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�áà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ ®¡« áâ¥©, ¢¢¥¤¥­­®¥ � àªãá®¬ ¢ [1], ¯®«ãç¨«® §­ ç¨â¥«ì­®¥
¯à¨¬¥­¥­¨¥ ¢ £¥®¬¥âà¨ç¥áª®© â¥®à¨¨ äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® (­ ¯à., [2]{[4]). �â-
¬¥â¨¬ à ¡®âë [2], [3], ¢ ª®â®àëå, ¢ ç áâ­®áâ¨, ¤ ­ë ®¡®¡é¥­¨ï íâ®£® ¯à¥®¡à §®¢ ­¨ï ¨ ¬­®£®-
ç¨á«¥­­ë¥ ¯à¨«®¦¥­¨ï ª à §«¨ç­ë¬ ª« áá ¬  ­ «¨â¨ç¥áª¨å äã­ªæ¨©. � ¤ ­­®© áâ âì¥ ¯à¥-
®¡à §®¢ ­¨¥ � àªãá  [1] à §¢¨¢ ¥âáï ¢ ¨­®¬ ­ ¯à ¢«¥­¨¨. �áà¥¤­ïîâáï ¬­®¦¥áâ¢ , «¥¦ é¨¥
­  à¨¬ ­®¢ëå ¯®¢¥àå­®áâïå ­ ¤ ª®¬¯«¥ªá­®© ¯«®áª®áâìî á ãç¥â®¬ ¨å «¨áâ­®áâ¨ ­ ªàëâ¨ï.
�­ «®£¨ç­ë¥ ¯à¥®¡à §®¢ ­¨ï ¤«ï ªàã£®¢®© á¨¬¬¥âà¨§ æ¨¨ ®áãé¥áâ¢«ï«¨áì ¢ [5]{[8] ¨ ¤àã£¨å
à ¡®â å. � ¨¤¥©­®¬ ¯« ­¥ ¢ ¤ ­­®© à ¡®â¥ ¯à®¨áå®¤¨â á®¥¤¨­¥­¨¥ ãáà¥¤­¥­¨ï [1] ¨ ªãá®ç­®-
à §¤¥«ïîé¥© á¨¬¬¥âà¨§ æ¨¨ [4]. �¤­ ª® ¯®áâà®¥­­ë¥ §¤¥áì ¯à¥®¡à §®¢ ­¨ï ­¥ á¢®¤ïâáï ª ­¨¬.
� ª ç¥áâ¢¥ ¯à¨«®¦¥­¨© ¤ îâáï ­®¢ë¥ â¥®à¥¬ë ® ¯®ªàëâ¨¨ ®âà¥§ª®¢, ® á®¢¬¥áâ­® p-«¨áâ­ëå
®¡« áâïå ¨ ­¥à ¢¥­áâ¢ å ¤«ï à æ¨®­ «ì­ëå äã­ªæ¨©.

1. �¨­¥©­®-ãáà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥

�ãáâì R | à¨¬ ­®¢  ¯®¢¥àå­®áâì, «¥¦ é ï ­ ¤ ª®¬¯«¥ªá­®© ¯«®áª®áâìî z = x+ iy, R(�)
| ¬­®¦¥áâ¢® â®ç¥ª ¯®¢¥àå­®áâ¨ R, ¯à®¥ªæ¨ï ª®â®àëå ¯à¨­ ¤«¥¦¨â ¯®«®á¥ � = fz : 0 � x � 1g.
�®¢®àï ®¡ ®âªàëâëå ¨ § ¬ª­ãâëå ¬­®¦¥áâ¢ å ­  R(�), ¡ã¤¥¬ ¨¬¥âì ¢ ¢¨¤ã ®â­®á¨â¥«ì­ãî
â®¯®«®£¨î, ï¢«ïîéãîáï á«¥¤®¬ ­  R(�) â®¯®«®£¨¨, § ¤ ­­®© ¢ R. �®¢®ªã¯­®áâì ®âªàëâëå
¬­®¦¥áâ¢ fDg ­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬ á¥¬¥©áâ¢®¬ ¬­®¦¥áâ¢, ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®-
¢¨ï: ª ¦¤®¥ ¬­®¦¥áâ¢® D ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã R(�) ­¥ª®â®à®© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨
R; ¬­®¦¥áâ¢  fDg á®¢¬¥áâ­® p-«¨áâ­ë¥, â. ¥. ª ¦¤ ï â®çª  z 2 � ¯®ªàë¢ ¥âáï ­¥ ¡®«¥¥ ç¥¬
p à §«¨ç­ë¬¨ â®çª ¬¨, ¯à¨­ ¤«¥¦ é¨¬¨ ¬­®¦¥áâ¢ ¬ ¨§ á®¢®ªã¯­®áâ¨ fDg (á ãç¥â®¬ ªà â-
­®áâ¨); áãé¥áâ¢ã¥â ç¨á«® c > 0 â ª®¥, çâ® ¬­®¦¥áâ¢  fDg p-ªà â­® ¯®ªàë¢ îâ ¬­®¦¥áâ¢®
�c = fz : 0 � x � 1; jyj � cg, â. ¥. ­ ¤ ª ¦¤®© â®çª®© z 2 �c «¥¦¨â à®¢­® p â®ç¥ª á ãç¥â®¬
ªà â­®áâ¨ ¨§ ¬­®¦¥áâ¢ fDg; ­ ª®­¥æ, ­¨ ®¤­® ¨§ ¬­®¦¥áâ¢ á®¢®ªã¯­®áâ¨ fDg ­¥ á®¤¥à¦¨â ¦®à-
¤ ­®¢®© ¤ã£¨, æ¥«¨ª®¬ ¯®ªàë¢ îé¥© ¯àï¬ãî Re z = x ¯à¨ ª ª®¬-«¨¡® x, 0 < x < 1. � «¥¥,
á¥¬¥©áâ¢® § ¬ª­ãâëå ¬­®¦¥áâ¢ fEg ­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬ á¥¬¥©áâ¢®¬, á®®â¢¥âáâ¢ãîé¨¬ á¥¬¥©-
áâ¢ã fDg, ¥á«¨ ª ¦¤®¥ ¬­®¦¥áâ¢® E ¨§ fEg ¯à¨­ ¤«¥¦¨â ­¥ª®â®à®¬ã ¬­®¦¥áâ¢ã D 2 fDg ¨ ¥á«¨
¬­®¦¥áâ¢  á®¢®ªã¯­®áâ¨ fEg â ª¦¥ p-ªà â­® ¯®ªàë¢ îâ ¯®«ã¯®«®áë �c ¯à¨ ­¥ª®â®à®¬ c > 0.
�«ï ¯à®áâ®âë ¨§«®¦¥­¨ï ã¤®¡­® áç¨â âì, çâ® ª ¦¤®¥ ¬­®¦¥áâ¢® D á¥¬¥©áâ¢  fDg á®¤¥à¦¨â
­¥ª®â®à®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® E � E(D) á¥¬¥©áâ¢  fEg, ¢®§¬®¦­®, ¯ãáâ®¥. �¡®§­ ç¨¬ ç¥à¥§
lc(x;A) «¨­¥©­ãî ¬¥àã �¥¡¥£  ¬­®¦¥áâ¢  â®ç¥ª ¨§ A, «¥¦ é¨å ­ ¤ ®âà¥§ª®¬ [x � ic; x + ic].
�¥§ã«ìâ â®¬ «¨­¥©­®-ãáà¥¤­ïîé¥£® ¯à¥®¡à §®¢ ­¨ï Lp ¤®¯ãáâ¨¬®£® á¥¬¥©áâ¢  ®âªàëâëå ¬­®-
¦¥áâ¢ fDg ­ §®¢¥¬ ¬­®¦¥áâ¢® LpfDg = fz = x + iy 2 � : y > c � 1

