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_x(t) +
Z t

0

dsR(t; s)x(s) = f(t); t 2 [0;1[; (1)

x(0) = �0; (2)

£¤¥ f 2 Ln[0; b] (8b 2]0;1[), �0 2 Rn,   n� n-¬ âà¨æ  R(�; �) ¢ ®¡« áâ¨

� def= f(t; s) : 0 � s � t <1g

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

1) R(�; s) «®ª «ì­® áã¬¬¨àã¥¬  ¯à¨ ¢á¥å s;
2) R(t; �) ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã ­  [0; t];
3) ¯à¨ ¢á¥å s ¨ ¯. ¢. t 2 [s;1[

kR(t; s)k � c exp[�(t� s)]; 1 � � 0; (3)

4) R(t; t) = 0;
5) cãé¥áâ¢ã¥â â ª®¥ w > 0, çâ® R(t+ w; s+w) = R(t; s) ¯à¨ ¢á¥å s ¨ ¯. ¢. t 2 [s;1[.

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ¯®­¨¬ ¥âáï äã­ªæ¨ï x 2 ACn[0; b], ã¤®¢«¥â¢®àïîé ï (1) ¯. ¢.
­  [0;1[ ¨ (2). �­â¥£à « ¢ (1) (8x 2 ACn[0; b]) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �¨¬ ­ {�â¨«âì¥á  [1].

�§¬¥­¨¬ R(�; s) ­  ¬­®¦¥áâ¢¥ ¬¥àë ­ã«ì, ¯à¨­ ¤«¥¦ é¥¬ [s;1[, â ª, çâ®¡ë ¯®«ãç¥­­ ï
«®ª «ì­® áã¬¬¨àã¥¬ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï«  (3) ¢áî¤ã ­  [s;1[, á®åà ­¨¢ §  ­¥© ¯à¥¦-
­¥¥ ®¡®§­ ç¥­¨¥. �­ «®£¨ç­® ¡ã¤¥¬ ¯®áâã¯ âì á® ¢á¥¬¨ ¢áâà¥ç îé¨¬¨áï ­¨¦¥ áã¬¬¨àã¥¬ë¬¨
äã­ªæ¨ï¬¨.

�®¤®¡­® â®¬ã, ª ª íâ® á¤¥« ­® ¢ ([2], c. 93), ¢ [3] ¤®ª § ­ 

�¥®à¥¬  1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© 1){4) § ¤ ç  (1){(2) ¯à¨ «î¡ëå f ¨ �0 ¨¬¥¥â ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®©

x(t) =
�
E +

Z t

0

�(�; 0)d�
�
�0 +

Z t

0

�
E +

Z t

s

�(�; s)d�
�
f(s)ds; (4)

£¤¥ E | ¥¤¨­¨ç­ ï n � n-¬ âà¨æ , �(�; �) | à¥§®«ì¢¥­â  ï¤à  à áá¬ âà¨¢ ¥¬®£® ¢ Ln[0; b]
ãà ¢­¥­¨ï

y(t) =
Z t

0

R(t; s)y(s)ds+ h(t):

1 �®¤ ­®à¬®© m� n-¬ âà¨æë A = (aij) ¯®­¨¬ ¥âáï kAk = max
1�i�m

nP
j=1

jaij j.
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�â¬¥â¨¬, çâ® íâ® ãâ¢¥à¦¤¥­¨¥ ãá¨«¨¢ ¥â á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â à ¡®âë [1].
�§ (4) ¢¨¤­® ([4], c. 90), çâ® ãáâ®©ç¨¢®áâì à¥è¥­¨ï § ¤ ç¨ (1){(2) ®¡¥á¯¥ç¨¢ ¥âáï ®æ¥­ª®©

k�(t; s)k � c exp[�(t� s)]; (t; s) 2 �; (5)

¯à¨ � < 0, ¯®«ãç¥­¨¥¬ ª®â®à®© ¨ § ©¬¥¬áï. �®«®¦¨¬

D = f(t; s) : 0 � s � t < s+ w < 2wg; �(t; s; z) =
1X
k=0

�(t+ kw; s)zk;

£¤¥ (t; s) 2 D, z | ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï. �à¨¢¥¤¥¬ ãâ¢¥à¦¤¥­¨¥, ¤®ª § ­­®¥ ¢ [5] ¤«ï ­¥-
¯à¥àë¢­®© ¢ � ¬ âà¨æë �(�; �).

