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� ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ R3 ¨§¢¥áâ® ¥áª®«ìª® ª« áá®¢ ¯®¢¥àå®áâ¥© á ¯«®áª¨¬¨ «¨¨ï-
¬¨ ªà¨¢¨§ë: ¯®¢¥àå®áâ¨ ¢à é¥¨ï, à¥§ë¥ ¯®¢¥àå®áâ¨, ¯®¢¥àå®áâ¨ �® å¨¬áâ «ï ¨ ¤àã£¨¥.
� ¤ ®© áâ âì¥ ¯à¥¤« £ ¥âáï ª®áâàãªæ¨ï ¯®¢¥àå®áâ¥© ¢ ¯à®áâà áâ¢¥ �®¡ ç¥¢áª®£® H3,   -
«®£¨çëå ¯® á¢®¨¬ á¢®©áâ¢ ¬ ¯®¢¥àå®áâï¬ �® å¨¬áâ «ï, â. ¥. ¤ ® ®¯¨á ¨¥ ª« áá  ¯®¢¥àå®-
áâ¥©, ®¤® á¥¬¥©áâ¢® «¨¨© ªà¨¢¨§ë ª®â®àëå «¥¦¨â ¢® ¢¯®«¥-£¥®¤¥§¨ç¥áª¨å ¯«®áª®áâïå, á®-
¤¥à¦ é¨å ®¡éãî £¥®¤¥§¨ç¥áªãî ¯à®áâp áâ¢  H3. � â¥¬ à áá¬®âà¥ë ¯®¢¥àå®áâ¨ ¯®áâ®ï®©
áà¥¤¥© ªà¨¢¨§ë ¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª á ®¤¨¬ á¥¬¥©áâ¢®¬ ¯«®áª¨å «¨¨© ªà¨¢¨§ë. �á«¨
¬¨¨¬ «ì ï ¯®¢¥àå®áâì ¢ R3 ¨¬¥¥â ®¤® á¥¬¥©áâ¢® ¯«®áª¨å «¨¨© ªà¨¢¨§ë, â® ¨ ¤àã£®¥ á¥-
¬¥©áâ¢® â ª¦¥ ï¢«ï¥âáï ¯«®áª¨¬. � ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ â ª¨¬¨ ¯®¢¥àå®áâï¬¨ ï¢«ïîâáï
ª â¥®¨¤, ¬¨¨¬ «ì ï ¯®¢¥àå®áâì �¥¯¥à  ¨ ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯®¢¥àå®áâ¥©
�®¥ ([1], c. 544). �. �¥â¥ ([2], â¥®à¥¬  5.5, c. 54) ¤®ª § «, çâ® ¢ ¯à®áâà áâ¢¥ �®¡ ç¥¢áª®£® ¢
ª« áá¥ ¬¨¨¬ «ìëå ¯®¢¥àå®áâ¥© ¯®¤®¡ë¬ á¢®©áâ¢®¬ \¯«  à®áâ¨" ®¤®£® á¥¬¥©áâ¢  ¯«®á-
ª¨å «¨¨© ªà¨¢¨§ë ®¡« ¤ îâ â®«ìª® ¯®¢¥àå®áâ¨ ¢à é¥¨ï. � ¤ ®© áâ âì¥ ¯®ª § ®, çâ® ¢
ª« áá¥ ¯®¢¥àå®áâ¥© ¯®áâ®ï®© áà¥¤¥© ªà¨¢¨§ë ¢ H3 ¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª â®«ìª® ¯®¢¥àå-
®áâ¨ ¢à é¥¨ï (£¨¯¥à¡®«¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ �¥«®¥) ¨¬¥îâ ®¤® á¥¬¥©áâ¢® ¯«®áª¨å «¨¨©
ªà¨¢¨§ë.

1. � áá¬®âà¨¬ ¬®¤¥«ì £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£® ¢ ¨â¥à¯à¥â æ¨¨ �ã ª à¥ ¢ ¢¥àå¥¬ ¯®-
«ã¯à®áâà áâ¢¥ R3

+ á ¬¥âà¨ª®© ds2 = dx2+dy2+dz2

z2
. �¯à¥¤¥«¨¬ ¯®¢¥àå®áâì �® å¨¬áâ «ï ¢ H3

ª ª ¯®¢¥àå®áâì, ã ª®â®à®© ª ¦¤ ï «¨¨ï ªà¨¢¨§ë ¨§ ®¤®£® á¥¬¥©áâ¢  «¥¦¨â ¢ ¥ª®â®à®©
¢¯®«¥-£¥®¤¥§¨ç¥áª®© ¯«®áª®áâ¨, ¯à¨ç¥¬ ¢á¥ ¤ ë¥ ¯«®áª®áâ¨ ¯à®å®¤ïâ ç¥à¥§ ä¨ªá¨à®¢ ãî
¯àï¬ãî ¢ H3. �®§ì¬¥¬ ¢ ª ç¥áâ¢¥ â ª®© ®á¨ ¯àï¬ãî l(0; 0; z). � ª ¨§¢¥áâ® ([1], c. 512; [3], c .378),
¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¯®¢¥àå®áâ¨ �® å¨¬áâ «ï á®áâ®ïâ ¨§ ¬®¦¥áâ¢  ®àâ®£® «ìëå âà -
¥ªâ®à¨© á¥¬¥©áâ¢  áä¥à ¯¥à¥¬¥®£® à ¤¨ãá  á æ¥âà ¬¨   ä¨ªá¨à®¢ ®© ®á¨ l. �®   «®£¨¨
á ¥¢ª«¨¤®¢ë¬ á«ãç ¥¬ à¥è¨¬ á ç «  § ¤ çã ®  å®¦¤¥¨¨ ¤¢ã¯ à ¬¥âà¨ç¥áª®£® ¬®¦¥áâ¢ 
®àâ®£® «ìëå âà ¥ªâ®à¨© ª á¥¬¥©áâ¢ã áä¥à á æ¥âà ¬¨   ä¨ªá¨à®¢ ®© ®á¨,   § â¥¬ ¢ë¤¥-
«¨¬ ¨§ ¥£® ª« áá ¯®¢¥àå®áâ¥© �® å¨¬áâ «ï. � ª ¨§¢¥áâ® ([4], c. 37), áä¥à  ¢ ¯à®áâà áâ¢¥
�®¡ ç¥¢áª®£® á æ¥âà®¬ ¢ â®çª¥ (0; 0; s) £¨¯¥à¡®«¨ç¥áª®£® à ¤¨ãá  R(s) ¨¬¥¥â ãà ¢¥¨¥

x2 + y2 + (z � s chR(s))2 = s2 sh2R(s):