2p

P
fDg

lc(x;D)g, £¤¥ c ¨§

P ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­â 99-01-
00443) ¨ ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨" (£à ­â 991282).
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®¯à¥¤¥«¥­¨ï á¥¬¥©áâ¢  fDg. �¥£ª® ¢¨¤¥âì, çâ® LpfDg ­¥ § ¢¨á¨â ®â ¢ë¡®à  ç¨á«  c > 0. �­ -
«®£¨ç­® ®¯à¥¤¥«ï¥âáï «¨­¥©­®-ãáà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ ¤®¯ãáâ¨¬®£® á¥¬¥©áâ¢  § ¬ª­ãâëå
¬­®¦¥áâ¢ LpfEg = fz = x+ iy 2 � : y � c� 1

2p

P
fEg

lc(x; E)g.

�à¥¤¯®«®¦¨¬, çâ® ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï !(Z) § ¤ ­  ­  ¬­®¦¥áâ¢ å D ¤®¯ãáâ¨¬®£® á¥-
¬¥©áâ¢  ®âªàëâëå ¬­®¦¥áâ¢ fDg ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) 0 � !(Z) � 1 ­  ¬­®¦¥áâ¢ å D ¨ !(Z) = 1 â®«ìª® ­  ¬­®¦¥áâ¢ å E ­¥ª®â®à®£® ¤®¯ãáâ¨-
¬®£® á¥¬¥©áâ¢  § ¬ª­ãâëå ¬­®¦¥áâ¢ fEg, á®®â¢¥âáâ¢ãîé¥£® á¥¬¥©áâ¢ã fDg;

2) !(Z) ­¥¯à¥àë¢­ ï ­  D ¨ £ à¬®­¨ç¥áª ï ¢ D n E , D 2 fDg, E 2 fEg;
3) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ �, 0 < � < 1, ¬­®¦¥áâ¢  D(�) = fZ 2 D : !(Z) > �g, D 2 fDg,

®¡à §ãîâ á®¢®ªã¯­®áâì ¨§ ª®­¥ç­®£® ç¨á«  ­¥¯¥à¥á¥ª îé¨åáï ®¡« áâ¥©, ¨¬¥îé¨å à §¢¥
«¨èì ª®­¥ç­®¥ ç¨á«® â®ç¥ª ¢¥â¢«¥­¨ï;

4) lim
Z!@D

!(Z) = 0, D 2 fDg.

�¯à¥¤¥«¨¬ «¨­¥©­®-ãáà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ äã­ªæ¨¨ !(Z) ª ª ¯¥à¥å®¤ ®â íâ®© äã­ªæ¨¨
ª äã­ªæ¨¨ Lp!(z), § ¤ ­­®© ¢ ¯®«ã¯®«®á¥ �+ = fz 2 � : y � 0g ä®à¬ã«®©

Lp!(x+ iy) =

8>>>>><>>>>>:

1; y � c� 1

2p

P
fEg

lc(x; E);

�; y = c� 1

2p

P
fDg

lc(x;D(�));

0; y � c� 1

2p

P
fDg

lc(x;D);

£¤¥ c | ­¥ª®â®à®¥ ç¨á«® ¨§ ®¯à¥¤¥«¥­¨ï á¥¬¥©áâ¢ fDg ¨ fEg. �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ v,
§ ¤ ­­®© ­  ­¥ª®â®à®© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ R, ®¡®§­ ç¨¬ ç¥à¥§ I(v;
) =

R



jrvj2 ¨­â¥£à «

�¨à¨å«¥ ®â äã­ªæ¨¨ v ¯® ¬­®¦¥áâ¢ã 
 � R (­ ¯à., [9], á. 256).

�¥®à¥¬  1. �ãáâì fDg | ¤®¯ãáâ¨¬®¥ á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢,   fEg | á®®â-

¢¥âáâ¢ãîé¥¥ ¥¬ã á¥¬¥©áâ¢® § ¬ª­ãâëå ¬­®¦¥áâ¢. �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï !(Z) § ¤ ­ 
­  ¬­®¦¥áâ¢ å D 2 fDg ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){4). �®£¤  äã­ªæ¨ï Lp!(z) à ¢­  ¥¤¨­¨-
æ¥ ­  ¬­®¦¥áâ¢¥ LpfEg, ­ã«î ­  �+ n LpfDg, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¢ ­¥ª®â®à®©

®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ ¬­®¦¥áâ¢  P = LpfDg n LpfEg ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®X
fDg

I(!;D n E) � 2pI(Lp!; P ): (1)

�®ª § â¥«ìáâ¢®. � ­­®¥ ãâ¢¥à¦¤¥­¨¥ ¬®¦­® ãáâ ­®¢¨âì á ¯®¬®éìî ¨§¢¥áâ­®© â¥å­¨ª¨
á¨¬¬¥âà¨§ æ¨¨ äã­ªæ¨© [10], ­¥áª®«ìª® ¨§¬¥­¥­­®© ¯à¨¬¥­¨â¥«ì­® ª ­ è¥¬ã á«ãç î. �à®é¥,
®¤­ ª®, ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ à ¡®âë [1]. �«ï íâ®£® § ¯¨è¥¬ ¨­â¥£à «ë ¨§ ­¥à ¢¥­áâ¢ 
(1) ¢ ¢¨¤¥

I(!;D n E) = lim
�!0

I(!;D(�; �)) + I(!;D(�; 1));

I(Lp!; P ) = lim
�!0

I(Lp!; P (�; �)) + I(Lp!; P (�; 1));

