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1. �¢¥¤¥¨¥

�®â®ª �¨çç¨ ¥áâì á¥¬¥©áâ¢® ¬¥âà¨ª gt   ¬®£®®¡à §¨¨ M â ª®¥, çâ®

d

dt
gt = �2Ric(gt); (1)

£¤¥ Ric(g) ¥áâì â¥§®à �¨çç¨ ¬¥âà¨ª¨ g.
� à ¡®â å, á¢ï§ ëå á ¤®ª § â¥«ìáâ¢®¬ £¨¯®â¥§ë �ã ª à¥, ¯®â®ª¨ �¨çç¨ à¨¬ ®¢ëå ¬®-

£®®¡à §¨© ¨á¯®«ì§®¢ «¨áì ª ª ¢ ¦®¥ â¥å¨ç¥áª®¥ áà¥¤áâ¢®, ¨ ¡ë«® ¯®«ãç¥® ¬®£® à¥§ã«ìâ -
â®¢ ® áãé¥áâ¢®¢ ¨¨ ¨ á¢®©áâ¢ å â ª¨å ¯®â®ª®¢   ª®¬¯ ªâëå ¬®£®®¡à §¨ïå ( ¯à., [1], [2]).
� ¤àã£®© áâ®à®ë, ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á ¨§ãç¥¨¥ £¥®¬¥âà¨ç¥áª¨å á¢®©áâ¢ ¬¥âà¨ª, ¢å®¤ïé¨å ¢
¯®â®ª �¨çç¨. �¤®© ¨§ § ¤ ç, ª®â®àë¥ ¬®£ãâ à áá¬ âà¨¢ âìáï ¢ á¢ï§¨ á íâ¨¬, ï¢«ï¥âáï § ¤ ç 
¨§ãç¥¨ï ®¤®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  ¢«®¦¥¨© ft ¬®£®®¡à §¨ï � ¢ à¨¬ ®¢® ¬®£®®¡à -
§¨¥ (M;G) â ª®£®, çâ® ¬¥âà¨ª¨ gt = f�t G, ¨¤ãæ¨à®¢ ë¥   �, ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (1).
�â®¨â ®â¬¥â¨âì, çâ® ¢ «¨â¥à âãà¥ ¥®¤®ªà â® à áá¬ âà¨¢ «¨áì ®¤®¯ à ¬¥âà¨ç¥áª¨¥ á¥¬¥©-
áâ¢  ¯®¤¬®£®®¡à §¨©, ¤«ï ª®â®àëå ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨¥ ®¡ê¥ªâë, ¥áâ¥áâ¢¥ë¬
®¡à §®¬ á¢ï§ ë¥ á ¯®¤¬®£®®¡à §¨ï¬¨ á¥¬¥©áâ¢  ( ¯à¨¬¥à, ªà¨¢¨§ë), ã¤®¢«¥â¢®àïîâ § -
¤ ®¬ã í¢®«îæ¨®®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î (ãª ¦¥¬, ª ¯à¨¬¥àã, ¬®®£à ä¨î [3]).

� ¤ ®© à ¡®â¥ ¨áá«¥¤ãîâáï ¤¥ä®à¬ æ¨¨ �t ¯®¢¥àå®áâ¥© âà¥å¬¥à®£® ¥¢ª«¨¤®¢  ¯à®áâà -
áâ¢  E3 â ª¨¥, çâ® ¬¥âà¨ª¨ gt, ¨¤ãæ¨à®¢ ë¥   �t áâ ¤ àâ®© ¬¥âà¨ª®© E3, ã¤®¢«¥â¢®àïîâ
ãà ¢¥¨î ¯®â®ª  �¨çç¨ (1). � ª¨¥ ¤¥ä®à¬ æ¨¨ �t ¡ã¤¥¬  §ë¢ âì ¯®â®ª ¬¨ �¨çç¨ ¯®¢¥àå®-

áâ¥©.
�áá«¥¤®¢ ¨ï ¯à®¢®¤ïâáï «®ª «ì®,   ¢á¥ ¬®£®®¡à §¨ï ¨ ®â®¡à ¦¥¨ï ¯à¥¤¯®« £ îâáï   -