�¥¬¬  1. �¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ®àâ®£® «ìëå âà ¥ªâ®à¨© ª ¬®¦¥áâ¢ã áä¥à

¯¥à¥¬¥®£® à ¤¨ãá  R(s) á æ¥âà ¬¨ (0; 0; s)   ®á¨ l ¨¬¥¥â ¢¨¤

x(s) =
1

ch �(s)
p
1 + c21

; y(s) =
c1

ch �(s)
p
1 + c21

;

z(s) = � th �(s); £¤¥ �(s) =
Z
(s chR(s))0

s shR(s)
ds+ c2 (c1; c2 | const):
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�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ (x(s); y(s); z(s)) ª®®à¤¨ âë ¥¤¨¨ç®£® ¢¥ªâ®à ,  ¯à -
¢«¥®£® ¨§ â®çª¨ (0; 0; s chR(s)) ¢ â®çªã ¯¥à¥á¥ç¥¨ï ®àâ®£® «ì®© âà ¥ªâ®à¨¨ á® áä¥à®©
à ¤¨ãá  R(s). �à ¢¥¨¥ ®àâ®£® «ì®© âà ¥ªâ®à¨¨ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

r(s) = (s shR(s)x(s); s shR(s)y(s); s shR(s)z(s) + s chR(s));

£¤¥ x2(s) + y2(s) + z2(s) = 1. �®áª®«ìªã ¤  ï ¬®¤¥«ì H3 ª®ä®à¬®-¥¢ª«¨¤®¢ , â® ®âëáª ¨¥
®àâ®£® «ì®© âà ¥ªâ®à¨¨ ¯à¨¢®¤¨â ª ãà ¢¥¨î dr

ds
= �(s)(x; y; z), £¤¥ �(s) | ¥ª®â®àë© ¥-

ã«¥¢®© ¬®¦¨â¥«ì. �âáî¤  ¯®«ãç ¥âáï á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
¤«ï ¥¨§¢¥áâëå äãªæ¨© x(s), y(s), z(s)

(s shR(s)x)0

x
=
(s shR(s)y)0

y
=
(s shR(s)z + s chR(s))0

z
:

�§ ¯¥à¢®£® ãà ¢¥¨ï á«¥¤ã¥â, çâ® y = c1x, £¤¥ c1 | ¥ª®â®à ï ¯®áâ®ï ï. �¥®¬¥âà¨ç¥áª¨ íâ®
®§ ç ¥â, çâ® ¨áª®¬ ï âà ¥ªâ®à¨ï «¥¦¨â ¢® ¢¯®«¥-£¥®¤¥§¨ç¥áª®© ¯«®áª®áâ¨, á®¤¥à¦ é¥© ®áì l.
�®áª®«ìªã x2 + y2 + z2 = 1, â® ®âáî¤  ®¯à¥¤¥«ï¥¬

x2 =
1� z2

1 + c21
: (1)

� áá¬®âà¨¬ ãà ¢¥¨¥

(s shRx)0

x
=
(s shRz + s chR)0

z
: (2)

�®á«¥ ã¯à®é¥¨ï ¯®«ãç¨¬
x0s shR

x
=
s shRz0 + (s chR)0

z
:

�à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥¨¥ (1) ¨ à §¤¥«¨¬ à¥§ã«ìâ â   2x2. �®«ãç¨¬

x0

x
= � zz0

1� z2
:

�®¤áâ ¢¨¬ ¢ ãà ¢¥¨¥ (2) ¨ ¯à¨¤¥¬ ª ãà ¢¥¨î   äãªæ¨î z(s)

z0

z2 � 1
=
(s chR)0

s shR
:

�â¥£à¨àãï ¥£® (á ãç¥â®¬ â®£®, çâ® jzj < 1), ¯®«ãç¨¬

z(s) = � th �(s); £¤¥ �(s) =
Z
(s chR(s))0

s shR(s)
ds+ c2:

� â¥¬  å®¤¨¬

x(s) =
1

ch �
p
1 + c21

; y(s) =
c1

ch �
p
1 + c21

: �

� ©¤¥®¥ ¬®¦¥áâ¢® ®àâ®£® «ìëå âà ¥ªâ®à¨© § ¢¨á¨â ®â ¤¢ãå ¯à®¨§¢®«ìëå ¯®áâ®ï-
ëå c1, c2. �á«¨ á¢ï§ âì ¨å ¬¥¦¤ã á®¡®©, ¯®«®¦¨¢ c1 = tg t, c2 = T (t), £¤¥ T (t) | ¯à®¨§¢®«ì ï
äãªæ¨ï ®â t, â® ¯®«ãç¨¬ á«¥¤ãîé¨¥ ãà ¢¥¨ï ¯®¢¥àå®áâ¨ �® å¨¬áâ «ï ¢ ¯à®áâà áâ¢¥ �®-
¡ ç¥¢áª®£® H3:

X(s; t) =
s shR(s) cos t
ch �(s; t)

;

Y (s; t) =
s shR(s) sin t
ch �(s; t)

;

Z(s; t) = s chR(s)� s shR(s) th �(s; t);

£¤¥ �(s; t) =
Z
(s chR(s))0

s shR(s)
ds+ T (t);

(3)
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¯à¨ç¥¬ R(s) > 0, T (t) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ¯¥à¥¬¥ëå s ¨ t.
�¥©áâ¢¨â¥«ì®, ¢ëç¨á«ïï ª®íää¨æ¨¥âë äã¤ ¬¥â «ìëå ä®à¬ ¤ ®© ¯®¢¥àå®áâ¨, ã¡¥-

¤¨¬áï ¢ â®¬, çâ® ª®®à¤¨ âë¥ «¨¨¨ s ¨ t ï¢«ïîâáï «¨¨ï¬¨ ªà¨¢¨§ë.