£¤¥ D(�; �) = fZ 2 D : � < !(Z) < �g, P (�; �) = fz : � < Lp!(z) < �g = LpfD(�)gnLpfD(�)g, 0 <
� < � � 1: �âáî¤  ¢¨¤­®, â¥®à¥¬ã 1 ¤®áâ â®ç­® ¤®ª § âì ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¢á¥ ¬­®¦¥áâ¢ 
D á¥¬¥©áâ¢  fDg á®¤¥à¦ â «¨èì ª®­¥ç­®¥ ç¨á«® â®ç¥ª ¢¥â¢«¥­¨ï ¨ ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨
ª®­¥ç­ë¬ ç¨á«®¬ ªãá®ç­®- ­ «¨â¨ç¥áª¨å ªà¨¢ëå. �à®¢¥¤¥¬ ¢ ¯®«®á¥ � ¢á¥¢®§¬®¦­ë¥ ¯àï¬ë¥
¢¨¤  Re z = xk, k = 1; : : : ;m, ¯à®å®¤ïé¨¥ ç¥à¥§ ¯à®¥ªæ¨¨ â®ç¥ª ¢¥â¢«¥­¨ï ¬­®¦¥áâ¢ D, D 2 fDg,
ç¥à¥§ â®çª¨ z = 0, z = 1,   â ª¦¥ ¯àï¬ë¥, ï¢«ïîé¨¥áï ª á â¥«ì­ë¬¨ ª ¯à®¥ªæ¨ï¬ £à ­¨æ
¬­®¦¥áâ¢ D, 0 = x1 < x2 < � � � < xm = 1. �à¨á®¥¤¨­¨¬ ª ª ¦¤®© á¢ï§­®© ª®¬¯®­¥­â¥ ¬­®¦¥áâ¢ 
D á¥¬¥©áâ¢  fDg, «¥¦ é¥© ­ ¤ ¯®«®á®© fz : xk < x < xk+1g, â®çª¨ ¬­®¦¥áâ¢  D, £à ­¨ç­ë¥ ¤«ï
íâ®© ª®¬¯®­¥­âë. �à®¥ªæ¨¨ ¯®«ãç¥­­ëå â ª¨¬ ®¡à §®¬ ¬­®¦¥áâ¢ (¯® ¢á¥¬ D ¨§ fDg) ®¡®§­ ç¨¬
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ç¥à¥§ Dk
j , j = 1; : : : ; jk, k = 1; : : : ;m � 1: �à¥¤¨ ¬­®¦¥áâ¢ Dk

j ¨¬¥¥âáï à®¢­® p ¬­®¦¥áâ¢, ¯ãáâì
íâ® Dk

2l�1, l = 1; : : : ; p, ª®â®àë¥ á®¤¥à¦ â ¯®«ã¯®«®áã fz : xk � x � xk+1; y � �cg; ¨ p ¬­®¦¥áâ¢
Dk
2l, l = 1; : : : ; p, ª®â®àë¥ á®¤¥à¦ â ¯®«ã¯®«®áã fz : xk � x � xk+1; y � cg; ¯à¨ ­¥ª®â®à®¬ c > 0,

¥¤¨­®¬ ¤«ï ¢á¥å k. �ãáâì eDk
2p+t = fz : z + c2p+t 2 Dk

2p+tg, t = 0; 1; : : : ; jk � 2p; £¤¥ ª®­áâ ­âë
c2p+t = ijc2p+tj, c2p = 0; ¯®¤®¡à ­ë â ª, çâ® ¬­®¦¥áâ¢  eDk

2p+t, t = 0; 1; : : : ; jk � 2p; ¯®¯ à­® ­¥
¯¥à¥á¥ª îâáï. �¢¥¤¥¬ ®â®¡à ¦¥­¨ï z = �k

j (�) = (xk+1 � xk)(� + i(�1)j+1�) + (xk � i(�1)j+1c),
� = � + i� 2 �+

� = f� = � + i� : 0 � � � 1; � � 0g; ¨ ¯ãáâì 	k
j | ®â®¡à ¦¥­¨ï, ®¡à â­ë¥ �k

j ,
j = 1; : : : ; 2p. � áá¬®âà¨¬ äã­ªæ¨¨ !k

j (�), j = 1; : : : ; 2p, § ¤ ­­ë¥ ¢ ¯®«ã¯®«®á¥ �+

� á«¥¤ãîé¨¬
®¡à §®¬:

!k
j (�) =

(
1� !(�k

j (�)); � 2 	k
j (D

k
j );

1; � 2 �+

� n	
k
j (D

k
j );

j = 1; : : : ; 2p� 1;

!k
2p(�) =

8><>:
1� !(�k

2p(�) + c2p+t); � 2 	k
2p( eDk

2p+t); t = 0; : : : ; jk � 2p;

1; � 2 �+

� n
jk�2pS
t=0

eDk
2p+t:

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ãáà¥¤­ïîé¨å ¯à¥®¡à §®¢ ­¨© ¢¨¤­®, çâ® ¢ ¯®«ã¯®«®á¥ �+

� ¢ë-
¯®«­ï¥âáï

Lp!(�k
2p(�)) = 1�LA(f!k

j (�)g
2p
j=1);

£¤¥ LA | «¨­¥©­®-ãáà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ � àªãá  [1] á ¯ à ¬¥âà ¬¨ A = f�jg
2p
j=1, �j =

1=(2p), j = 1; : : : ; 2p: �§ «¥¬¬ë 1.1 ¨ â¥®à¥¬ë 1.1 à ¡®âë [1] á«¥¤ã¥â, çâ® äã­ªæ¨ï Lp!(z) à ¢­ 
¥¤¨­¨æ¥ ­  ¬­®¦¥áâ¢¥ LpfEg

T
fz : xk � x � xk+1g; ­ã«î ­  (�+ n LpfDg)

T
fz : xk � x � xk+1g,

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ ¬­®¦¥áâ¢  P
T
fz :

xk � x � xk+1g ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

X
fDg

I(!; fZ 2 D n E : xk < ReprZ < xk+1g) =
2pX
j=1

I(!k
j ; f� : 0 < !k

j (�) < 1g) �

� 2pI(LAf!
k
j g

2p
j=1; f� : 0 < LAf!

k
j g

2p
j=1 < 1g) = 2pI(Lp!; P

\
fz : xk < x < xk+1g);

k = 1; : : : ;m� 1: �âáî¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1.

� ¬¥ç ­¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯ãáâì, ¤®¯®«­¨â¥«ì­®, ¬­®¦¥áâ¢® �+ n LpfEg á®¤¥à-
¦¨âáï ¢ ¯àï¬®ã£®«ì­¨ª¥ fz 2 � : 0 � y � y0g ¯à¨ ­¥ª®â®à®¬ y0 > 0. �®£¤  ¨§ ¯à¨­æ¨¯  �¨à¨å«¥
á® á¢®¡®¤­®© £à ­¨æ¥© ¨¬¥¥¬

I(Lp!; P ) � I(y=y0; fz 2 � : 0 < y < y0g) = 1=y0: (2)

�â® á®®â­®è¥­¨¥ ç áâ® ¡ë¢ ¥â ¯®«¥§­ë¬ ¢ á®ç¥â ­¨¨ á â¥®à¥¬®© 1.

� ¬¥ç ­¨¥ 2. �á«®¢¨¥ p-«¨áâ­®áâ¨ ®¡« áâ¥© á®¢®ªã¯­®áâ¨ fDg ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬
â®«ìª® ¢ ª®­â¥ªáâ¥ ¤ ­­®£® ¯à¨¥¬  ãáà¥¤­¥­¨ï. �¤¨­ ¨§ á¯®á®¡®¢ ãáà¥¤­¥­¨ï ¡¥§ íâ®£® ãá«®¢¨ï
¨§ãç¥­ ¢ [11].

