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�¢¥¤¥­¨¥

�à¨ ¨§ãç¥­¨¨  ää¨­­®-®¤­®à®¤­ëå ¢¥é¥áâ¢¥­­ëå £¨¯¥à¯®¢¥àå­®áâ¥© ¢ 3-¬¥à­®¬ ª®¬¯«¥ªá-
­®¬ ¯à®áâà ­áâ¢¥ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§­¨ª îâ (á¬., ­ ¯à., [1]) ¢¥é¥áâ¢¥­­ë¥ ¯®¤ «£¥¡àë
�¨  «£¥¡àë ª®¬¯«¥ªá­ëå ª¢ ¤à â­ëå ¬ âà¨æ 2-£® ¯®àï¤ª . � á¢ï§¨ á íâ¨¬ ¬®¦­® ¯à¥¤«®-
¦¨âì ¯®¤å®¤ ª ª« áá¨ä¨ª æ¨¨  ää¨­­®-®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥©, ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ -
­¨¨ ¨¬¥­­® â ª¨å ­¥á«®¦­ëå ®¡ê¥ªâ®¢, ª ª  «£¥¡àë ¬ âà¨æ 2-£® ¯®àï¤ª . �¤­ ª® ¢ ¬ â¥¬ â¨-
ç¥áª®© «¨â¥à âãà¥  ¢â®àë ¤ ­­®© à ¡®âë ­¥ ­ è«¨ á®®â¢¥âáâ¢ãîé¨å ®¯¨á ­¨©.

� ­­ ï áâ âìï á®¤¥à¦¨â ª« áá¨ä¨ª æ¨î ¯®¤ «£¥¡à �¨ M(2; C ) ¢á¥å à §¬¥à­®áâ¥© ®â 0 ¤®
4, ª ª®â®àë¬ á¢®¤¨âáï ã¯®¬ï­ãâ ï ¢ëè¥ § ¤ ç  ®¡ ®¤­®à®¤­®áâ¨. � â® ¦¥ ¢à¥¬ï ¢ ¤àã£¨å ¯à¨-
«®¦¥­¨ïå ¨­â¥à¥á ¬®£ãâ ¯à¥¤áâ ¢«ïâì  ­ «®£¨ç­ë¥ ¯®¤ «£¥¡àë ¢á¥å ¢®§¬®¦­ëå à §¬¥à­®áâ¥©
(®â 0 ¤® 7)  «£¥¡àë �¨ M(2; C ).

� ª ç áâ­ë© á«ãç © ¢ ¤ ­­ãî áâ âìî ¢ª«îç¥­ à¥§ã«ìâ â à ¡®âë [2], ¢ ª®â®à®© ¯®áâà®¥­ ¯®«-
­ë© á¯¨á®ª 3-¬¥à­ëå ¢¥é¥áâ¢¥­­ëå ¯®¤ «£¥¡à �¨  «£¥¡àë M(2; C ). �â¬¥â¨¬, çâ® âà ¤¨æ¨®­­®
3-¬¥à­ë¥  «£¥¡àë �¨ ®¡áã¦¤ îâáï ç é¥ ¤àã£¨å (á¬., ­ ¯à., [3], [4]).

�¯¨á ­¨¥ ¥é¥ ®¤­®£® ç áâ­®£® á«ãç ï 2-¬¥à­ëå ¯®¤ «£¥¡à ¯à¨¢¥¤¥­® ¢ [5]. �¤­ ª® ¢ íâ®©
à ¡®â¥ ¨¬¥îâáï \«¨è­¨¥"  «£¥¡àë ¨ ­¥â ®¡áã¦¤¥­¨© ¯® ¨å ãáâà ­¥­¨î. � á¢ï§¨ á íâ¨¬ ¢ x 2
¯à¨¢®¤¨âáï á¯¨á®ª 2-¬¥à­ëå ¯®¤ «£¥¡à M(2; C ), ­¥®¡å®¤¨¬ë© ¤«ï ¤ «ì­¥©è¥£® ¨ ¤ îâáï ­¥®¡-
å®¤¨¬ë¥ ª®¬¬¥­â à¨¨.

1. �¯¨á ­¨¥ à¥§ã«ìâ â®¢

�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï ®¯¨á ­¨¥ ¢á¥å 4-¬¥à­ëå ¯®¤ «£¥¡à ®¡áã¦¤ ¥¬®© ¬ -
âà¨ç­®©  «£¥¡àëM(2; C ) (â¥®à¥¬  3). �à¥¤« £ ¥¬ë© ¢ áâ âì¥ ¬¥â®¤ ¨§ãç¥­¨ï  «£¥¡à ª®­ªà¥â­®©
à §¬¥à­®áâ¨ ®¯¨à ¥âáï ­  ¨­ä®à¬ æ¨î ®¡  «£¥¡à å ¬¥­ìè¨å à §¬¥à­®áâ¥©. � á¢ï§¨ á íâ¨¬ ­¨-
¦¥ ¯à¨¢®¤¨âáï (â¥®à¥¬  1) ¤®áâ â®ç­® ®¡ê¥¬­®¥ ®¯¨á ­¨¥ 2-¬¥à­ëå ¯®¤ «£¥¡à �¨ ¨ æ¨â¨àã¥âáï
(â¥®à¥¬  2) á¯¨á®ª 3-¬¥à­ëå ¯®¤ «£¥¡à.

�à¨¢®¤¨¬ë¥ ®¯¨á ­¨ï ¥áâ¥áâ¢¥­­® ¤®¯®«­¨âì ¤¢ã¬ï á«¥¤ãîé¨¬¨ § ¬¥ç ­¨ï¬¨:
1) ¥¤¨­áâ¢¥­­ ï ­ã«ì¬¥à­ ï ¯®¤ «£¥¡à  �¨ ¢ M(2; C ) | íâ®  «£¥¡à , á®¤¥à¦ é ï â®«ìª®

­ã«¥¢ãî ¬ âà¨æã;
2) ®¤­®¬¥à­ãî ¢¥é¥áâ¢¥­­ãî ¯®¤ «£¥¡àã �¨ ¢ M(2; C ) ¯®à®¦¤ ¥â ¢¥é¥áâ¢¥­­ ï «¨­¥©­ ï

®¡®«®çª  «î¡®© ­¥­ã«¥¢®© ¬ âà¨æë.
�á¥ ®¡áã¦¤¥­¨ï ¢ áâ âì¥ ¯à®¢®¤ïâáï á â®ç­®áâìî ¤® ¬ âà¨ç­ëå ¯®¤®¡¨©. � ¯®¬­¨¬, çâ®

¯®¤®¡¨¥¬ á ¬ âà¨æ¥© C 2 GL(2; C ) ­ §ë¢ ¥âáï ¯à¥®¡à §®¢ ­¨¥ PC : A ! CAC�1, ¤¥©áâ¢ãîé¥¥
¢ ¯à®áâà ­áâ¢¥ M(2; C ).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­âë òò03-01-96493(à), 05-01-00630).
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�¥®à¥¬  1. �î¡ ï 2-¬¥à­ ï ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à  �¨  «£¥¡àë M(2; C ) ¯®¤®¡­  ®¤­®©

¨§ á«¥¤ãîé¨å ¢¥àå­¥âà¥ã£®«ì­ëå  «£¥¡à (�, � | ª®®à¤¨­ âë ¢  «£¥¡à¥):

g
(1)
(�;�) =

��
�+ i� 0
0 ��+ ��

��
; (�; �) 2 C

2 n f(1; i)g;

g
(2)
(�;') =

��
�ei� 0
0 �ei'

��
; 0 � ' � � < �;

g
(3)
(';r) =

��
�ei' �

0 �(ei' + r)

��
; ' 2 [0; �); r 2 R n f0g;

g(4) =
��

0 �

0 �

��
;

g(5) =
��

�+ i� 0
0 �+ i�

��
;

g(6)' =
��

�ei' �

0 �ei'

��
;

g(7)' =
��

(�+ i�)ei' �

0 (�+ i�)ei'

��
; ' 2 [0; �);

g
(8)
t =

��
(�+ i�) �+ i�t

0 (�+ i�)

��
; t 2 C n f0g;

g(9)' =
��

�ei' �+ i�

0 �ei'

��
; ' 2 [0; �);

g(10) =
��

0 �+ i�

0 0

��
:

�¥®à¥¬  2 ([2]). �î¡ ï 3-¬¥à­ ï ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à  �¨  «£¥¡àë M(2; C ) ¯®¤®¡­  «¨-
¡®  «£¥¡à¥ su(2), «¨¡®  «£¥¡à¥ su(1; 1), «¨¡® ­¥ª®â®à®©  «£¥¡à¥ ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æ.

