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�áá«¥¤®¢ ­¨î ¢ ¦­ëå ¤«ï ¯à¨«®¦¥­¨© ¢ëà®¦¤¥­­ëå § ¤ ç

Bu0(t) = Fu(t); t 2 [0; T ); u(0) = x; (1)

d

dt
Bv(t) = Fv(t); t 2 [0; T ); Bv(0) = x; kerB 6= f0g; T � 1; (2)

¯®á¢ïé¥­® ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ¬­®£® à ¡®â (­ ¯à., [1]{[3]). �«ï ¨§ãç¥­¨ï à §à¥è¨¬®áâ¨ ¨ ¯®áâà®-
¥­¨ï à¥è¥­¨ï § ¤ ç (1), (2) ¨á¯®«ì§ãîâáï ¤¢  ¯®¤å®¤ . �¥à¢ë© ®á­®¢ ­ ­  á¯¥ªâà «ì­®© â¥®à¨¨
ã¯®àï¤®ç¥­­ëå ¯ à «¨­¥©­ëå ®¯¥à â®à®¢ B ¨ F (­ ¯à., [2], [4], [5]). �â®à®© ¯®¤å®¤ ®á­®¢ ­ ­  ¨á-
¯®«ì§®¢ ­¨¨ «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ¢ª«îç¥­¨ï á «¨­¥©­ë¬ ¬­®£®§­ ç­ë¬ ®¯¥à â®à®¬
A ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ X

u0(t) 2 Au(t); t � 0; u(0) = x; A : D(A) � X ! X; (3)

¨ ®¡®¡é îé¥© ¢ª«îç¥­¨ï â¥®à¨¨ «¨­¥©­ëå ®â­®è¥­¨© (á¬. [3], [6]{[10]). � íâ¨å à ¡®â å ¯®-
«ãç¥­ë à §«¨ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¢ëà®¦¤¥­­ëå § ¤ ç ¢
â¥à¬¨­ å áãé¥áâ¢®¢ ­¨ï ¯á¥¢¤®à¥§®«ì¢¥­âë, ¢ â¥à¬¨­ å ¯®à®¦¤¥­¨ï ®¯¥à â®à®¬ A ¯®«ã£àã¯¯
®¯¥à â®à®¢ ¨ ¢ â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï � ¯« á  ®â ¯®«ã£àã¯¯, ®¡®¡é îé¨¥ ãá«®¢¨ï ¤«ï § ¤ -
ç¨ �®è¨ á ®¤­®§­ ç­ë¬ ®¯¥à â®à®¬. �à¨ íâ®¬ ¯®«ãç¨âì ªà¨â¥à¨© ª®àà¥ªâ­®áâ¨ ã¤ ¥âáï «¨èì
¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå ­  ¨áå®¤­ë¥ ¤ ­­ë¥, ®¡®¡é îé¨å ãá«®¢¨¥ ¯«®â­®áâ¨
®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ¨ ­¥¯ãáâ®âë ¬­®¦¥áâ¢  à¥£ã«ïà­ëå â®ç¥ª £¥­¥à â®à  C0-¯®«ã£àã¯¯ë [3],
[8], [9].

� à ¡®â¥ [9] ¤«ï ¨áá«¥¤®¢ ­¨ï ª®àà¥ªâ­®áâ¨ ¢ëà®¦¤¥­­ëå § ¤ ç ¢¨¤  (3) ¡ë«  ¯®áâà®¥­ 
â¥å­¨ª  ¢ëà®¦¤¥­­ëå ¯®«ã£àã¯¯ á ¬­®£®§­ ç­ë¬¨ £¥­¥à â®à ¬¨. �  ¥¥ ®á­®¢¥ ¯®ª § ­®, ª ª
ª®àà¥ªâ­®áâì § ¤ ç¨ ­  à §«¨ç­ëå ¯®¤¬­®¦¥áâ¢ å ¯à®áâà ­áâ¢  X á¢ï§ ­  á áãé¥áâ¢®¢ ­¨¥¬
n à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë ¨ á®®â¢¥âáâ¢ãîé¨¬¨ ®æ¥­ª ¬¨ ­  à¥§®«ì¢¥­âã ®¯¥à â®à 
A. �à®¬¥ â®£®, ¯®ª § ­®, ª ª ª®àà¥ªâ­®áâì § ¤ ç¨ (3) ­  ­¥ª®â®àëå ¯®¤¬­®¦¥áâ¢ å ¨§ D(A)
á¢ï§ ­  á ª®àà¥ªâ­®áâìî á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥  ¡áâà ªâ­ëå à á¯à¥¤¥«¥­¨©.
�á­®¢­ë¥ à¥§ã«ìâ âë ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¯®«ãç¥­ë ¤«ï á«ãç ï, ª®£¤  ®¯¥à â®à A ¯®à®¦¤ ¥â
«®ª «ì­ãî n à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã. � á¢¥â¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ®ç¥­ì ¢ ¦-
­ë¬ ï¢«ï¥âáï ¢®¯à®á ® à®«¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©, ª®â®àë¥ ­ «®¦¥­ë ­  ¯à®áâà ­áâ¢® ¨
®¯¥à â®à A ¤«ï ¯®«ãç¥­¨ï ªà¨â¥à¨ï ª®àà¥ªâ­®áâ¨ ((n; !)-ª®àà¥ªâ­®áâ¨).

B ¤ ­­®© à ¡®â¥ ¨áá«¥¤®¢ ­ë ¯à®¡«¥¬ë ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (3) ¤«ï á«ãç ï, ª®£¤  ®¯¥à â®à
A ¯®à®¦¤ ¥â ¢ëà®¦¤¥­­ãî n à § ¨­â¥£à¨à®¢ ­­ãî íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ãî ¯®«ã£àã¯-
¯ã. �à¨ íâ®¬ ¢ à §¤¥«¥ 1 ®á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«¥­® ¢«¨ï­¨î ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©, ­ -
ª« ¤ë¢ ¥¬ëå ­  ®¯¥à â®à A ¯à¨ ¨áá«¥¤®¢ ­¨¨ á¢ï§¥© ¬¥¦¤ã ª®àà¥ªâ­®áâìî, áãé¥áâ¢®¢ ­¨¥¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 03-01-00310.
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­¥ª®â®à®© ¯®«ã£àã¯¯ë ¨ ®æ¥­ª ¬¨ ­  à¥§®«ì¢¥­âã ¢ íªá¯®­¥­æ¨ «ì­®¬ á«ãç ¥. � ª¨¬¨ ãá«®-
¢¨ï¬¨ ¤«ï ¢ëà®¦¤¥­­®© § ¤ ç¨ (3) ï¢«ïîâáï áãé¥áâ¢®¢ ­¨¥ à¥£ã«ïà­®© â®çª¨ ®¯¥à â®à  A ¨
à §«®¦¥­¨¥ ¯à®áâà ­áâ¢  X ¢ ¯àï¬ãî áã¬¬ã ¯à¨ ­¥ª®â®à®¬ n 2 N:

(d) X = An+10�Xn+1, Xn+1 = D(An+1):