� «¥¥ à áá¬®âà¨¬ ¯à¨«®¦¥­¨ï «¨­¥©­®-ãáà¥¤­ïîé¥£® ¯à¥®¡à §®¢ ­¨ï ¢ ¨áá«¥¤®¢ ­¨¨ á¢®©áâ¢
 ­ «¨â¨ç¥áª¨å äã­ªæ¨© à §­ëå ª« áá®¢.
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2. �¥®à¥¬ë ¯®ªàëâ¨ï ®âà¥§ª®¢

�ãáâì äã­ªæ¨ï w = f(z) à¥£ã«ïà­  ¢ ªàã£¥ U = fz : jzj < 1g, ¨ ¯ãáâì Rf | à¨¬ ­®¢ 
¯®¢¥àå­®áâì ®¡à â­®£® ®â®¡à ¦¥­¨ï, «¥¦ é ï ­ ¤ w-¯«®áª®áâìî [9]. �à¨¢ãî 
 ­  ¯®¢¥àå­®áâ¨
Rf ­ §®¢¥¬ ®âà¥§ª®¬, ¥á«¨ ®â®¡à ¦¥­¨¥ ¯à®¥ªâ¨à®¢ ­¨ï ®áãé¥áâ¢«ï¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥
á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã 
 ¨ ­¥ª®â®àë¬ ®âà¥§ª®¬ w-¯«®áª®áâ¨. �®¤ ¤«¨­®© 
 ¯®­¨¬ ¥âáï ¤«¨­ 
á®®â¢¥âáâ¢ãîé¥£® ®âà¥§ª . �¡®§­ ç¨¬ ç¥à¥§ �f (') ¢¥àå­îî £à ­ì ¤«¨­ ®âà¥§ª®¢ ­  ¯®¢¥àå­®áâ¨
Rf , ¨áå®¤ïé¨å ¨§ â®çª¨ W0 = f(0) ¨ «¥¦ é¨å ­ ¤ «ãç®¬ argw = '.

�¥®à¥¬  2. �á«¨ äã­ªæ¨ï w = f(z) = zp + � � � à¥£ã«ïà­  ¨ p-«¨áâ­  ¢ ªàã£¥ U , â® ¤«ï

«î¡®£® ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  � ¨ ­ âãà «ì­®£® n á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

nY
k=1

�f (� + 2�k=n) � 1=4:

� ¢¥­áâ¢® ¤®áâ¨£ ¥âáï ¤«ï äã­ªæ¨© f(z) = zp[1 + (e�i�zp)n]�2=n, p-ªà â­® ¯®ªàë¢ îé¨å w-
¯«®áª®áâì á à §à¥§ ¬¨ ¢¤®«ì «ãç¥© fw : argwn = �n; jwnj � 1=4g.

�®ª § â¥«ìáâ¢®. �®¦­® áç¨â âì � = 0. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï: �k = �f (2�k=n), Gk = fw :j
argw � 2�k=nj < �=ng n fw = t exp(2�ik=n) : 0 � t � �kg; eGk | ®¡« áâì Gk á ¯à¨á®¥¤¨­¥­­ë-
¬¨ ª ­¥© ¤®áâ¨¦¨¬ë¬¨ £à ­¨ç­ë¬¨ â®çª ¬¨ íâ®© ®¡« áâ¨, z = Fk(w) | äã­ªæ¨ï, § ¤ ­­ ï
á®®â­®è¥­¨ï¬¨

z = (�i=�) log[(� � �n=2k )=(� + �n=2k )]; � = i(wn � �nk)
1=2; w 2 Gk;

£¤¥ ¢¥â¢¨ ¬­®£®§­ ç­ëå äã­ªæ¨© ¯®¤®¡à ­ë â ª, çâ® Fk(w) ®â®¡à ¦ ¥â ®¡« áâì Gk ª®­ä®à¬­®
¨ ®¤­®«¨áâ­® ­  ¢­ãâà¥­­®áâì ¯®«®áë �, ¯à¨ç¥¬ ¤®áâ¨¦¨¬ë¥ £à ­¨ç­ë¥ â®çª¨ á ­®á¨â¥«¥¬ ¢
­ ç «¥ ¯¥à¥å®¤ïâ ¢ �i1, k = 1; : : : ; n.

�à¨ ¯®¤å®¤ïé¥¬ �, 0 < � < 1, äã­ªæ¨ï w = f�(z) � f(�z) ®â®¡à ¦ ¥â ªàã£ U ­  p-«¨áâ­ãî
à¨¬ ­®¢ã ¯®¢¥àå­®áâì Rf (�), ®£à ­¨ç¥­­ãî  ­ «¨â¨ç¥áª®© ªà¨¢®© ¨ ¨¬¥îéãî «¨èì ª®­¥ç-
­®¥ ç¨á«® â®ç¥ª ¢¥â¢«¥­¨ï. �ã¦¥­¨¥ íâ®© ¯®¢¥àå­®áâ¨, «¥¦ é¥¥ ­ ¤ ¬­®¦¥áâ¢®¬ eGk, ®¡à §ã¥â
­¥ª®â®à®¥ á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢ f eDgk (¢ ®â­®á¨â¥«ì­®© â®¯®«®£¨¨). �ã­ªæ¨ï Fk(w)
¨­¤ãæ¨àã¥â á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¤®¯ãáâ¨¬®¥ á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢ fDgk, «¥¦ é¨å
­ ¤ ¯®«®á®© �. �â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢ eD á¥¬¥©áâ¢  f eDgk ­  D 2 fDgk ¡ã¤¥¬ ®¡®§­ ç âì â®©
¦¥ ¡ãª¢®© Z = Fk(W ). �§ ¢á¥å ãá«®¢¨© ¤®¯ãáâ¨¬®áâ¨ á¥¬¥©áâ¢  fDgk âà¥¡ã¥â ¯®ïá­¥­¨© «¨èì
¯®á«¥¤­¥¥. �á«¨ ­¥ª®â®à®¥ ¬­®¦¥áâ¢® D 2 fDgk á®¤¥à¦¨â ¤ã£ã, æ¥«¨ª®¬ ¯®ªàë¢ îéãî ¯àï-
¬ãî ¢¨¤  Re z = x, 0 < x < 1, â® ¯®¢¥àå­®áâì Rf (�) á®¤¥à¦¨â § ¬ª­ãâãî ªà¨¢ãî 
, «¥¦ -
éãî ­ ¤ fw : ReFk(w) = xg. �ãáâì Wk | â®çª  ªà¨¢®© 
, ¤«ï ª®â®à®© arg prWk = 2�k=n.
�¢¨£ ïáì ®â â®çª¨ Wk ¯® ¯®¢¥àå­®áâ¨ Rf (�) ­ ¤ «ãç®¬ argw = 2�k=n ¢ ­ ¯à ¢«¥­¨¨ ª W0,
®¡ï§ â¥«ì­® ¯®¯ ¤¥¬ ¢ £à ­¨ç­ãî â®çªã Rf (�) (¯® ®¯à¥¤¥«¥­¨î �f (2�k=n)). �¢¨£ ïáì â¥¯¥àì
¨§ â®çª¨ Wk ¢ ¯à®â¨¢®¯®«®¦­®¬ ­ ¯à ¢«¥­¨¨, ¢­®¢ì ¯®¯ ¤¥¬ ­  £à ­¨æã, â. ª. â®çª  w = 1
­¥ ¯®ªàë¢ ¥âáï ¯®¢¥àå­®áâìî Rf (�). � ª¨¬ ®¡à §®¬, ¯® à §­ë¥ áâ®à®­ë ®â 
 ¨¬¥îâáï â®çª¨
£à ­¨æë ¯®¢¥àå­®áâ¨ Rf (�), çâ® ¯à®â¨¢®à¥ç¨â ®¤­®á¢ï§­®áâ¨ íâ®© ¯®¢¥àå­®áâ¨. �â ª, á¥¬¥©-
áâ¢® fDgk ¤®¯ãáâ¨¬®. �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï á®®â¢¥âáâ¢ãîé¥¥ á¥¬¥©áâ¢® § ¬ª­ãâëå ¬­®-
¦¥áâ¢ fE(r)gk, ¯®à®¦¤¥­­®¥ ®¡à §®¬ ªàã£  jzj � r, r < 1 (¢¬¥áâ® U ¢ á«ãç ¥ fDgk), ¯à¨ ®â®-
¡à ¦¥­¨¨ w = f�(z). � ¬¥â¨¬, çâ® ¬­®¦¥áâ¢® �+ n LpfE(r)gk á®¤¥à¦¨âáï ¢ ¯àï¬®ã£®«ì­¨ª¥
fz 2 � : 0 � y � (�np=�) log(r�) + (1=�) log(4�nk ) + o(1)g ¯à¨ r ! 0. �  ¬­®¦¥áâ¢ å á¥¬¥©áâ¢ 
fDgk ®¯à¥¤¥«¨¬ äã­ªæ¨î !k(Z), à ¢­ãî ¥¤¨­¨æ¥ ­  E(r) 2 fE(r)gk, ¨

