥â ¨§

ãà ¢­¥­¨© ¤«ï F i ¨ F 0.) J
4
E ï¢«ï¥âáï ä ªâ®à¬­®£®®¡à §¨¥¬ ¬­®£®®¡à §¨ï J4E £®«®­®¬­ëå 4-

áâàã© á¥ç¥­¨© à áá«®¥­­®£® ¬­®£®®¡à §¨ï E. �«¥¤ãï [1], £¥®¬¥âà¨¥© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-
­¥­¨ï (2) ¡ã¤¥¬ ­ §ë¢ âì á¢®©áâ¢  ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª®© áâàãªâãàë, ®¯à¥¤¥«ï¥¬®©
§ ¤ ­¨¥¬ äã­¤ ¬¥­â «ì­®£® ®¡ê¥ªâ .

�§ ¢ëè¥¨§«®¦¥­­®£® á«¥¤ã¥â, çâ® £¥®¬¥âà¨ï ãà ¢­¥­¨ï (2) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¤®-
¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨© «®ª «ì­ëå ª®®à¤¨­ â ¢¨¤  (3). � ¤ «ì­¥©è¥¬ ¤«ï ª ¦¤®£® á¥ç¥­¨ï
� � E, § ¤ ¢ ¥¬®£® ãà ¢­¥­¨¥¬ u = u(t; x1; : : : ; xn), ¡ã¤¥¬ à áá¬ âà¨¢ âì ¥£® ¯®¤­ïâ¨ï �r � JrE,
§ ¤ ¢ ¥¬ë¥ ãà ¢­¥­¨ï¬¨ u = u(t; x1; : : : ; xn), �î1:::̂ik = uî1:::̂ik :

�®¤­ïâ¨ï �k+1 � Jk+1E á¥ç¥­¨© � � E ¨ â®«ìª® ®­¨ ï¢«ïîâáï ¨­â¥£à «ì­ë¬¨ ¬­®£®®¡à -
§¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨© �ä ää 

!n+1 = !n+1

î
= � � � = !n+1

î1:::̂ik
= 0;

£¤¥ !n+1; !n+1

î
; : : : ; !n+1

î1:::̂ik
| ª®­â ªâ­ë¥ ä®à¬ë.

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ ­ §ë¢ âì á¥ç¥­¨¥ � � E ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï (2), ¥á«¨ ­  ¯®¤­ïâ¨¨ á¥ç¥­¨ï �4 � J4E ¤¨ää¥à¥­æ¨ « d(�0 � f) ®¡à é ¥âáï ¢ ­ã«ì.

�¥è¥­¨ï (2) ¢ á®¡áâ¢¥­­®¬ á¬ëá«¥ á®¤¥à¦ âáï áà¥¤¨ ®¡®¡é¥­­ëå à¥è¥­¨©. �¬¥¥â ¬¥áâ®

�¥¬¬  1. �á«¨ ¢ ª ç¥áâ¢¥ £« ¢­ëå ä®à¬ ¬­®£®®¡à §¨ï ¢ë¡à ­ë ª®­â ªâ­ë¥ ä®à¬ë, â®

ª®íää¨æ¨¥­âë F0 ¨ Fi ®¡à é îâáï ¢ ­ã«ì ­  ¯®¤­ïâ¨ïå �4 � J4E á¥ç¥­¨© � � E â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  á¥ç¥­¨ï � � E ï¢«ïîâáï ®¡®¡é¥­­ë¬¨ à¥è¥­¨ï¬¨.

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® á«ãç î ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª , à §®¡à ­­®¬ã ¢ [1].

2. �®­ïâ¨¥ á¢ï§­®áâ¨, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë

�ªà âæ¥ ­ ¯®¬­¨¬ ®á­®¢­ë¥ ¨¤¥¨, á¢ï§ ­­ë¥ á íâ¨¬ ¯®­ïâ¨¥¬. � ­¥¥ ¤®áâ â®ç­® ¯®¤à®¡­ë¥
¯®áâà®¥­¨ï ¯à¨¢®¤¨«¨áì ¢ [1].

� ¤ ¬­®£®®¡à §¨¥¬ J
3
E ª ª ­ ¤ ¡ §®© ¬®¦­® ¯®áâà®¨âì £« ¢­®¥ à áá«®¥­¨¥ H(J

3
E;G) á

r-¯ à ¬¥âà¨ç¥áª®© áâàãªâãà­®© £àã¯¯®© �¨ G: �âàãªâãà­ë¥ ä®à¬ë !A (A = 1; : : : ; r) íâ®£®
à áá«®¥­¨ï ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬

d!A =
1
2
CA
BC!