� à §¤¥«¥ 2 ¤®ª § ­  íª¢¨¢ «¥­â­®áâì ª®àà¥ªâ­®áâ¨ § ¤ ç¨ �®è¨ ¢ ¯à®áâà ­áâ¢¥ à á¯à¥-
¤¥«¥­¨© ¨ áãé¥áâ¢®¢ ­¨ï ¢ëà®¦¤¥­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© n à § ¨­â¥£à¨à®¢ ­­®©
¯®«ã£àã¯¯ë. � à §¤¥«¥ 3 ­  ®á­®¢¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ¤®ª § ­  â¥®à¥¬  ® á¢ï§ïå ¬¥¦¤ã
ª®àà¥ªâ­®áâìî § ¤ ç¨ (3) ­  ¯®¤¬­®¦¥áâ¢ å D(A), áãé¥áâ¢®¢ ­¨¥¬ n à § ¨­â¥£à¨à®¢ ­­®© íªá-
¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë, ®æ¥­ª ¬¨ ­  à¥§®«ì¢¥­âã ®¯¥à â®à  A ¨ ª®àà¥ªâ­®-
áâìî ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨©. �á­®¢­ ï â¥®à¥¬  ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ áå¥¬ë, ¨§ ª®â®à®©
®âç¥â«¨¢® ¢¨¤­  à®«ì ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© ¯à¨ ¤®ª § â¥«ìáâ¢¥ ª ¦¤®© ¨¬¯«¨ª æ¨¨.

1. �®àà¥ªâ­®áâì § ¤ ç¨ �®è¨ ­  ¯®¤¬­®¦¥áâ¢ å ¨§ D(A) ¨ ¥¥ á¢ï§ì á
áãé¥áâ¢®¢ ­¨¥¬ ¢ëà®¦¤¥­­®© ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë

�ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã (3), ­¥ ï¢«ïîéãîáï à ¢­®¬¥à­® ª®àà¥ªâ­®©. �ãé¥áâ¢ãîâ ¤¢ 
¯®¤å®¤  ª ®¯à¥¤¥«¥­¨î ¡®«¥¥ á« ¡®© ª®àà¥ªâ­®áâ¨ â ª¨å § ¤ ç. � ¯¥à¢®¬ ¯®¤å®¤¥ à¥è¥­¨¥ áâà®-
¨âáï ­  ¯®¤¬­®¦¥áâ¢ å ¨§ D(A) ¨ ¥£® ãáâ®©ç¨¢®áâì à áá¬ âà¨¢ ¥âáï ®â­®á¨â¥«ì­® ¨§¬¥­¥­¨©
­ ç «ì­ëå ãá«®¢¨© ¯® ­¥ª®â®à®© £à ä-­®à¬¥, ¡®«¥¥ á¨«ì­®©, ç¥¬ ¨áå®¤­ ï ­®à¬ . �® ¢â®à®¬
áâà®¨âáï ®¡®¡é¥­­®¥ à¥è¥­¨¥ ¤«ï ­ ç «ì­ëå ãá«®¢¨© ¨§ ¯à®áâà ­áâ¢  X.

�¯à¥¤¥«¥­¨¥ 1. �ãáâì n 2 N. � ¤ ç  (3) ­ §ë¢ ¥âáï (n; !)-ª®àà¥ªâ­®© ­  D � D(An), ¥á«¨
¤«ï «î¡®£® x 2 D áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u(t), t � 0, â ª®¥, çâ®

ku(t)k � Ce!tkxkn; kxkn :=
nX

k=0

kAkxk; C > 0;

£¤¥ kAkxk | ä ªâ®à-­®à¬  í«¥¬¥­â  fAkxg ¢ ¯à®áâà ­áâ¢¥ X=Ak0.

�«ï ªà âª®áâ¨ §¤¥áì ¨ ¤ «¥¥ ¢ â¥ªáâ¥ íâ®© à ¡®âë ¤«ï ®á­®¢­ëå ãâ¢¥à¦¤¥­¨© ¨ ãá«®¢¨©
¢¢¥¤¥¬ á¯¥æ¨ «ì­ë¥ ®¡®§­ ç¥­¨ï. � ª, ¤«ï (n; !)-ª®àà¥ªâ­®áâ¨ á¨¬¢®«

(Wn) ®§­ ç ¥â, çâ® § ¤ ç  (3) (n; !)-ª®àà¥ªâ­  ­  D(An+1).

�«ï ¨áá«¥¤®¢ ­¨ï ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (3) ­  ¯®¤¬­®¦¥áâ¢ å ¨§ D(A) ¢ [9] ¡ë«  ¯®áâà®¥­ 
â¥å­¨ª  ¢ëà®¦¤¥­­ëå ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯.

�¯à¥¤¥«¥­¨¥ 2. �ãáâì n 2 N. �¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ®£à ­¨ç¥­­ëå «¨­¥©­ëå
®¯¥à â®à®¢ fV (t), t � 0g ­  X ­ §ë¢ ¥âáï ¢ëà®¦¤¥­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© (!-
íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®©) n à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯®©, ¥á«¨

(V1) V (t)V (s) = 1
(n�1)!

sR
0

[(s� r)n�1V (t+ r)� (t+ s� r)n�1V (r)]dr, s; t � 0;

(V2) V (t) á¨«ì­® ­¥¯à¥àë¢­  ¯® t;
(V3) 9K > 0, ! 2 R : kV (t)k � Ke!t, t � 0;
(V4) ker V := fx 2 X j 8t � 0 V (t)x = 0g 6= f0g.

�«ï £¥­¥à â®à  ¢ëà®¦¤¥­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© n à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã-
£àã¯¯ë ¢ [9] ¢¢®¤¨âáï á«¥¤ãîé¥¥

�¯à¥¤¥«¥­¨¥ 3. �ãáâì fV (t); t � 0g| ¢ëà®¦¤¥­­ ï íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ ï n à §
¨­â¥£à¨à®¢ ­­ ï ¯®«ã£àã¯¯ . �¥­¥à â®à®¬ íâ®© ¯®«ã£àã¯¯ë ­ §ë¢ ¥âáï «¨­¥©­ë© ¬­®£®§­ ç-
­ë© § ¬ª­ãâë© ®¯¥à â®à A, ®¯à¥¤¥«ï¥¬ë© á®®â­®è¥­¨¥¬

(��A)�1 =
Z 1

0
�ne��tV (t)dt; Re� > !: (4)
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�¤¥áì ®¯¥à â®à RA(�) := (� � A)�1 ï¢«ï¥âáï ¯á¥¢¤®à¥§®«ì¢¥­â®© ®¯¥à â®à  A, â. ª. ¤«ï ­¥£®
¢ë¯®«­¥­® à¥§®«ì¢¥­â­®¥ â®¦¤¥áâ¢®, ­® ker(��A)�1 = A0 6= f0g.

�®¦­® ¯®ª § âì, çâ® â ª®¥ ®¯à¥¤¥«¥­¨¥ £¥­¥à â®à  íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã (á¬. [9]).