�®«­ë© á¯¨á®ª ¢á¥å (á â®ç­®áâìî ¤® ¬ âà¨ç­®£® ¯®¤®¡¨ï) ¢¥àå­¥âà¥ã£®«ì­ëå 3-¬¥à­ëå ¢¥-

é¥áâ¢¥­­ëå ¯®¤ «£¥¡à �¨  «£¥¡àë M(2; C ) ¯à¨¢¥¤¥­ ­¨¦¥ (�, �, 
 | ª®®à¤¨­ âë ¢  «£¥¡à¥):
1) ¤¨ £®­ «ì­ë¥  «£¥¡àë;
2)  «£¥¡àë, ¢á¥ í«¥¬¥­âë ª®â®àëå ¨¬¥îâ ªà â­ë¥ á¯¥ªâàë,

S(1) =
��

�+ i� 


0 �+ i�

��
;

S
(2)
� =

��
�ei� � + i


0 �ei�

��
; � 2 [0; �);

S
(3)
� =

��
(�+ i�)ei� � + i


0 (�+ i�)ei�

��
; � 2 [0; �);

3)  «£¥¡àë, ­¥ á¢®¤¨¬ë¥ ª ¤¨ £®­ «ì­ë¬ ¨ á®¤¥à¦ é¨¥ ¬ âà¨æë á ¯à®áâë¬¨ á¯¥ªâà ¬¨,

f
(1)
� =

��
�ei� �

0 (�ei� + 
)

��
;

f
(2)
� =

��
0 (�+ i�)
0 
ei�

��
; � 2 [0; �);

f
(3)
(';�) =

��
�ei' (� + i
)
0 ��

��
; ' 2 [0; �); � 6= ei';

f
(4)
(�;�) =

��
(�+ i�) 


0 (�+ i�) + (�� � ��)

��
; (�; �) 2 R

2 n f0g:
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�¥®à¥¬  3. �áïª ï 4-¬¥à­ ï ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à  �¨  «£¥¡àë M(2; C ) ¯®¤®¡­  «¨¡®

­¥ª®â®à®© ¢¥àå­¥âà¥ã£®«ì­®©  «£¥¡à¥, «¨¡® ®¤­®© ¨§  «£¥¡à ¢¨¤ 

h
(+)
� = su(2) + hdiag(ei�)i; h

(�)
� = su(1; 1) + hdiag(ei�)i; � 2 [0; �): (1.1)

�à¨ íâ®¬ «î¡ ï 4-¬¥à­ ï ¢¥àå­¥âà¥ã£®«ì­ ï  «£¥¡à  ¯®¤®¡­  ®¤­®© ¨§  «£¥¡à h=hE1; E2; E3; E4i
á ¡ §¨á®¬ ¢¨¤ 

h(1) : E1 =
�
1 0
0 0

�
; E2 =

�
i 0
0 0

�
; E3 =

�
0 0
0 1

�
; E4 =

�
0 0
0 i

�
; (1.2)

h(2) : E1 =
�
0 1
0 0

�
; E2 =

�
1 0
0 �1

�
; E3 =

�
1 0
0 1

�
; E4 =

�
i 0
0 i

�
; (1.3)

h(3) : E1 =
�
0 1
0 0

�
; E2 =

�
0 i

0 0

�
; E3 =

�
0 0
0 1

�
; E4 =

�
0 0
0 i

�
; (1.4)

h
(4)
('; ) : E1 =

�
0 1
0 0

�
; E2 =

�
0 i

0 0

�
; E3 =

�
ei' 0
0 0

�
; E4 =

�
0 0
0 ei 

�
; ';  2 [0; �); (1.5)

h
(5)
(�;�) : E1 =

�
0 1
0 0

�
; E2 =

�
0 i

0 0

�
; E3 =

�
1 0
0 �

�
; E4 =

�
i 0
0 �

�
; �; � 2 C : (1.6)

�¡áã¦¤¥­¨ï â¥®à¥¬ 1 ¨ 3 á®¤¥à¦ âáï ¢ ¯®á«¥¤ãîé¨å ¯ à £à ä å áâ âì¨.

� ¬¥ç ­¨¥. �á­®¢­®¥ á®¤¥à¦ ­¨¥ â¥®à¥¬ 1{3 á®áâ ¢«ï¥â ¯®¤à®¡­ ï ª« áá¨ä¨ª æ¨ï ¬ âà¨ç-
­ëå ¯®¤ «£¥¡à. �à¨¢¥¤¥­­ë¥ ¤«ï ¯®«­®âë ä®à¬ã«¨à®¢®ª ãâ¢¥à¦¤¥­¨ï ® ¯à¨¢®¤¨¬®áâ¨ â ª¨å
 «£¥¡à ª âà¥ã£®«ì­®¬ã ¢¨¤ã ¯®«ãç îâáï ¯à¨ íâ®¬ ª ª ¯à®¬¥¦ãâ®ç­ë¥ à¥§ã«ìâ âë. �â¨ ãâ¢¥à-
¦¤¥­¨ï ¬®¦­® â ª¦¥ ¯®«ãç¨âì ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨© ¨§¢¥áâ­ëå ä ªâ®¢ ®¡  «£¥¡à å �¨.

2. �¯¨á ­¨¥ 2-¬¥à­ëå ¯®¤ «£¥¡à

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 (á¬. â ª¦¥ [5]) ¨««îáâà¨àã¥â

�à¥¤«®¦¥­¨¥ 1. �î¡ ï 2-¬¥à­ ï ¯®¤ «£¥¡à  g � M(2; C ) ¯®¤®¡­  ­¥ª®â®à®© ¢¥àå­¥âà¥-

ã£®«ì­®©  «£¥¡à¥.

�®ª § â¥«ìáâ¢®. �ç¨â ï, çâ® ¯¥à¢ ï ¡ §¨á­ ï ¬ âà¨æ  E1  «£¥¡àë g ¨¬¥¥â ¦®à¤ ­®¢ ­®à-
¬ «ì­ë© ¢¨¤, à áá¬®âà¨¬ âà¨ á«ãç ï.

1) E1 =
�
�1 0
0 �2

�
, �1 6= �2, ¨ �1 6= 0 (â. ª. ¯®¤®¡¨¥ PC á ¬ âà¨æ¥© C = ( 0 1

1 0 ) ¬¥­ï¥â ¬¥áâ ¬¨
í«¥¬¥­âë �1, �2 ¤¨ £®­ «ì­®© ¬ âà¨æë E1);

2) E1 = ( � 0
0 � ), � 6= 0, ¨ ¤®¯®«­¨â¥«ì­® áç¨â ¥¬, çâ® ®¡¥ ¡ §¨á­ë¥ ¬ âà¨æë ®¡áã¦¤ ¥¬®©

2-¬¥à­®©  «£¥¡àë ¨¬¥îâ ªà â­ë© á¯¥ªâà (â. ª. ¨­ ç¥ á¨âã æ¨ï á¢®¤¨âáï ª ¯¥à¢®¬ã á«ãç î);
3) E1 = ( � 1

0 � ), ¨ ­¨ ®¤­  ¨§ ¬ âà¨æ  «£¥¡àë g ­¥ ¤¨ £®­ «¨§¨àã¥¬  (â. ª. ¨­ ç¥ á¨âã æ¨ï
á¢®¤¨âáï ª ®¤­®¬ã ¨§ ¤¢ãå ¯¥à¢ëå á«ãç ¥¢).

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ íâ¨ âà¨ á«ãç ï.
1) � §¨á­ë¥ ¬ âà¨æë  «£¥¡àë g ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

E1 =
�
�1 0
0 �2

�
; E2 =

�
a2 b2
c2 d2

�
;

£¤¥ �1 = ei' (0 � ' < �), a2 = itei' (t 2 R).
�ª®¡ª  ¤¢ãå â ª¨å ¬ âà¨æ à ¢­ 

[E1; E2] =
�

0 b2(�1 � �2)
c2(�2 � �1) 0

�
: (2.1)

� ª ª ª [E1; E2] = �1E1 + �2E2 ¤«ï ­¥ª®â®àëå ¢¥é¥áâ¢¥­­ëå �1, �2, â® [E1; E2]11 = �1e
i' +

�2ite
i' = 0. �«¥¤®¢ â¥«ì­®, à ¢­ë ­ã«î ¤¢  ç¨á«  �1 ¨ (�2t).

�á«¨ �2 = 0 (t 6= 0), â® b2 = c2 = 0, â. ¥. ¢áï  «£¥¡à  g ¤¨ £®­ «ì­ ï.
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�á«¨ ¦¥ �2 6= 0 (­® t = 0), â® à áá¬®âà¨¬ (1; 2)- ¨ (2; 1)-í«¥¬¥­âë áª®¡ª¨ (2.1):

b2(�1 � �2) = �2b2; c2(�2 � �1) = �2c2:

�à¨ (�2��1) 6= 0 ®âáî¤  á«¥¤ã¥â, çâ® «¨¡® c2 = 0, «¨¡® b2 = 0. � ¯¥à¢®¬ ¯®¤á«ãç ¥ ¬ âà¨æ E2,   á
­¥© ¨  «£¥¡à  g ¢¥àå­¥âà¥ã£®«ì­ë¥. �® ¢â®à®¬ ¯®¤á«ãç ¥ g ­¨¦­¥âà¥ã£®«ì­ ï, ¨, á«¥¤®¢ â¥«ì­®,
®­  â ª¦¥ ¯®¤®¡­  ¢¥àå­¥âà¥ã£®«ì­®©  «£¥¡à¥ (§  áç¥â ¯®¤®¡¨ï á ¬ âà¨æ¥© C = ( 0 1

1 0 )).
2) �® ¢â®à®¬ á«ãç ¥ ¤®áâ â®ç­® ¯®¤®¡¨¥¬ ¯à¨¢¥áâ¨ ¢â®àãî ¡ §¨á­ãî ¬ âà¨æã E2 ª ¦®à¤ -

­®¢®© ­®à¬ «ì­®© ä®à¬¥. �ª «ïà­ ï ¬ âà¨æ  E1 á®åà ­¨â ¯à¨ íâ®¬ á¢®© ¢¨¤,   ¢áï  «£¥¡à  g
®ª ¦¥âáï ¢¥àå­¥âà¥ã£®«ì­®©.