�¥¬¬  2. a) �®íää¨æ¨¥âë ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë ¯®¢¥àå®áâ¨ (3) ¢ H3 ¨¬¥îâ ¢¨¤

g11 =
X2

s + Y 2
s + Z2

s

Z2
=
�
(s shR)0s � (s chR)0s th �
s chR� s shR th �

�2
;

g12 =
XsXt + YsYt + ZsZt

Z2
= 0;

g22 =
X2

t + Y 2
t + Z2

t

Z2
= (1 + T 02

t )
�

s shR
ch �(s chR� s shR th �

�2

;

b) ª®íää¨æ¨¥â b12 ¢â®à®© ª¢ ¤à â¨ç®© ä®à¬ë à ¢¥ ã«î.

�®ª § â¥«ìáâ¢®. �«ï ç áâëå ¯à®¨§¢®¤ëå ¢¥ªâ®à-äãªæ¨¨ r(s; t) = (X;Y;Z) ¯®«ãç ¥¬

Xs =
cos t
ch �

((s shR)0s � th �(s chR)0s); Xt = �s shR
ch �

(sin t+ th �T 0

t );

Ys =
sin t
ch �

((s shR)0s � th �(s chR)0s); Yt =
s shR
ch �

(cos t� th �T 0

t );

Zs = � th �((s shR)0s � th �(s chR)0s); Zt = �s shRT
0

t

ch2 �
:

�âáî¤   å®¤ïâáï ¢ëà ¦¥¨ï ¤«ï ª®íää¨æ¨¥â®¢ ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë. �à®¢¥à¨¬, çâ®
áà¥¤¨© ª®íää¨æ¨¥â b12 ¢â®à®© ª¢ ¤à â¨ç®© ä®à¬ë à ¢¥ ã«î. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï
ä®à¬ã«®© (43.4) ¨§ ([5], á. 180):

Z;ts = ��311XsXt � �322YsYt � �333ZsZt + b12n
3 = � 1

Z
XsXt � 1

Z
YsYt +

1
Z
ZsZt + b12n

3;

£¤¥ �ijk | á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª¨ H3. �®áª®«ìªã g12 = 0, â® ãá«®¢¨¥ b12 = 0 à ¢®-
á¨«ì® á«¥¤ãîé¥¬ã: Z;ts = 2ZsZt

Z
. �¬¥è  ï ª®¢ à¨ â ï ¯à®¨§¢®¤ ï äãªæ¨¨ Z(s; t)  

¯®¢¥àå®áâ¨

Z;ts =
@2Z

@t@s
� �

1

12Zs � �
2

12Zt;

£¤¥ �
1

12 =
1

2g11

@g11
@t
, �

2

12 =
1

2g22

@g22
@s

| á¨¬¢®«ë �à¨áâ®ää¥«ï ¢ãâà¥¥© ¬¥âà¨ª¨ ¯®¢¥àå®áâ¨ ([5],
c. 60). �ëç¨á«ï¥¬ ¨å ¨ á¬¥è ãî ¯à®¨§¢®¤ãî ®â Z:

�
1

12 = � sT 0

t

ch2 �((s shR)0s � th �(s chR)0s)(s chR� th �s shR)
;

�
2

12 =
chR((s shR)0s � (s chR)0s th �)
shR(s chR� s shR th �)

;

@2Z

@t@s
= �T

0

t ((s shR)
0 � 2(s chR)0s th �)

ch2 �
:

� «¥¥ ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬ ¯à®¢¥àï¥¬, çâ® Z;ts = 2ZsZt
Z

.

�¥®à¥¬  1. �®¢¥àå®áâì ¢ H3, § ¤  ï ãà ¢¥¨ï¬¨ (3) á ¯à®¨§¢®«ìë¬¨ äãªæ¨ï¬¨ R =
R(s) > 0, T = T (t), ¥áâì ¯®¢¥àå®áâì �® å¨¬áâ «ï.
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�®ª § â¥«ìáâ¢®. �®£« á® «¥¬¬¥ 2 ¨¬¥¥¬ g12 = b12 = 0, á«¥¤®¢ â¥«ì®, ª®®à¤¨ âë¥
«¨¨¨ ï¢«ïîâáï «¨¨ï¬¨ ªà¨¢¨§ë. �¨¨ï t = t0 «¥¦¨â ¢® ¢¯®«¥ £¥®¤¥§¨ç¥áª®© ¯«®áª®áâ¨
X sin t0 � Y cos t0 = 0, ª®â®à ï á®¤¥à¦¨â £¥®¤¥§¨ç¥áªãî x = y = 0. �¨¨ï s = s0 «¥¦¨â ¢
¥ª®â®à®© ¬ «®© 2-áä¥à¥ ¢ H3, â. ª.