�¯à¥¤¥«¥­¨¥ 4. �ãáâì A|«¨­¥©­ë© § ¬ª­ãâë© ¬­®£®§­ ç­ë© ®¯¥à â®à ­ X. �á«¨ áãé¥-
áâ¢ã¥â á¨«ì­® ­¥¯à¥àë¢­®¥ á¥¬¥©áâ¢® íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ fV (t), t � 0g
â ª¨å, çâ® ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

V (t)x�
tn

n!
x =

Z t

0
V (s)Ax ds; x 2 D(A); (5)

V (t)x�
tn

n!
x 2 A

Z t

0

V (s)x ds; x 2 X; (6)

â® A ­ §ë¢ îâ £¥­¥à â®à®¬ n à § ¨­â¥£à¨à®¢ ­­®© ¢ëà®¦¤¥­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­-
­®© ¯®«ã£àã¯¯ë fV (t), t � 0g.

�à¨ ¨áá«¥¤®¢ ­¨¨ (n; !)-ª®àà¥ªâ­®áâ¨ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ®¡  ®¯à¥¤¥«¥­¨ï,   ¯à¨ ¨áá«¥-
¤®¢ ­¨¨ ®¡®¡é¥­­®© ª®àà¥ªâ­®áâ¨ | ®¯à¥¤¥«¥­¨¥ 4. �«ï ¨áá«¥¤®¢ ­¨ï ª®àà¥ªâ­®áâ¨ § ¤ ç¨
­¥®¡å®¤¨¬® ¯®«ãç¨âì ­¥ª®â®à®¥ ª®­áâàãªâ¨¢­®¥ ¤«ï ¯à ªâ¨ç¥áª®© ¯à®¢¥àª¨ ãá«®¢¨¥. � ª¨¬
ãá«®¢¨¥¬ ¤«ï ¢ëà®¦¤¥­­®© § ¤ ç¨ �®è¨ ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ ®æ¥­®ª ­  ¯á¥¢¤®à¥§®«ì¢¥­âã
®¯¥à â®à  A:

(Rn) 9M > 0; ! � 0 :




 dkd�k RA(�)�n





 � Mk!
(Re �� !)k+1

, Re � > !, k = 0; 1; : : :

� «¥¥
(Gn) «¨­¥©­ë© ¬­®£®§­ ç­ë© ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ n à § ¨­â¥£à¨à®¢ ­­®© íªá-
¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¢ëà®¦¤¥­­®© ¯®«ã£àã¯¯ë ¤«ï ­¥ª®â®à®£® n 2 N.

�¢ï§ì ¬¥¦¤ã (n; !)-ª®àà¥ªâ­®áâìî ¨ ®æ¥­ª ¬¨ ­  à¥§®«ì¢¥­âã ã¤ ¥âáï ¯®«ãç¨âì á ¯®¬®éìî
â¥å­¨ª¨ ¨­â¥£à¨à®¢ ­­ëå ¯®«ã£àã¯¯. � ãç¥â®¬ ¢¢¥¤¥­­ëå à ­¥¥ ®¡®§­ ç¥­¨© áä®à¬ã«¨àã¥¬

�à¥¤«®¦¥­¨¥ 1. �ãáâì A | «¨­¥©­ë© ¬­®£®§­ ç­ë© ®¯¥à â®à, â®£¤  á¯à ¢¥¤«¨¢ë á«¥-

¤ãîé¨¥ ¨¬¯«¨ª æ¨¨:
(Wn)

d;� =) (Gn) =) (Rn):

�¤¥áì (�) ¨ (d) á®®â¢¥âáâ¢¥­­® ®§­ ç îâ á«¥¤ãîé¨¥ ãá«®¢¨ï :
(�) �(A) 6= ;,
(d) X = An+10�Xn+1, Xn+1 = D(An+1).

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨¨ (Gn) =) (Rn) ¤®ª §ë¢ îâáï, ª ª ¨ ¢ ­¥¢ëà®¦¤¥­­®¬ á«ã-
ç ¥, ­  ®á­®¢¥ á¢®©áâ¢ ¯à¥®¡à §®¢ ­¨ï � ¯« á . �â® ¢®§¬®¦­® ¢¢¨¤ã â®£®, çâ® ®¯à¥¤¥«¥­¨¥ 3
£¥­¥à â®à  n à § ¨­â¥£à¨à®¢ ­­®© ¢ëà®¦¤¥­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë
¯® ä®à¬¥ á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥­¨¥¬ ¤«ï ­¥¢ëà®¦¤¥­­®© ¯®«ã£àã¯¯ë (å®âï ¯® áãâ¨ ¢ ­¥¢ëà®-
¦¤¥­­®¬ á«ãç ¥ íâ® ®¡ëç­ë© ®¯¥à â®à,   ¤«ï ¢ëà®¦¤¥­­®© ¯®«ã£àã¯¯ë £¥­¥à â®à ®ª §ë¢ ¥âáï
¬­®£®§­ ç­ë¬ ®¯¥à â®à®¬). �§ à ¢¥­áâ¢  (4) á«¥¤ã¥â ®æ¥­ª  (Rn) ¤«ï RA(�) = (��A)�1.

�®ª § â¥«ìáâ¢® ¨¬¯«¨ª æ¨¨ (Wn) =) (Gn) ¤ ­® ¢ [9] ¢ ¯à¥¤¯®«®¦¥­¨¨ ¢ë¯®«­¥­¨ï ãá«®-
¢¨ï (d) ¨ ãá«®¢¨ï �(A) \ fRe � > !g 6= ;. �à®¢¥¤¥¬ ¥£®, ®á« ¡¨¢ ¢â®à®¥ ãá«®¢¨¥ ¤® ãá«®¢¨ï
(�). � á¨«ã ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (3) ®¯à¥¤¥«¨¬ ®¯¥à â®à à¥è¥­¨ï U(t)x = u(t) ­  ¬­®¦¥áâ¢¥
Dn+1 = D(An+1). �ç¨âë¢ ï ãá«®¢¨¥ (�), ¨¬¥¥¬ ®£à ­¨ç¥­­ë© ®¯¥à â®à R := RA(�) : X ! D(A).
�ã­ªæ¨ï RU(t)x, x 2 Dn+1, ¢ á¨«ã ª®¬¬ãâ¨àã¥¬®áâ¨ R á A: RAx 2 ARx, x 2 D(A), ï¢«ï¥âáï
à¥è¥­¨¥¬ § ¤ ç¨ (3) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ Rx, x 2 Dn+1. �âáî¤  ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥-

­¨ï ¯®«ãç¨¬ U(t)Rx = RU(t)x, x 2 Dn+1, ¨ à ¢¥­áâ¢®
tR
0

U(s)x ds = �U(t)Rx+Rx+�
tR
0

U(s)Rxds,
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x 2 Dn+1. �á¯®«ì§ãï íâ® á¢®©áâ¢®, ¯®á«¥¤®¢ â¥«ì­® ®¯à¥¤¥«¨¬ ®¯¥à â®àë Uk(t) ­  ¬­®¦¥áâ¢ å
Dn � Dn�1 � � � � � Dn+1�k � � � � � D0 = X ¯® à¥ªãàà¥­â­®© ä®à¬ã«¥

Uk(t)x := �Uk�1(t)Rx+
tk�1

(k � 1)!
Rx+ �

Z t

0
Uk�1(s)Rxds; x 2 Dn+1�k; k = 2; : : : ; n+ 1;

U1(t)x := �U(t)Rx+Rx+ �

Z t

0
U(s)Rxds; x 2 Dn:

(7)

�¯¥à â®àë Uk(t) ­ Dn+1�k ª®¬¬ãâ¨àãîâ á R ¨ ã¤®¢«¥â¢®àïîâ ®æ¥­ª¥ kUk(t)xk � Ce!tkxkn�k,
k = 1; : : : ; n, ¯®íâ®¬ã ¬®£ãâ ¡ëâì ¯à®¤®«¦¥­ë ­  [Dn+1�k]n�k, £¤¥ [ ]n�k ®§­ ç ¥â § ¬ëª ­¨¥ ¯®
£à ä-­®à¬¥ k � kn�k (¯à¨ k = n ¯®«ãç¨¬ D(A)).