3) � áá¬®âà¨¬ ¬ âà¨æã

A = E2 + �E1 =
�
a2 + �� b2 + �

c2 d2 + ��

�
=
�
a�2 b�2
c�2 d�2

�
(2.2)

á ¯à®¨§¢®«ì­ë¬ ¢¥é¥áâ¢¥­­ë¬ �, ¤¨áªà¨¬¨­ ­â å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  ª®â®à®©

D = (a�2 � d�2)
2 + 4b�2c

�

2 = (a2 � d2)2 + 4(b2 + �)c2: (2.3)

� ª ª ª «î¡ ï ¬ âà¨æ  ¢¨¤  (2.2) ¤®«¦­  ¨¬¥âì â®«ìª® ªà â­ë¥ ª®à­¨, â® (2.3) à ¢­® ­ã«î ¯à¨
«î¡ëå � 2 R. �¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ íâ®£® ï¢«ï¥âáï à ¢¥­áâ¢® c2 = 0, á«¥¤®¢ â¥«ì­®,  «£¥¡à 
g ¨ ¢ íâ®¬ á«ãç ¥ ¢¥àå­¥âà¥ã£®«ì­ ï.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ­¥®¡å®¤¨¬® ãâ®ç­¥­¨¥ ­¥ª®â®àëå ¤¥â «¥© ®¯¨á ­­®© áå¥¬ë.
�®áª®«ìªã  ­ «®£¨ç­ë© â¥®à¥¬¥ 1 á¯¨á®ª ¡ë« ¯®«ãç¥­ à ­¥¥ ¢ [5], ®¡à â¨¬ §¤¥áì ¢­¨¬ ­¨¥
«¨èì ­  ¢®§¬®¦­®áâì ¯®¤®¡¨ï à §«¨ç­ëå  «£¥¡à ¨§ ¯à¨¢¥¤¥­­ëå á¯¨áª®¢.

�¥á«®¦­® ¯®ª § âì, çâ® ¢ á¯¨áª å g(2){g(10) â¥®à¥¬ë 1 ¢®§¬®¦­ë â®«ìª® âà¨¢¨ «ì­ë¥ ¯®¤®-
¡¨ï, â. ¥. ¢á¥  «£¥¡àë ¨§ íâ¨å á¥¬¥©áâ¢ ¯®¯ à­® à §«¨ç­ë. �®¤®¡¨¥  «£¥¡àë â¨¯  g(1)  «£¥¡à¥
«î¡®£® ¤àã£®£® â¨¯  ¨§ â¥®à¥¬ë 1 â ª¦¥ ­¥¢®§¬®¦­®.

� â® ¦¥ ¢à¥¬ï ¤«ï 4-¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  g(1)(�;�) á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ¨­â¥à¥á­ë©
¯® ä®à¬ã«¨à®¢ª¥ ªà¨â¥à¨©.

�à¥¤«®¦¥­¨¥ 2. �ãáâì g
(1)
(�;�) ¨ g

(1)
(�;�) | ¤¢¥  «£¥¡àë ¨§ â¥®à¥¬ë 1 á à §«¨ç­ë¬¨ ­ ¡®à ¬¨

(�; �) ¨ (�; �) ¨ à §«®¦¥­¨ï �, �, �, � ­  ¢¥é¥áâ¢¥­­ë¥ ¨ ¬­¨¬ë¥ ç áâ¨ ¨¬¥îâ ¢¨¤ � = �1+i�2,
� = �1+ i�2, � = �1+ i�2, � = �1+ i�2. �®£¤  ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¬ âà¨ç­®£®

¯®¤®¡¨ï  «£¥¡à g
(1)
(�;�) ¨ g

(1)
(�;�) ï¢«ï¥âáï à ¢¥­áâ¢®�

�1 �1
�2 �2

��
�1 �1
�2 �2

�
=
�
1 0
0 1

�
:

�®ª § â¥«ìáâ¢® íâ®£® ªà¨â¥à¨ï §¤¥áì ­¥ ¯à¨¢®¤¨¬. �â¬¥â¨¬ «¨èì, çâ® ®­®  ­ «®£¨ç­® ¤®-
ª § â¥«ìáâ¢ã ¡®«¥¥ á«®¦­®£® á«ãç ï 4-¬¥à­ëå  «£¥¡à, ¯à¨¢¥¤¥­­®¬ã ¢ ª®­æ¥ áâ âì¨.

3. �¤¥ï ®¯¨á ­¨ï 4-¬¥à­ëå ¯®¤ «£¥¡à

�®áâà®¥­¨¥ ¯®«­ëå á¯¨áª®¢ 2-¬¥à­ëå (á¬. x 2),   â ª¦¥ 3-¬¥à­ëå (á¬. [2]) ¯®¤ «£¥¡à �¨
 «£¥¡àë M(2; C ) ¯®§¢®«ï¥â áãé¥áâ¢¥­­® ã¯à®áâ¨âì ¯à®æ¥¤ãàã ®¯¨á ­¨ï 4-¬¥à­ëå ¯®¤ «£¥¡à
�¨ â®© ¦¥  «£¥¡àë M(2; C ). �¯à®é¥­¨¥ ®á­®¢ë¢ ¥âáï ­  à áè¨à¥­¨¨ ¬ âà¨ç­ëå  «£¥¡à �¨ ¢
á«¥¤ãîé¥¬ á¬ëá«¥.

�ãáâì g | ­¥ª®â®à ï ¯®¤ «£¥¡à  �¨ ¢ M(2; C ), A1; : : : ; Ak 2 M(2; C ). �á«¨ «¨­¥©­®¥ ¯à®-
áâà ­áâ¢® h = hA1i + � � � + hAki + g § ¬ª­ãâ® ®â­®á¨â¥«ì­® ¬ âà¨ç­®© áª®¡ª¨, â® ®­® á ¬®
ï¢«ï¥âáï ¯®¤ «£¥¡à®© �¨  «£¥¡àë M(2; C ). �ã¤¥¬ ¢ â ª®¬ á«ãç ¥ £®¢®à¨âì, çâ® ¯®¤ «£¥¡à  �¨
h ï¢«ï¥âáï à áè¨à¥­¨¥¬ ¯®¤ «£¥¡àë g á ¯®¬®éìî ¬ âà¨æ A1; : : : ; Ak.

�¥¬¬  1. �ãáâì h | ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à  �¨  «£¥¡àë M(2; C ), ¨ ¥¥ à §¬¥à­®áâì

dimRh > 2. �®£¤  h ï¢«ï¥âáï à áè¨à¥­¨¥¬ ­¥ª®â®à®© ¢¥àå­¥âà¥ã£®«ì­®©  «£¥¡àë g ¯à¨ ¯®¬®é¨

­¥ ¡®«¥¥ ç¥¬ ¤¢ãå ¬ âà¨æ.
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�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¢®¤¨âáï ­  ®á­®¢¥ ¨áá«¥¤®¢ ­¨ï á®¢®ªã¯­®áâ¨ M21 ¢á¥å ¬ âà¨ç-
­ëå (¯®¤¤¨ £®­ «ì­ëå) (2; 1)-í«¥¬¥­â®¢ ¨§ãç ¥¬®©  «£¥¡àë h.

� § ¢¨á¨¬®áâ¨ ®â ¢¥é¥áâ¢¥­­®© à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢ M21 (0, 1 ¨«¨ 2) «¨¡® áà §ã ¨¬¥¥¬
¤¨ £®­ «ì­ãî  «£¥¡àã, «¨¡® ¢ë¤¥«ï¥¬ ¢  «£¥¡à¥ ®¤­ã ¨«¨ ¤¢¥ ¬ âà¨æë, ­¥ ï¢«ïîé¨¥áï ¢¥àå-
­¥âà¥ã£®«ì­ë¬¨. � ¯®¬®éìî íâ¨å ¬ âà¨æ «¥£ª® áâà®¨âáï âà¥¡ã¥¬®¥ ¯à¥¤áâ ¢«¥­¨¥ ¨áå®¤­®©
 «£¥¡àë.

�«¥¤áâ¢¨¥. � â®ç­®áâìî ¤® ¬ âà¨ç­®£® ¯®¤®¡¨ï «î¡ ï 4-¬¥à­ ï ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à 
�¨ h  «£¥¡àë M(2; C ) ï¢«ï¥âáï

«¨¡® ¢¥àå­¥âà¥ã£®«ì­®©;
«¨¡® à áè¨à¥­¨¥¬ ¢¨¤ 

h =
�
a1 b1
ei� d1

�
+ g3; � 2 [0; �); (3.1)

®¤­®© ¨§ 3-¬¥à­ëå  «£¥¡à â¥®à¥¬ë 2;
«¨¡® à áè¨à¥­¨¥¬ ¢¨¤ 

h =
�
a1 b1
1 d1

�
+
�
a2 b2
i d2

�
+ g2 (3.2)

®¤­®© ¨§ 2-¬¥à­ëå  «£¥¡à â¥®à¥¬ë 1.

� ¬¥ç ­¨¥ 1. � âà¨ç­®¥ ¯®¤®¡¨¥, ¢®®¡é¥ £®¢®àï, ¬®¦¥â ¨§¬¥­ïâì à §¬¥à­®áâì ¯à®áâà ­-
áâ¢  M21. � ¯à¨¬¥à,  «£¥¡àë su(1; 1) ¨ sl(2;R) ï¢«ïîâáï ¬ âà¨ç­® ¯®¤®¡­ë¬¨. � â® ¦¥ ¢à¥¬ï
à §¬¥à­®áâ¨ M21 ¤«ï ­¨å à ¢­ë á®®â¢¥âáâ¢¥­­® 2 ¨ 1.

