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��� Hom-��������� ������������ �����

�«ï à æ¨® «ìëå £àã¯¯ A, B ¨§ãç ¥âáï ¤¥«¨¬®áâì í«¥¬¥â®¢ '(x)   x  æ¥«® ¤«ï x 2 A,
' 2 Hom(A;B).

�ãáâì A, B | ¯®¤£àã¯¯ë £àã¯¯ë Q, 0 6= x 2 A, ' 2 Hom(A;B). �ã¤¥¬ £®¢®à¨âì, çâ® í«¥¬¥â
0 6= y 2 B ¤¥«¨â í«¥¬¥â x 2 A (yjx), ¥á«¨ x

y
2 Z. � àã £àã¯¯ A, B  §®¢¥¬ Hom-¤¥«¨¬®©,

¥á«¨ '(x)
x

2 Z ¤«ï «î¡ëå ' 2 Hom(A;B) ¨ ¥ã«¥¢®£® x 2 A. �ãáâì ¤ «¥¥ a | ¬¨¨¬ «ìë©
 âãà «ìë© í«¥¬¥â ¢ A, b|¬¨¨¬ «ìë©  âãà «ìë© í«¥¬¥â ¢ B, hAp (a) = � ¨ hBp (b) = �|
á®®â¢¥âáâ¢¥® p-¢ëá®âë a ¢ A ¨ b ¢ B, �A(a) = (�1; �2; : : : ; �i; : : : ) | å à ªâ¥à¨áâ¨ª  í«¥¬¥â 
a ¢ £àã¯¯¥ A, �B(b) = (�1; �2; : : : ; �i; : : : ) | å à ªâ¥à¨áâ¨ª  í«¥¬¥â  b ¢ £àã¯¯¥ B ([1], á. 129),
t(A); t(B) | â¨¯ë £àã¯¯ A, B ([1], á. 131). �®«®¦¨¬ P (A) = fp : pA = Ag; m

n
A =

�
m
n
x 2 Q : x 2

A
	
, £¤¥ m

n
2 Q; B0 =

�'(a)
a
2 Q : ' 2 Hom(A;B)

	
; p(s) = fp : pjsg ¤«ï s 2 N.

�§¢¥áâ®, ¥á«¨ £àã¯¯ë A ¨ B â ª¨¥, çâ® t(A) > t(B) ¨«¨ t(A) ¨ t(B) ¥áà ¢¨¬ë, â®
Hom(A;B) = 0 ([1], á. 133). � íâ®¬ á«ãç ¥ ¯ à  £àã¯¯ A, B Hom-¤¥«¨¬ , ¯®íâ®¬ã à áá¬ âà¨¢ ¥¬
á«ãç © t(A) � t(B) ([1], á. 130).

�¥¬¬  1. �ãáâì A � Q, r
s
2 A, s = yz, £¤¥ y; z 2 Z. �®£¤  r

y
; r
z
2 A.

�®ª § â¥«ìáâ¢®. � ª ª ª r
s
2 A ¨ y; z 2 Z, â® r

s
y ¨ r

s
z 2 A. �¬¥¥¬ r

s
z = rz

yz
= r

y
2 A ¨

r
s
y = ry

yz
= r

z
2 A.

�¥¬¬  2. �ãáâì A � Q, r
s
| ¥á®ªà â¨¬ ï à æ¨® «ì ï ¤à®¡ì, § ¬¥ â¥«ì ª®â®à®©

¨¬¥¥â ª ®¨ç¥áª®¥ à §«®¦¥¨¥ s = p
1
1 � � � p

k
k . �á«¨

r
s
2 A, â® ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®-

¢¨ï : 1) ajr, 2) a
s
2 A, 3) a

p


i

2 A ¤«ï «î¡®£® pi 2 p(s) ¨ ¤«ï «î¡®£®  âãà «ì®£® , ã¤®¢«¥â¢®àï-

îé¥£® ¥à ¢¥áâ¢ã 0 �  � i, i 2 f1; : : : ; kg.