�¥¯¥àì ¤«ï â®£® çâ®¡ë ¯®ª § âì, çâ® ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ ¢ëà®¦¤¥­­®© n à §
¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë V (t) := Un(t), ¢ ®â«¨ç¨¥ ®â à ¡®âë
[9] ¢®á¯®«ì§ã¥¬áï ®¯à¥¤¥«¥­¨¥¬ 4. �® ¨­¤ãªæ¨¨ ¯®ª ¦¥¬, çâ® Uk(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
(5) ¨ ¢ª«îç¥­¨î (6) ¯à¨ n = k á®®â¢¥âáâ¢¥­­® ­  ¬­®¦¥áâ¢ å Dn+1�k ¨ [Dn+1�k]n�k. � áá¬®âà¨¬
®¯¥à â®à U1(t). � á¨«ã ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (3) kerU = f0g. �âáî¤  ¯® ä®à¬ã«¥ (7) ¯®«ãç ¥¬
kerU1 = kerR = A0. �®¬¬ãâ¨àã¥¬®áâì U1(t) ¨ R ­  Dn á«¥¤ã¥â ¨§ ä®à¬ã«ë (7) ¨ â®£®, çâ® U(t)
ª®¬¬ãâ¨àãîâ á R ­  ¬­®¦¥áâ¢¥Dn+1. �§ à¥ªãàà¥­â­®© ä®à¬ã«ë (7) ¨ á®®â­®è¥­¨© kerU1 = A0,
U1(t)Rx = RU1(t)x, x 2 Dn, ¯®«ãç¨¬ kerUk � A0 ¨ Uk(t)Rx = RUk(t)x, x 2 Dn+1�k, k =
1; : : : ; n+ 1.

�­¤ãªæ¨î ¯à®¢¥¤¥¬ ¯® á«¥¤ãîé¥© áå¥¬¥. �ãáâì ¤«ï ®¯¥à â®à®¢ Uk(t) ¢ë¯®«­¥­ë ãá«®¢¨ï

Uk(t)x =
tk

k!
x+

Z t

0

Uk(s)Ax ds; x 2 Dn+1�k; k = 1; : : : ; n;

Uk(t)x 2
tk

k!
+A

Z t

0

Uk(s)x ds; x 2 [Dn+1�k]n�k; k = 1; : : : ; n:

�®ª ¦¥¬, çâ® á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨¥ ¨ ¢ª«îç¥­¨¥ ¢ë¯®«­¥­ë ¤«ï Uk+1(t):

Uk+1(t)x = �Uk(t)Rx+
tk

k!
Rx+ �

Z t

0

Uk(s)Rxds =

= �
Z t

0

Uk(s)ARx+ �

Z t

0

�
sk

k!
Rx+

Z s

0

Uk(�)ARxd�
�
ds =

= �
Z t

0

Uk(s)ARxds+
tk+1

(k + 1)!
x+

Z t

0

sk

k!
RAx ds+ �

Z t

0

Z s

0

Uk(�)ARxd� ds:

�ç¨âë¢ ï á®®â­®è¥­¨¥ (��A)Rx = x+A0 ¨ kerUk � A0, ¯®«ãç¨¬

Uk(s)ARx = �Uk(s)(��A)Rx+ �Uk(s)Rx = �Uk(s) + �Uk(s)Rx =

= Uk(s)(�R �R(��A))x = Uk(s)RAx; x 2 Dn�k:

�âáî¤  á«¥¤ã¥â

Uk+1(t)x =
tk+1

(k + 1)!
x�

Z t

0

Uk(s)RAx ds+
Z t

0

sk

k!
RAx ds+ �

Z t

0

Z s

0

Uk(�)RAx d� ds =

=
tk+1

(k + 1)!
x+

Z t

0

Uk+1(s)Ax ds; x 2 Dn�k:

�ª«îç¥­¨¥ ¯®«ãç ¥âáï  ­ «®£¨ç­®

Uk+1(t)x 2 �A
Z t

0

Uk(s)Rs+ �

Z t

0

�
sk

k!
Rx+A

Z s

0

Uk(�)Rxd�
�
ds; x 2 Dn�k:

�ç¨âë¢ ï § ¬ª­ãâ®áâì ®¯¥à â®à  A, ¯à®¤®«¦ ï ®¯¥à â®àë Uk(t) ­  [Dn+1�k]n�k, k = 1; : : : ; n,
¯®«ãç¨¬ ¢ª«îç¥­¨¥ ¤«ï x 2 [Dn�k]n�k�1, k = 1; : : : ; n. � ª ­  n-¬ è £¥ ¯®«ãç¨¬ ¢ª«îç¥­¨¥
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­  D(A). �¥¯¥àì ¤«ï â®£® çâ®¡ë ¯®«ãç¨âì ­¥®¡å®¤¨¬ãî ¨¬¯«¨ª æ¨î (Wn) �;d =) (Gn), ¨á-
¯®«ì§ã¥¬ ãá«®¢¨¥ (d): X = D(An+1)�An+10. �ç¨âë¢ ï íâ® à §«®¦¥­¨¥ ¯à®áâà ­áâ¢ , ¨§¬¥­¨¬
¯¥à¢ë© è £ ¢ ¯®áâà®¥­¨¨ ®¯¥à â®à®¢ Uk(t), ¢¬¥áâ® ®¯¥à â®à®¢ U(t) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì U0(t),
¤®®¯à¥¤¥«¥­­ë¥ ­  A0:

U0(t)x :=

(
U(t)x; x 2 [Dn+1]n;

0; x 2 A0:

�¯¥à â®àë U0(t) § ¤ ­ë ­  [Dn+1]n�A0. �¯¥à â®àë Un(t) ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­  Xn+1 = D(An+1)
¨ ­  An+10 ¨, á«¥¤®¢ â¥«ì­®, ­  X = Xn+1�An+10. � ª¨¬ ®¡à §®¬, ­  n-¬ è £¥ ¯®áâà®¨¬ n à §
¨­â¥£à¨à®¢ ­­ãî íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ãî ¯®«ã£àã¯¯ã.

�«ï ¤®ª § â¥«ìáâ¢  ¨¬¯«¨ª æ¨¨ (Rn) =) (Wn) ¯®­ ¤®¡ïâáï ­®¢ë¥ ®¡®§­ ç¥­¨ï.