B ^ !C + !� ^ !A� ;
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£¤¥ !� | £« ¢­ë¥ ä®à¬ë ¬­®£®®¡à §¨ï J
3
E: � íâ®¬ à ¢¥­áâ¢¥ CA

BC | áâàãªâãà­ë¥ ª®­áâ ­âë
£àã¯¯ë G; ®­¨  ­â¨á¨¬¬¥âà¨ç­ë ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬ ¨ ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ ¬ �ª®¡¨

CA
BCC

B
LM + CA

BLC
B
MK + CA

BMC
B
KL = 0:

� áá¬®âà¨¬ á¢ï§­®áâì ¢ £« ¢­®¬ à áá«®¥­¨¨H(J
3
E;G); ®¯à¥¤¥«¥­­ãî § ¤ ­¨¥¬ ¯®«ï ®¡ê¥ª-

â  á¢ï§­®áâ¨ á ª®¬¯®­¥­â ¬¨ �A� ; ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ d�
A
� +C

A
BC�

B
� !

C ��A" !
"
� �

!A� = �A�"!
", £¤¥ ä®à¬ë !"� ®¯à¥¤¥«ïîâáï ¨§ ãà ¢­¥­¨© d!" = !� ^ !"� : �®à¬ë á¢ï§­®áâ¨ ¨¬¥îâ

¢¨¤ e!A = !A + �A� !
�. �­¨ ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ de!A = 1

2
CA
BC e!B ^ e!C + 
A,

£¤¥ 
A = RA
�"!

� ^ !" | ä®à¬ë ªà¨¢¨§­ë. �®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë ¨¬¥îâ ¢¨¤ RA
�" =

� 1
2
(�A[�"] + CA

BC�
B
� �

C
" ).

�®¦­® ¤®ª § âì, çâ® ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë ¢¨¤  RA

k̂l
ï¢«ïîâáï ª®¬¯®­¥­â ¬¨ â¥­-

§®à­®£® ¯®«ï, § ¤ ­­®£® ­  ¬­®£®®¡à §¨¨ J
4
E: �®íâ®¬ã ®¡à é¥­¨¥ ª®¬¯®­¥­â RA

k̂l
¢ ­ã«ì ­ 

¬­®£®®¡à §¨¨ J
4
E «¨¡® ­  ª ª®¬-â® ¥£® ¯®¤¬­®£®®¡à §¨¨ ¨¬¥¥â ¨­¢ à¨ ­â­ë© å à ªâ¥à.

�ã¤¥¬ £®¢®à¨âì, çâ® á¢ï§­®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë ¤«ï ãà ¢­¥­¨ï

(2), ¥á«¨ ä®à¬ë ªà¨¢¨§­ë 
A ®¡à é îâáï ¢ ­ã«ì ­  ¯®¤­ïâ¨ïå á¥ç¥­¨© � � E â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  á¥ç¥­¨ï � � E ï¢«ïîâáï (®¡®¡é¥­­ë¬¨) à¥è¥­¨ï¬¨.

�¯à ¢¥¤«¨¢ 

�¥¬¬  2. �«ï â®£® çâ®¡ë á¢ï§­®áâì, § ¤ ­­ ï ¢ à áá«®¥­¨¨ H(J
3
E;G); ®¯à¥¤¥«ï«  ¯à¥¤-

áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ª®¬¯®­¥­âë RA
kl ¨ R

A
0k ®¡à é -

«¨áì ¢ ­ã«ì ­  ¯®¤­ïâ¨ïå á¥ç¥­¨© � � E â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¥ç¥­¨ï � � E ï¢«ïîâáï

(®¡®¡é¥­­ë¬¨) à¥è¥­¨ï¬¨ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2).

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® á«ãç î ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª , ¯à¨¢¥¤¥­­®¬ã ¢ [1].