!k(Z) = (log jf�1� (F�1
k (Z))j)= log r; Z 2 D n E(r); D 2 fDgk:
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�¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨ï !k(Z) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){4). �§ ª®­ä®à¬­®© ¨­¢ à¨ ­â­®-
áâ¨ ¨­â¥£à «  �¨à¨å«¥ á«¥¤ã¥â

�
2�
log r

= I((log jzj)= log r; fz : r < jzj < 1g) =
nX

k=1

X
fDgk

I(!k;D n E(r)):

� ¤àã£®© áâ®à®­ë, ¯® â¥®à¥¬¥ 1 á ãç¥â®¬ (2) ¨¬¥¥¬X
fDgk

I(!k;D n E(r)) � 2p=[(�np=�) log(r�) + (1=�) log(4�nk ) + o(1)] =

= �
2�
log r

�
1
n
�

log �
n log r

+
1
np

log(41=n�k)
log r

+ o

�
1

log r

��
; k = 1; : : : ; n:

� ¨â®£¥ ¯®«ãç ¥¬

0 � � log �+
1
np

log
�
4

nY
k=1

�k

�
+ o(1):

�¥à¥å®¤ï §¤¥áì ª ¯à¥¤¥«ã ¯à¨ r ! 0,   § â¥¬ � ! 1, § ¢¥àè ¥¬ ¤®ª § â¥«ìáâ¢® ­¥à ¢¥­áâ¢ 
â¥®à¥¬ë 2. �®ç­®áâì ¤ ­­®© ®æ¥­ª¨ ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�®«ãç¥­­ë© à¥§ã«ìâ â ¢ª«îç ¥â ¢ á¥¡ï ¯¯. 1{3 ¨§¢¥áâ­®© â¥®à¥¬ë �.�. �®«ã§¨­  ([12], â¥-
®à¥¬  8) (¡¥§ ãâ¢¥à¦¤¥­¨ï ® §­ ª¥ à ¢¥­áâ¢ ). �¤­®¢à¥¬¥­­® ®­ á®¤¥à¦¨â ¬­®£¨¥ ¨§¢¥áâ­ë¥
â¥®à¥¬ë ¤«ï ®¤­®«¨áâ­ëå ¢ ªàã£¥ äã­ªæ¨© ([4], á. 56{57). � ¬¥â¨¬, çâ® ­ è ¯®¤å®¤ ¯®§¢®«ï¥â
ãáâ ­®¢¨âì ¥¤¨­áâ¢¥­­®áâì íªáâà¥¬ «ì­ëå ®â®¡à ¦¥­¨©,   â ª¦¥ à á¯à®áâà ­¨âì ¯®«ãç¥­­ë©
à¥§ã«ìâ â ­  á«ãç © äã­ªæ¨©, § ¤ ­­ëå ¢ ª®«ìæ¥. �à¨¢¥¤¥¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ®¤­ã ¨§ â¥®à¥¬
â ª®£® à®¤ .

�¥®à¥¬  3. �ãáâì äã­ªæ¨ï w = f(z) à¥£ã«ïà­  ¨ p-«¨áâ­  ¢ ª®«ìæ¥ 1 � jzj < R, ¯à¨ç¥¬R
jzj=1

d arg f(z) = 2p�; jf(z)j � 1 ¯à¨ 1 � jzj < R ¨ jf(z)j = 1, ª®£¤  jzj = 1. �¡®§­ ç¨¬ ç¥à¥§

Lf (') ¢¥àå­îî £à ­ì ¤«¨­ ®âà¥§ª®¢ ­  à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ®¡à â­®© äã­ªæ¨¨, «¥¦ é¨å

­ ¤ «ãç®¬ argw = ' ¨ á®¤¥à¦ é¨å ­  ª®­æ¥ â®çªã ­ ¤ ®ªàã¦­®áâìî jwj = 1.
�ãáâì äã­ªæ¨ï w = E(�;n; p;R) ª®­ä®à¬­® ¨ ®¤­®«¨áâ­® ®â®¡à ¦ ¥â ª®«ìæ® 1 < j�j <

Rp ­  ¢­¥è­®áâì ªàã£  jwj > 1 á à §à¥§ ¬¨ ¢¤®«ì «ãç¥© fw : argwn = 0, jwnj � 
(n; p;R)g,
E(1;n; p;R) = 1: �®£¤  ¤«ï «î¡®£® ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  � ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

nY
k=1

(Lf (� + 2�k=n) + 1) � 
(n; p;R):

� ¢¥­áâ¢® ¤®áâ¨£ ¥âáï ¤«ï äã­ªæ¨© f(z) = ei�E(�zp;n; p;R), j�j = 1:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï §¤¥áì ­¥ ¯à¨¢®¤¨âáï, â. ª. ®­®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã
â¥®à¥¬ë 2 ¨, ªà®¬¥ â®£®, ¢ ­¥áª®«ìª® ¨§¬¥­¥­­®¬ ¢ à¨ ­â¥ ¤ ­® ¢ [11].