(GLip
n+1) �¨­¥©­ë© ¬­®£®§­ ç­ë© ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ (n+1) à § ¨­â¥£à¨à®¢ ­­®©

íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë á® á¢®©áâ¢®¬ kV (t+h)�V (t)k � Ce!th, t � 0, h � 0.

(W n) � ¤ ç  �®è¨ (3) (n; !)-ª®àà¥ªâ­  ­  ¬­®¦¥áâ¢¥ Rn+1
A (�)D(A).

�à¥¤«®¦¥­¨¥ 2. �ãáâì A | «¨­¥©­ë© § ¬ª­ãâë© ¬­®£®§­ ç­ë© ®¯¥à â®à, â®£¤  á¯à -

¢¥¤«¨¢  á«¥¤ãîé ï áå¥¬  ¨¬¯«¨ª æ¨©:

%
(Wn)  �d (W n)

(Gn) "

& (Rn)  ! (GLip
n+1):

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨î (Gn) =) (Wn) ¤®ª ¦¥¬ ¯® áå¥¬¥ � ­ ª¨{�ª § ¢ë [11]. �¥-
è¥­¨¥ § ¤ ç¨ ¯®áâà®¨¬ ¢ ¢¨¤¥ ¯à®¨§¢®¤­®© V (n)(t)x ®â n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­®
®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë fV (t), t � 0g ¤«ï x 2 D(An+1). �® ®¯à¥¤¥«¥­¨î 4 ¤«ï £¥­¥à â®à 
¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë ¢ë¯®«­ïîâáï ãà ¢­¥­¨¥ ¨ ¢ª«îç¥­¨¥

V (t)x =
tn

n!
x+

Z t

0

V (s)Ax ds; V (s)Ax 2 AV (s)x; x 2 D(A); t � 0: (8)

�âáî¤  ¯® ¨­¤ãªæ¨¨ ¬®¦­® ¤®ª § âì, çâ®

V (k)(t)x =
kX
i=1

tn�i

(n� i)!
Ak�ix+ V (t)Akx; x 2 D(Ak); t � 0; k = 1; : : : ; n: (9)

�ãáâì x 2 D(An+1). �á¯®«ì§ãï á¢®©áâ¢  (8), (9), ¬®¦­® ¯®ª § âì, çâ® V (n)(t)x ï¢«ï¥âáï à¥è¥-
­¨¥¬ § ¤ ç¨ �®è¨ ¯à¨ ¤ ­­®¬ n. �¤¨­áâ¢¥­­®áâì ¨ ãáâ®©ç¨¢®áâì ãáâ ­ ¢«¨¢ îâáï â ª ¦¥, ª ª
¨ ¢ ­¥¢ëà®¦¤¥­­®¬ á«ãç ¥.

�®ª § â¥«ìáâ¢® íª¢¨¢ «¥­â­®áâ¨ (Rn) () (GLip
n+1) ¯®«ãç ¥âáï ¨§ ¨­â¥£à¨à®¢ ­­®© ¢¥àá¨¨

â¥®à¥¬ë �à¥­¤â {�¨¤¤¥à  [12], ª®â®à ï ãâ¢¥à¦¤ ¥â á«¥¤ãîé¥¥. �ãáâì ¤«ï «¨­¥©­®£® ¬­®£®-
§­ ç­®£® ®¯¥à â®à  A ¢ë¯®«­¥­® ãá«®¢¨¥ (Rn). �®£¤  A ï¢«ï¥âáï £¥­¥à â®à®¬ (n+1) à § ¨­â¥-
£à¨à®¢ ­­®© !-íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë fV (t); t � 0g á ãá«®¢¨¥¬ �¨¯è¨æ 

kV (t+ h)� V (t)k � Ce!th; t � 0; h � 0:

�®áª®«ìªã ãá«®¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨ ¢ ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë ­¨£¤¥ ­¥ ¨á¯®«ì§ã¥âáï,
¯®«ã£àã¯¯  §¤¥áì ¬®¦¥â ¡ëâì ¨ ¢ëà®¦¤¥­­®©. �à¨¬¥­ïï â¥®à¥¬ã, ¢ ¢ëà®¦¤¥­­®¬ á«ãç ¥ ¯®«ã-
ç ¥¬, çâ® ¤«ï ä¨ªá¨à®¢ ­­®£® n 2 N ®æ¥­ª¨ ­  à¥§®«ì¢¥­âã (Rn) íª¢¨¢ «¥­â­ë ãá«®¢¨î (GLip

n+1),
  íâ® ãá«®¢¨¥ ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1 ¢ ®¡é¥¬ á«ãç ¥ á« ¡¥¥ (Gn). �®íâ®¬ã ¥áâ¥áâ¢¥­­® ®¦¨¤ âì,
çâ® ¯®«ãç¨âì (n; !)-ª®àà¥ªâ­®áâì ¨§ ãá«®¢¨ï (GLip

n+1) ¬®¦­® «¨èì ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì-
­ëå ãá«®¢¨ïå. �ª §ë¢ ¥âáï â ª¨¬ ãá«®¢¨¥¬ ï¢«ï¥âáï à §«®¦¥­¨¥ ¯à®áâà ­áâ¢  (d). �¥§ íâ®£®
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ãá«®¢¨ï (n; !)-ª®àà¥ªâ­®áâì ã¤ ¥âáï ¯®«ãç¨âì «¨èì ­  ­¥ª®â®à®¬ ¡®«¥¥ ã§ª®¬ ¬­®¦¥áâ¢¥, ç¥¬
D(An+1),   ¨¬¥­­®, ¡ã¤¥â á¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï (GLip

n+1) =) (W n).
�®ª § â¥«ìáâ¢® ¨¬¯«¨ª æ¨¨ (GLip

n+1) =) (W n) ¯à¨¢¥¤¥­® ¢ à ¡®â¥ [9]. �®ª § â¥«ìáâ¢® áâà®-
¨âáï ­  ¯®á«¥¤®¢ â¥«ì­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ á®®â­®è¥­¨©, ®¯à¥¤¥«ïîé¨å íªá¯®­¥­æ¨ «ì­®
®£à ­¨ç¥­­ãî (n+ 1) à § ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã

V (t)x =
tn+1

(n+ 1)!
x+

Z t

0
V (s)Ax ds; V (t)Ax 2 AV (t)x; x 2 D(A):

�à¨ íâ®¬ á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ ¯à¥¤¯®«®¦¨âì à §«®¦¥­¨¥ ¯à®áâà ­áâ¢  (d) : X =
D(An+1) � An+10, â® ¯®«ãç¨¬ (n; !)-ª®àà¥ªâ­®áâì § ¤ ç¨ (3) ­  ¬­®¦¥áâ¢¥ D(An+1), a ¨¬¥­-
­®, á¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï (W n) d =) (Wn).