3. �à®¡«¥¬  áãé¥áâ¢®¢ ­¨ï á¢ï§­®áâ¨,
®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë

P áá¬®âà¨¬ (N+2)-¬¥à­®¥ (N > n) à áá«®¥­­®¥ ¬­®£®®¡à §¨¥ E á à áá«®¥­­®© (N+1)-¬¥à­®©
¡ §®© M ¨ ¯à®¥ªæ¨¥© � (ª®­áâàãªæ¨ï  ­ «®£¨ç­  ¯®áâà®¥­­®© ¤«ï ãà ¢­¥­¨ï (2) ¢ x 1). �ãáâì
#Î , #N+1, #00, #

I

Ĵ
, #N+1

N+1, #
N+1

Ĵ
, #000; : : : | áâàãªâãà­ë¥ ä®à¬ë à áá«®¥­¨ï £®«®­®¬­ëå à¥¯¥à®¢

¬­®£®®¡à §¨ï E (I; J = 1; : : : ; N ; bI; bJ = 0; 1; : : : ; N): �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ­  ¬­®£®®¡à §¨¨
J
3
E § ¤ ­® ¯®«¥ ®¡ê¥ªâ  á¢ï§­®áâ¨ á ª®¬¯®­¥­â ¬¨ �IJK , �

I
J0, �

I
00, �

0
00, ã¤®¢«¥â¢®àïîé¨¬¨ ¤¨ä-

ä¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬8>>>>><>>>>>:
d�IJK + �MJK#

I

M � �IMK#
K

J � �IJM#
M

K � #
I

JK = 0;

d�IJ0 +�MJ0#
I

M � �IM0#
M

J � �IJ0#
0

0 � �IJM#
M

0 � #
I

J0 = 0;

d�0
00 � �0

00#
0

0 � #
0

00 = 0;

d�I00 + �0
00#

I

0 +�M00#
I

M � 2�I00#
0

0 � 2�IM0#
M

0 � #
I

00 = 0:

(5)

�®à¬ë á¢ï§­®áâ¨ ¨¬¥îâ ¢¨¤

�IJ = #IJ + �IJ0#
0 + �IJK#

K ;

�I0 = #I0 +�I00#
0 + �IJ0#

J ; (6)

�00 = #00 + �0
00#

0:

�®áâà®¥­¨¥ ¯®¤®¡­®£® ®¡ê¥ªâ  á¢ï§­®áâ¨ ¤«ï í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¯à®-
¢¥¤¥­® ¢ [2], ¤«ï ãà ¢­¥­¨© âà¥âì¥£® ¯®àï¤ª  | ¢ [3].

�§ ãà ¢­¥­¨© (5) á«¥¤ã¥â, çâ® ®¡ê¥ªâ á¢ï§­®áâ¨ á®¤¥à¦¨â ¯®¤®¡ê¥ªâ á ª®¬¯®­¥­â ¬¨ �IJK ,
�IJ0: �â®¬ã ¯®¤®¡ê¥ªâã á®¯®áâ ¢«ï¥âáï á¢ï§­®áâì á ä®à¬ ¬¨ �

I
J , ª®â®àë¥ ã¤®¢«¥â¢®àïîâ áâàãª-

âãà­ë¬ ãà ¢­¥­¨ï¬
d�IJ = �MJ ^ �JM +
IJ ;
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£¤¥ 
IJ | ä®à¬ë ªà¨¢¨§­ë, ¨¬¥îé¨¥ ¢¨¤


IJ = RI
JKL#

K ^ #L + 2RI
J0K#

0 ^ #K + 2RI

JK̂;N+1
#K̂ ^ #N+1 +

+ 2RIL̂

JK̂
#K̂ ^ #N+1

L̂
+ 2RILM

JK̂
#K̂ ^ #N+1

LM + 2RILMN

JK̂
#K̂ ^ #N+1

LMN :

� ¬­®£®®¡à §¨¨ E à áá¬®âà¨¬ (n+2)-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥ �; ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

( ) ®¤­®¬¥à­ë© á«®© à áá«®¥­¨ï E , ¯à®å®¤ïé¨© ç¥à¥§ â¥ªãéãî â®çªã ¯®¤¬­®£®®¡à §¨ï �;
á®¤¥à¦¨âáï ¢ �;

(¡) ¯à®¥ªæ¨ï �� ¯®¤¬­®£®®¡à §¨ï � � E ï¢«ï¥âáï (n + 1)-¬¥à­ë¬ ¯®¤¬­®£®®¡à §¨¥¬ ¡ §ë
M.