�à¨ ¨§ãç¥­¨¨ à áè¨à¥­¨© ¢¨¤®¢ (3.1) ¨ (3.2) ç áâ® ¡ã¤¥¬ ¨á¯®«ì§®¢ âì

� ¬¥ç ­¨¥ 2. �á«¨ 4-¬¥à­ ï ¢¥é¥áâ¢¥­­ ï ¯®¤ «£¥¡à  �¨ h  «£¥¡àëM(2; C ) á®¤¥à¦¨â áª -

«ïà­ãî ¬ âà¨æã
�
ei� 0
0 ei�

�
, â® ¤«ï íâ®©  «£¥¡àë á¯à ¢¥¤«¨¢® ¯¥à¢®¥ ¨§ ãâ¢¥à¦¤¥­¨© â¥®à¥¬ë 3.

�¥©áâ¢¨â¥«ì­®, ¨¬¥îéãîáï áª «ïà­ãî ¬ âà¨æã «¥£ª® ¤®¯®«­¨âì ¤® ¡ §¨á  ¢á¥©  «£¥¡àë h â ª,
çâ® «¨­¥©­ ï ®¡®«®çª  ®áâ ¢è¨åáï ¡ §¨á­ëå ¬ âà¨æ á ¬  ï¢«ï¥âáï 3-¬¥à­®©  «£¥¡à®©.

4. � áè¨à¥­¨ï 3-¬¥à­ëå ¯®¤ «£¥¡à

�à¥¤«®¦¥­¨¥ 3. �«ï ¢á¥å 4-¬¥à­ëå  «£¥¡à ¢¨¤  (3:1) ¢ë¯®«­ï¥âáï ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥

â¥®à¥¬ë 3.

�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 3 ä ªâ¨ç¥áª¨ á¢®¤¨âáï ª ¯¥à¥¡®àã ¢á¥å  «£¥¡à ¨§ â¥®à¥¬ë 2
(â¨¯®¢ S(k); f (l),   â ª¦¥ ¤¨ £®­ «ì­ëå) ¨ á®áâ®¨â ¨§ á«¥¤ãîé¥© «¥¬¬ë ¨ § ¬¥ç ­¨ï 3.

�¥¬¬  2. �á«¨ g | ®¤­  ¨§  «£¥¡à S(1), S(2), S(3), f (2), f (3), â® «¨­¥©­®¥ ¯à®áâà ­áâ¢®

(3:1) ­¥ § ¬ª­ãâ® ®â­®á¨â¥«ì­® áª®¡ª¨.

�®ª § â¥«ìáâ¢®. �î¡ ï ¨§  «£¥¡à á ªà â­ë¬¨ á¯¥ªâà ¬¨ S(1){S(3),   â ª¦¥ áâ®«¡æ®¢ ï
 «£¥¡à  f

(2)
� á®¤¥à¦ â ¬ âà¨æã H ¢¨¤  ( � A0 � ) á ­¥­ã«¥¢ë¬ ã£«®¢ë¬ í«¥¬¥­â®¬ A. �à¨ íâ®¬

áª®¡ª 

[E1;H] =
�
�Aei� (a1 � d1)A
0 Aei�

�

ï¢«ï¥âáï ¢¥àå­¥âà¥ã£®«ì­®© ¬ âà¨æ¥©.
�à¨­ ¤«¥¦­®áâì â ª®© ¬ âà¨æë «¨­¥©­®¬ã ¯à®áâà ­áâ¢ã (3.1) ®§­ ç «  ¡ë ¢ª«îç¥­¨¥

[E1;H] � g. �® íâ® ­¥¢®§¬®¦­®, â. ª. ­¨  «£¥¡àë á ªà â­ë¬¨ á¯¥ªâà ¬¨, ­¨ áâ®«¡æ®¢ ï  «£¥¡à 
f
(2)
� ­¥ á®¤¥à¦ â ¬ âà¨æ á ¤¢ã¬ï à §«¨ç­ë¬¨ ­¥­ã«¥¢ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨.
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�«ï  «£¥¡àë f
(3)
(';�) =

n�
�ei' (�+i
)
0 ��

�o
 ­ «®£¨ç­ ï ­¥§ ¬ª­ãâ®áâì ãáâ ­ ¢«¨¢ ¥âáï ­¥áª®«ìª®

á«®¦­¥¥. �î¡ ï â ª ï  «£¥¡à  á®¤¥à¦¨â ¬ âà¨æë H1 = ( 0 1
0 0 ) ¨ H2 = ( 0 i

0 0 ). �ª®¡ª¨ E1 á H1 ¨
H2 ¨¬¥îâ ¢¥àå­¥âà¥ã£®«ì­ë© ¢¨¤

[E1;H1] =
�
�ei� (a1 � d1)
0 ei�

�
; [E1;H2] =

�
�iei� i(a1 � d1)
0 iei�

�
:

�á«¨ ®¡¥ íâ¨ áª®¡ª¨ ¯à¨­ ¤«¥¦ â hE1i + g, â®, ª ª ¨ à ­ìè¥, íâ® ®§­ ç ¥â, çâ® ®­¨ ¯à¨­ ¤«¥-
¦ â ¨áå®¤­®©  «£¥¡à¥ g = f

(3)
(';�). �®¯à ¢«ïï áª®¡ª¨ §  áç¥â H1 ¨ H2, ¤¥« ¥¬ ¢ë¢®¤, çâ® ¯ à 

¤¨ £®­ «ì­ëå ¬ âà¨æ H�

1 =
�
�ei� 0

0 ei�

�
¨ H�

2 =
�
�iei� 0

0 iei�

�
â ª¦¥ ¯à¨­ ¤«¥¦¨â  «£¥¡à¥ f (3)(';�). �â®,

®¤­ ª®, ­¥¢®§¬®¦­®, â. ª. á¨áâ¥¬  ¤¢ãå ¬ âà¨ç­ëå ãà ¢­¥­¨©�
�ei� 0
0 ei�

�
= �

�
ei' 0
0 �

�
;

�
�iei� 0
0 iei�

�
= �

�
ei' 0
0 �

�

­¥ ¨¬¥¥â ¢¥é¥áâ¢¥­­ëå à¥è¥­¨©.

� ¬¥ç ­¨¥ 3. � ¬¥â¨¬, çâ® ¢á¥ ®áâ «ì­ë¥ 3-¬¥à­ë¥  «£¥¡àë ¨§ â¥®à¥¬ë 2 á®¤¥à¦ â ­¥-
­ã«¥¢ë¥ áª «ïà­ë¥ ¬ âà¨æë. �«ï ¤¨ £®­ «ì­ëå 3-¬¥à­ëå  «£¥¡à íâ® ®ç¥¢¨¤­®. �î¡ ï ¨§
 «£¥¡à â¨¯  f

(2)
� á®¤¥à¦¨â ¬ âà¨æã

�
ei� 0
0 ei�

�
(� = 1, � = 0, 
 = 0). � ª®­¥æ, ¤«ï  «£¥¡àë

f
(4)
(�;�) =

n�
(�+i�) 


0 (�+i�)+(�����)

�o
¢¨¤ âà¥¡ã¥¬®© áª «ïà­®© ¬ âà¨æë § ¢¨á¨â ®â ¯ à ¬¥âà®¢ �, �.

� ¯à¨¬¥à, ¯à¨ � = 0 á®®â¢¥âáâ¢ãîé ï  «£¥¡à  á®¤¥à¦¨â ¬ âà¨æã ( i 0
0 i ) (� = 0, � = 1, 
 = 0).

� ¯à¨ � 6= 0 áª «ïà­®© ¬ âà¨æ¥©, ¯à¨­ ¤«¥¦ é¥© f (4)(�;�), ï¢«ï¥âáï
�
(�+i�) 0

0 (�+i�)

�
(� = �, � = �,


 = 0).

� á¨«ã § ¬¥ç ­¨ï 3 ¤«ï à áè¨à¥­¨ï h = hE1i+g «î¡®© â ª®©  «£¥¡àë g ¢ë¯®«­ï¥âáï ¯¥à¢®¥
ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 3. � ª¨¬ ®¡à §®¬, ¯à¥¤«®¦¥­¨¥ 3 ¤®ª § ­®.

5. � áè¨à¥­¨ï 2-¬¥à­ëå ¯®¤ «£¥¡à1

�¬¥ï ¢ ¢¨¤ã ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3, § ¬¥â¨¬, çâ® 2-¬¥à­ë¥  «£¥¡àë
â¨¯®¢ g(5), g(6), g(7) á®¤¥à¦ â áª «ïà­ë¥ ¬ âà¨æë. �®íâ®¬ã à áè¨à¥­¨¥ (3.2) «î¡®© ¨§ â ª¨å
 «£¥¡à ã¤®¢«¥â¢®àï¥â ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 3. �é¥ 4 â¨¯  ¤¢ã¬¥à­ëå  «£¥¡à ï¢«ïîâáï \­¥¯à®-
¤ãªâ¨¢­ë¬¨" ¢ á¬ëá«¥ «¥¬¬ë 2.