X2(s0; t) + Y 2(s0; t) + (Z(s0; t)� s0 chR(s0))
2 = (s0 shR(s0))

2: �

2. � [2] ¤®ª § ®, çâ® ¢áïª ï ¬¨¨¬ «ì ï ¯®¢¥àå®áâì ¢ H3 c ®¤¨¬ á¥¬¥©áâ¢®¬ ¯«®áª¨å
«¨¨© ªà¨¢¨§ë ï¢«ï¥âáï ¯®¢¥àå®áâìî ¢à é¥¨ï. �®ª ¦¥¬, çâ® ¢ ª« áá¥ ¯®¢¥àå®áâ¥© ¯®áâ®-
ï®© áà¥¤¥© ªà¨¢¨§ë ¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª ®¤¨¬ á¥¬¥©áâ¢®¬ ¯«®áª¨å «¨¨© ªà¨¢¨§ë
®¡« ¤ îâ â®«ìª® ¯®¢¥àå®áâ¨ ¢à é¥¨ï (£¨¯¥à¡®«¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ �¥«®¥). �«ï íâ®© æ¥«¨
ã¤®¡® ¨á¯®«ì§®¢ âì ¬®¤¥«ì £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£®   £¨¯¥à¡®«®¨¤¥ ¢ «®à¥æ¥¢®¬ ¯à®áâà -
áâ¢¥ R3;1, £¤¥

H3 = fx = (x0; x1; x2; x3) 2 R3;1 : jxj2 = �x20 + x21 + x22 + x23 = �1; x0 > 0g:
�ãáâì X(u; v) = fX i(u; v); i = 0; 1; 2; 3g | ¯®¢¥àå®áâì ¯®áâ®ï®© áà¥¤¥© ªà¨¢¨§ë H

¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª, ¢«®¦¥ ï ¢ H3 ª®ä®à¬® ¨ ¯ à ¬¥âà¨§®¢  ï á¢®¨¬¨ «¨¨ï¬¨
ªà¨¢¨§ë. �®£¤ , ª ª ¯®ª § ® ¢ ([2], â¥®à¥¬  2.1), ¥¥ äã¤ ¬¥â «ìë¬¨ ä®à¬ ¬¨ ï¢«ïîâáï

ds2 = e2!(u;v)(du2 + dv2); II = (e2!H + 1)du2 + (e2!H � 1)dv2:

�à ¢¥¨¥ � ãáá  ¨¬¥¥â ¢¨¤ ([2], â¥®à¥¬  2.1, c. 6)

�! + (H2 � 1)e2! � e�2! = 0: (4)

�¨ää¥à¥æ¨ « �®¯ä  �(w)dw2 = (L�N
2

� iM)dw2, £¤¥ w = u + iv, ¢ ¤ ®¬ á«ãç ¥ à ¢¥
dw2 ¨ ï¢«ï¥âáï £®«®¬®àäë¬, çâ®, ª ª ¨§¢¥áâ®, à ¢®á¨«ì® ¢ë¯®«¥¨î ãá«®¢¨© �¥â¥àá® {
�®¤ ææ¨. �®íâ®¬ã ¢áïª®¬ã à¥è¥¨î !(u; v) ãà ¢¥¨ï � ãáá  ¢ ®¤®á¢ï§®© ®¡« áâ¨ ¯«®áª®áâ¨
ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® w á®®â¢¥âáâ¢ã¥â ¥¤¨áâ¢¥ ï ¯®¢¥àå®áâì ¯®áâ®ï®© áà¥¤¥© ªà¨-
¢¨§ë ¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª. �¥à¨¢ æ¨®ë¥ ä®à¬ã«ë ¨¬¥îâ ¢¨¤

Xuu = !uXu � !vXv + (e2!H + 1)n+ e2!X;

Xuv = !vXu + !uXv;

Xvv = �!uXu + !vXv + (e2!H � 1)n+ e2!X;

nu = �(H + e�2!)Xu; nv = (�H + e�2!)Xv;

£¤¥ n(u; v) | ¢¥ªâ®à ¥¤¨¨ç®© ®à¬ «¨ ª ¯®¢¥àå®áâ¨. � ¤ ®¬ à¥¯¥à¥ ¢¥ªâ®àë Xu, Xv, n
¯à®áâà áâ¢¥®¯®¤®¡ë,   ¢¥ªâ®à X ¢à¥¬¥¨¯®¤®¡¥.

�à¥¬¥¨¯®¤®¡®áâì ¢¥ªâ®à  X = (x0; x1; x2; x3) á«¥¤ã¥â ¯àï¬® ¨§ ®¯à¥¤¥«¥¨ï H3, ¢«®¦¥®-
£® ¢ R3;1 á ¬¥âà¨ª®© hx; yi = �x0y0+x1y1+x2y2+x3y3. � á â¥«ì®¥ ¯à®áâà áâ¢® ¢ â®çª¥ x 2 H3

á®áâ®¨â ¨§ ¢¥ªâ®à®¢ y 2 R3;1, ¤«ï ª®â®àëå hx; yi = 0. �®ª ¦¥¬, çâ® ¤«ï ¢áïª®£® ¥ã«¥¢®£®
¢¥ªâ®à  y 2 TxH

3 ¢ë¯®«¥® ãá«®¢¨¥ hy; yi > 0, ®âªã¤  ¨ ¡ã¤¥â á«¥¤®¢ âì ¯à®áâà áâ¢¥®¯®-

¤®¡®áâì ¢¥ªâ®à®¢ Xu, Xv, n. �®áª®«ìªã x0 > 0 ¨ hy; xi = 0, â® y0 = 1
x0

3P
i=1

xiyi. � ª ª ª x 2 H3,

â® x20 = 1 +
3P

i=1
x2i . �«¥¤®¢ â¥«ì®,

hy; yi = �y20 +
3X

i=1

y2i =
1
x20

�
�
� 3X

i=1

xiyi

�2
+
�
1 +

3X
i=1

x2i

� 3X
i=1

y2i

�
�

3P
i=1

y2i

x20
� 0: (�)

� ¤¥©áâ¢¨â¥«ì®áâ¨ hy; yi > 0 ¤«ï ¢áïª®£® ¥ã«¥¢®£® y 2 TxH
3 ¨ ¢áïª®£® x 2 H3. �«ï â®£®

çâ®¡ë ¢ ¯¥à¢®¬ ¥à ¢¥áâ¢¥ ¢ (�) ¨¬¥«® ¬¥áâ® à ¢¥áâ¢®, ¥®¡å®¤¨¬®, çâ®¡ë xi = �yi (i = 1; 2; 3),
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  ¢â®à®¥ ¥à ¢¥áâ¢® ¢ (�) ®¡à é ¥âáï ¢ à ¢¥áâ¢® â®«ìª® ¢ â®çª¥ x = (1; 0; 0; 0). �® â®£¤  ¨§
ãá«®¢¨ï hy; xi = 0 á«¥¤ã¥â, çâ® y0 = 0, â. ¥. y = 0.