� íâ®¬ á«ãç ¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï � ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢
¢¨¤¥

#� = 0 (� = n+ 1; : : : ; N): (7)

�à®¤®«¦¨¬ íâ¨ ãà ¢­¥­¨ï. � à¥§ã«ìâ â¥ ¡ã¤ãâ ¯®«ãç¥­ë á®®â­®è¥­¨ï ¢¨¤ 

#�
ĵ
= ��

ĵk̂
#k̂: (8)

�®íää¨æ¨¥­âë ��
ĵk̂
á¨¬¬¥âà¨ç­ë ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬. � ¤ ¤¨¬ á¨áâ¥¬ã ª®®à¤¨­ â â ª, çâ®¡ë

��
ĵk̂
®¡à é «¨áì ¢ ­ã«ì ­  � � E . � áá¬®âà¨¬ áã¬¬ë ��

ĵk̂
+ ��

ĵk̂
: �«ï ­¨å á®áâ ¢¨¬ ¤¨ää¥à¥­-

æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤  (5). �§ íâ¨å ãà ¢­¥­¨© á«¥¤ã¥â, çâ® ­  ¯®¤¬­®£®®¡à §¨¨ � � E íâ¨
áã¬¬ë ï¢«ïîâáï ª®¬¯®­¥­â ¬¨ â¥­§®à­®£® ¯®«ï,   ¯®íâ®¬ã ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ª« áá ¯®¤-
¬­®£®®¡à §¨© � � E , ­  ª®â®àëå íâ®â â¥­§®à ®¡à é ¥âáï ¢ ­ã«ì, ¢ë¤¥«ï¥âáï ¨­¢ à¨ ­âë¬
®¡à §®¬

��
ĵk̂
+ ��

ĵk̂
= 0: (9)

� «¥¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï â®«ìª® â ª¨¥ �; ­  ª®â®àëå ¢ë¯®«­¥­® íâ® ãá«®¢¨¥. �  íâ¨å
¯®¤¬­®£®®¡à §¨ïå ¨§ à ¢¥­áâ¢  ��

ĵk̂
= 0 á«¥¤ã¥â, çâ® ��

ĵk̂
= 0; ¯®íâ®¬ã ��

ĵ
= #�

ĵ
= 0: �à ¢­¥­¨ï

#�
ĵ
= 0 â ª¦¥ ¬®¦­® ¯à®¤®«¦¨âì, ¢ à¥§ã«ìâ â¥ ç¥£® ¯à¨¤¥¬ ª á®®â­®è¥­¨ï¬

#�
ĵk̂
= ��

ĵk̂l̂
#l̂:

�®íää¨æ¨¥­âë ��
ĵk̂l̂

á¨¬¬¥âà¨ç­ë ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬. �à®æ¥¤ãàã ¯à®¤®«¦¥­¨ï ¬®¦­® ¯à®¤¥-
« âì ¥é¥ à §, ¢ à¥§ã«ìâ â¥ ¡ã¤ãâ ¯®«ãç¥­ë ãà ¢­¥­¨ï

#�
ĵk̂l̂

= ��
ĵk̂l̂m̂

#m̂:

�®¤¬­®£®®¡à §¨¥ � � E ¬®¦­® á­ ¡¤¨âì ®á­ é¥­¨¥¬ á¯¥æ¨ «ì­®£® â¨¯ , § ¤ ¢ ¥¬ë¬ ãà ¢-
­¥­¨ï¬¨

#i� = #N+1
� = #N+1

ĵ�
= #N+1

�� = #N+1
��
 = 0(mod#��); (10)

£¤¥ #�� | £« ¢­ë¥ ä®à¬ë ¬­®£®®¡à §¨ï J
3
�: �®áâà®¥­¨¥ ®á­ é¥­¨ï ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¨§ [1].

� á¨«ã (10) ¨ (7) áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¤«ï ä®à¬ á¢ï§­®áâ¨ �ij ¨¬¥îâ ¢¨¤

d�ij = �mj ^ �im + rijkl#
k ^ #l + 2ri

jk̂;N+1
#k̂ ^ #N+1 + 2ril̂

jk̂
#k̂ ^ #N+1

l̂
+

+ 2rilm
jk̂
#k̂ ^ #N+1

lm + 2rilmn
jk̂

#k̂ ^ #N+1
lmn :

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥¬¬  3. �á«¨ ¯®¤¬­®£®®¡à §¨¥ � � E ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ( ), (¡) ¨ (9) ¨ á­ ¡¦¥-

­® ®á­ é¥­¨¥¬, § ¤ ¢ ¥¬ë¬ ãà ¢­¥­¨ï¬¨ (10), â® § ¤ ­  ¨­¤ãæ¨à®¢ ­­ ï íâ¨¬ ®á­ é¥­¨¥¬