�¥®à¥¬  2. 1) �ãáâì áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® äã­ªæ¨ï �(t; s; �)  ­ «¨â¨ç­  ¢­ãâà¨
®ªàã¦­®áâ¨ jzj = � ¨ ®£à ­¨ç¥­  ­  ­¥© à ¢­®¬¥à­® ¯® (t; s) 2 D. �®£¤  ­ ©¤¥âáï â ª®¥ c > 0,
çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (5), ¯à¨ç¥¬ � = � ln �

w
.

2) �ãáâì áãé¥áâ¢ãîâ â ª¨¥ � ¨ c > 0, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (5). �®£¤  äã­ªæ¨ï
�(t; s; �)  ­ «¨â¨ç­  ¢ ªàã£¥ jzj < exp(��w).

�®«®¦¨¬ ¯à¨ (t; s) 2 D, � 2 [s; s+ !] ¨ k = 0; 1; : : :

�(t+ kw; s) = �(k)(t; s);

�(k)(t; �; s) = R(t+ kw; �) +
Z t

s

�(t; �)R(� + kw; �)d�:

�¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ãáâ ­ ¢«¨¢ ¥âáï

�(k)(t; s) = �(k)(t; s; s) +
k�1X
j=0

Z s+w

s

�(k�j)(t; �; s)�(j)(�; s)d�: (6)

�­ë¬ á¯®á®¡®¬ (¤«ï ­¥¯à¥àë¢­ëå ¬ âà¨æ) ä®à¬ã«ë (6) ¯®«ãç¥­ë ¢ [5].
�¥®à¥¬  2 ®âªàë¢ ¥â ¯ãâì ¤«ï ­ å®¦¤¥­¨ï â®ç­®£® §­ ç¥­¨ï � ¢ (5). �¤­ ª®, ª ª ¢¨¤­®

¨§ (6), ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¬¥­ïâì íâ® ãâ¢¥à¦¤¥­¨¥ ¢ ¯à¥¤áâ ¢«ïîé¨å ¨­â¥à¥á á«ãç ïå (ª®£¤ 
�(�; �) ­¥¨§¢¥áâ­ ) ­¥¢®§¬®¦­®. �¥¬ ­¥ ¬¥­¥¥, ¢ á«ãç ¥, ª®£¤  ï¤à® R(�; �) ¢ëà®¦¤¥­®, ã¤ ¥âáï
®æ¥­¨âì � c § ¤ ­­®© â®ç­®áâìî, ¯à¨ç¥¬ ¯à¥¤« £ ¥¬ë© ­¨¦¥ á¯®á®¡ ¤®¯ãáª ¥â ¯à¨¬¥­¥­¨¥
ª®¬¯ìîâ¥à .

�ãáâì R(t; s) = A(t) � B(s), £¤¥ A ¨ B | w-¯¥à¨®¤¨ç¥áª¨¥ n�m- ¨ m � n-¬ âà¨æë á®®â¢¥â-
áâ¢¥­­®; í«¥¬¥­âë A(�) áã¬¬¨àã¥¬ë,   í«¥¬¥­âë B(�) ¨­â¥£à¨àã¥¬ë ¯® �¨¬ ­ã ­  [0; w]. � íâ®¬
á«ãç ¥ ä®à¬ã«ë (6) ¨¬¥îâ ¢¨¤

�(k)(t; s) = �(t; s)[E + T (s)]kB(s); (7)

£¤¥

�(t; s) def= A(t) +
Z t

s

�(t; �)A(�)d�; T (s) def=
Z s+w

s

B(�)�(�; s)d�:

�®«®¦¨¬ U = E + T (0), ¨ ¯ãáâì �(1) | ­ ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë U .
� ¯®¬®éìî (7) ¤®ª §ë¢ ¥âáï

�¥®à¥¬  3. �«ï â®£® çâ®¡ë ¨¬¥«  ¬¥áâ® ®æ¥­ª  (5), ãá«®¢¨¥

j�(1)j < exp(�w) (8)