�¥®à¥¬  2. �®¢¥àå®áâï¬¨ ¯®áâ®ï®© áà¥¤¥© ªà¨¢¨§ë ¢ H3 ¡¥§ ®¬¡¨«¨ç¥áª¨å â®ç¥ª,

¨¬¥îé¨¬¨ ®¤® á¥¬¥©áâ¢® «¨¨© ªà¨¢¨§ë, à á¯®«®¦¥ëå   ¢¯®«¥ £¥®¤¥§¨ç¥áª¨å ¯«®áª®-

áâïå, ï¢«ïîâáï ¯®¢¥àå®áâ¨ ¢à é¥¨ï (£¨¯¥à¡®«¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ �¥«®¥).

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ ¯à¨ ¤«¥¦®áâ¨ «¨¨¨ ªà¨¢¨§ë ¯®¢¥àå®áâ¨ X(u; v0) ¥ª®â®-
à®© ¢¯®«¥ £¥®¤¥§¨ç¥áª®© ¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤

hX(u; v0); a(v0)i = �X0a0 +X1a1 +X2a2 +X3a3 = 0; (5)

£¤¥ a(v) | ¥ª®â®àë© ¥¤¨¨çë© ¯à®áâà áâ¢¥®¯®¤®¡ë© ¢¥ªâ®à: ha; ai = 1. �¨ää¥à¥æ¨àãï
(5) ¯® u, ¯®«ãç¨¬ hXu; a(v)i = 0. �«¥¤®¢ â¥«ì®, à §«®¦¥¨¥ ¢¥ªâ®à  a(v) ¯® ¯®¤¢¨¦®¬ã à¥¯¥àã
(X;Xu; Xv; n) ¢ R3;1 ¤®«¦® ¨¬¥âì ¢¨¤ a = c1Xv + c2n. �¨ää¥à¥æ¨à®¢ ¨¥ (5) ¥é¥ à § ¯® u
¯à¨¢®¤¨â ª á®®â®è¥¨î hXuu; ai = 0. �à¨¬¥ïï ¤¥à¨¢ æ¨®ë¥ ä®à¬ã«ë, ¯®«ãç¨¬

h!uXu � !vXv + (e2!H + 1)n+ e2!X; c1Xv + c2ni = �!vjXvj2c1 + (e2! + 1)c2 = 0:

�âáî¤  á«¥¤ã¥â c1
c2
= e2!H+1

e2!!v
. � ª ª ª ¢¥ªâ®à a ¥¤¨¨çë©, â® jaj2 = c21e

2! + c22 = 1. � å®¤¨¬
à §«®¦¥¨¥ ¢¥ªâ®à  a ¯® ¯®¤¢¨¦®¬ã à¥¯¥àã X, Xu, Xv, n:

a(v) =
(e2!H + 1)Xv + e2!!vn

e!((e2!H + 1)2 + e2!!2
v)1=2

:

�à®¤¨ää¥à¥æ¨àã¥¬ íâ® ¢ëà ¦¥¨¥ ¯® u ¨ ¥é¥ à § ¨á¯®«ì§ã¥¬ ¤¥à¨¢ æ¨®ë¥ ä®à¬ã«ë. �®-
«ãç¨¬
�
LuXv + L(!vXu + !uXv) + (e2!!v)un+ e2!!v

�
� L

e2!
Xu

��
(L2 + e2!!2

v)�

� (LXv + e2!!vn)(!u(L
2 + e2!!2

v) + LLu + e2!!v(!u!v + !uv)) = 0;

£¤¥ L = He2! + 1. �à¨à ¢¨¢ ï ã«î ª®íää¨æ¨¥âë ¯à¨ ¡ §¨áëå ¢¥ªâ®à å Xv ¨ n, ¯®«ã-
ç¨¬ á¨áâ¥¬ã ¨§ ¤¢ãå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª®â®àë¬ ¤®«¦  ã¤®¢«¥â¢®àïâì äãªæ¨ï
!(u; v),

(Lu + L!u)(L2 + e2!!2
v)� L(!uL2 + 2e2!!u!2

v + LLu + e2!!v!uv) = 0;

(e2!!v)u(L2 + e2!!2
v)� e2!!v(!uL2 + 2e2!!u!2

v + LLu + e2!!v!uv) = 0:

�â  á¨áâ¥¬  ¯à¨¢®¤¨âáï ª ®¤®¬ã ãà ¢¥¨î

!uv(He2! + 1)� !u!v(He2! � 1) = 0:

�á«¨ !u 6= 0, â® ãà ¢¥¨¥ ¨â¥£à¨àã¥âáï, â. ª.

(log!u)v =
!uv

!u
=
He! � e�!

He! + e�!
!v = (log(He! + e�!))v:

�«¥¤®¢ â¥«ì®,

!u = C(u)(He! + e�!): (6)

�¥¯¥àì ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®©, ¤®ª § ®© �.�¥â¥.

�¥®à¥¬  ([2], â¥®à¥¬  2.3). �ãáâì !(u; v) ¥áâì à¥è¥¨¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢-

¥¨©

�! +Ae2! �Be�2! = 0;

2!u = �(u)e! + �(u)e�!:
(7)
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�á«¨ !v 6= 0, â® äãªæ¨¨ �(u), �(u) áãâì à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨©

�00 = a�� 2�2� � 2A�;

�00 = a� � 2��2 � 2B�;
(8)

£¤¥ a ¥áâì ¥ª®â®à ï ¯®áâ®ï ï.