�¥¬¬  3. �á«¨ g | ®¤­  ¨§  «£¥¡à ¢¨¤  g(4), g(8), g(9), g(10), â® «¨­¥©­®¥ ¯à®áâà ­áâ¢®

(3:2) ­¥ § ¬ª­ãâ® ®â­®á¨â¥«ì­® áª®¡ª¨.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï â¥¬, çâ® ¢á¥ ¯¥à¥ç¨á«¥­­ë¥ ¢ ­¥© 2-¬¥à­ë¥  «£¥¡àë ï¢«ï-
îâáï ¢¥àå­¥âà¥ã£®«ì­ë¬¨ ¨ á®¤¥à¦ â ¬ âà¨æã ¢¨¤  H = ( 0 A0 0 ) á ­¥­ã«¥¢ë¬ ã£«®¢ë¬ í«¥¬¥­-

â®¬ A. �ª®¡ª  â ª®© ¬ âà¨æë á
�
a1 b1

ei� d1

�
ã¦¥ ¢ëç¨á«ï« áì ¢ «¥¬¬¥ 2. � ãç¥â®¬ à ¢¥­áâ¢  ei� = 1

¯®«ãç ¥¬

[E1;H] =
�
�A a1 � d1
0 A

�
:

� ª ª ª íâ  áª®¡ª  ®ª §ë¢ ¥âáï ¢¥àå­¥âà¥ã£®«ì­®© ¬ âà¨æ¥©, ¨¬¥îé¥© ¤¢  ­¥­ã«¥¢ëå à §«¨ç-
­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨ï, â® ¯à¨­ ¤«¥¦­®áâì ¥¥ ¯à®áâà ­áâ¢ã (3.2) ­¥¢®§¬®¦­ .

� ¬¥ç ­¨¥. �®ç­® â ª ¦¥ ­¥ § ¬ª­ãâ® ®â­®á¨â¥«ì­® áª®¡ª¨ ¨ «¨­¥©­®¥ ¯à®áâà ­áâ¢® h =
hE1i+ hE2i+ g

(3)
(';r), â. ¥. à áè¨à¥­¨¥ ¢¨¤  (3.2)  «£¥¡àë g(3). �® §¤¥áì ¤«ï ¤®ª § â¥«ìáâ¢  ­ã¦­®

à áá¬®âà¥âì ¤¢¥ áª®¡ª¨ [E1;H], [E2;H] á ¬ âà¨æ¥© H = ( 0 1
0 0 ) 2 g

(3)
(';r). �¬¥¥¬

[E1;H] =
�
�1 (a1 � d1)
0 1

�
; [E2;H] =

�
�i (a2 � d2)
0 i

�
:

1�¥§ã«ìâ âë íâ®£® ¨ ¤¢ãå á«¥¤ãîé¨å à §¤¥«®¢ ¯à¨­ ¤«¥¦ â ¯¥à¢®¬ã  ¢â®àã.
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� ª ª ª ®¡¥ íâ¨ ¬ âà¨æë ¢¥àå­¥âà¥ã£®«ì­ë¥, â® ¨§ ¨å ¯à¨­ ¤«¥¦­®áâ¨ ¯à®áâà ­áâ¢ã (3.2)
á«¥¤ã¥â ¨å ¯à¨­ ¤«¥¦­®áâì ¨áå®¤­®©  «£¥¡à¥

g
(3)
(';r) =

��
ei' 0
0 ei' + r

�
;

�
0 1
0 0

��
;

çâ® ­¥¢®§¬®¦­®.
�â­®á¨â¥«ì­® ¤¢ãå ®áâ ¢è¨åáï â¨¯®¢ g(1) ¨ g(2) ¤¨ £®­ «ì­ëå  «£¥¡à á¯à ¢¥¤«¨¢ë ¤¢  á«¥-

¤ãîé¨å ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥ 4. �á«¨ «¨­¥©­®¥ ¯à®áâà ­áâ¢® h á ¡ §¨á®¬

E1 =
�
a1 b1
1 d1

�
; E2 =

�
a2 b2
i d2

�
; E3 =

�
ei' 0
0 0

�
; E4 =

�
0 0
0 ei�

�

ï¢«ï¥âáï ¬ âà¨ç­®©  «£¥¡à®© �¨, â® ¤«ï ­¥¥ ¢ë¯®«­ï¥âáï å®âï ¡ë ®¤­® ¨§ ¤¢ãå ãá«®¢¨©:
1) h ¯®¤®¡­  ­¥ª®â®à®© ¢¥àå­¥âà¥ã£®«ì­®©  «£¥¡à¥;
2) h á®¤¥à¦¨â áª «ïà­ãî ¬ âà¨æã.

�à¥¤«®¦¥­¨¥ 5. �á«¨ «¨­¥©­®¥ ¯à®áâà ­áâ¢® h á ¡ §¨á®¬

E1 =
�
a1 b1
1 d1

�
; E2 =

�
a2 b2
i d2

�
; E3 =

�
1 0
0 �

�
; E4 =

�
i 0
0 �

�
(5.1)

¯à¨ (�; �) 6= (1; i) ï¢«ï¥âáï ¬ âà¨ç­®©  «£¥¡à®© �¨, â® ¤«ï ­¥¥ ¢ë¯®«­ï¥âáï å®âï ¡ë ®¤­® ¨§

¤¢ãå ãá«®¢¨©:
1) h ¯®¤®¡­  ­¥ª®â®à®© ¢¥àå­¥âà¥ã£®«ì­®©  «£¥¡à¥;
2) h á®¤¥à¦¨â áª «ïà­ãî ¬ âà¨æã.

�®ª ¦¥¬ §¤¥áì «¨èì ¡®«¥¥ á«®¦­®¥ ¯à¥¤«®¦¥­¨¥ 5. � ¬¥â¨¬ á­ ç « , çâ® ¢ ¡ §¨á¥ (5.1)
¬®¦­® \ã«ãçè¨âì" ¤¢¥ ¯¥à¢ë¥ ¬ âà¨æë ¨ ¯®«ãç¨âì ¢ ­¨å ãá«®¢¨ï a1 = a2 = 0.

� áá¬®âà¨¬ â¥¯¥àì ç¥âëà¥ ¬ âà¨ç­ë¥ áª®¡ª¨ í«¥¬¥­â®¢ \ã«ãçè¥­­®£®" ¡ §¨á :

[E3; E1] =
�

0 b1(1� �)
�� 1 0

�
; [E3; E2] =

�
0 b2(1� �)

i(�� 1) 0

�
;

[E4; E1] =
�

0 b1(i� �)
(� � i) 0

�
; [E4; E2] =

�
0 b2(i� �)

i(� � 1) 0

�
:

� ª ª ª (1; 1)-í«¥¬¥­âë ¢á¥å íâ¨å áª®¡®ª ­ã«¥¢ë¥, â® ª ¦¤ ï ¨§ áª®¡®ª ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

«¨­¥©­®© ª®¬¡¨­ æ¨¨ «¨èì ¤¢ãå \ã«ãçè¥­­ëå" ¬ âà¨æ E1 =
�
0 b1
1 d1

�
, E2 =

�
0 b2
i d2

�
. �«¥¤®¢ â¥«ì-

­®, ¤«ï ­¥ª®â®àëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« �k, �k, 
k, �k (k = 1; 2) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

�� 1 = �1 + i�2; b1(1� �) = �1b1 + �2b2; (5.2)

i(�� 1) = �1 + i�2; b1(1� �) = �1b1 + �2b2; (5.3)

� � i = 
1 + i
2; b1(i� �) = 
1b1 + 
2b2; (5.4)

i(� � i) = �1 + i�2; b2(i� �) = �1b1 + �2b2: (5.5)

�§ á®¢¬¥áâ­®£® à áá¬®âà¥­¨ï ¯¥à¢ëå ãà ¢­¥­¨© ç¥âëà¥å íâ¨å á¨áâ¥¬ ¯®«ãç ¥¬ à ¢¥­áâ¢ 

�1 = ��2; �2 = �1; �1 = �
2; �2 = 
1:

�®£¤  ¢â®àë¥ ãà ¢­¥­¨ï á¨áâ¥¬ (5.2){(5.5) ¯à¥¢à é îâáï ¢

(�1 + �� 1)b1 + �2b2 = 0; ��2b1 + (�1 + �� 1)b2 = 0 (5.6)

¨

(
1 + � � i)b1 + 
2b2 = 0; �
2b1 + (
1 + � � 1)b2 = 0: (5.7)
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�¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (5.6) à ¢¥­

�1 = (�1 + �� 1)2 + �2
2:

�á«®¢¨¥ �1 6= 0 ®§­ ç ¥â, çâ® b1 = b2 = 0 ¨ á®®â¢¥âáâ¢ã¥â âà¥ã£®«ì­®©  «£¥¡à¥ h.
� áá¬®âà¨¬ á«ãç © �1 = 0. �â¤¥«ïï ¢ íâ®¬ à ¢¥­áâ¢¥ ¢¥é¥áâ¢¥­­ë¥ ¨ ¬­¨¬ë¥ ç áâ¨, ¯à¨

�1 = Re�, �2 = Im� ¯®«ãç¨¬

(�1 + �1 � 1)2 + �2
2 � �22 = 0; �2(�1 + �1 � 1) = 0: (5.8)

�á«¨ §¤¥áì �2 = 0, â® ¨§ (5.2) ¨ (5.8) ¯®«ãç ¥¬ �1 = 1. �â® ®§­ ç ¥â, çâ® ¡ §¨á­ ï ¬ âà¨æ 
E3 = ( 1 0

0 1 )  «£¥¡àë h áª «ïà­ ï. �á«¨ ¦¥ �2 6= 0, â® ¨§ â¥å ¦¥ á¨áâ¥¬ (5.2) ¨ (5.8) ¢ íâ®¬ á«ãç ¥
¯®«ãç ¥¬

� = 1 + i�2: (5.9)

� áá¬ âà¨¢ ï á¨áâ¥¬ã (5.7), ¬®¦­® ¯®«ãç¨âì ¯®  ­ «®£¨¨ «¨¡® ­¨¦­¥âà¥ã£®«ì­ë© ¢¨¤  «-
£¥¡àë h (¥á«¨ �2 = (
1+ �� i)2+
22 6= 0), «¨¡® áª «ïà­ë© ¢¨¤ ¬ âà¨æë E4 = ( i 0

0 i ) (¥á«¨ �2 = 0,
�2 = Im � = 1), «¨¡® (¯à¨ �2 6= 1) ãá«®¢¨¥ �1 = Re � = 0.