ï¢«ï¥âáï ¤®áâ â®ç­ë¬,   ãá«®¢¨¥ j�(1)j � exp(�w) | ­¥®¡å®¤¨¬ë¬.
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� «ì­¥©è ï ç áâì à ¡®âë ¡ã¤¥â ¯®á¢ïé¥­  ¯®«ãç¥­¨î ®æ¥­ª¨ (8).
�ë¡¥à¥¬ ¬®­®â®­­ë¥ ¡¥áª®­¥ç­® ¬ «ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«®¦¨â¥«ì­ëå à æ¨®­ «ì­ëå

ç¨á¥« f�k
(1)g ¨ f�k

(2)g, ¨ ¯ãáâìZ w

0

kA(t) �Ak(t)kdt � �(1)k ; sup
s2[0;w]

kB(s)�Bk(s)k � �(2)k ; (9)

£¤¥ Ak ¨ Bk | w-¯¥à¨®¤¨ç¥áª¨¥ ¢ëç¨á«¨¬ë¥ ([4], c. 228) n�m- ¨ m�n-¬ âà¨æë á®®â¢¥âáâ¢¥­­®.
�­ «®£¨ç­® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ­® ¢ëè¥, ¯®«®¦¨¬

�k(t; s) = Ak(t) +
Z t

s

�k(t; �)Ak(�)d�; (10)

£¤¥ �k(�; �) | à¥§®«ì¢¥­â  ï¤à  Rk(�; �),

Tk(s) =
Z s+w

s

Bk(�)�k(�; s)d�; (11)

Uk = E + Tk(0):

�¥¬¬  1. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
k!1

kU � Ukk = 0: (12)

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ à æ¨®­ «ì­ë¥ ç¨á«  a, b, c, ak, bk, ck ­¥à ¢¥­áâ¢ ¬¨

a �

Z w

0
kA(t)kdt; ak �

Z w

0
kAk(t)kdt; (13)

b � sup
s2[0;w]

kB(s)k; bk � sup
s2[0;w]

kBk(s)k; (14)

c � ab exp(ab); ck � akbk exp(akbk); (15)

¨ ¯ãáâì

Hk(t; s)
def= A(t)B(s)�Ak(t)Bk(s):

�®£¤  ¨§ (9), (13) ¨ (14) á«¥¤ã¥â

sup
s2[0;w]

Z w

s

kHk(t; s)kdt � a�k
(2) + �k

(1)bk
def

� �k; (16)

£¤¥ �k | à æ¨®­ «ì­®¥ ç¨á«®,   ¨§ ãà ¢­¥­¨ï ¤«ï �k(�; s) á ¨á¯®«ì§®¢ ­¨¥¬ (15) ¨ â¥®à¥¬ë ®¡
¨­â¥£à «ì­®¬ ­¥à ¢¥­áâ¢¥ |

sup
s2[0;w]

Z w

s

k�k(t; s)kdt � ck: (17)

�ãáâì

Zk(t; s)
def= Hk(t; s) +

Z t

s

�k(t; �)Hk(�; s)d�:

�®£¤  ¢¢¨¤ã (16) ¨ (17)

sup
s2[0;w]

Z w

s

kZk(t; s)kdt � �k(1 + ck); (18)

¨ áãé¥áâ¢ã¥â ­ âãà «ì­®¥ k0 â ª®¥, çâ®

�k(1 + ck) < 1 (k � k0): (19)
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�â® ¤ ¥â ¢®§¬®¦­®áâì á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨ï ¤«ï à¥§®«ì¢¥­âë �Zk
(�; s) ï¤à  Zk(�; �) ¨ (18),

(19) ¯®«ãç¨âì ­¥à ¢¥­áâ¢®

sup
s2[0;w]

Z w

s

k�Zk
(t; s)kdt � �k

(0) (k � k0); (20)

£¤¥ �k
(0) def= �k(1+ck)

1��k(1+ck)
.

�¯à¥¤¥«¨¬ ­  ¬­®¦¥áâ¢¥ G ¬ âà¨æ, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ 1){4), ª®¬¯®§¨æ¨®­­®¥
ã¬­®¦¥­¨¥:

[R1(t; s)�R2(t; s)]
def= R1(t; s) +R2(t; s)�

Z t

s

R1(t; �)R2(�; s)d�:

�¥á«®¦­® ¯®ª § âì, çâ® ¯ à  hG;�i ï¢«ï¥âáï £àã¯¯®©, ¢ ª®â®à®© à®«ì ¥¤¨­¨ç­®£® í«¥¬¥­â 
¨£à ¥â ­ã«¥¢ ï ¬ âà¨æ ,   «¥¢ë¬ ®¡à â­ë¬ í«¥¬¥­â®¬ ¤«ï R(t; s) á«ã¦¨â ��(t; s), ¨ ¨§ á¢®©áâ¢
£àã¯¯ ¢ëâ¥ª ¥â á®®â­®è¥­¨¥

�(t; s) = �1(t; s) + �2(t; s) +
Z t

s

�2(t; �)�1(�; s)d�; (21)

£¤¥ �1(�; �) ¨ �2(�; �) | à¥§®«ì¢¥­âë ï¤¥à R1(�; �) ¨ R2(�; �) á®®â¢¥âáâ¢¥­­® (§ ¬¥â¨¬, çâ® ¤«ï ­¥-
¯à¥àë¢­ëå ¬ âà¨æ ä®à¬ã«  (21) ¯®«ãç¥­  ¢ [6]).

�¬¥¥¬ A(t)B(s) = [Ak(t)Bk(s)� Zk(t; s)], ¨ ¯®â®¬ã ¢ á¨«ã (21)

�(t; s) = �k(t; s) + �Zk
(t; s) +

Z t

s

�Zk
(t; �)�k(�; s)d�:

�âáî¤  ¢¢¨¤ã (18) ¨ (20) á«¥¤ã¥â, çâ®

sup
s2[0;w]

Z w

s

k�(t; s)� �k(t; s)kdt � �k
(0)(1 + ck) (k � k0);

¨ á ãç¥â®¬ (17) ¯®«ãç ¥¬

kU � Ukk � bk(�k
(1) + a�k

(0))(1 + ck) + a�k
(2)(1 + c) def= "k; (22)

®âªã¤  ¨ ¢ëâ¥ª ¥â (12).

�«ï ¯à®¨§¢®«ì­ëå k, l ¨ (t; s) 2 � ¯®«®¦¨¬

�kl(t; s) =
lX

i=1

Rki(t; s); �kl(t; s) =
1X

i=l+1

Rki(t; s);

£¤¥ Rki(�; �) | i-ï ¨â¥à æ¨ï ï¤à  Rk(�; �). �®£¤  ¨§ (10) ¨ (11) ¯à¨ s 2 [0; w] ¨¬¥¥¬

Tk(s) = Tkl(s) + ~�kl(s);

£¤¥

Tkl(s)
def=

Z s+w

s

Bk(�)
�
Ak(�) +

Z �

s

�kl(�; �)Ak(�)d�
�
d�;

e�kl(s)
def=

Z s+w

s

Bk(�)
Z �

s

�kl(�; �)Ak(�)d�d�:

(23)

�®«®¦¨¬

Ukl = E + Tkl(0): (24)

�¥¬¬  2. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
l!1

kUk � Uklk = 0: (25)
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�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ®æ¥­ª¨, ¯®«ãç¥­­ë¥ ¢ [3], ­¥á«®¦­® ¯®ª § âì, çâ®

sup
s2[0;w]

Z w

s

k�kl(t; s)kdt < �kl; (26)

£¤¥

�kl
def= exp(akbk)�

lX
i=0

(akbk)i

i!
: (27)

�¢¨¤ã (23) ¨ (26)

kUk � Uklk � akbkw�kl; (28)

®âªã¤  á ãç¥â®¬ (27) ¯®«ãç ¥¬ (25).

�ãáâì �kl
(1) | ­ ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë Ukl.

�¥¬¬  3. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
k;l!1

j�kl
(1)j = j�(1)j: (29)

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ 1 ¨ 2

lim
k;l!1

kU � Uklk = 0; (30)

¨ ¨§ â¥®à¥¬ë 5.14 ([7], c. 151) ¢ëâ¥ª ¥â (29).