2. �®àà¥ªâ­®áâì § ¤ ç¨ �®è¨ ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨© ¨ ¥¥ á¢ï§ì á

áãé¥áâ¢®¢ ­¨¥¬ ¢ëà®¦¤¥­­®© ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë

�àã£®© ¯®¤å®¤ ª ¨áá«¥¤®¢ ­¨î ª®àà¥ªâ­®áâ¨ § ¤ ç¨ (3), ­¥ ï¢«ïîé¥©áï à ¢­®¬¥à­® ª®à-
à¥ªâ­®©, ¢®§­¨ª ¥â ¯à¨ à¥è¥­¨¨ § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨©. � ®â«¨ç¨¥ ®â ¯¥à¢®£®
¯®¤å®¤  §¤¥áì £ à ­â¨àã¥âáï ®¡®¡é¥­­ ï ª®àà¥ªâ­®áâì § ¤ ç¨ ¤«ï «î¡ëå ­ ç «ì­ëå ¤ ­­ëå ¨§
¯à®áâà ­áâ¢  X. �«ï â®£® çâ®¡ë ®¯à¥¤¥«¨âì ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (3), á­ ç «  ¢®§ì¬¥¬
ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ u(t), t � 0, ¯à®¤®«¦¨¬ ¥£® ­ã«¥¬ ¯à¨ t < 0 ¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì
¥£® ª ª í«¥¬¥­â U ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨© D00(X). T®£¤  ¯®«ãç¨¬Z 1

0
'(t)u0(t)dt = �hU;'0i � '(0) 2 A

Z 1

0
'(t)u(t)dt = AhU;'i; ' 2 D: (10)

(�¤¥áì D0(X) := L(D;X), D | ¯à®áâà ­áâ¢® äã­ªæ¨© �.�¢ àæ , D00(X) | ¯®¤¯à®áâà ­áâ¢®
à á¯à¥¤¥«¥­¨© D0(X) á ­®á¨â¥«ï¬¨ ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨.) �§ ¯®«ãç¥­­®£® ¢ª«îç¥­¨ï (10)
á«¥¤ã¥â ®¯à¥¤¥«¥­¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï.

�¯à¥¤¥«¥­¨¥ 5. �ãáâì S 0!(X) = fU 2 D
0
0(X) : e

�!tU 2 S 0(X)g. �¡áâà ªâ­®¥ à á¯à¥¤¥«¥­¨¥
U 2 S 0!(XA) ­ §ë¢ îâ à¥è¥­¨¥¬ § ¤ ç¨ �®è¨ (3) ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©, ¥á«¨

8' 2 D hU;'0i+AhU;'i 3 �h�; 'ix; x 2 X; (11)

¨«¨ íª¢¨¢ «¥­â­®, ¢ â¥à¬¨­ å á¢¥àâª¨ P � U 3 � 
 x, £¤¥

P := �0 
 I � � 
A 2 S 0!(L(XA;X)); XA := fD(A); kxk1 = kxk + kAxkg;

h� 
 x; 'i := h�; 'ix; h�0 
 I; 'i := h�0; 'iI; h� 
A; 'i := h�; 'iA:

�¤¥áì á¢¥àâª  ¤¢ãå à á¯à¥¤¥«¥­¨© ®¯à¥¤¥«ï¥âáï ­  ®á­®¢¥ áâàãªâãà­®© â¥®à¥¬ë, ¯® ª®â®à®©
«î¡®¥ à á¯à¥¤¥«¥­¨¥ U 2 D0

0(X) «®ª «ì­® ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ¯à®¨§¢®¤­®© ­¥-
ª®â®à®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ g(m). �®íâ®¬ã á¢¥àâª®© P � U ¡ã¤¥â (f � g)(n+m), ¯à®¨§¢®¤­ ï
¯®àï¤ª  (n+m) ®â á¢¥àâª¨ ¤¢ãå ­¥¯à¥àë¢­ëå äã­ªæ¨© f ¨ g, áãé¥áâ¢ãîé¨å ¯® áâàãªâãà­®©
â¥®à¥¬¥ ¤«ï à á¯à¥¤¥«¥­¨© P ¨ U . (�®«¥¥ ¯®¤à®¡­®¥ ®¯à¥¤¥«¥­¨¥ á¢¥àâª¨ à á¯à¥¤¥«¥­¨© á¬. ¢
[3], [13].)

�¯à¥¤¥«¥­¨¥ 6. � ¤ ç  �®è¨ (3) ­ §ë¢ ¥âáï ª®àà¥ªâ­®© ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©, ¥á«¨
¤«ï «î¡®£® x 2 X áãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (11) U 2 S 0!(XA) ¨ ¤«ï «î¡®© ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ xn ! 0 á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© Un ! 0 ¢ ¯à®áâà ­áâ¢¥
S 0!(XA).

(W ) � ¤ ç  �®è¨ (3) ª®àà¥ªâ­  ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©.
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� à ¡®â¥ [3] ¤«ï ­¥¢ëà®¦¤¥­­®© § ¤ ç¨ ¯®ª § ­®, çâ® ª®àà¥ªâ­®áâì ¢ ¯à®áâà ­áâ¢¥ à á¯à¥-
¤¥«¥­¨© íª¢¨¢ «¥­â­  áãé¥áâ¢®¢ ­¨î à á¯à¥¤¥«¥­¨ï ®¯¥à â®à®¢ à¥è¥­¨ï, S 2 S 0!(L(X;XA)),
ã¤®¢«¥â¢®àïîé¥£® ãà ¢­¥­¨ï¬

P � S = � 
 IX ; S � P = � 
 IXA :

�­ «®£¨ç­ë© à¥§ã«ìâ â ¢¥à¥­ ¨ ¤«ï ¢ëà®¦¤¥­­®© § ¤ ç¨. � ¨¬¥­­®, ª®àà¥ªâ­®áâì ¢ ¯à®-
áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨© § ¤ ç¨ (3) íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã ãá«®¢¨î:

(S) áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­¨¥ ®¯¥à â®à®¢ à¥è¥­¨ï, S 2 S 0!(L(X;XA)) â ª®¥, çâ®

P � S 3 � 
 IX ; S � P = � 
 IXA : (12)

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® â®© ¦¥ áå¥¬¥, ­® ¢ ¤ ­­®¬ á«ãç ¥ ­¥®¡å®¤¨¬® ¯®ª § âì, çâ®
à á¯à¥¤¥«¥­¨¥ S ¢¬¥áâ® ¯¥à¢®£® ãà ¢­¥­¨ï ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î. �á¯®«ì§ãï íª¢¨¢ «¥­â-
­®áâì ãá«®¢¨© (W ) ¨ (S), ¯®ª ¦¥¬ á¢ï§ì ¬¥¦¤ã ª®àà¥ªâ­®áâìî ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨©
¨ áãé¥áâ¢®¢ ­¨¥¬ ¢ëà®¦¤¥­­®© n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã-
£àã¯¯ë. �®ª § â¥«ìáâ¢® íâ®© á¢ï§¨ ¡ã¤¥¬ ¯à®¢®¤¨âì ¯® á«¥¤ãîé¥© áå¥¬¥: (S) =) (Gn) =) (S).

�à¥¤«®¦¥­¨¥ 3. �ãáâì ®¯¥à â®à A § ¬ª­ãâ ¨ áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­¨¥ S 2 S 0!(L(X;XA)),
ï¢«ïîé¥¥áï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ¤«ï ¢ª«îç¥­¨ï ¨ ãà ¢­¥­¨ï (12). �®£¤  ¢ë¯®«­ï¥âáï ãá«®-
¢¨¥ (Gn), â. ¥. A ï¢«ï¥âáï £¥­¥à â®à®¬ ¢ëà®¦¤¥­­®© n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­®

®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë.