á¢ï§­®áâì ¢ £« ¢­®¬ à áá«®¥­­®¬ ¯à®áâà ­áâ¢¥ H(J
3
�; Gl(n)) c ä®à¬ ¬¨ á¢ï§­®áâ¨ �ij:
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�ãáâì E { à áá«®¥­¨¥ ®¡é¥£® â¨¯  ­ ¤ ¡ §®© M (á¬. x 1). �áâ ­®¢¨¬ ¤¨ää¥®¬®àä¨§¬ ¬¥-
¦¤ã à áá«®¥­¨ï¬¨ áâàã© ­ ¤ ¬­®£®®¡à §¨ï¬¨ E ¨ �; ¯à¨ ª®â®à®¬ á®¢¯ ¤ îâ á®®â¢¥âáâ¢ãîé¨¥
£« ¢­ë¥ ä®à¬ë ¬­®£®®¡à §¨© J

4
E ¨ J

4
�:

!î = #î; !n+1 = #N+1; !n+1

ĵ
= #N+1

ĵ
; !n+1

ĵk̂
= #N+1

ĵk̂
; (11)

!n+1
0jk = #N+1

0jk + ��0jk#
N+1
� ; !n+1

jkl = #N+1
jkl + ��jkl#

N+1
� ; !n+1

jklm = #N+1
jklm + ��jklm#

N+1
� :

�â¨ ãà ¢­¥­¨ï ¬®£ãâ â ª¦¥ ¡ëâì ¯à®¤®«¦¥­ë. � à¥§ã«ìâ â¥ ¡ã¤ãâ ¯®«ãç¥­ë ­®¢ë¥ ãà ¢­¥­¨ï,
áà¥¤¨ ª®â®àëå, ¢ ç áâ­®áâ¨, ¡ã¤ãâ á«¥¤ãîé¨¥:

!0
0 = #00; !i0 = #i0; !ij = #ij : (12)

� á¨«ã (11) ¨ (12) ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¤«ï ª®íää¨æ¨¥­â®¢ F 0 ¨ F i; ª®â®àë¥
á®¤¥à¦ âáï áà¥¤¨ ª®¬¯®­¥­â äã­¤ ¬¥­â «ì­®£® ®¡ê¥ªâ , ®¯à¥¤¥«ïîé¥£® £¥®¬¥âà¨î ãà ¢­¥­¨ï
(2), áâ ­®¢ïâáï ãà ¢­¥­¨ï¬¨ ª®¬¯®­¥­â ®¡ê¥ªâ , ®¯à¥¤¥«¥­­®£® ­  ¬­®£®®¡à §¨¨ J

4
�: �®íâ®¬ã

¯à¨ ãáâ ­®¢«¥­¨¨ ¤¨ää¥®¬®àä¨§¬  ¬¥¦¤ã à áá«®¥­¨ï¬¨ áâàã© ­ ¤ E ¨ � ¯à®¨áå®¤¨â ¯¥à¥­®á
®¡ê¥ªâ  á ª®¬¯®­¥­â ¬¨ F 0 ¨ F i á ®¤­®£® ¬­®£®®¡à §¨ï ­  ¤àã£®¥. �­ «®£¨ç­®¥ § ¬¥ç ­¨¥
á¯à ¢¥¤«¨¢® ®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­®£® â¥­§®à  á ª®¬¯®­¥­â ¬¨ T ijk, T

I
j0; ¯®«¥ ª®â®à®£® § ¤ ­®

­  ¬­®£®®¡à §¨¨ J4�;   ª®¬¯®­¥­âë ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬(
dT ijk + Tmjk!

i
m � T imk!

m
j � T ijm!

m
k = 0;

dT ij0 + Tmj0!
i
m � T im0!

m
j � T ij0!

0
0 � T ijm!

m
0 = 0;

  â ª¦¥ ®â­®á¨â¥«ì­® â¥­§®à  á ª®¬¯®­¥­â ¬¨

rijkl = T ij[kFl]; rij0k = T ij[0Fk]: (13)

�®§­¨ª ¥â § ¤ ç : § ¤ âì ®á­ é¥­¨¥ ¯®¤¬­®£®®¡à §¨ï � � E ãà ¢­¥­¨ï¬¨

#i� = #N+1
� = #N+1

ĵ�
= #N+1

�� = #N+1
��
 = 0(mod#��)

â ª, çâ®¡ë à §«®¦¥­¨ï ¤«ï d�ij ¨¬¥«¨ ¡ë ¢¨¤ (á ãç¥â®¬ (13))

d�ij = �mj ^ �im + rijkl!
k ^ !l + 2rij0k!