�®ª § â¥«ìáâ¢®. 1) �ç¥¢¨¤®, r 2 A. � ª ª ª A | £àã¯¯  à £  1, â® áãé¥áâ¢ãîâ â ª¨¥
æ¥«ë¥ ç¨á«  m ¨ n, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® ma = nr, â. ¥. r = ma

n
. �ã¤¥¬ áç¨â âì, çâ®

(m;n) = 1. �®ª ¦¥¬, çâ® njm, â. ¥. n = �1. �à¥¤¯®«®¦¨¬, çâ® n ¥ ¤¥«¨â m, â. ¥. n 6= �1.
� ª ª ª r æ¥«®¥ ¨ n ¥ ¤¥«¨â m, â® nja. �ãáâì a = nl, â®£¤  r = ml. �á®, çâ® jlj < a. � ª
ª ª (m;n) = 1, â® áãé¥áâ¢ãîâ â ª¨¥ æ¥«ë¥ ç¨á«  x, y, çâ® mx + ny = 1. �®¬®¦¨¢ ¯®á«¥¤¥¥
à ¢¥áâ¢®   l, ¯®«ãç¨¬ rx + ay = l, ®âáî¤  á«¥¤ã¥â, çâ® l 2 A. �¬¥¥¬ l, jlj 2 A ¨ jlj < a, çâ®
¥¢®§¬®¦®, â. ª. a | ¬¨¨¬ «ìë©  âãà «ìë© í«¥¬¥â ¢ A. �«¥¤®¢ â¥«ì®, n = �1 ¨ ajr.

2) � ª ª ª r
s
| ¥á®ªà â¨¬ ï ¤à®¡ì, â® áãé¥áâ¢ãîâ â ª¨¥ æ¥«ë¥ ç¨á«  x, y, çâ® rx+ sy = 1.

�®¬®¦¨¢ ®¡¥ ç áâ¨ ¯®«ãç¥®£® à ¢¥áâ¢    à æ¨® «ì®¥ ç¨á«® a
s
, ¯®«ãç¨¬ r

s
ax + ay = a

s
.

� ª ª ª r
s
ax 2 A ¨ ay 2 A, â® a

s
2 A.

3) �«¥¤ã¥â ¨§ «¥¬¬ë 1.

�¥¬¬  3. �ãáâì A � Q, p | ¯à®áâ®¥ ç¨á«®. �á«¨ pja, â® hAp (a) = 0.

�®ª § â¥«ìáâ¢®. �ãáâì pja ¨ hAp (a) 6= 0, â®£¤  hAp (a) = � > 0. � ª ª ª � > 0, â® a
p
2 A, çâ®

¯à®â¨¢®à¥ç¨â ãá«®¢¨î ¬¨¨¬ «ì®áâ¨. �«¥¤®¢ â¥«ì®, hAp (a) = 0.
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�¥®à¥¬  1. �ãáâì A � Q, B � Q, t(A) � t(B). �®£¤  '(x) = x
'(a)

a
¤«ï «î¡ëå x 2 A ¨

£®¬®¬®àä¨§¬  ' 2 Hom(A;B).

�®ª § â¥«ìáâ¢®. �ãáâì ' 2 Hom(A;B), x = r

s
| ¥á®ªà â¨¬ ï ¤à®¡ì, ¯à¨ ¤«¥¦ é ï

£àã¯¯¥ A. � á¨«ã «¥¬¬ë 2 ajr, â. ¥. áãé¥áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«® r1, çâ® r = r1a, ¯®íâ®¬ã
'
�
r
s

�
= r1'

�
a
s

�
. �¥£ª® ¢¨¤¥âì, çâ® '(a) = s'

�
a
s

�
, ®âáî¤  '

�
a
s

�
= 1

s
'(a), á«¥¤®¢ â¥«ì®, '

�
r
s

�
=

r1
s
'(a). �®¬®¦¨¢ ¨ ¯®¤¥«¨¢ ¯®«ãç¥®¥ à ¢¥áâ¢®   a, ¯®«ãç¨¬ '

�
r
s

�
= r

s

'(a)
a
. � ª¨¬ ®¡à §®¬,

'(x) = x '(a)
a

¤«ï «î¡ëå x 2 A ¨ £®¬®¬®àä¨§¬  ' 2 Hom(A;B).