«¨â¨ç¥áª¨¬¨.
�«ï ¤¢ã¬¥à®£® à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g) â¥§®à �¨çç¨ Ric = Kg, £¤¥ K | á¥ªæ¨® ï

ªà¨¢¨§ , ¯®íâ®¬ã ãà ¢¥¨¥ ¯®â®ª  �¨çç¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

d

dt
gt = �2K(gt)gt: (2)

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¢ â®¬ ¨«¨ ¨®¬ ¢¨¤¥ ¢áâà¥ç ¥âáï ¢ «¨â¥à âãà¥, ® ¤«ï ã¤®¡áâ¢ 
ç¨â â¥«ï ¯à¨¢¥¤¥¬ ¥£® ¤®ª § â¥«ìáâ¢®.

�â¢¥à¦¤¥¨¥ 1. �ãáâì U | ®¡« áâì   ¯«®áª®áâ¨ R2 á ª®®à¤¨ â ¬¨ (u1; u2) ¨ ft : U !
E3 ¥áâì ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯®¢¥àå®áâ¥© ¢ âà¥å¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà -
áâ¢¥. �ãáâì G | áâ ¤ àâ ï ¬¥âà¨ª  ¯à®áâà áâ¢  E3 ¨ gt = f�t G | á¥¬¥©áâ¢® ¨¤ãæ¨à®-
¢ ëå ¬¥âà¨ª   U . �á«¨ á¥¬¥©áâ¢® ¬¥âà¨ª gt ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥-

¨î (2), â® gt(u; v) = e2'(t;u
1;u2)gE, £¤¥ gE = du1

2 + du2
2
| áâ ¤ àâ ï ¥¢ª«¨¤®¢  ¬¥âà¨ª   

¯«®áª®áâ¨. �à¨ íâ®¬ äãªæ¨ï ' = '(u1; u2; t) ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î

@'

@t
= e�2'�E'; (3)
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£¤¥ �E | ¥¢ª«¨¤®¢ « ¯« á¨ .

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢ ç «¥, çâ® «î¡®¥ à¥è¥¨¥ ãà ¢¥¨ï (2) ¨¬¥¥â ¢¨¤ gt = e2'gE.
�ãáâì gt = gij(t; uk)duiduj , £¤¥ i; j; k = 1; 2. �«ï ¯à®¨§¢®«ì®© â®çª¨ (u10; u

2
0) 2 U , ¢§ï¢ ¤¢  ¢¥ª-

â®à  v, w â ª¨å, çâ® g0(v; w) = gij(0; uk0)v
iwj = 0, à áá¬®âà¨¬ äãªæ¨î �(t) = gij(t; uk0)v

iwj .
�ãáâì K(t; u1; u2) ¥áâì ªà¨¢¨§  ¬¥âà¨ª¨ gt ¢ â®çª¥ (u1; u2). �§ (2) ¯®«ãç ¥¬ ¤¨ää¥à¥æ¨ «ì®¥
ãà ¢¥¨¥ d�

dt
= �2K(t; uk0)�(t). � ª ª ª �(0) = 0, äãªæ¨ï �(t) = 0 ¥áâì ¥¤¨áâ¢¥®¥ à¥è¥¨¥

íâ®£® ãà ¢¥¨ï. �®íâ®¬ã, ¥á«¨ ¢¥ªâ®à  v ¨ w ®àâ®£® «ìë ¢ ¬¥âà¨ª¥ g0, ®¨ ®àâ®£® «ì-
ë ¢® ¢á¥å ¬¥âà¨ª å gt. �«¥¤®¢ â¥«ì®, ¬¥âà¨ª  gt ï¢«ï¥âáï ª®ä®à¬®© ¬¥âà¨ª¥ g0. � á¢®î
®ç¥à¥¤ì, ¬¥âà¨ª  g0 ª®ä®à¬  ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥ gE ( ¯à., [4], á. 111), ¯®íâ®¬ã gij(t; uk) =
e2'(t;u

k)(du12+du22). �à¨¢¨§  â ª®© ¬¥âà¨ª¨ gij(t; uk) ¨¬¥¥â ¢¨¤ K(t; uk) = �e�2'(t;uk)�E '(t; uk)
( ¯à., [4], á. 113). �«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (2) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (3).