0 ^ !k + 2yi
jk̂;n+1

!k̂ ^ !n+1 + 2yil̂
jk̂
!k̂ ^ !n+1

l̂
+

+ 2yilm
jk̂
!k̂ ^ !n+1

lm + 2yilmn
jk̂

!k̂ ^ !n+1
lmn :

�®áâ ¢¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© § ¤ ç¨. �«ï íâ®£® á ãç¥â®¬ (7), (11) ¨ (12)
¢ë¯¨è¥¬ áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¤«ï ä®à¬ �ij; á®¤¥à¦ é¨åáï áà¥¤¨ ä®à¬ á¢ï§­®áâ¨ (6), ¯®-
á«¥ ç¥£® ¢ëçâ¥¬ ¨å ¨§ á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨© (13). � ª¨¬ ®¡à §®¬, ¯®«ãç¨âáï á¨áâ¥¬ 
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

Ri�

jk̂
!k̂ ^ #N+1

� +Ril�

jk̂
!k̂ ^ #N+1

�� +R
i��


jk̂
!k̂ ^ #N+1

��
 =
1
2
�ijkl!

k ^ !l + �ij0k!
0 ^ !k +

+ �i
jk̂;n+1

!k̂ ^ !n+1 + �il̂
jk̂
!k̂ ^ !n+1

l̂
+ �ilm

jk̂
!k̂ ^ !n+1

lm + �ilmn
jk̂

!k̂ ^ !n+1
lmn ; (14)

£¤¥

�ijkl = rijkl �Ri
jkl; �ij0k = rij0k �Ri

j0k;

�i
jk̂;n+1

= yi
jk̂;n+1

�Ri

jk̂;n+1
; �il̂

jk̂
= yil̂

jk̂
�Ril̂

jk̂
;

�ilm
jk̂

= yilm
jk̂

�Rilm

jk̂
; �ilmn

jk̂
= yilmn

jk̂
�Rilmn

jk̂
:

�à¨ íâ®¬ ª®íää¨æ¨¥­âë �ijkl, �
i
j0k § ¤ ­ë § à ­¥¥,   �i

jk̂;n+1
, �il

jk̂
, �ilm

jk̂
, �ilmn

jk̂
| ­¥¨§¢¥áâ­ë¥

äã­ªæ¨¨. �á«¨ ¡ã¤¥â ¤®ª § ­  á®¢¬¥áâ­®áâì á¨áâ¥¬ë (14), â® â ª¨¬ ®¡à §®¬ ¡ã¤¥â ¤®ª § ­®
áãé¥áâ¢®¢ ­¨¥ ¯à¥¤áâ ¢«¥­¨ï ­ã«¥¢®© ªà¨¢¨§­ë ¤«ï ãà ¢­¥­¨ï (2). �®¤¢¥à£ ï ãà ¢­¥­¨ï (14)
¢­¥è­¥¬ã ¤¨ää¥à¥­æ¨à®¢ ­¨î ¨ ¯à¨á®¥¤¨­ïï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï ª ¨áå®¤­ë¬, ¯®«ãç ¥¬
§ ¬ª­ãâãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© § ¤ ç¨.
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�«ï ¨áá«¥¤®¢ ­¨ï á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë ¨á¯®«ì§ã¥âáï ¬¥â®¤ �í«¥à  ([4], á. 207). � á«ãç ¥
n = 1 ¢ëïá­ï¥âáï, çâ® á®¢¬¥áâ­®áâì ¨¬¥¥â ¬¥áâ®, ¥á«¨ ª®¬¯®­¥­âë ®¡ê¥ªâ  á¢ï§­®áâ¨ �IJK , �

I
J0

¢ë¡à ­ë â ª, çâ® â¥­§®à ªà¨¢¨§­ë á¢ï§­®áâ¨ ­  ¬­®£®®¡à §¨¨ � � E ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

a) ¬®¦­® ãª § âì ­ ¡®àë ç¨á¥«: �1 < �2 < �3 < �4; �1 < �2 < �3 < �4; 
1 < 
2 < 
3 < 
4
â ª¨¥, çâ® �����������

R1�1�1
1
10 R1�2�1
1

10 R1�3�1
1
10 R1�4�1
1

10

R
1�1�2
2
10 R

1�2�2
2
10 R

1�3�2
2
10 R

1�4�2
2
10

� � � � � � � � � � � �

R
1�1�4
4
10 R

1�2�4
4
10 R

1�3�4
4
10 R

1�4�4
4
10

�����������
6= 0;

b) ¬®¦­® ãª § âì ª®¬¯®­¥­âë R1�1�1
1
10 , R1�2�2
2

10 , R1�1�1
1
11 , R1�2�2
2

11 ; ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨î ������

R
1�1�1
1
10 R

1�2�2
2
10

R1�1�1
1
11 R1�2�2
2

11

������ 6= 0;

c) ¬®¦­® ãª § âì ç¨á«  �i, �i, 
k, �l (i; j; k; l = 1; : : : ; 6) â ª¨¥, çâ® ¢ë¯®«­ï¥âáï����������

R

1�1�1�1
11 : : : R


6�1�1�1
11

: : : : :
: : : : :
: : : : :

R

1�6�6�6
11 : : : R


6�6�6�6
11

����������
6= 0:

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬ . �ãáâì

1) § ¤ ­® í¢®«îæ¨®­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª  (2);
2) ­  ¬­®£®®¡à §¨¨ J

3
", £¤¥ "| (N+2)-¬¥à­®¥ (N > n) à áá«®¥­­®¥ ¬­®£®®¡à §¨¥ á (N+1)-

¬¥à­®© à áá«®¥­­®© ¡ §®©, § ¤ ­® ¯®«¥ ®¡ê¥ªâ  á¢ï§­®áâ¨ á ª®¬¯®­¥­â ¬¨ �IJK, �
I
J0, �

I
00,

�0
00, ã¤®¢«¥â¢®àïîé¨¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (6);

3) ¢ ¬­®£®®¡à §¨¨ " § ¤ ­® (n + 2)-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥ � � ", ã¤®¢«¥â¢®àïîé¥¥ ãá«®-

¢¨ï¬ ( ), (¡) ¨ (8);
4) ¬¥¦¤ã à áá«®¥­¨ï¬¨ áâàã© ­ ¤ ¬­®£®®¡à §¨ï¬¨ � ¨ " ãáâ ­®¢«¥­ ¤¨ää¥®¬®àä¨§¬, ¯à¨

ª®â®à®¬ á®¢¯ ¤ îâ £« ¢­ë¥ ä®à¬ë ¢ J
4
" ¨ J

4
�.

�®£¤  ¢ á«ãç ¥ n = 1 ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© a), b), c) ¬®¦­® ­ ©â¨ â ª®¥ ®á­ é¥­¨¥

¯®¤¬­®£®®¡à §¨ï �; çâ® ¨­¤ãæ¨àã¥¬ ï ¨¬ á¢ï§­®áâì ¡ã¤¥â ®¯à¥¤¥«ïâì ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®©
ªà¨¢¨§­ë ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2).

� ¬¥ç ­¨¥. �¢ï§­®áâì á ª®¬¯®­¥­â ¬¨ �IJK , �
I
J0, �

I
00, �

0
00 ¢ë¡¨à ¥âáï ¯à®¨§¢®«ì­®, ¯®íâ®¬ã

¥¥ ¢á¥£¤  ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï a), b), c). �«¥¤®¢ â¥«ì­®, ¯à¥¤áâ -
¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë áãé¥áâ¢ã¥â ¤«ï «î¡®£® í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª 
á ®¤­®© ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©.

� ­­®¥ ãâ¢¥à¦¤¥­¨¥ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­® ¯à¨ à¥è¥­¨¨ ¢®¯à®á  ® áãé¥áâ¢®¢ ­¨¨ § ª®-
­®¢ á®åà ­¥­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª .

4. �á¥¢¤®¯®â¥­æ¨ «ë ¨ § ª®­ë á®åà ­¥­¨ï

�¯¥à¢ë¥ ¯®­ïâ¨¥ ¯á¥¢¤®¯®â¥­æ¨ «  ¯®ï¢¨«®áì ¢ à ¡®â å �.�áâ ¡àãª  ¨ �.�®«ª¢¨áâ  [5] ¨
[6]. �®¤à®¡­ë©  ­ «¨§ á¢ï§¨ ¯á¥¢¤®¯®â¥­æ¨ «®¢ ¨ § ª®­®¢ á®åà ­¥­¨ï á® á¢ï§­®áâï¬¨, ®¯à¥¤¥-
«ïîé¨¬¨ ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë, á®¤¥à¦¨âáï ¢ [1]. � ¯®¬­¨¬ ®á­®¢­ë¥ ¨¤¥¨. �ãáâì
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§ ¤ ­® í¢®«îæ¨®­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª . � ª®­ë á®åà ­¥­¨ï,  á-
á®æ¨¨à®¢ ­­ë¥ á ãà ¢­¥­¨¥¬, § ¤ îâáï á¨áâ¥¬®© 1-ä®à¬ �I ¢¨¤ 

�I = dXI + F Idt+GIdx; I; J = 1; : : : ; N;