�¥®à¥¬  2. �ãáâì A � Q, r
s
| ¥á®ªà â¨¬ ï à æ¨® «ì ï ¤à®¡ì, § ¬¥ â¥«ì ª®â®à®©

¨¬¥¥â ª ®¨ç¥áª®¥ à §«®¦¥¨¥ s = p11 � � � p
k
k . �¥á®ªà â¨¬ ï à æ¨® «ì ï ¤à®¡ì

r
s
¯à¨ ¤«¥-

¦¨â A â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ajr ¨ i � �i ¤«ï ª ¦¤®£® i 2 f1; : : : ; kg.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. � ª ª ª r
s
2 A, â® ajr ¨ a

p
i
i

2 A ¤«ï ª ¦¤®£®

i 2 f1; : : : ; kg («¥¬¬  2), ¯®íâ®¬ã i � �i ¤«ï ª ¦¤®£® i 2 f1; : : : ; kg.

�®áâ â®ç®áâì. �ãáâì r

s
| à æ¨® «ì ï ¥á®ªà â¨¬ ï ¤à®¡ì â ª ï, çâ® ajr ¨ i � �i ¤«ï

ª ¦¤®£® i 2 f1; : : : ; kg. �§ â®£®, çâ® i � �i, á«¥¤ã¥â a

p
i
i

2 A, i 2 f1; : : : ; kg, ¯®íâ®¬ã
kP

i=1

a

p
i
i

2 A.

�¥£ª® ¢¨¤¥âì, çâ® íâ  áã¬¬  ¯à¥¤áâ ¢«ï¥â á®¡®© ¥á®ªà â¨¬ãî ¤à®¡ì, § ¬¥ â¥«ì ª®â®à®©
à ¢¥ s, á«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ 2 a

s
2 A. � ª ª ª ajr, â® r

s
2 A.

�¥®à¥¬  3. �ãáâì A � Q, B � Q. �àã¯¯  A ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë B â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  bja ¨ �A(a) � �B(b).

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì. �ãáâì ¥ª®â®à ï ¥á®ªà â¨¬ ï ¤à®¡ì r
s
2 A, £¤¥ s =

p
1
1 � � � p

k
k . � ª ª ª r

s
2 A, â® ajr, ® bja, § ç¨â, bjr. � ª ª ª r

s
2 A ¨ �A(a) � �B(b), â® ¬®¦®

§ ¯¨á âì ¤¢®©®¥ ¥à ¢¥áâ¢® i � �i � �i, £¤¥ i 2 f1; : : : ; kg. �¬¥¥¬ bjr ¨ i � �i ¤«ï «î¡®£®
i 2 f1; : : : ; kg, ¯à¨ç¥¬ (r; s) = 1, á«¥¤®¢ â¥«ì®, á®£« á® â¥®à¥¬¥ 2 r

s
2 B, § ç¨â, A � B.

�¥®¡å®¤¨¬®áâì. �ãáâì A | ¯®¤£àã¯¯  £àã¯¯ë B. �®ª ¦¥¬, çâ® bja ¨ �A(a) � �B(b). � ª
ª ª a 2 B, â® á®£« á® «¥¬¬¥ 2 bja. �à¥¤¯®«®¦¨¬, çâ® �A(a) 6� �B(b), â. ¥. �A(a) ¥áà ¢¨¬  á
�B(b) ¨«¨ �A(a) > �B(b). �®£¤   ©¤¥âáï â ª®¥ ¯à®áâ®¥ ç¨á«® pi, çâ® �i > �i � 0, �i 6= 1. �®
«¥¬¬¥ 3 (a; pi) = 1 ¨ (a; p�ii ) = 1, â. ¥. a

p
�i
i

| ¥á®ªà â¨¬ ï ¤à®¡ì. � ª ª ª A � B, â® a

p
�i
i

2 B,

®âáî¤  ¢ á¨«ã «¥¬¬ë 2 b

p
�i
i

2 B. � ¤àã£®© áâ®à®ë, b

p
�i
i

¥ ¬®¦¥â ¯à¨ ¤«¥¦ âì £àã¯¯¥ B, â. ª.

�i > �i. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ¥á«¨ A � B, â® bja ¨ �A(a) � �B(b).

�«¥¤áâ¢¨¥ 1. �ãáâì A;B � Q. � ¢¥áâ¢® A = B ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
a = b ¨ �A(a) = �B(b).

�¥®à¥¬  4. �ãáâì A � Q, B � Q, t(A) � t(B). �®£¤  ¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬

Hom(A;B) �= B0.