� ãá«®¢¨ïå ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ¯¥à¢®¥ ¨§ ãà ¢¥¨© á¨áâ¥¬ë (7) á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬
� ãáá  (4), ¯à¨ç¥¬ A = H2 � 1, B = 1. �â®à®¥ ¨§ ãà ¢¥¨© á¨áâ¥¬ë (7) ¥áâì ãà ¢¥¨¥ (6),
¯à¨ç¥¬ �(u) = 2HC(u), �(u) = 2C(u). �® â¥®à¥¬¥ �¥â¥ äãªæ¨ï C(u) ¤®«¦  ã¤®¢«¥â¢®àïâì
á¨áâ¥¬¥ ãà ¢¥¨© (8), ª®â®à ï ¨¬¥¥â ¢¨¤

2HC 00 = 2aHC � 16H2C3 � 4(H2 � 1)C;

2C 00 = 2aC � 16HC3 � 4HC:
(9)

1) �á«¨ H 6= 0, â®, ã¬®¦ ï   H ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (9) ¨ áà ¢¨¢ ï ¥£® á ¯¥à¢ë¬
ãà ¢¥¨¥¬,  å®¤¨¬ 4H2C = 4(H2 � 1)C. �«¥¤®¢ â¥«ì®, C � 0.

2) �á«¨ H = 0, â® � = 0, ¨ ¨§ ¯¥à¢®£® ãà ¢¥¨ï á«¥¤ã¥â, çâ® C � 0.
�«¥¤®¢ â¥«ì®, !u � 0 ¨ äãªæ¨ï ! § ¢¨á¨â â®«ìª® ®â ¯¥à¥¬¥®© v. � ª á«¥¤ã¥â ¨§ ¤®ª -

§ ®© ¨¦¥ «¥¬¬ë, ¯®¢¥àå®áâì X(u; v) ¡ã¤¥â ¯®¢¥àå®áâìî ¢à é¥¨ï ¢ ¯à®áâà áâ¢¥ �®¡ -
ç¥¢áª®£®.

� ª ã¦¥ ®â¬¥ç «®áì, ¤«ï ¬¨¨¬ «ìëå ¯®¢¥àå®áâ¥© ¢ H3 c ¯«®áª¨¬ á¥¬¥©áâ¢®¬ «¨¨©
ªà¨¢¨§ë â¥®à¥¬  ¡ë«  ¤®ª §   �. �¥â¥ ([2], â¥®à¥¬  5.5). �«¥¤ãîé ï «¥¬¬  á¯à ¢¥¤«¨¢ 
¤«ï ¯®¢¥àå®áâ¥©, ã ª®â®àëå ¯¥à¢ ï ¨ ¢â®à ï äã¤ ¬¥â «ìë¥ ä®à¬ë § ¢¨áïâ ®â ®¤®© ¯¥à¥-
¬¥®©,   áà¥¤ïï ªà¨¢¨§  H ¥ ®¡ï§ â¥«ì® ¯®áâ®ï .

�¥¬¬  3. �ãáâì ¯¥à¢ ï ¨ ¢â®à ï äã¤ ¬¥â «ìë¥ ä®à¬ë ¯®¢¥àå®áâ¨ X(u; v) ¢ ¯à®-

áâà áâ¢¥ �®¡ ç¥¢áª®£® § ¢¨áïâ ®â ®¤®© ¯¥à¥¬¥®© u ¨ ¨¬¥îâ ¢¨¤

I = e2!(u)(du2 + dv2);

II = (e2!(u)H + 1)du2 + (e2!(u)H � 1)dv2:

�®£¤  ¯®¢¥àå®áâì X(u; v) ï¢«ï¥âáï ¯®¢¥àå®áâìî ¢à é¥¨ï ¢ H3.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® «¨¨ï X(u0; v) ¨¬¥¥â ¯®áâ®ïãî ªà¨¢¨§ã ¨ ã«¥¢®¥ ªàã-
ç¥¨¥ ¢ H3, â. ¥. «¥¦¨â ¢ ¥ª®â®à®© ¢¯®«¥ £¥®¤¥§¨ç¥áª®© ¯«®áª®áâ¨. �¤¨¨çë© ª á â¥«ìë©
¢¥ªâ®à ª «¨¨¨ X(u0; v) ¥áâì � = e�!(u0)Xv(u0; v). �ëç¨á«¨¬ ¥£® ª®¢ à¨ âãî ¯à®¨§¢®¤ãî ¢
H3, ª®â®à ï ¯® ä®à¬ã«¥ �à¥¥ ¡ã¤¥â à ¢  k1�, £¤¥ k1 | ªà¨¢¨§  «¨¨¨,   � | ¢¥ªâ®à £« ¢-
®© ®à¬ «¨. �á¯®«ì§ãï ¢ë¯¨á ë¥ ¢ëè¥ ¤¥à¨¢ æ¨®ë¥ ä®à¬ã«ë, á ãç¥â®¬ â®£®, çâ® !v = 0,
¯®«ãç¨¬

D�

ds
= PrTXH3

d�

ds
= PrTXH3 e�!(u0)

d�

dv
= PrTXH3 e�2!(u0)Xvv =

= e�2!(�!0Xu + (e2!H � 1)n) = k1�:

�âáî¤  ¢¨¤®, çâ® k21 = jD�
ds
j2 = e�4!(u0)(!02e2! + (e2!H � 1)2) ¥ § ¢¨á¨â ®â ¯¥à¥¬¥®© v ¢¤®«ì

«¨¨¨ X(u0; v). C«¥¤®¢ â¥«ì®, ªà¨¢¨§  íâ®© «¨¨¨ ¯®áâ®ï . �¥ªâ®à � ¡¨®à¬ «¨ ªà¨¢®©
X(u0; v) ¯¥à¯¥¤¨ªã«ïà¥ ¢ R3;1 ª � , �, X. �®áª®«ìªã � = �(u0)(�!0Xu + (e2!H � 1)n) ¨ jXuj =
e!(u0), â® ïá®, çâ® � = �(u0)e�!(u0)((e2!H�1)Xu+!0e2!n). �ëç¨á«¨¬ ª®¢ à¨ âãî ¯à®¨§¢®¤ãî
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D�

ds
¢¥ªâ®à  ¡¨®à¬ «¨ ¢¤®«ì ªà¨¢®© X(u0; v), ª®â®à ï ¯® ä®à¬ã« ¬ �à¥¥ à ¢  �k2�,

D�

ds
= PrTXH3

d�

ds
= PrTXH3 e�!

d�

dv
= PrTXH3 �e�2!((e2!H � 1)Xuv + !0e2!n0v) =

= PrTXH3

�
(e2!H � 1)!0Xv + !0e2!