£¤¥ XI | ­¥ª®â®àë¥ ¯¥à¥¬¥­­ë¥,   x | ¥¤¨­áâ¢¥­­ ï ¯à®áâà ­áâ¢¥­­ ï ¯¥à¥¬¥­­ ï. �ã­ªæ¨¨
F I ¨ GI § ¢¨áïâ ®â ¯¥à¥¬¥­­ëåX1; : : : ;XN , t, x, ­¥¨§¢¥áâ­®© äã­ªæ¨¨ u ¨ ç áâ­ëå ¯à®¨§¢®¤­ëå
äã­ªæ¨¨ u ¯® x. � à ¡®â¥ [4] ¨§ á®®¡à ¦¥­¨© ¯à®áâ®âë ¯®áâà®¥­¨© à áá¬ âà¨¢ «¨áì äã­ªæ¨¨
F I ¨ GI , ª®â®àë¥ ­¥ § ¢¨áïâ ®â t ¨ x; ¯à¨ íâ®¬

�I = dXI + F (u; �1; �11; X
I)dt+GI(u; �1; �11;X

I)dx:

�á«¨ á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ �I ¢¯®«­¥ ¨­â¥£à¨àã¥¬ , â®£¤  ­  ª ¦¤®¬ à¥è¥­¨¨
XI = XI(x; t) á¨áâ¥¬ë �I j� = 0 äã­ªæ¨¨ F I ¨ GI ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

@GI

@t
�
@F I

@x
= 0: (15)

�á«¨ ¨§¢¥áâ­ë N ä®à¬ �I (N § ª®­®¢ á®åà ­¥­¨ï ¢ á¬ëá«¥ �®«ª¢¨áâ  ¨ �áâ ¡àãª ), â® ¬®¦­®
­ ©â¨ N ãà ¢­¥­¨© â ª®£® ¢¨¤ . � â®¬ á«ãç ¥, ª®£¤  F I ¨ GI § ¢¨áïâ ®â ¯¥à¥¬¥­­ëå XI «¨-
­¥©­®, ãà ¢­¥­¨ï (15) ¯à¨­¨¬ îâ ª« áá¨ç¥áª¨© ¢¨¤ § ª®­®¢ á®åà ­¥­¨ï. �®«ª¢¨áâ ¨ �áâ ¡àãª
­ §ë¢ «¨ ¯¥à¥¬¥­­ë¥ XI ¯á¥¢¤®¯®â¥­æ¨ « ¬¨.

�«¥¤ãï [1], ¬®¦­® ¤®ª § âì

�à¥¤«®¦¥­¨¥. �á«¨ ¢ £« ¢­®¬ à áá«®¥­¨¨ H(J
3
E;G) § ¤ ­  á¢ï§­®áâì, ®¯à¥¤¥«ïîé ï

¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë,  áá®æ¨¨à®¢ ­­®¥ á ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ (2), ¨ ¢ë-

¡à ­® á¥ç¥­¨¥, â® «î¡®¬ã ¯à¨á®¥¤¨­¥­­®¬ã à áá«®¥­¨î F (H(J
3
E;G)) á®®â¢¥âáâ¢ã¥â á¥à¨ï

§ ª®­®¢ á®åà ­¥­¨ï.

� ¬¥ç ­¨¥. �à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¥¤ë¤ãé¥£® ¯ à £à ä , ¬®¦­®
á¤¥« âì ¢ë¢®¤, çâ® ¤«ï «î¡®£® í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª  á ®¤­®© ¯à®áâà ­-
áâ¢¥­­®© ¯¥à¥¬¥­­®© ¬®¦­® ¯®áâà®¨âì ¡¥áª®­¥ç­® ¬­®£® § ª®­®¢ á®åà ­¥­¨ï.

�áâì ¢á¥ ®á­®¢ ­¨ï ¯à¥¤¯®« £ âì, çâ® ¬¥â®¤, ¨á¯®«ì§®¢ ­­ë© ¢¯¥à¢ë¥ ¢ [1] ¯à¨ ¤®ª § â¥«ì-
áâ¢¥ â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï á¢ï§­®áâ¨, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë ¤«ï
í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª , ¯à¨¬¥­¥­­ë© ¢ ¤ ­­®© áâ âì¥ ª í¢®«îæ¨®­­®¬ã
ãà ¢­¥­¨î âà¥âì¥£® ¯®àï¤ª , ¬®¦¥â ¡ëâì ãá¯¥è­® ¨á¯®«ì§®¢ ­ ¯à¨ à áá¬®âà¥­¨¨ ãà ¢­¥­¨© ¢
ç áâ­ëå ¯à®¨§¢®¤­ëå ¯à®¨§¢®«ì­®£® â¨¯  ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢.
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