�áî¤ã ­¨¦¥ " > 0 | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ç¨á«®. �®«®¦¨¬

�kl = e�kl + "; (31)

£¤¥ e�kl | ¯à¨¡«¨¦¥­­®¥ §­ ç¥­¨¥ j�kl
(1)j, ¤«ï ª®â®à®£®

e�kl � "

2
< j�kl

(1)j < e�kl + "

2
: (32)

�¥¬¬  4. �ãé¥áâ¢ã¥â â ª®¥ � (0 < � < 1), çâ®

�0
def= sup

k;l

j�kl
(1)j

�kl
< �: (33)

�®ª § â¥«ìáâ¢®. �¢¨¤ã «¥¬¬ë 3 ¤¢®©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fj�kl
(1)jg ®£à ­¨ç¥­ . �®íâ®-

¬ã áãé¥áâ¢ã¥â â ª®¥ � (0 < � < 1), çâ®

sup
k;l

j�kl
(1)j

j�kl
(1)j+ "

2

< �;

â. ª.
j�kl

(1)j

j�kl
(1)j+ "

2

= 1�
"

2j�kl
(1)j+ "

;

¨ á ãç¥â®¬ (31) ¨ (32) ¯à¨å®¤¨¬ ª (33).

�«¥¤áâ¢¨¥. �à¨ ¤®áâ â®ç­® ¡®«ìè¨å k, l

�kl > j�(1)j: (34)

�¥¬¬  5. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
p!1






�
1
�kl

Ukl

�p



 = 0 (p 2 N);

¯à¨ç¥¬ áâà¥¬«¥­¨¥ ª ­ã«î à ¢­®¬¥à­® ®â­®á¨â¥«ì­® k, l.
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�®ª § â¥«ìáâ¢®. �ãáâì � def= f� : j�j = �g, £¤¥ � ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (33). �ç¥¢¨¤­®,
ç¨á«  �kl

(i)

�kl
«¥¦ â ¢­ãâà¨ �,   ¯®áª®«ìªã äã­ªæ¨ï �p à¥£ã«ïà­  ¢® ¢á¥© ª®¬¯«¥ªá­®© ¯«®áª®áâ¨,

â® ([8], c. 119) �
1
�kl

Ukl

�p

=
1
2�i

Z
�

�
�E �

1
�kl

Ukl

��1

�pd�: (35)

�®ª ¦¥¬, çâ® ¤¢®©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
�

��E � 1

�kl
Ukl

��1

	 à ¢­®¬¥à­® ®£à ­¨ç¥­  ®â­®á¨-
â¥«ì­® � 2 �, ¤«ï ç¥£® ¢®á¯®«ì§ã¥¬áï ®ç¥¢¨¤­ë¬ à ¢¥­áâ¢®¬�

�E �
1
�kl

Ukl

��1

= �kl(��klE � Ukl)
�1: (36)

�à¨ � 2 � ¢¢¨¤ã (33) ¨ (34) áãé¥áâ¢ã¥â ­®¬¥à N1 â ª®©, çâ® ¯à¨ k; l > N1

j��klj � j�kl
(1)j = �kl

�
��

j�kl
(1)j

�kl

�
> j�(1)j(�� �0) > 0:

�âáî¤ , ¯®« £ ï "1 = j�(1)j(�� �0), ¯®«ãç ¥¬

j��klj > j�kl
(1)j+ "1 (k; l > N1): (37)

�®¤¡¥à¥¬ m0 â ª, çâ®¡ë "1�
"

m0

def= "2 > 0. �®áª®«ìªã, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  N2, j�kl
(1)j >

j�(1)j � "

m0
, â® ¢¢¨¤ã (37) ¯à¨ k; l > N3

def= maxfN1; N2g

j��klj > j�(1)j+ "2 (� 2 �):

C«¥¤®¢ â¥«ì­®, ¯à¨ ãª § ­­ëå k, l, � ®¡à â¨¬ë ¬ âà¨æë ��klE � U ¨ ([9], c. 625)

sup
�2�

k(��klE � U)�1k <1:

�§ íâ®£® ­¥à ¢¥­áâ¢  ¨ (30) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ­®¬¥à  N4 (N4 � N3) â ª®£®, çâ®

sup
�2�

k[(��klE � Ukl)� (��klE � U)](��klE � U)�1k < 1;

®âªã¤  á«¥¤ã¥â ([10], c. 141), çâ® ¯à¨ k; l > N4 ¨ � 2 � ®¡à â¨¬ë ¬ âà¨æë ��klE�Ukl ¨ á¯à ¢¥¤-
«¨¢  ®æ¥­ª 

sup
�2�

k(��klE � Ukl)�1k � sup
�2�

k(��klE � U)�1k

1� k(U � Ukl)(��klE � U)�1k
:

�âáî¤  ¢¨¤­®, çâ® ¤¢®©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fk(��klE �Ukl)�1kg à ¢­®¬¥à­® ®£à ­¨ç¥­  ®â-
­®á¨â¥«ì­® � 2 �.