� ¯®á«¥¤­¥¬ á«ãç ¥ ¨¬¥¥¬

� = i�2 (�2 6= 1): (5.10)

�áâ ¥âáï § ¬¥â¨âì, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (5.9) ¨ (5.10) «¨­¥©­ ï ª®¬¡¨­ æ¨ï

E3 +
�2

1� �2
E4 =

 
1 + i �2

1��2
0

0 1 + i�2(1 + �2
1��2

)

!

ï¢«ï¥âáï áª «ïà­®© ¬ âà¨æ¥©.
�â ª, ¢® ¢á¥å á«ãç ïå ¤«ï  «£¥¡àë h ¢ë¯®«­ï¥âáï ®¤­® ¨§ ¤¢ãå ãâ¢¥à¦¤¥­¨© ¯à¥¤«®¦¥­¨ï 5.
� æ¥«®¬ «¥¬¬  3, § ¬¥ç ­¨¥ ª ­¥© ¨ ¯à¥¤«®¦¥­¨ï 4 ¨ 5 á®áâ ¢«ïîâ ¯®«­®¥ ®¯¨á ­¨¥ 4-¬¥à­ëå

 «£¥¡à �¨ ¢¨¤  (3.2). � ãç¥â®¬ à¥§ã«ìâ â®¢ x 3 íâ¨¬ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.

6. �¯¨á ­¨¥ ¢¥àå­¥âà¥ã£®«ì­ëå 4-¬¥à­ëå ¯®¤ «£¥¡à

�¥¬¬¥ 1  ­ «®£¨ç­ 

�¥¬¬  4. �à®¨§¢®«ì­ ï 4-¬¥à­ ï ¢¥àå­¥âà¥ã£®«ì­ ï ¯®¤ «£¥¡à  �¨ h  «£¥¡àë M(2; C )
ï¢«ï¥âáï à áè¨à¥­¨¥¬ ­¥ª®â®à®© ¤¨ £®­ «ì­®©  «£¥¡àë ¯à¨ ¯®¬®é¨ ­¥ ¡®«¥¥ ç¥¬ ¤¢ãå ¬ -

âà¨æ.

� ¯à¨¬¥à, à áá¬ âà¨¢ ¥¬ ï  «£¥¡à  �¨ h ¬®¦¥â ¨§­ ç «ì­® ®ª § âìáï ¤¨ £®­ «ì­®©. �¥-
á«®¦­® ã¡¥¤¨âìáï, çâ® áãé¥áâ¢ã¥â «¨èì ®¤­  â ª ï  «£¥¡à ,   ¨¬¥­­®

h(1) =
��

�+ i� 0
0 
 + i�

��
; (6.1)

£¤¥ �, �, 
, � | ª®®à¤¨­ âë ¢  «£¥¡à¥. � íâ®¬ á«ãç ¥ h ¥áâì âà¨¢¨ «ì­®¥ à áè¨à¥­¨¥ á ¬®©
á¥¡ï.

�á«¨ h ­¥ ï¢«ï¥âáï ¤¨ £®­ «ì­®©, â® ¬­®¦¥áâ¢® M12 ¥¥ ¬ âà¨ç­ëå (1; 2)-í«¥¬¥­â®¢ ¨¬¥¥â
¢¥é¥áâ¢¥­­ãî à §¬¥à­®áâì, à ¢­ãî 1 ¨«¨ 2.

� ¯¥à¢®¬ á«ãç ¥ ¡ §¨á®¬ h ï¢«ï¥âáï ­ ¡®à ¬ âà¨æ ¢¨¤ 

E1 =
�
a1 ei�

0 d1

�
; E2 =

�
a2 0
0 d2

�
; E3 =

�
a3 0
0 d3

�
; E4 =

�
a4 0
0 d4

�
; (6.2)

  ¢® ¢â®à®¬ | ç¥â¢¥àª  ¬ âà¨æ

E1 =
�
a1 1
0 d1

�
; E2 =

�
a2 i

0 d2

�
; E3 =

�
a3 0
0 d3

�
; E4 =

�
a4 0
0 d4

�
: (6.3)
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�à¥¤«®¦¥­¨¥ 6. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï (á â®ç­®áâìî ¤® ¬ âà¨ç­®£® ¯®¤®¡¨ï)  «-

£¥¡à  h(2) = hE1; E2; E3; E4i, ¡ §¨á ª®â®à®© ¨¬¥¥â ¢¨¤ (6:2). � ª ç¥áâ¢¥ ¡ §¨á  íâ®©  «£¥¡àë

¬®¦­® ¢§ïâì á«¥¤ãîé¨¥ ¬ âà¨æë:

E1 =
�
0 1
0 0

�
; E2 =

�
1 0
0 �1

�
; E3 =

�
1 0
0 1

�
; E4 =

�
i 0
0 i

�
: (6.4)

�«ï ¤®ª § â¥«ìáâ¢  à áá¬®âà¨¬ (¥á«¨ ¯®âà¥¡ã¥âáï) ¨§¬¥­¥­­ë© ­ ¡®à ¬ âà¨æ E2, E3, E4 ¨
¤®¡ì¥¬áï ¢ë¯®«­¥­¨ï ¤«ï ¬ âà¨æë E2 ­¥à ¢¥­áâ¢  a2 6= d2. �®á«¥ íâ®£® à áá¬®âà¨¬ à §«®¦¥­¨¥
áª®¡ª¨

[E1; E2] =
�
0 (d2 � a2)ei�

0 0

�

¯® ¡ §¨áã E1, E2, E3, E4  «£¥¡àë h: [E1; E2] = �1E1 + �2E2 + �3E3 + �4E4. �§ íâ®£® à §«®¦¥­¨ï
á«¥¤ã¥â, ¢®-¯¥à¢ëå, çâ® d2 � a2 = �1 2 R (¯à¨ íâ®¬ �1 6= 0). � ¢®-¢â®àëå, ¯®«ãç ¥¬ «¨­¥©­ãî
§ ¢¨á¨¬®áâì ¢¥ªâ®à®¢

�1

�
a1
d1

�
+ �2

�
a2
d2

�
+ �3

�
a3
d3

�
+ �4

�
a4
d4

�
= 0:

�¥à¥å®¤ï â¥¯¥àì ª ¨á¯à ¢«¥­­®© ¬ âà¨æ¥ E�

1 = �1E1 + �2E2 + �3E3 + �4E4 = [E1; E2], ¬®¦­®
áç¨â âì, çâ® ª®íää¨æ¨¥­âë a1, d1 ¯¥à¢®© ¬ âà¨æë ¡ §¨á  (6.2) à ¢­ë ­ã«î.

� áá¬ âà¨¢ ï ¤®¯®«­¨â¥«ì­® áª®¡ª¨ [E1; E3] ¨ [E1; E4], ¯®«ãç ¥¬ ãá«®¢¨ï

dk � ak 2 R; k = 2; 3; 4: (6.5)

� ¬¥â¨¬, çâ® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï 3-¬¥à­ ï ¤¨ £®­ «ì­ ï  «£¥¡à  g, ¤«ï ¢á¥å ¡ §¨á­ëå
¬ âà¨æ ª®â®à®© ¢ë¯®«­¥­ë ãá«®¢¨ï (6.5). �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¡ §¨á â ª®©  «£¥¡àë ¥áâì

E2 =
�
a2 0
0 a2 + t2

�
; E3 =

�
a3 0
0 a3 + t3

�
; E4 =

�
a4 0
0 a4 + t4

�
;

£¤¥ a2; a3; a4 2 C , t2; t3; t4 2 R.
� áá¬ âà¨¢ ï «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¬ âà¨æ E2, E3, E4, ¬®¦­® ¯¥à¥©â¨ ª ­®¢®¬ã ¡ §¨áã

 «£¥¡àë g ¢¨¤ 

E�

2 =
�
0 0
0 1

�
; E�

3 =
�
ei' 0
0 ei'

�
; E�

4 =
�
ei 0
0 ei 

�
:

�®¦­® ¥é¥ ã¯à®áâ¨âì íâ®â ¡ §¨á, § ¬¥­ïï E�

3 ¨ E
�

4 ­  ¯ àã (
1 0
0 1 ), (

i 0
0 i ).