�®ª § â¥«ìáâ¢®. �®£« á® â¥®à¥¬¥ 1 '( r
s
) = r

s

'(a)
a

¤«ï «î¡ëå r
s
2 A ¨ £®¬®¬®àä¨§-

¬  ' 2 Hom(A;B). �®áâ ¢¨¬ ª ¦¤®¬ã £®¬®¬®àä¨§¬ã ' 2 Hom(A;B) ¢ á®®â¢¥âáâ¢¨¥ ç¨á«®
F (') = '(a)

a
2 B0. �â® á®®â¢¥âáâ¢¨¥ F ¡ã¤¥â ¡¨¥ªâ¨¢ë¬. �®-¯¥à¢ëå, ª ¦¤®¬ã £®¬®¬®àä¨§-

¬ã á®®â¢¥âáâ¢ã¥â ¥¤¨áâ¢¥®¥ ç¨á«® '(a)
a
, â. ª. ¯à¨ ®â®¡à ¦¥¨¨ '(a) ®¯à¥¤¥«ï¥âáï ¥¤¨áâ¢¥-

ë¬ ®¡à §®¬. �«¥¤®¢ â¥«ì®, F | ®â®¡à ¦¥¨¥. �®£« á® ¯®áâà®¥¨î ¬®¦¥áâ¢  B0 ®â®¡à -
¦¥¨¥ F áîàê¥ªâ¨¢®. �®ª ¦¥¬, çâ® ®â®¡à ¦¥¨¥ F ¨ê¥ªâ¨¢®. �ãáâì F (') = F ( ), £¤¥
'; 2 Hom(A;B), â®£¤  '(a) =  (a). �âáî¤  (¯® â¥®à¥¬¥ 1) '(x) =  (x) ¤«ï «î¡®£® x 2 A,   íâ®
®§ ç ¥â, çâ® ' =  . �â®¡à ¦¥¨¥ F á®åà ï¥â á«®¦¥¨¥: ¤«ï «î¡ëå ',  2 Hom(A;B) ¨¬¥¥¬

F (' +  ) =
('+  )(a)

a
=
'(a)
a

+
 (a)
a

= F (') + F ( ): �
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�¥®à¥¬  5. �ãáâì A � Q. �«¥¬¥â a ¤¥«¨â '(a) ¤«ï «î¡®£® ' 2 Hom(A;A) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  P (A) = ;.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì.�ãáâì aj'(a) ¤«ï «î¡®£® í¤®¬®àä¨§¬  ' 2 Hom(A;A).
�á«¨ P (A) 6= ;, â® áãé¥áâ¢ã¥â â ª®¥ ¯à®áâ®¥ p, çâ® pA = A, â®£¤  ®â®¡à ¦¥¨¥  , ¤¥©áâ¢ãîé¥¥
¯® ¯à ¢¨«ã  (x) = x

p
, ¡ã¤¥â £®¬®¬®àä¨§¬®¬ £àã¯¯ë A ¢ á¥¡ï. �® ¯à¨ íâ®¬ £®¬®¬®àä¨§¬¥  

í«¥¬¥â a ¥ ¤¥«¨â  (a), çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �«¥¤®¢ â¥«ì®, P (A) = ;.

�®áâ â®ç®áâì. �ãáâì P (A) = ;, â®£¤  «î¡®© £®¬®¬®àä¨§¬ 0 6= ' 2 Hom(A;A) ¥áâì ã¬®-
¦¥¨¥   ¥ã«¥¢®¥ æ¥«®¥ ç¨á«®, â. ¥. ¢áïª¨© £®¬®¬®àä¨§¬ 0 6= ' 2 Hom(A;A) ¤¥©áâ¢ã¥â  
í«¥¬¥âë x £àã¯¯ë A á«¥¤ãîé¨¬ ®¡à §®¬: '(x) = mx, £¤¥ 0 6= m 2 Z. �§ íâ®£® á«¥¤ã¥â, çâ®
aj'(a) ¤«ï «î¡®£® ' 2 Hom(A;A).

�®¤ ¥¤¨áâ¢¥®áâìî ¨§®¬®àä¨§¬  £àã¯¯ A ¨ B ¡ã¤¥¬ ¯®¨¬ âì ¥¤¨áâ¢¥®áâì ¨§®¬®àä¨§-
¬  á â®ç®áâìî ¤® § ª .