� «¥¥, ¢ á¨«ã (31) ¨ (32) �kl < j�kl
(1)j + 3"=2,   ¢¢¨¤ã (29), ­ ç¨­ ï á ­¥ª®â®à®£® N5,

j�kl
(1)j < j�(1)j + "=2. �®íâ®¬ã ¯à¨ k; l > N5 ¨¬¥¥¬ �kl < j�(1)j + 2", ¨ ®£à ­¨ç¥­  ¤¢®©­ ï

¯®á«¥¤®¢ â¥«ì­®áâì f�klg. �á¯®«ì§ãï (36), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã ® à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨
¤¢®©­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

�

��E � 1
�kl

Ukl

��1

	 ®â­®á¨â¥«ì­® � 2 �, ¢ á¨«ã ç¥£®

sup
k;l

sup
�2�






�
�E �

1
�kl

Ukl

��1



 � c

á ­¥ª®â®àë¬ c > 0. �¥à¥å®¤ï ¢ (35) ª ­¥à ¢¥­áâ¢ã ¯à¨ «î¡ëå k, l, p, ¯®«ãç¨¬




�
1
�kl

Ukl

�p



 � c�p+1; (38)

®âªã¤  ¨ ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.
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� ¬¥ç ­¨¥ 1. �§ (38) ¢¨¤­®, çâ® ¤«ï ¯à®¨§¢®«ì­ëå k, l ¨ � (0 < � < 1) áãé¥áâ¢ã¥â ­ ¨-
¬¥­ìè¥¥ ­ âãà «ì­®¥ pkl, ¤«ï ª®â®à®£®

qkl
def=






�
1
�kl

Ukl

�pkl



 < �: (39)

�«ï ­ å®¦¤¥­¨ï pkl, ¢ë¡à ¢ ¯à®¨§¢®«ì­® � (0 < � < 1), ¡ã¤¥¬ ¢®§¢®¤¨âì ¬ âà¨æã 1
�kl

Ukl ¯®-
á«¥¤®¢ â¥«ì­® ¢ ­ âãà «ì­ë¥ áâ¥¯¥­¨ ¤® â¥å ¯®à, ¯®ª  ¯à¨ ­¥ª®â®à®¬ pkl ­¥ ¯®«ãç¨âáï (39);
®¤­®¢à¥¬¥­­® ­ å®¤¨âáï qkl.

�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã ®á­®¢­®£® ãâ¢¥à¦¤¥­¨ï, ¯®§¢®«ïîé¥£® ª®­áâàãªâ¨¢­® ¯®«ã-
ç âì ®æ¥­ªã ¢¨¤  (8) ¨, ª ª á«¥¤áâ¢¨¥, (5).

�®§ì¬¥¬ ¯à®¨§¢®«ì­o k, l ¨ � (0 < � < 1), ¨ ¯ãáâì j�j � �kl. �®£¤  ¢ á¨«ã (31) ¨ (32)

j�j > j�kl
(1)j+

"

2
;

¯®íâ®¬ã �E � Ukl | ®¡à â¨¬ ï ¬ âà¨æ , ¨, ª ª ­¥á«®¦­® ¯®ª § âì,

(�E � Ukl)�1 =
�
E �

�
1
�
Ukl

�pkl��1 pkl�1X
j=0

1
�j+1

Ukl
j : (40)

�æ¥­¨¬ á®¬­®¦¨â¥«¨, áâ®ïé¨¥ ¢ ¯à ¢®© ç áâ¨ íâ®£® à ¢¥­áâ¢ . �®áª®«ìªã


� 1

�
Ukl

�pkl

 < 1, â®
([10], c. 140) �

E �

�
1
�
Ukl

�pkl��1

=
1X
p=0

�
1
�
Ukl

�pklp

;

¨ ¢ á¨«ã (39) 




�
E �

�
1
�
Ukl

�pkl��1



 � 1
1� qkl

:

�à®¬¥ â®£®, 




pkl�1X
j=0

1
�j+1

Ukl
j





 � �kl;

£¤¥

�kl
def= max

0�j�pkl�1






�
1
�kl

Ukl

�j



 pkl�kl
: (41)