�
� e2!H � 1

e2!

�
Xv

�
= 0:

�«¥¤®¢ â¥«ì®, ªàãç¥¨¥ k2 «¨¨¨ X(u0; v) à ¢® ã«î, ¨ íâ  «¨¨ï ¯«®áª ï.
�¤  ¨§ ¤¥à¨¢ æ¨®ëå ä®à¬ã« Xuv = !0Xv «¥£ª® ¨â¥£à¨àã¥âáï:

X(u; v) = e!(u)�(v) + 	(u);

£¤¥ �(v) = (�0; �1; �2; �3), 	(u) = ( 0;  1;  2;  3) | ¥ª®â®àë¥ ¢¥ªâ®à-äãªæ¨¨ ¨§ R3;1. � ª ª ª
jX 0

vj = e!, â® j�0(v)j = 1. �®áª®«ìªã «¨¨ï X(u0; v) ¯«®áª ï, â® ¬®¦® ¢ë¡à âì ¡ §¨á ¢ R3;1

â ª¨¬ ®¡à §®¬, çâ®¡ë X3(u0; v) � 0. �®£¤  X(u0; v) � H2
0 = fx0; x1; x2; 0) j x20 + x21 + x22 = �1g.

� ª ª ª ªà¨¢¨§  «¨¨¨ X(u0; v) ¯®áâ®ï , â® íâ® «¨¡® 1) ®ªàã¦®áâì, «¨¡® 2) £¥®¤¥§¨ç¥áª ï,
«¨¡® 3) ®à¨æ¨ª«, «¨¡® 4) \¯á¥¢¤®®ªàã¦®áâì" (â. ¥. «¨¨ï, ª®â®à ï ¢ ¬®¤¥«¨ �ã ª à¥ ¤«ï
H2 ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ¯à¥¤áâ ¢«ï¥âáï ¤ã£®© ®ªàã¦®áâ¨, à á¯®«®¦¥®©  ¤ ®áìî �å).
�¥©áâ¢¨â¥«ì®, ¢ íâ®© ¬®¤¥«¨ ¤«ï ªà¨¢®©, ¯ à ¬¥âà¨§®¢ ®© ¤«¨®© ¤ã£¨, ¨¬¥¥¬ x02+y02 = y2,
®àâ ª á â¥«ì®© � = (x0; y0), ®àâ £« ¢®© ®à¬ «¨ à ¢¥ � = (�y0; x0). � á«ãç ¥ ¯®áâ®ï®©
ªà¨¢¨§ë k ªà¨¢®© ä®à¬ã«  �à¥¥ D�

dt
= k� ¯à¨¨¬ ¥â ¢¨¤

x00 � 2
y
x0y0 = �ky0;

y00 +
x02 � y02

y
= kx0:

�¨áâ¥¬  ¨â¥£à¨àã¥âáï â ª ¦¥, ª ª ¢ ([6], á. 80). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ (x�c1)2+(kc+y)2=c�2.
� § ¢¨á¨¬®áâ¨ ®â ¢¥«¨ç¨ë k ¨ ¢®§¨ª îâ ¯¥à¥ç¨á«¥ë¥ ¢®§¬®¦®áâ¨. �®á«¥¤®¢ â¥«ì® à §-
¡¥à¥¬ ¨å   ¬®¤¥«¨ H2

0 � R2;1. 1) �á«¨ ªà¨¢ ï X(u0; v) ¯à¥¤áâ ¢«ï¥â á®¡®© ®ªàã¦®áâì, â®
¯®á«¥ ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â ¢ R3;1 ¥¥ ãà ¢¥¨ï ¯à¨¬ãâ ¢¨¤ X(u0; v) = (a;

p
a2 � 1 cos v,p

a2 � 1 sinv; 0). �®£¤  �0 = (0;� sin v; cos v; 0). �  áç¥â á¤¢¨£   ç «  ª®®à¤¨ â ¬®¦® áç¨â âì,
çâ® � = (0; cos v; sin v; 0), ¨ ãá«®¢¨¥ hXu;Xvi = 0 ¯à¨¢®¤¨â ª â®¬ã, çâ® h�0;	0i = 0 ¨, § ç¨â,
¤«ï ¢á¥å v ¤®«¦® ¢ë¯®«ïâìáï ãà ¢¥¨¥ � sin v 0

1 + cos v 0

2 = 0, ®âªã¤  	 = ( 0; 0; 0;  3).
�«¥¤®¢ â¥«ì®, ãà ¢¥¨ï ¯®¢¥àå®áâ¨ ¨¬¥îâ ¢¨¤ X(u; v) = ( 0(u); e!(u) cos v; e!(u) sin v;  3(u)),
â. ¥. ¯®¢¥àå®áâì ¨¢ à¨ â  ®â®á¨â¥«ì® £àã¯¯ë ¢à é¥¨©, ¨§®¬®àä®© SO(2). 2) �á«¨
X(u0; v) | \¯á¥¢¤®®ªàã¦®áâì" ¨«¨ £¥®¤¥§¨ç¥áª ï, â® §  áç¥â ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â ¢
R3;1 ¬®¦® áç¨â âì, çâ® ®  ¨¬¥¥â ãà ¢¥¨ï X(u0; v) = (a ch v; a sh v;