3. � ¤ ç  ®¡ íªáâà¥¬ «ì­®¬ à §¡¨¥­¨¨

� ¤ ç¨ á ãª § ­­ë¬ ­ §¢ ­¨¥¬ ¨¬¥îâ ¡®£ âãî ¨áâ®à¨î [13]. � áá¬®âà¨¬ ®¤­ã ¨§ ­¨å ¢
®¡®¡é¥­­®© ¯®áâ ­®¢ª¥. �ã­ªæ¨¨ w = fk(z), k = 1; : : : ; n, ­ §®¢¥¬ á®¢¬¥áâ­® p-«¨áâ­ë¬¨ ¢ ªàã£¥
U , ¥á«¨ «î¡®¥ §­ ç¥­¨¥ w ¯à¨­¨¬ ¥âáï íâ¨¬¨ äã­ªæ¨ï¬¨ ¢ á®¢®ªã¯­®áâ¨ ­¥ ¡®«¥¥, ç¥¬ ¢ p
â®çª å á ãç¥â®¬ ªà â­®áâ¨.

� ¤ ç . �¯à¥¤¥«¨âì ¢¥àå­îî £à ­ì ¯à®¨§¢¥¤¥­¨ï
nY

k=1

jckj (3)

¯® ¢á¥¬ äã­ªæ¨ï¬ w = fk(z) = ak + ckz
p + � � � , á®¢¬¥áâ­® p-«¨áâ­ë¬ à¥£ã«ïà­ë¬ ¢ ªàã£¥ U ¨

â ª¨¬, çâ® jakj = 1, k = 1; : : : ; n (n � 2).
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�à¨ p = 1 íâ  § ¤ ç  á®¢¯ ¤ ¥â á § ¤ ç¥© ([13], á. 26) (á¬. â ª¦¥ [4], á. 53).

�¥®à¥¬  4. � ªá¨¬ã¬ ¯à®¨§¢¥¤¥­¨ï (3) à ¢¥­ (4=n)n ¨ ¤®áâ¨£ ¥âáï ¤«ï n ¢¥â¢¥© äã­ªæ¨¨

w = [(1 + zp)=(1 � zp)]2=n; ª ¦¤ ï ¨§ ª®â®àëå ®áãé¥áâ¢«ï¥â p-ªà â­®¥ ­ ªàëâ¨¥ ªàã£®¬ U
®¤­®£® ¨§ ã£«®¢ fw : j argw � 2�k=nj < �=ng, k = 1; : : : ; n:

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï �k = arg ak, k = 1; : : : ; n, �n+1 = �1+2�, 'k = �k+1��k,
k = 1; : : : ; n: �®¦­® áç¨â âì, çâ® 0 = �1 < �2 < � � � < �n < 2�: �®«®¦¨¬ Gk = fw =
tei� : 0 < t < 1, �k < � < �k+1g; ¨ ¯ãáâì äã­ªæ¨ï z = Fk(w) § ¤ ­  á®®â­®è¥­¨ï¬¨
z = (�i=�) log[(� � 1)=(� + 1)], � = (we�i�k )�='k , w 2 Gk; £¤¥ ¢¥â¢¨ ¬­®£®§­ ç­ëå äã­ªæ¨©
¯®¤®¡à ­ë â ª, çâ® Fk(w) ª®­ä®à¬­® ¨ ®¤­®«¨áâ­® ®â®¡à ¦ ¥â ®¡« áâì Gk ­  ¢­ãâà¥­­®áâì
¯®«®áë �, ¯à¨ íâ®¬ £à ­¨ç­ë¥ â®çª¨ ak, ak+1 ¯¥à¥å®¤ïâ á®®â¢¥âáâ¢¥­­® ¢ +i1 ¨ �i1. �à¨
¯®¤å®¤ïé¥¬ �, 0 < � < 1, äã­ªæ¨¨ w = fk�(z) � fk(�z) ®â®¡à ¦ îâ ªàã£ U ­  á®¢¬¥áâ­®
p-«¨áâ­ë¥ à¨¬ ­®¢ë ¯®¢¥àå­®áâ¨ Rfk(�), «¥¦ é¨¥ ­ ¤ w-¯«®áª®áâìî, ®£à ­¨ç¥­­ë¥  ­ «¨â¨-
ç¥áª¨¬¨ ªà¨¢ë¬¨ ¨ ¨¬¥îé¨¥ «¨èì ª®­¥ç­®¥ ç¨á«® â®ç¥ª ¢¥â¢«¥­¨ï. �®çªã ¯®¢¥àå­®áâ¨ Rfk(�),
á®®â¢¥âáâ¢ãîéãî z = 0, ®¡®§­ ç¨¬ ç¥à¥§ Wk, prWk = ak, k = 1; : : : ; n: �ã¦¥­¨¥ íâ¨å ¯®¢¥àå-
­®áâ¥©, «¥¦ é¥¥ ­ ¤ Gk, ®¡à §ã¥â á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢ f eDgk (¢ ®â­®á¨â¥«ì­®© â®-
¯®«®£¨¨). �ã­ªæ¨ï Fk(w) ¨­¤ãæ¨àã¥â ¤®¯ãáâ¨¬®¥ á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢ fDgk, «¥¦ -
é¨å ­ ¤ ¯®«®á®© � (c®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢ eD á¥¬¥©áâ¢  f eDgk ­  D 2 fDgk
®¡®§­ ç ¥¬ â®© ¦¥ ¡ãª¢®© Z = Fk(W )). � ¬¥â¨¬, çâ® â®çª¨ Wk ¨¬¥îâ ®ªà¥áâ­®áâ¨, p-ªà â­®
¯®ªàë¢ îé¨¥ ®ªà¥áâ­®áâ¨ â®ç¥ª ak â ª, çâ® ãá«®¢¨ï ¤®¯ãáâ¨¬®áâ¨ ®¡« áâ¥© fDgk «¥£ª® ¯à®-
¢¥àïîâáï. �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï á®®â¢¥âáâ¢ãîé¥¥ á¥¬¥©áâ¢® § ¬ª­ãâëå ¬­®¦¥áâ¢ fE(r)gk,
¯®à®¦¤¥­­®¥ ®¡à §®¬ ªàã£  jzj � r, r < 1, ¯à¨ ®â®¡à ¦¥­¨ïå w = fk�(z), k = 1; : : : ; n: �à®-
áâë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ¬­®¦¥áâ¢® �+ n LpfE(r)gk á®¤¥à¦¨âáï ¢ ¯àï¬®ã£®«ì­¨ª¥
fz 2 � : 0 � y � (�1=�) log[(r�)pjckj�=(2'k)] + o(1)g, r ! 0: �  ¬­®¦¥áâ¢ å á¥¬¥©áâ¢  fDgk
®¯à¥¤¥«¨¬ äã­ªæ¨î !k(Z), à ¢­ãî ¥¤¨­¨æ¥ ­  E(r) 2 fE(r)gk , ¨

!k(Z) = (log jf�1j� (F
�1
k (Z))j)= log r; Z 2 D n E(r); D 2 fDgk;