�¥®à¥¬  6. �ãáâì A � Q, B � Q,  : A �= B. �«ï â®£® çâ®¡ë  ¡ë« ¥¤¨áâ¢¥ë¬ á

â®ç®áâìî ¤® § ª  ¨§®¬®àä¨§¬®¬ £àã¯¯ë A   £àã¯¯ã B, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

¬®¦¥áâ¢® P (A) ¡ë«® ¯ãáâ®¥.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì  | ¥¤¨áâ¢¥ë© á â®ç®áâìî ¤® § ª  ¨§®-
¬®àä¨§¬ £àã¯¯ë A   £àã¯¯ã B. �à¥¤¯®«®¦¨¬, çâ® P (A) ¥ ¯ãáâ®¥. � íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â
â ª®¥ ¯à®áâ®¥ ç¨á«® p, çâ® pA = A, â®£¤  ¤«ï p (a)

a
2 B0 ®¡à § F�1

�
p (a)

a

�
= ' (¯®áâà®¥¨¥

F : Hom(A;B) �= B0 ¢ â¥®à¥¬¥ 4) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬, ®â«¨çë¬ ®â � , çâ® ¯à®â¨¢®à¥ç¨â
¥¤¨áâ¢¥®áâ¨ ¨§®¬®àä¨§¬   .

�®áâ â®ç®áâì. �ãáâì  : A �= B, ¯à¨ç¥¬ P (A) = ;. �®ª ¦¥¬, çâ®  | ¥¤¨áâ¢¥ë©
á â®ç®áâìî ¤® § ª  ¨§®¬®àä¨§¬ A   B. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â ¥é¥ ®¤¨ ¨§®¬®àä¨§¬
' 6= � £àã¯¯ë A   B, â®£¤  B = '(a)

a
A ¨ B =  (a)

a
A. �á¯®«ì§ãï íâ¨ à ¢¥áâ¢ , ¯à¥¤áâ ¢¨¬

£àã¯¯ã A ¢ ¢¨¤¥ A = r
s
A, £¤¥ r

s
= '(a)

 (a)
. � ª ª ª r

s
6= �1, â® P (A) ¥ ¯ãáâ®¥, çâ® ¯à®â¨¢®à¥ç¨â

ãá«®¢¨î.

�¥®à¥¬  7. �ãáâì A � Q, B � Q, t(A) � t(B). �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1) ¯ à  £àã¯¯ A, B Hom-¤¥«¨¬ ;
2) '(a)

a
2 Z ¤«ï «î¡®£® ' 2 Hom(A;B);

3) P (A) = ; ¨ áãé¥áâ¢ã¥â  : A �= B, ¯à¨ç¥¬  (a)
a
2 Z;

4) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© á â®ç®áâìî ¤® § ª  ¨§®¬®àä¨§¬  : A �= B, ¯à¨ç¥¬
 (a)

a
2 Z;

5) P (A) = ; ¨ B | ¯®¤£àã¯¯  £àã¯¯ë A â ª ï, çâ® B = mA, m 2 Z;
6) '(x)

x
2 Z ¤«ï «î¡®£® ä¨ªá¨à®¢ ®£® 0 6= x 2 A ¨ «î¡®£® ' 2 Hom(A;B);

7) P (A) = ; ¨ B = mA, £¤¥ jmj | ¬¨¨¬ «ìë©  âãà «ìë© í«¥¬¥â £àã¯¯ë B0.

�®ª § â¥«ìáâ¢®. 1) ) 2). �á«¨ ¯ à  £àã¯¯ A, B Hom-¤¥«¨¬ , â® xj'(x) ¤«ï «î¡ëå 0 6=
x 2 A ¨ ' 2 Hom(A;B). �ç¥¢¨¤®, ¯à¨ x = a ¨¬¥¥¬ aj'(a) ¤«ï «î¡®£® ' 2 Hom(A;B).