p
a2 � 1; 0), £¤¥ a > 1

¢ á«ãç ¥ \¯á¥¢¤®®ªàã¦®áâ¨" ¨ a = 1 ¢ á«ãç ¥ £¥®¤¥§¨ç¥áª®©. � ª ª ª j�0j = 1, â® �0 =
(sh v; ch v; 0; 0), ¨ §  áç¥â ¢ë¡®à   ç «  ª®®à¤¨ â ¬®¦® áç¨â âì, çâ® � = (ch v; sh v; 0; 0).
� â¥¬ ãá«®¢¨¥ hXu;Xvi = 0 ¤ ¥â 	 = (0; 0;  2;  3), ¨ ãà ¢¥¨ï ¯®¢¥àå®áâ¨ ¯à¨¨¬ îâ ¢¨¤
X(u; v) = (e!(u) sh v; e!(u) ch v;  2(u);  3(u)). �â  ¯®¢¥àå®áâì ¨¢ à¨ â  ®â®á¨â¥«ì® ¯®¤-
£àã¯¯ë á®¡áâ¢¥ëå ¢à é¥¨© ¯«®áª®áâ¨ �®à¥æ . 3) �áâ ¥âáï ¯®á«¥¤ïï ¢®§¬®¦®áâì, ª®£¤ 
¯à¨ «î¡®¬ u0 ªà¨¢ ï X(u0; v) ¥áâì ®à¨æ¨ª«. � ä¨ªá¨àã¥¬ § ç¥¨¥ u0 ¨ à áá¬®âà¨¬ ¤ ãî
ªà¨¢ãî. �  áç¥â ¢à é¥¨ï á¨áâ¥¬ë ª®®à¤¨ â ¢ R3;1 ¬®¦® ¤®¡¨âìáï, çâ®¡ë ¥¥ ãà ¢¥¨¥ ¯à¨ï-

«® ¢¨¤ X(u0; v) = e!(u0)�(v) + 	(u0) =
�v2
2
+ 1; v;

v2

2
; 0
�
. �«¥¤®¢ â¥«ì®, X 0

v(u0; v) = e!(u0)�0(v) =

(v; 1; v; 0). T ª ª ª j�0j = 1, â® e!(u0) = 1, ¨ �0 = (v; 1; v; 0). �â¥£à¨àãï íâ® ãà ¢¥¨¥ ¨ ¯®¤-
å®¤ïé¨¬ ®¡à §®¬ ¢ë¡¨à ï  ç «® ª®®à¤¨ â, ¯®«ãç¨¬ �(v) =

�
v2

2
+ 1; v; v

2

2
; 0
�
. � «¥¥, ãá«®¢¨¥

hXu;Xvi = 0 á¢®¤¨âáï ª � 0

0v +  0

1 +  0

2v = 0. �âáî¤   å®¤¨¬  1 = c1,  2 �  0 = c2. � ç¨â,
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	 = ( 0(u); c1;  0 + c2;  3(u)), ¨ ¯®¢¥àå®áâì ¨¬¥¥â ¢¨¤

X(u; v) = e!(u)
�
v2

2
+ 1; v;

v2

2
; 0
�
+ ( 0(u); c1;  0(u) + c2;  3(u)):

�®áª®«ìªã ¯à¨ ¢áïª®¬ ä¨ªá¨à®¢ ®¬ u0 «¨¨ï X(u0; v) ¥áâì ®à¨æ¨ª«, â® e!(u) � 1 (â. ª. ªà¨-
¢¨§  ¢áïª®£® ®à¨æ¨ª«  à ¢  ¥¤¨¨æ¥). �¥¯¥àì  ¤® ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® ¯®¢¥àå®áâì
X(u; v) =

�
v2

2
+1+ 0; v+ c1; v

2

2
+ 0+ c2;  3

�
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î jX(u; v)j2 = �1. � ¯¨á ¢ íâ®

ãá«®¢¨¥, ¯®«ãç¨¬ 2 0(c2 � 1) + c2v
2 + 2vc1 + c21 + c22 +  2

3 � 0. �âáî¤  á«¥¤ã¥â, çâ® 1) c1 = c2 = 0,
2)  2

3 = 2 0. C«¥¤®¢ â¥«ì®, ¥á«¨ ¢¢¥áâ¨ ®¢ãî ¯¥à¥¬¥ãî u1 =  3(u), â® ãà ¢¥¨ï ¯®¢¥àå-
®áâ¨ ¯à¨¬ãâ ¢¨¤ X(u; v) =

�
v2

2
+ 1 + u2

1

2
; v; v

2

2
+ u2

1

2
; u1
�
. �®íâ®¬ã ¢ âà¥âì¥¬ á«ãç ¥ ¯®¢¥àå®áâì

¯à¥¤áâ ¢«ï¥â á®¡®© ®¡« áâì   ®à¨áä¥à¥.

�¨â¥à âãà 

1. Bianchi L. Lezioni di geometria di�erenziale. { Bologna: Edit. Nic. Zanicheli, 1927. { V. 1. { 801 p.
2. Wente H.C. Constant mean curvature immersions of Enneper type // Memoirs Amer. Math. Soc.

{ 1992. { ò478. { P. 1{77.
3. �ã«¨ª®¢áª¨© �.�. �« áá¨ç¥áª ï ¤¨ää¥à¥æ¨ «ì ï £¥®¬¥âà¨ï ¢ â¥§®à®¬ ¨§«®¦¥¨¨. {

�.: �¨§¬ â«¨â, 1963. { 540 á.
4. �¥à¤® �. �¥®¬¥âà¨ï ¤¨áªà¥âëå £àã¯¯. { �.: � ãª , 1986. { 300 á.
5. �©§¥å àâ �.�. �¨¬ ®¢  £¥®¬¥âà¨ï. { M.: �. «¨â., 1948. { 316 á.
6. �à®ä¨¬®¢ �.�. �¢¥¤¥¨¥ ¢ £¥®¬¥âà¨î ¬®£®®¡à §¨© á á¨¬¬¥âà¨ï¬¨. { �.: �§¤-¢® ���, 1989.

{ 353 á.

� àìª®¢áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â �®áâã¯¨« 

08.06.1999

46