� ª¨¬ ®¡à §®¬, ¨§ (40) ¯®«ãç ¥¬

sup
j�j��kl

k(�E � Ukl)
�1k �

�kl

1� qkl
:

�¯à¨®à¨ ¯à¨ k; l ! 1 ¢¥«¨ç¨­  �kl

1�qkl
¬®¦¥â ­¥®£à ­¨ç¥­­® ¢®§à áâ âì. �®ª ¦¥¬, çâ® ¢

¤¥©áâ¢¨â¥«ì­®áâ¨ íâ® ­¥ â ª. �§ (38) ¨ (39) ¢¨¤­®, çâ® áãé¥áâ¢ã¥â ­ âãà «ì­®¥ P â ª®¥, çâ®
sup
k; l

pkl � P . �®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì
�

� 1

�kl
Ukl

�p

	 (p = 0; 1; : : : ) ®£à ­¨ç¥­  à ¢­®¬¥à-

­® ®â­®á¨â¥«ì­® k, l.
�«ï ¯à®¨§¢®«ì­®£® � > 0 áãé¥áâ¢ã¥â â ª®¥ p0, çâ® ¯à¨ ¢á¥å k, l ¨ p > p0 ¡ã¤¥â



� 1
�kl

Ukl

�p

 < �.
� áá¬®âà¨¬ â¥¯¥àì p � p0. �®áª®«ìªã kUklk � c = const ¨ ¢ á¨«ã (31) c

�kl
� c

"
, â®






�
1
�kl

Ukl

�p



 �
�

c

�kl

�p

�

�
c

"

�p

:
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�âáî¤  § ª«îç ¥¬, çâ® (k; l; p 2 N)




�
1
�kl

Ukl

�p



 � max
�
�;

�
c

"

�0

;

�
c

"

�1

; : : : ;

�
c

"

�p0�
;

¨ ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨
�

� 1

�kl
Ukl

�p

	, à ¢­®¬¥à­ ï ®â­®á¨â¥«ì­®£® k, l, ¤®ª § ­ .
� «¥¥, ª ª á«¥¤ã¥â ¨§ (31) ¨ (32), �kl � "=2. �®£¤ 

sup
k;l

�kl �
2P
"

max
0�j�P�1






�
1
�kl

Ukl

�j



 <1;

çâ® á ãç¥â®¬ (39) ¤ ¥â

sup
k; l

�kl

1� qkl
<1: (42)

K ª á«¥¤ã¥â ¨§ (22) ¨ (28), kU �Uklk � "k+akbkw�kl, ®âáî¤  ¢¢¨¤ã (42) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥
k; l â ª¨å, çâ®

("k + akbkw�kl)
�kl

1� qkl
< 1: (43)

� ä¨ªá¨àã¥¬ íâ¨ k, l. �®£¤  sup
j�j��kl

k[(�E � Ukl) � (�E � U)](�E � Ukl)�1k < 1, ¨ ¯à¨ j�j � �kl

¬ âà¨æ  �E � U ®¡à â¨¬ . �®íâ®¬ã j�(1)j < �kl ¨«¨ á®£« á­® (31)

j�(1)j < e�kl + ": (44)

�®áª®«ìªã e�kl + " = exp
�
1
w
ln(e�kl + ")w

�
, â® ¢ á¨«ã â¥®à¥¬ë 3 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (5), £¤¥

� =
1
w
ln(e�kl + "): (45)

�â ª, ¤®ª § ­ 

�¥®à¥¬  4. �ãáâì " (" > 0) ¨ � (0 < � < 1) | ¯à®¨§¢®«ì­® ¢ë¡à ­­ë¥ ç¨á«  ¨ ¯à¨ ­¥ª®â®-

àëå k, l ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (43), £¤¥ "k, ak, bk, �kl, �kl ¨ qkl ®¯à¥¤¥«¥­ë ¢ (22), (13), (14),
(27), (41) ¨ (39) á®®â¢¥âáâ¢¥­­®. �®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (5), £¤¥ � ®¯à¥¤¥«¥­® ¢ (45).