£¤¥ ¨­¤¥ªá j § ¢¨á¨â ®â â®çª¨ Z ¨ à ¢¥­ ­®¬¥àã â®© ¯®¢¥àå­®áâ¨ Rfj (�), ª®â®à®© ¯à¨­ ¤«¥¦¨â
â®çª  F�1

k (Z). � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2, ª®­ä®à¬­ ï ¨­¢ à¨ ­â­®áâì ¨­â¥£à « 
�¨à¨å«¥ ¤ ¥â

�
2�n
log r

=
nX

k=1

X
fDgk

I(!k;D n E(r)):

� ¤àã£®© áâ®à®­ë, ¯® â¥®à¥¬¥ 1 á ãç¥â®¬ (2) ¨¬¥¥¬X
fDgk

I(!k;D n E(r)) � 2pf(�1=�) log[(r�)pjckj�=(2'k)] + o(1)g�1 =

= �
2�
log r

�
1�

log �
log r

�
log jck�=(2'k)j

p log r
+ o

�
1

log r

��
; k = 1; : : : ; n:

�ã¬¬¨àãï ¢ë¯¨á ­­ë¥ á®®â­®è¥­¨ï, ¯®«ãç ¥¬

0 � �n log �� (1=p) log
nY

k=1

jck�=(2'k)j+ o(1); r! 0:

�âáî¤  ¯®á«¥ ¯à¥¤¥«ì­ëå ¯¥à¥å®¤®¢ r ! 0, �! 1 á«¥¤ã¥â
nY

k=1

jck�=(2'k)j � 1:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ­¥à ¢¥­áâ¢®¬ ¬¥¦¤ã áà¥¤­¨¬ £¥®¬¥âà¨ç¥áª¨¬ ¨ áà¥¤­¨¬  à¨ä¬¥â¨-
ç¥áª¨¬

nY
k=1

'k �

� nX
k=1

('k=n)
�n

= (2�=n)n:
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�ªáâà¥¬ «ì­®áâì ãª § ­­ëå ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë äã­ªæ¨© ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­-
­®.

�¥®à¥¬  4 ®¡®¡é ¥â ¨§¢¥áâ­ë¥ â¥®à¥¬ë �.�.� ¢à¥­âì¥¢  (n = 2) ¨ �.�. �®«ã§¨­  (n = 3) ®
­¥­ «¥£ îé¨å ®¡« áâïå ­  á«ãç © p-«¨áâ­ëå ®â®¡à ¦¥­¨©.

4. �¥à ¢¥­áâ¢® ¤«ï à æ¨®­ «ì­ëå äã­ªæ¨©

�¨¦¥ ¯à¥¤« £ ¥âáï ­®¢ë© á¯®á®¡ ¯®«ãç¥­¨ï ­¥à ¢¥­áâ¢ ¤«ï ¯®«¨­®¬®¢ ¨ à æ¨®­ «ì­ëå
äã­ªæ¨© (áà., ­ ¯à., [14]). �ãáâì R(z) | à æ¨®­ «ì­ ï äã­ªæ¨ï áâ¥¯¥­¨ p � 1, a ¨ b|ª®¬¯«¥ªá-
­ë¥ ç¨á« . �à¥¤¯®«®¦¨¬, çâ® ¯àï¬ ï ¨«¨ ®ªàã¦­®áâì 
 ®â¤¥«ï¥â ª®à­¨ ãà ¢­¥­¨ï R(z) = a
®â ª®à­¥© R(z) = b. �®áâ ¢¨¬ § ¤ çã ¨§ãç¥­¨ï á¢®©áâ¢ à æ¨®­ «ì­®© äã­ªæ¨¨ R(z), ª®â®àë¥
¢ëâ¥ª îâ ¨§ ¤ ­­®£® ®£à ­¨ç¥­¨ï. �®áâ â®ç­® à áá¬®âà¥âì á«ãç ©, ª®£¤  
 | ¤¥©áâ¢¨â¥«ì­ ï
®áì, a = 0 ¨ b = 1.

�¥®à¥¬  5. �ãáâì w = R(z) | à æ¨®­ «ì­ ï äã­ªæ¨ï áâ¥¯¥­¨ p � 1; ¯ãáâì �s, s =
1; : : : ; n, | ª®à­¨ ãà ¢­¥­¨ï R(z) = 0 ªà â­®áâ¨ á®®â¢¥âáâ¢¥­­® ks; �s, s = 1; : : : ;m, | ª®à­¨

ãà ¢­¥­¨ï R(z) = 1 ªà â­®áâ¨ ls,
nP

s=1
ks =

mP
s=1

ls = p. �à¥¤¯®«®¦¨¬, çâ® â®çª¨ �s «¥¦ â ¢

¢¥àå­¥© ¯®«ã¯«®áª®áâ¨,   â®çª¨ �s | ¢ ­¨¦­¥©, ¨ ¯ãáâì

cs = lim
z!�s

jR(z)j jz � �sj
�ks ; s = 1; : : : ; n;

ds = lim
z!�s

jR(z)� 1j jz � �sj
�ls ; s = 1; : : : ;m:

�®£¤  ¨¬¥¥â ¬¥áâ® â®ç­ ï ®æ¥­ª 

nY
s=1

ckss

mY
s=1

dlss �

nQ
s6=t
j�s � �tj

kskt
mQ
s6=t
j�s � �tj

lslt

nQ
s;t
j�s � �tj

kskt
mQ
s;t
j�s � �tj

lslt

: (4)