2) ) 3). �ãáâì £àã¯¯ë A ¨ B â ª¨¥, çâ® aj'(a) ¤«ï «î¡®£® ' 2 Hom(A;B). �®ª ¦¥¬, çâ®
P (A) = ;,  : A �= B ¨ aj (a). � ª ª ª aj'(a) ¤«ï «î¡®£® ' 2 Hom(A;B), â® B0 � Z, ®âáî¤ 
t(B0) = t(Z), â. ¥. P (A) = ;, P (B) = ; ¨ t(A) = t(B). � ª ª ª t(A) = t(B), â® áãé¥áâ¢ã¥â
¨§®¬®àä¨§¬  : A! B, ¯à¨ç¥¬ íâ®¬ã ¨§®¬®àä¨§¬ã  á®®â¢¥âáâ¢ã¥â à æ¨® «ì®¥ ç¨á«® F ( ) =
 (a)

a
2 B0 (â¥®à¥¬  4). � á¨«ã â®£®, çâ® B0 � Z, ¤¥« ¥¬ ¢ë¢®¤ aj (a).
3) ) 4) «¥£ª® ¯®ª § âì, ¯®«ì§ãïáì â¥®à¥¬®© 6.
4)) 5). �ãáâì £àã¯¯ë A ¨ B â ª¨¥, çâ®  | ¥¤¨áâ¢¥ë© á â®ç®áâìî ¤® § ª  ¨§®¬®àä¨§¬

¨§ £àã¯¯ë A ¢ B, ¯à¨ç¥¬ aj (a). �®£« á® â¥®à¥¬¥ 6 ¨§ â®£®, çâ®  | ¥¤¨áâ¢¥ë© á â®ç®áâìî
¤® § ª  ¨§®¬®àä¨§¬ £àã¯¯ë A   B, á«¥¤ã¥â P (A) = ;. � ª ª ª  | ¨§®¬®àä¨§¬ ¨ aj (a), â®
B = mA, £¤¥ m =  (a)

a
, m 2 Z. �ç¥¢¨¤®, B � A.
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5) ) 7). �®ª ¦¥¬, çâ® jmj | ¬¨¨¬ «ìë©  âãà «ìë© í«¥¬¥â £àã¯¯ë B0. �á®, çâ®
m 2 B0. �à¥¤¯®«®¦¨¬, çâ® n ï¢«ï¥âáï ¬¨¨¬ «ìë¬  âãà «ìë¬ í«¥¬¥â®¬ £àã¯¯ë B0, ¯à¨-
ç¥¬ n 6= jmj. � ª ª ª m 2 B0, â® njm, â. ¥. áãé¥áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«® r 6= �1, çâ® m = nr.
� ª ª ª n 2 B0, â® nA � B. �¬¥¥¬ nrA � nA � B. � ¤àã£®© áâ®à®ë, mA = nrA = B. � ª¨¬
®¡à §®¬, B = nA. �§ B = nA = nrA á«¥¤ã¥â A = rA. � ª ª ª r 6= �1, â® P (A) 6= ;, â®£¤  ª ª
P (A) = ;. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

7) ) 1). �ãáâì £àã¯¯ë A ¨ B â ª¨¥, çâ® P (A) = ; ¨ B = mA, £¤¥ jmj | ¬¨¨¬ «ìë©
 âãà «ìë© í«¥¬¥â £àã¯¯ë B0. � ª ª ª P (A) = ;, â® ¯® â¥®à¥¬¥ 5 aj'0(a) ¤«ï «î¡®£® '0 2
Hom(A;A), ® â. ª. Hom(A;mA) ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢ª« ¤ë¢ ¥âáï ¢ Hom(A;A), â® aj'(a) ¤«ï
«î¡®£® ' 2 Hom(A;B). �®£« á® â¥®à¥¬¥ 1 ¤«ï «î¡ëå 0 6= x 2 A ¨ £®¬®¬®àä¨§¬  ' 2 Hom(A;B)
¨¬¥¥¬ '(x) = '(a)

a
x. � ª ª ª aj'(a) ¤«ï «î¡®£® ' 2 Hom(A;B), â® xj'(x) ¤«ï «î¡ëå 0 6= x 2 A

¨ ' 2 Hom(A;B). �«¥¤®¢ â¥«ì®, ¯ à  £àã¯¯ A, B Hom-¤¥«¨¬ .
2) ) 6). �ãáâì '(a)

a
2 Z ¤«ï «î¡®£® ' 2 Hom(A;B) ¨ x | ¥ã«¥¢®© í«¥¬¥â £àã¯¯ë A.

�®£« á® â¥®à¥¬¥ 1 ¤«ï «î¡®£® ' 2 Hom(A;B) ¨¬¥¥¬ '(x) = x '(a)

a
. �âáî¤  '(x)

x
= '(a)

a
2 Z.

6) ) 2). �ç¥¢¨¤®, ¯à¨ x = a ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

�¨â¥à âãà 
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