� ¬¥ç ­¨¥ 2. �§ (44) ¢¢¨¤ã (32) ¨¬¥¥¬

j�(1)j < e�kl + " < j�kl
(1)j+ "=2: (46)

�®áª®«ìªã ¢ á¨«ã «¥¬¬ë 3 j�kl
(1)j ! j�(1)j ¯à¨ k; l ! 1, â® ¨§ (46) á«¥¤ã¥â, çâ® á ã¢¥«¨ç¥­¨¥¬

k, l ¨ ã¬¥­ìè¥­¨¥¬ " ¬®¦­® ¯®«ãç âì ¢á¥ ¡®«¥¥ â®ç­ãî ®æ¥­ªã ¢¨¤  (44) ¨, â¥¬ á ¬ë¬, | ¢á¥
¡®«¥¥ â®ç­ãî ®æ¥­ªã (5).

� ¬¥ç ­¨¥ 3. �à®¤¥«ë¢ ¥¬ ï à ¡®â  §­ ç¨â¥«ì­® ®¡«¥£ç ¥âáï, ¥á«¨ ã¤ ¥âáï ­ ©â¨ â®ç­®¥
§­ ç¥­¨¥ j�kl

(1)j; ¢ íâ®¬ á«ãç ¥ à ¢¥­áâ¢® (45) ¯à¨­¨¬ ¥â ¢¨¤

� =
1
w
ln(j�kl

(1)j+ "):

� ª á«¥¤ã¥â ¨§ ¨§«®¦¥­­®£® ¢ëè¥, ª®­áâàãªâ¨¢­®¥ ¨áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï § -
¤ ç¨ �®è¨ (1){(2) ¬®¦­® à §¡¨âì ­  íâ ¯ë:

1) ¯®áâà®¥­¨¥ ¢ëç¨á«¨¬ëå ¬ âà¨æ Ak ¨ Bk, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ (9);
2) ¯®áâà®¥­¨¥ ¬ âà¨æë Ukl, ®¯à¥¤¥«ï¥¬®© à ¢¥­áâ¢®¬ (24);
3) ®¯à¥¤¥«¥­¨¥ ¯®áâ®ï­­ëå, ¢å®¤ïé¨å ¢ ­¥à ¢¥­áâ¢® (43), ¨ ¯à®¢¥àª  íâ®£® ­¥à ¢¥­áâ¢ ;
4) ®¯à¥¤¥«¥­¨¥ ¯®ª § â¥«ï � ¯® ä®à¬ã«¥ (45).
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�â ¯ë 2){4) íâ®© áå¥¬ë ¤®¯ãáª îâ à¥ «¨§ æ¨î á ¯®¬®éìî ª®¬¯ìîâ¥à .

�à¨¬¥à. � áá¬®âà¨¬ § ¤ çã (1){(2), £¤¥ R(t; s) = A(t)B(s),

A(t) =
� 1

2�
sin 2�t� 2 0

0 1
8�
sin 2�t� 7

8

�
; B(s) =

� 1
8�
sin 2�s+ 1 0

0 1
2�
sin 2�s+ 1

�
:

�®« £ ï ¯à¨ t; s 2 [0; 1] 1-¯¥à¨®¤¨ç¥áª¨¥ ¬ âà¨æë

Ak(t) =
�
�2 + 1

2�
ak(t) 0

0 � 7
8
+ 1

8�
ak(t)

�
;

Bk(s) =
�
1 + 1

8�
ak(s) 0
0 1 + 1

2�
ak(s)

�
;

ak(t) =
kP

i=1

(�1)i�1(2�t)2i�1

(2i�1)!
, " = 0; 001, � = 0; 095, á ¯®¬®éìî ¯à®£à ¬¬­®£® ª®¬¯«¥ªá  \Maple V

Release 4" ¯®«ãç ¥¬ (¯à¨ k = 1, l = 13) ®æ¥­ªã (5), £¤¥ � = �1; 101. � ª¨¬ ®¡à §®¬, à¥è¥­¨¥
à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ãáâ®©ç¨¢®. �â® á®®â¢¥âáâ¢ã¥â ¤¥©áâ¢¨â¥«ì­®áâ¨, ¯®áª®«ìªã ­¥¯®áà¥¤-
áâ¢¥­­® ¢ëç¨á«¥­­®¥ §­ ç¥­¨¥ � = �1; 250.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¤ ­­ ï áâ âìï ­ ¯¨á ­  ¯®¤ ¢«¨ï­¨¥¬ ¢¥áì¬  ¯«®¤®â¢®à­ëå ¨¤¥©
èª®«ë ¯à®ä¥áá®à  �.�.�§¡¥«¥¢ .
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