�®ª § â¥«ìáâ¢®. � ª ¦¥, ª ª ¨ ¢ ­¥¢ëà®¦¤¥­­®¬ á«ãç ¥, ¤®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  ¯à¨-
¬¥­¥­¨¨ ¯à¥®¡à §®¢ ­¨ï � ¯« á . �® ®¯à¥¤¥«¥­¨î ¯à¥®¡à §®¢ ­¨¥¬ � ¯« á  ®â à á¯à¥¤¥«¥­¨ï
U 2 S 0!(X) ­ §ë¢ ¥âáï äã­ªæ¨ï

LU(�) = U(e��t) = (e�!tU)(�(t)e�(��!)t) (Re � > !);

�(s) =

(
0; s � c < 0;

1; s � 0;
�(s) 2 C1(R):

�à¥®¡à §®¢ ­¨¥ � ¯« á  ®â ¬­®¦¥áâ¢  §­ ç¥­¨© ¬­®£®§­ ç­®£® ®¯¥à â®à  ®¯à¥¤¥«ï¥âáï â ª ¦¥,
ª ª ¨ ¨­â¥£à « ®â ¬­®¦¥áâ¢  §­ ç¥­¨©. �á¯®«ì§ãï á¢®©áâ¢® ¯à¥¤áâ ¢«¥­¨ï ¬­®¦¥áâ¢  §­ ç¥­¨©
¬­®£®§­ ç­®£® ®¯¥à â®à  (á¬. [7])

Au = f +A0; u 2 D(A) ¤«ï «î¡®£® f 2 Au

¨ § ¬ª­ãâ®áâì ®¯¥à â®à  A, ¬®¦­® ®¯à¥¤¥«¨âì ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ®â ¬­®¦¥áâ¢  §­ ç¥­¨©
®¯¥à â®à  A á«¥¤ãîé¨¬ ®¡à §®¬: LAu = Lf +A0. �®£¤ , ¯à¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ª
á®®â­®è¥­¨ï¬ (12), ¯®«ãç¨¬

LS0(') �LAS(') 3 L(�('))IX ; LS0(')�LS(')A = L(�('))IXA ;

(��A)LS(�) 3 he�!t�(t); �(t)e�(��!)tiIX =

= he�!t�(t); e�(��!)tiIX = h�(t); e��tiIX = e��0IX = IX :

�­ «®£¨ç­® LS(�)(��A) = IXA . �â¨ ãà ¢­¥­¨ï ®§­ ç îâ, çâ® ¯®«ã¯«®áª®áâì Re� > ! ¯à¨­ ¤-
«¥¦¨â à¥§®«ì¢¥­â­®¬ã ¬­®¦¥áâ¢ã ®¯¥à â®à  A ¨ (��A)�1 = LS(�). �®áª®«ìªã e�!tS 2 S 0(X),
¯® «¥¬¬¥ ([13], á. 465) ¨¬¥¥¬

9p � 0; C > 0 : 8' 2 S k(e�!tS)(')k � Ck'kp;p; (13)

£¤¥ k'kj;k := sup
0�i�k

sup
t
(1+ jtj)j j'(i)(t)j. �á¯®«ì§ãï ¯«®â­®áâì ¯à®áâà ­áâ¢  S ¢ ¯à®áâà ­áâ¢¥ Sp(R)

p à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëåäã­ªæ¨© á ­®à¬®© k�kj;k ¨ ®æ¥­ªã (13), ¬®¦­® ¯à®¤®«¦¨âì
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S ­  Sp(R). � áá¬®âà¨¬ äã­ªæ¨î  t;p(s) = �(s)�p(t� s) 2 Sp(R), £¤¥

�(s) =

(
0; s � �1;

1; s � 0;
�(s) 2 C1(R); �p(t) =

(
tp+1

(p+1)!
; t � 0;

0; t < 0:

�®«®¦¨¬ V (t) := hS;  t;pi 2 L(X;XA). �®£¤  fV (t); t � 0g | á¨«ì­® ­¥¯à¥àë¢­®¥ á¥¬¥©áâ¢®
®¯¥à â®à®¢. �â®¡à ¦¥­¨¥ t ! e!s�(s)�p(t � s) ¨§ R ¢ Sp(R) ­¥¯à¥àë¢­®, á«¥¤®¢ â¥«ì­®, V (�)
ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥© á® §­ ç¥­¨ï¬¨ ¢ L(X;XA). �®áª®«ìªã ­®á¨â¥«ì S ¯à¨­ ¤«¥-
¦¨â [0;+1),   supp(e!s�(s)�p(t� s)) � [�1; t], â® V (t) = 0 ¤«ï t � 0. �®«¥¥ â®£®, ¨§ (13) á«¥¤ã¥â
®æ¥­ª 

kV (t)k = k(e�!tS)(e!s�(s)�p(t� s))k � Cke!s�(s)�p(t� s)kp;p �Me!t(1 + jtj)p+1; t � 0:

�ãáâì !0 > !, â®£¤  ¤«ï «î¡®£® t � 0 ¨ ­¥ª®â®à®© ª®­áâ ­âë M > 0 ¨¬¥¥¬ kV (t)k �Me!
0t.

�®ª ¦¥¬, çâ® S ï¢«ï¥âáï n-© ¯à®¨§¢®¤­®© ®â V (t) ¤«ï n = p+2. �«ï «î¡®© äã­ªæ¨¨ ' 2 D

hV p+2; 'i = (�1)p+2

Z 1

0

'(p+2)(t)V (t)dt = (�1)p+2

Z 1

0

'p+2(t)hS(s); �(s)�p(t� s)idt =

=
D
S(s); �(s)(�1)p+2

Z 1

0

'p+2(t)�p(t� s)dt
E
= hS; �(s)'(s)i = hS; 'i:

�® á¢®©áâ¢ã ¯à¥®¡à §®¢ ­¨ï � ¯« á 

(��A)�1 = LS(�) = LV (p+2) = �p+2LV = �p+2he�!
0tV (t); �(t)e�(��!

0)ti =

= �p+2hV (t); e��ti = �p+2

Z 1

0

e��tV (t)dt; Re� > !0:

�âáî¤  á«¥¤ã¥â, çâ® ¢ ¯®«ã¯«®áª®áâ¨ Re� > !0 ®¯¥à â®à �p+2
1R
0

e��tV (t)dt ï¢«ï¥âáï ¯á¥¢¤®à¥-

§®«ì¢¥­â®© ®¯¥à â®à  A. � ª ®â¬¥ç¥­® ¢ [9], ®¯¥à â®à A ã¤®¢«¥â¢®àï¥â à¥§®«ì¢¥­â­®¬ã â®¦¤¥-
áâ¢ã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¥¬¥©áâ¢® á¨«ì­® ­¥¯à¥àë¢­ëå íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­ëå
®¯¥à â®à®¢ V (t) ã¤®¢«¥â¢®àï¥â ¯®«ã£àã¯¯®¢®¬ã á¢®©áâ¢ã (V1). �âáî¤  á«¥¤ã¥â, çâ® fV (t); t � 0g
ï¢«ï¥âáï ¢ëà®¦¤¥­­®© n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯®© á
n = p+ 2,   ®¯¥à â®à A | ¥¥ £¥­¥à â®à®¬.