� ¢¥­áâ¢® ¤®áâ¨£ ¥âáï ¤«ï äã­ªæ¨¨ w = (z � ih)p[(z � ih)p + (z + ih)p]�1; h > 0.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§G ¯«®áª®áâì w, à §à¥§ ­­ãî ¢¤®«ì ®âà¥§ª  [0; 1], ¨ ¯ãáâìeG | ®¡« áâì G á ¯à¨á®¥¤¨­¥­­ë¬¨ ª ­¥© ¤®áâ¨¦¨¬ë¬¨ £à ­¨ç­ë¬¨ â®çª ¬¨. �ãáâì z = F (w)
| â  ¢¥â¢ì äã­ªæ¨¨ (�i=(2�)) log[w=(1 � w)], ª®â®à ï ª®­ä®à¬­® ¨ ®¤­®«¨áâ­® ®â®¡à ¦ ¥â
®¡« áâì G ­  ¢­ãâà¥­­®áâì ¯®«®áë � â ª, çâ® F (0) = i1, F (1) = �i1. �ã­ªæ¨ï w = R(z)
®â®¡à ¦ ¥â ¢¥àå­îî ¨ ­¨¦­îî ¯®«ã¯«®áª®áâ¨ ­  ¤¢¥ ­¥¯¥à¥á¥ª îé¨eáï á®¢¬¥áâ­® p-«¨áâ­ë¥
à¨¬ ­®¢ë ¯®¢¥àå­®áâ¨, «¥¦ é¨¥ ­ ¤ w-¯«®áª®áâìî, ®£à ­¨ç¥­­ë¥ ªãá®ç­®- ­ «¨â¨ç¥áª®© ªà¨-
¢®© ¨ ¨¬¥îé¨¥ «¨èì ª®­¥ç­®¥ ç¨á«® â®ç¥ª ¢¥â¢«¥­¨ï. �ã¦¥­¨¥ íâ¨å ¯®¢¥àå­®áâ¥©, «¥¦ é¥¥
­ ¤ eG, ®¡à §ã¥â á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢, ª®â®à®¥ ¯¥à¥å®¤¨â á ¯®¬®éìî ®â®¡à ¦¥­¨ï
F (w) ¢ ¤®¯ãáâ¨¬®¥ á¥¬¥©áâ¢® ®âªàëâëå ¬­®¦¥áâ¢ fDg, «¥¦ é¨å ­ ¤ ¯®«®á®© �. � ª ¨ ¯à¨
¤®ª § â¥«ìáâ¢¥ ¯à¥¤ë¤ãé¨å â¥®à¥¬, ®â®¡à ¦¥­¨¥ à¨¬ ­®¢ëå ®¡« áâ¥© ®¡®§­ ç ¥¬ â®© ¦¥ ¡ã-
ª¢®©. �­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï á®®â¢¥âáâ¢ãîé¥¥ á¥¬¥©áâ¢® § ¬ª­ãâëå ¬­®¦¥áâ¢ fE(r)g, ¯®-
à®¦¤¥­­®¥ ®¡à § ¬¨ ªàã£®¢ jz � �sj � r1=ks , s = 1; : : : ; n, jz � �sj � r1=ls, s = 1; : : : ;m. �¥£-
ª® ¢¨¤¥âì, çâ® ¬­®¦¥áâ¢® �+ n LpfE(r)g á®¤¥à¦¨âáï ¢ ¯àï¬®ã£®«ì­¨ª¥ fz 2 � : 0 � y �

(�1=(2�)) log r + (�1(4�p)) logA + o(1)g, r ! 0, £¤¥ A =
nQ

s=1
ckss

mQ
s=1

dlss . �¡®§­ ç¨¬ â¥¯¥àì ç¥à¥§

u(z) äã­ªæ¨î, ­¥¯à¥àë¢­ãî ¢ ¯«®áª®áâ¨ z, à ¢­ãî ­ã«î ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨, ¥¤¨­¨æ¥ ­ 
ãª § ­­ëå ¢ëè¥ ªàã£ å á æ¥­âà ¬¨ ¢ �s ¨ �s, ¨ £ à¬®­¨ç¥áªãî ¢ ®áâ «ì­®© ç áâ¨ ¯«®áª®áâ¨ z
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(§¤¥áì r > 0 ¤®áâ â®ç­® ¬ «®). �§ â¥®à¥¬ë 1 à ¡®âë [15] á«¥¤ã¥â, çâ®

I(u; fz : y > 0g) =
�
�

1
2�p

log r +M+ + o(1)
��1

= �
2�p
log r

�
1 +

2�pM+

log r
+ o

�
1

log r

��
; r ! 0;

I(u; fz : y < 0g) =
�
�

1
2�p

log r +M� + o(1)
��1

= �
2�p
log r

�
1 +

2�pM�

log r
+ o

�
1

log r

��
; r ! 0;

£¤¥

M+ =
1

2�p2

� nX
s;t

log j�s � �tj
kskt �

nX
s6=t

log j�s � �tj
kskt

�
;

M� =
1

2�p2

� mX
s;t

log j�s � �tj
lslt �

mX
s6=t

log j�s � �tj
lslt

�
:

�  ¬­®¦¥áâ¢ å á¥¬¥©áâ¢  fDg ®¯à¥¤¥«¨¬ äã­ªæ¨î !(Z) ¯® ä®à¬ã«¥ !(Z) = u(R�1(F�1(Z))),
Z 2 D, D 2 fDg. �§ ª®­ä®à¬­®© ¨­¢ à¨ ­â­®áâ¨ ¨­â¥£à «  �¨à¨å«¥, â¥®à¥¬ë 1 ¨ ­¥à ¢¥­áâ¢ 
(2) ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì­®

I(u; fz : y > 0g) + I(u; fz : y < 0g) =
X
fDg

I(!;D n E(r)) �

� 2p[(�1=(2�)) log r + (�1=(4�p)) logA+ o(1)]�1 = �
4�p
log r

�
1�

1
2p

logA
log r

+ o

�
1

log r

��
:

�ã¬¬¨àãï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ r ! 0, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

�p(M+ +M�) � �
1
2p

logA;

ª®â®à®¥ à ¢­®á¨«ì­® (4). �®ç­®áâì ®æ¥­ª¨ ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�â¬¥â¨¬ ç áâ­ë© á«ãç © ­¥à ¢¥­áâ¢  (4), ª®£¤  ¢á¥ ­ã«¨ äã­ªæ¨© R(z) ¨ R(z) � 1 ¯¥à¢®£®
¯®àï¤ª ,

pY
s=1

jR0(�s)R0(�s)j �

pQ
s6=t
j�s � �tj

pQ
s6=t
j�s � �tj

pQ
s;t
j�s � �tj

pQ
s;t
j�s � �tj

< 2�2p
pY

s=1

j Im �s Im �sj
�1:

�­ ª à ¢¥­áâ¢  ¢ ¯¥à¢®¬ ­¥à ¢¥­áâ¢¥ ¤®áâ¨£ ¥âáï, ­ ¯à¨¬¥à, ¤«ï äã­ªæ¨¨ R(z) = 9

80

��
z�i
z+i

�2
� 1

9

�
(p = 2). �¯¨á ­¨¥ ¢á¥å á«ãç ¥¢ à ¢¥­áâ¢  §¤¥áì ­¥ ¯à¨¢®¤¨âáï, â. ª. âà¥¡ã¥â ¯à¨¢«¥ç¥­¨ï â¥å­¨ª¨
®¡®¡é¥­­ëå ¯à¨¢¥¤¥­­ëå ¬®¤ã«¥© [15] ¨ â¥®à¥¬ ¥¤¨­áâ¢¥­­®áâ¨ ¤«ï ãáà¥¤­ïîé¨å ¯à¥®¡à §®-

¢ ­¨© [2], çâ® áãé¥áâ¢¥­­® ã¢¥«¨ç¨â ®¡ê¥¬ áâ âì¨. �®« £ ï R(z) = P (z) �
pQ

s=1
(z � �s), ¯®«ãç¨¬

®æ¥­ªã ¤«ï ¬­®£®ç«¥­®¢
pQ
s;t
j�s � �tj

pQ
s;t
j�s � �tj � 1: � ­­ ï ®æ¥­ª  ï¢«ï¥âáï, ¯®-¢¨¤¨¬®¬ã, ­¥-

â®ç­®© ¢ ª« áá¥ ¢á¥å ¬­®£®ç«¥­®¢ P (z) = zp + cp�1z
p�1 + � � �+ c0, ã¤®¢«¥â¢®àïîé¨å ãª § ­­ë¬

¢ëè¥ ãá«®¢¨ï¬.
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