�«¥¤®¢ â¥«ì­®, ®¡áã¦¤ ¥¬ ï 3-¬¥à­ ï  «£¥¡à  g ¨¬¥¥â ¡ §¨á®¬, ­ ¯à¨¬¥à, ¬ âà¨æë ( 0 0
0 1 ),

( 1 0
0 1 ), (

i 0
0 i ),   «î¡ ï  «£¥¡à  h á ¡ §¨á®¬ (6.2) ¥áâì à áè¨à¥­¨¥ h =


 �
0 ei�

0 0

� �
+ g.

� ª®­¥æ, ¯®¤®¡¨¥¬ PC á ¬ âà¨æ¥© C =
�
e�i� 0
0 1

�
¬®¦­® ¯à¥¢à â¨âì E1 =

�
0 ei�

0 0

�
¢ ( 0 1

0 0 ), ­¥ ¨§-
¬¥­ïï ¯à¨ íâ®¬ âà¥å ®áâ «ì­ëå ¤¨ £®­ «ì­ëå ¬ âà¨æ ¡ §¨á  (6.2). �áª®¬ ï  «£¥¡à  ¯®áâà®¥­ .

�à¥¤«®¦¥­¨¥ 7. �î¡ ï  «£¥¡à , ¨¬¥îé ï ¡ §¨á ¢¨¤  (6:3), ¯®¤®¡­  ®¤­®© ¨§  «£¥¡à, ®¯¨-

á ­­ëå ¢ xx 4, 5, ¨«¨ ®¤­®© ¨§  «£¥¡à (1:4), (1:5), (1:6) â¥®à¥¬ë 3.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¬­®¦¥áâ¢®M11 ¬ âà¨ç­ëå (1; 1)-í«¥¬¥­â®¢ ¤¢ã¬¥à­®© ¤¨ £®-
­ «ì­®©  «£¥¡àë g. �«ï à §¬¥à­®áâ¨ n íâ®£® «¨­¥©­®£® ¯à®áâà ­áâ¢  ¨¬¥îâáï âà¨ ¢®§¬®¦­®áâ¨:
n = 0, n = 1, n = 2.

� ¯¥à¢®¬ á«ãç ¥, ¢ëç¨á«ïï áª®¡ª¨ [E1; E3] ¨ [E1; E4] ¡ §¨á­ëå ¬ âà¨æ

E1 =
�
a1 1
0 d1

�
; E2 =

�
a2 i

0 d2

�
; E3 =

�
0 0
0 1

�
; E4 =

�
0 0
0 i

�
;

«¥£ª® ¯®«ãç¨âì à ¢¥­áâ¢  a1 = a2 = 0. �«¥¤®¢ â¥«ì­®, 4-¬¥à­ ï  «£¥¡à  h ®ª §ë¢ ¥âáï ¢ íâ®¬
á«ãç ¥ \áâ®«¡æ®¢®©", ¨¬¥îé¥© ¢¨¤ (1.4).
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�® ¢â®à®¬ á«ãç ¥ ¬®¦­® áç¨â âì ¡ §¨á ®¡áã¦¤ ¥¬®© 4-¬¥à­®©  «£¥¡àë h ¨¬¥îé¨¬ ¢¨¤

E1 =
�
it1e

i� 1
0 ir1e

i'

�
; E2 =

�
it2e

i� i

0 ir2e
i'

�
; E3 =

�
ei� 0
0 0

�
; E4 =

�
0 0
0 ei'

�
;

£¤¥ �; ' 2 [0; �), tk; rk 2 R (k = 1; 2). � áá¬®âà¥­¨¥ áª®¡®ª [E1; E3], [E2; E3] ¯à¨¢®¤¨â §¤¥áì ª
ãá«®¢¨ï¬ t1 = t2 = 0.

�­ «®£¨ç­® ¨§ áª®¡®ª [E1; E4], [E2; E4] ¢ë¢®¤ïâáï à ¢¥­áâ¢  r1 = r2 = 0. � ª ¯®«ãç ¥âáï
 «£¥¡à  (1.5).

� ª®­¥æ, ¢ âà¥âì¥¬ á«ãç ¥ § ¯¨è¥¬ ¡ §¨á ®¡áã¦¤ ¥¬®©  «£¥¡àë ¢ ¢¨¤¥

E1 =
�
0 1
0 d1

�
; E2 =

�
0 i

0 d2

�
; E3 =

�
1 0
0 d3

�
; E4 =

�
i 0
0 d4

�

á ­¥ª®â®àë¬¨ ª®¬¯«¥ªá­ë¬¨ dk (1 � k � 4). � íâ®¬ á«ãç ¥

[E1; E3] =
�
0 d3 � 1
0 0

�
; [E2; E3] =

�
0 i(d3 � 1)
0 0

�
:

�ª®¡ª¨ [E1; E4], [E2; E4] ®ª §ë¢ îâáï  ­ «®£¨ç­ë¬ ®¡à §®¬ ¢ëà ¦¥­ë ç¥à¥§ à §­®áâì (d4 � i).
�á«¨ §¤¥áì ¯ à  (d3; d4) 6= (1; i), â® ­¥á«®¦­® ¯®ª § âì, çâ® d1 = d2 = 0. � íâ®¬ á«ãç ¥

¯®«ãç ¥¬  «£¥¡àã (1.6) á ®£à ­¨ç¥­¨¥¬ (�; �) 6= (1; i).
�ãáâì â¥¯¥àì d3 = 1; d4 = i. �®£¤  ¡ §¨á ®¡áã¦¤ ¥¬®©  «£¥¡àë h ¨¬¥¥â ¢¨¤

E1 =
�
0 1
0 d1

�
; E2 =

�
0 i

0 d2

�
; E3 =

�
1 0
0 1

�
; E4 =

�
i 0
0 i

�
(6.6)

¨ á®¤¥à¦¨â ¤¢¥ áª «ïà­ë¥ ¬ âà¨æë.
�à¨ d1 = d2 = 0 á­®¢  ¯®«ãç ¥¬  «£¥¡àã ¢¨¤  (1.6), á­¨¬ ï â¥¬ á ¬ë¬ ¢¢¥¤¥­­ë¥ ¢ëè¥

®£à ­¨ç¥­¨ï ­  ¯ à ¬¥âàë (�; �).
�á«¨ ¦¥ å®âï ¡ë ®¤¨­ ¨§ íâ¨å ª®íää¨æ¨¥­â®¢, ­ ¯à¨¬¥à, d1, ®â«¨ç¥­ ®â ­ã«ï, â®  «£¥-

¡à  h ¯®¤®¡­  ®¤­®© ¨§  «£¥¡à, à áá¬®âà¥­­ëå à ­¥¥. �¥©áâ¢¨â¥«ì­®, ¯®¤®¡¨¥ PC á ¬ âà¨æ¥©
C =

�
1 �d�1

0 1

�
¤¨ £®­ «¨§¨àã¥â ¬ âà¨æã E1 ¨§ (6.6), á®åà ­ï¥â áâ®«¡æ®¢ë© ¢¨¤ E2 ¨ ®áâ ¢«ï¥â

­¥¨§¬¥­­ë¬¨ áª «ïà­ë¥ ¬ âà¨æë E3 ¨ E4. �«¥¤®¢ â¥«ì­®, ­®¢ë© ¡ §¨á  «£¥¡àë h á®¤¥à¦¨â ­¥
¬¥­¥¥ 3-å ¤¨ £®­ «ì­ëå ¬ âà¨æ. � ª ï  «£¥¡à  á¢®¤¨âáï «¨¡® ª (6.1), «¨¡® ª (6.4).

�à¥¤«®¦¥­¨¥ 7,   ¢¬¥áâ¥ á ­¨¬ ¨ â¥®à¥¬  3, ¤®ª § ­ë.

7. �âáãâáâ¢¨¥ ¯®¤®¡¨© ¢ ¯®áâà®¥­­ëå á¯¨áª å 4-¬¥à­ëå  «£¥¡à

�à¥¤«®¦¥­¨¥ 8. �«ï ¬ âà¨ç­ëå  «£¥¡à ¨§ â¥®à¥¬ë 3 ¢®§¬®¦­ë â®«ìª® âà¨¢¨ «ì­ë¥

¯®¤®¡¨ï.

�«ï ¤®ª § â¥«ìáâ¢ , ¢®-¯¥à¢ëå, § ¬¥â¨¬, çâ® ­¨ª ª¨¥ ¤¢¥  «£¥¡àë â¨¯®¢ (1.1), â. ¥. h(�)� ¨ h(+)
�

­¥ ï¢«ïîâáï ¬ âà¨ç­® ¯®¤®¡­ë¬¨ ¨ ­¥ á¢®¤ïâáï (¬ âà¨ç­ë¬¨ ¯®¤®¡¨ï¬¨) ª ¢¥àå­¥âà¥ã£®«ì­ë¬
 «£¥¡à ¬ ¨§ â¥®à¥¬ë 4.

�®-¢â®àëå, ã¡¥¤¨¬áï, çâ® ­¨ª ª¨¥ ¤¢¥  «£¥¡àë ¨§ á¥¬¥©áâ¢ (1.2){(1.6) ­¥ ¬®£ãâ ¡ëâì ¯®¤®¡-
­ë¬¨.

�¥©áâ¢¨â¥«ì­®, ¤¨ £®­ «ì­ ï  «£¥¡à  (1.2) ã­¨ª «ì­  ¨ ­¥ ¬®¦¥â ¡ëâì ¯®¤®¡­  ­¨ª ª®©
¤àã£®© ¨§ ®áâ ¢è¨åáï  «£¥¡à ¨¬¥­­® ¢ á¨«ã á¢®¥© ¤¨ £®­ «ì­®áâ¨.