�à¥¤«®¦¥­¨¥ 4. �ãáâì n 2 N ¨ A| £¥­¥à â®à n à § ¨­â¥£à¨à®¢ ­­®© ¯®«ã£àã¯¯ë fV (t),
t � 0g. �®£¤  áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­¨¥ S 2 S 0!(L(X;XA)) â ª®¥, çâ® ¢ë¯®«­ïîâáï á®®â­®-

è¥­¨ï (12).

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ à á¯à¥¤¥«¥­¨¥ S 2 D00(L(X;XA)) á«¥¤ãîé¨¬ ®¡à §®¬:

S(') := (�1)n
Z 1

0
'(n)(t)V (t)dt; ' 2 D:

�®ª ¦¥¬, çâ® â ª ®¯à¥¤¥«¥­­®¥ à á¯à¥¤¥«¥­¨¥ S ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (12). �® ®¯à¥¤¥-
«¥­¨î ¤«ï ¯®«ã£àã¯¯ë fV (t), t � 0g á¯à ¢¥¤«¨¢ë ãà ¢­¥­¨¥ (5) ¨ ¢ª«îç¥­¨¥ (6). �¨ää¥à¥­æ¨-
àãï ãà ¢­¥­¨¥ (5), ¯®«ãç¨¬

V 0(t)x =
tn�1

(n� 1)!
x+ V (t)Ax; t � 0; x 2 D(A):

�âáî¤  ¤«ï «î¡®£® ' 2 D ¨¬¥¥¬

(�1)n+1

Z 1

0

'(n+1)(t)V (t)x dt = (�1)n
Z 1

0

'(n)(t)
tn�1

(n� 1)!
x dt+

+ (�1)n
Z 1

0
'(n)(t)V (t)Ax dt; x 2 D(A);
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¨«¨

S0(')x� S(')Ax = '(0)x; x 2 D(A):

�®ª ¦¥¬ ¢ª«îç¥­¨¥. �¬­®¦ ï ¢ª«îç¥­¨¥, ®¯à¥¤¥«ïîé¥¥ ¨­â¥£à¨à®¢ ­­ãî ¯®«ã£àã¯¯ã ­ 
(�1)n+1'(n+1)(t), '(t) 2 D, ãç¨âë¢ ï § ¬ª­ãâ®áâì ®¯¥à â®à  A, ¯®«ãç¨¬

(�1)n+1

Z 1

0

'(n+1)(t)V (t)x dt 2 I1 + I2;

I1 = (�1)n+1

Z 1

0

'(n+1)(t)
tn

n!
x dt = '(0)x;

I2 = (�1)n+1

Z 1

0

'(n+1)(t)A
�Z t

0

V (s)x ds
�
dt =

= (�1)n+1A

�
'(n)(t)

Z t

0
V (s)x ds

��1
0
�
Z 1

0
'(n)(t)V (t)x dt

�
= (�1)nA

Z 1

0
'(n)(t)V (t)x ds

¨«¨

S0(')x�AS(')x 3 '(0)x; x 2 X: (14)

�§ (14) ¯®«ãç¨¬ kS(')ykXA
� kS(')yk + kS0(')yk + j'(0)j kyk. �«¥¤®¢ â¥«ì­®, S(') 2 L(X;XA)

¤«ï «î¡®£® ' 2 D ¨ S 2 S 00(L(X;XA)). �®«¥¥ â®£®, íªá¯®­¥­æ¨ «ì­ ï ®£à ­¨ç¥­­®áâì V (t)
®§­ ç ¥â 9! 2 R : e�!tS 2 S 0(L(X;XA)), á«¥¤®¢ â¥«ì­®, S 2 S 0!(L(X;XA)).

3. �¥®à¥¬  ® á¢ï§ïå

�  ®á­®¢¥ ¤®ª § ­­ëå ¯à¥¤«®¦¥­¨© 1{4 ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ®á­®¢­®© à¥§ã«ìâ â ® á¢ï-
§ïå ¬¥¦¤ã ª®àà¥ªâ­®áâìî ­  ¯®¤¬­®¦¥áâ¢ å D(A) ((n; !)-ª®àà¥ªâ­®áâìî), áãé¥áâ¢®¢ ­¨¥¬ ¢ë-
à®¦¤¥­­®© n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë, ®æ¥­ª ¬¨ ­ 
à¥§®«ì¢¥­âã ®¯¥à â®à  A ¨ ª®àà¥ªâ­®áâìî ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨©. �ç¨âë¢ ï ¢¢¥¤¥­­ë¥
à ­¥¥ ®¡®§­ ç¥­¨ï, áä®à¬ã«¨àã¥¬ ®á­®¢­ãî â¥®à¥¬ã.

�¥®à¥¬ . �ãáâì A | «¨­¥©­ë© § ¬ª­ãâë© ¬­®£®§­ ç­ë© ­  X ®¯¥à â®à. �®£¤  á¯à ¢¥¤-

«¨¢ë á«¥¤ãîé¨¥ ¨¬¯«¨ª æ¨¨:

(W )
- d;� .%

(Wn)  �d (W n)

l (Gn) "d "

(S) % & (Rn)  ! (GLip
n+1);

£¤¥

(�) �(A) 6= ;;
(d) X = An+10�Xn+1, Xn+1 = D(An+1);
(W ) § ¤ ç  �®è¨ (3) ª®àà¥ªâ­  ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©;
(S) áãé¥áâ¢ã¥â à á¯à¥¤¥«¥­¨¥ ®¯¥à â®à®¢ à¥è¥­¨ï § ¤ ç¨ (12) S 2 S 0!(L(X;XA)):

P � S 3 � 
 IX ; S � P = � 
 IXA
;

(Gn) A ï¢«ï¥âáï £¥­¥à â®à®¬ n à § ¨­â¥£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¢ëà®-

¦¤¥­­®© ¯®«ã£àã¯¯ë ¤«ï ­¥ª®â®à®£® n 2 N;
(GLip

n+1) «¨­¥©­ë© § ¬ª­ãâë© ¬­®£®§­ ç­ë© ®¯¥à â®à A ï¢«ï¥âáï £¥­¥à â®à®¬ (n+1) à § ¨­â¥-
£à¨à®¢ ­­®© íªá¯®­¥­æ¨ «ì­® ®£à ­¨ç¥­­®© ¯®«ã£àã¯¯ë á® á¢®©áâ¢®¬ kV (t+h)�V (t)k � Ce!th,
t � 0, h � 0;
(Wn) § ¤ ç  �®è¨ (3) (n; !)-ª®àà¥ªâ­  ­  D(An+1);
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(W n) § ¤ ç  �®è¨ (3) (n; !)-ª®àà¥ªâ­  ­  ¬­®¦¥áâ¢¥ Rn+1
A (�)D(A);

(Rn) áãé¥áâ¢ãîâ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  M > 0, ! � 0 â ª¨¥, çâ® ¤«ï «î¡ëå Re� > !



 dkd�k
RA(�)
�n





 � Mk!
(Re �� !)k+1

; k = 0; 1; : : :
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