� «¥¥ à áá¬®âà¨¬ á¥¬¥©áâ¢  áª «ïà­ëå ¬ âà¨æ, á®¤¥à¦ é¨¥áï ¢ ¨§ãç ¥¬ëå  «£¥¡à å ¨
á®åà ­ïîé¨¥áï ¯à¨ «î¡ëå ¯®¤®¡¨ïå. � ®¤¨­®ç­®©  «£¥¡à¥ (1.3) â ª®¥ á¥¬¥©áâ¢® ï¢«ï¥âáï
2-¬¥à­ë¬. �«ï áà ¢­¥­¨ï § ¬¥â¨¬, çâ® ¢  «£¥¡à¥ (1.4) á¥¬¥©áâ¢® S áª «ïà­ëå ¬ âà¨æ ï¢«ï-
¥âáï 0-¬¥à­ë¬,   ¢ «î¡®©  «£¥¡à¥ â¨¯  (1.5) â ª®¥ á¥¬¥©áâ¢® ­¥ ¡®«¥¥ ç¥¬ 1-¬¥à­®. � ª®­¥æ,
áª «ïà­ ï ç áâì S ­¥ ¡®«¥¥ ç¥¬ 1-¬¥à­  ¤«ï ¢á¥å  «£¥¡à ¨§ á ¬®£® \¡®«ìè®£®" á¥¬¥©áâ¢  (1.6),
§  ¨áª«îç¥­¨¥¬  «£¥¡àë, á®®â¢¥âáâ¢ãîé¥© ­ ¡®àã (�; �) = (1; i).
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� ¯®á«¥¤­¥¬ á«ãç ¥ áª «ïà­ ï ç áâì S, ®ç¥¢¨¤­®, ï¢«ï¥âáï 2-¬¥à­®©. �®  «£¥¡à  h(5)(1;i) ï¢«ï-
¥âáï ª®¬¬ãâ â¨¢­®©,    «£¥¡à  (1.3) â ª¨¬ á¢®©áâ¢®¬ ­¥ ®¡« ¤ ¥â. �â® ®§­ ç ¥â, çâ® ¨ ¢â®à ï
®¤¨­®ç­ ï  «£¥¡à  (1.3) ­¥ ¬®¦¥â ¡ëâì ¯®¤®¡­®© ­¨ ®¤­®© ¤àã£®©  «£¥¡à¥ ¨§ â¥®à¥¬ë 4.

�¥¯¥àì ®¡à â¨¬ ¢­¨¬ ­¨¥ ­  ¬ âà¨æë, ¨¬¥îé¨¥ ­ã«¥¢ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï. � \áâ®«¡-
æ®¢®©"  «£¥¡àë (1.4) â ª®¢ë ¢á¥ ¥¥ í«¥¬¥­âë. � â® ¦¥ ¢à¥¬ï ¢ «î¡®©  «£¥¡à¥ â¨¯  (1.5) ¨¬¥¥âáï

¬ âà¨æ  E3 +E4 =
�
ei' 0
0 ei 

�
á ¤¢ã¬ï ­¥­ã«¥¢ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨.

�à¥¤¨  «£¥¡à ¯®á«¥¤­¥£® â¨¯  (1.6) ¨¬¥¥âáï «¨èì ®¤­ , \áâà®ç­ ï"  «£¥¡à  h(5)(0;0), ¢á¥ í«¥-
¬¥­âë ª®â®à®© ¨¬¥îâ ­ã«¥¢®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ §­ ç¥­¨¥. � «î¡®© ¤àã£®©  «£¥¡à¥ â¨¯  (1.6)
á ­ ¡®à®¬ (�; �), ®â«¨ç­ë¬ ®â (0; 0), ¨¬¥îâáï ¬ âà¨æë á ­¥­ã«¥¢ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨.

� ª ¨§¢¥áâ­®, \áâà®ç­ ï" ¨ \áâ®«¡æ®¢ ï"  «£¥¡àë ­¥ ï¢«ïîâáï ¬ âà¨ç­® ¯®¤®¡­ë¬¨. �â¨¬¨
à ááã¦¤¥­¨ï¬¨  «£¥¡à  (1.4) ®â¤¥«ï¥âáï ®â á¥¬¥©áâ¢ (1.5) ¨ (1.6).

� â®ç­®áâìî ¤® ¬ âà¨ç­ëå ¯®¤®¡¨© á¥¬¥©áâ¢  (1.5) ¨ (1.6) â ª¦¥ ®â¤¥«¥­ë ¤àã£ ®â ¤àã£ .
�¥©áâ¢¨â¥«ì­®, á¯¥ªâàë ¢á¥å í«¥¬¥­â®¢ «î¡®©  «£¥¡àë h

(4)
('; ) ¯à¨ ' 6=  «¥¦ â ­  ¤¢ãå ¯àï¬ëå,

­ ª«®­¥­­ëå á®®â¢¥âáâ¢¥­­® ¯®¤ ã£« ¬¨ ' ¨  ª ¢¥é¥áâ¢¥­­®© ®á¨ (¯à¨ ' =  ­  ®¤­®© ¯àï¬®©).
� â® ¦¥ ¢à¥¬ï á¯¥ªâàë í«¥¬¥­â®¢ «î¡®©  «£¥¡àë (1.6) § ¬¥â îâ ¢áî ª®¬¯«¥ªá­ãî ¯«®áª®áâì
C .

�-âà¥âì¨å, ­¥®¡å®¤¨¬® ¯®ª § âì, çâ® ¢­ãâà¨ ª ¦¤®£® ¨§ \¡®«ìè¨å" á¥¬¥©áâ¢ (1.5) ¨ (1.6) ¯®-
¤®¡¨ï ¤¢ãå  «£¥¡à ¢®§¬®¦­ë «¨èì ¯à¨ á®¢¯ ¤¥­¨¨ § ¤ îé¨å íâ¨  «£¥¡àë ­ ¡®à®¢ ¯ à ¬¥âà®¢.
� áá¬®âà¨¬ §¤¥áì ¡®«¥¥ á«®¦­®¥ á¥¬¥©áâ¢® (1.6), ®¯ãáª ï ¯®çâ¨ ®ç¥¢¨¤­ë© á«ãç © (1.5).

�à¥¤¯®«®¦¨¬, çâ® ¨¬¥¥âáï ¯ à  ¯®¤®¡­ëå  «£¥¡à h(5)(�;�) ¨ h
(5)
(�;�),   ­¥¢ëà®¦¤¥­­®© ¬ âà¨æ¥©,

®áãé¥áâ¢«ïîé¥© ¯®¤®¡¨¥, ï¢«ï¥âáï C = ( c11 c12c21 c22 ). �â® ®§­ ç ¥â, çâ® ¤«ï «î¡®© ¨§ ¡ §¨á­ëå
¬ âà¨æ Ek (k = 1; 2; 3; 4) ¯¥à¢®©  «£¥¡àë ¬ âà¨æ  PC(Ek) = CEkC

�1 ¤®¯ãáª ¥â à §«®¦¥­¨¥
PC(Ek) = �kE

�

1 + �kE
�

2 + 
kE
�

3 + �kE
�

4 ¯® ¡ §¨áã ¢â®à®©  «£¥¡àë (¢á¥ ª®íää¨æ¨¥­âë �k, �k, 
k,
�k ¢¥é¥áâ¢¥­­ë).

�®á«¥¤­¥¥ ¬ âà¨ç­®¥ à ¢¥­áâ¢® ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

CEk = (�kE
�

1 + �kE
�

2 + 
kE
�

3 + �kE
�

4)C: (7.1)

�§ ãà ¢­¥­¨ï (7.1) ¤«ï ¬ âà¨æë E1 = ( 0 1
0 0 ) «¥£ª® á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­â c22 ®¡áã¦¤ ¥¬®©

¬ âà¨æë ¯®¤®¡¨ï ®â«¨ç¥­ ®â ­ã«ï.
�®¤áâ ¢«ïï ¢ (7.1) ¬ âà¨æë E3 ¨ E4, ¯®«ãç¨¬ ¢®á¥¬ì áª «ïà­ëå ãà ¢­¥­¨©:

c11 = (
3 + i�3)c11 + (�3 + i�3)c21; c11i = (
4 + i�4)c11 + (�4 + i�4)c21;

c12� = (
3 + i�3)c12 + (�3 + i�3)c22; c12� = (
4 + i�4)c12 + (�4 + i�4)c22;

c21 = (
3�+ �3�)c21; c21i = (
4�+ �4�)c21;

c22� = (
3�+ �3�)c22; c22� = (
4�+ �4�)c22:

�  áç¥â ­¥à ¢¥­áâ¢  c22 6= 0 íâ  á¨áâ¥¬  ã¯à®é ¥âáï. � «¥¥ ¥¥ ¤®áâ â®ç­® à áá¬®âà¥âì ¯à¨
c21 = 0 ¨ c21 6= 0. � ª ¦¤®¬ ¨§ íâ¨å á«ãç ¥¢ ¯®«ãç ¥¬ ®¤¨­ ¨ â®â ¦¥ ¢ë¢®¤: � = �, � = �. �â¨
à ¢¥­áâ¢  ®§­ ç îâ ¢®§¬®¦­®áâì â®«ìª® âà¨¢¨ «ì­®£® ¯®¤®¡¨ï à áá¬ âà¨¢ ¥¬ëå  «£¥¡à.
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