�à ¢¥¨¥ (3) ï¢«ï¥âáï ª¢ §¨«¨¥©ë¬ ¯ à ¡®«¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¨ ¨¬¥¥â à¥è¥¨¥ ¤«ï
«î¡ëå  ç «ìëå ãá«®¢¨© '(0; u1; u2) = '0(u1; u2) ( ¯à., [5], á. 327). �®¤å®¤ë ª à¥è¥¨î, ¢ â®¬
ç¨á«¥ ç¨á«¥®¬ã, íâ®£® ãà ¢¥¨ï ®¯¨á ë ¢ [6]. �â¬¥â¨¬ â ª¦¥, çâ®  ¨¡®«¥¥ ®¡é¨© à¥§ã«ìâ â
® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ãà ¢¥¨ï ¯®â®ª  �¨çç¨   § ¬ªãâëå ¬®£®®¡à §¨ïå ¯à¨ ¬ «ëå t
¡ë« ¯®«ãç¥ ¢ à ¡®â å �.�í¬¨«â®  [7] ¨ ¤¥ �îàª  [8].

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®©  ç «ì®© ¬¥âà¨ª¨ gij ¬®¦®  ©â¨ á¥¬¥©áâ¢® ¬¥âà¨ª, ã¤®¢«¥-
â¢®àïîé¨å ãà ¢¥¨î ¯®â®ª  �¨çç¨. �§¢¥áâ®, çâ® ¤«ï «î¡®©   «¨â¨ç¥áª®© ¯®«®¦¨â¥«ì®
®¯à¥¤¥«¥®© ¤¨ää¥à¥æ¨ «ì®© ª¢ ¤à â¨ç®© ä®à¬ë g = gij(uk)duiduj   ¯«®áª®áâ¨ ¬®¦®
 ©â¨ ¯®¢¥àå®áâì � � E3 (¯à¨ç¥¬ ¥ ¥¤¨áâ¢¥ë¬ ®¡à §®¬) â ªãî, çâ® g ï¢«ï¥âáï ¥¥ ¬¥-
âà¨ç¥áª¨¬ â¥§®à®¬ ( ¯à., [9], á. 191; [10], á. 216{217). �¬¥®, ¥á«¨ z = z(u1; u2) ¥áâì à¥è¥¨¥
ãà ¢¥¨ï â¨¯  �®¦ {�¬¯¥à 

"pq"rsrpzrrqzs
2(1 � gpqzpzq)

= K;

£¤¥ zi = @iz, "ij | ¤¨áªà¨¬¨ âë© â¥§®à ¬¥âà¨ª¨ g ¨ K | £ ãáá®¢  ªà¨¢¨§  ¬¥âà¨ª¨ g, â®
g ¥áâì ¬¥âà¨ª , ¨¤ãæ¨à®¢  ï   £à ä¨ª¥ � äãªæ¨¨ z, à áá¬ âà¨¢ ¥¬®¬ ª ª ¯®¢¥àå®áâì ¢
E3 (¯®¤à®¡®áâ¨ á¬. ¢ [10], á. 216{217). � ª¨¬ ®¡à §®¬, § ¤  ï ¯®¢¥àå®áâì ¢á¥£¤  ¬®¦¥â ¡ëâì
¢ª«îç¥  ¢ á¥¬¥©áâ¢® ¯®¢¥àå®áâ¥©, ¬¥âà¨ª¨ ª®â®àëå ®¡à §ãîâ ¯®â®ª �¨çç¨. � á¢ï§¨ á íâ¨¬
¢®§¨ª ¥â á«¥¤ãîé¨© ¢®¯à®á: ¤®¯ãáª ¥â «¨ § ¤ ë© ª« áá ¯®¢¥àå®áâ¥© ¯®â®ª¨ �¨çç¨, â. ¥.

¬®¦® «¨ ¢ª«îç¨âì ¯®¢¥àå®áâì ¤ ®£® ª« áá  ¢ ¯®â®ª �¨çç¨, á®áâ®ïé¨© ¨§ ¯®¢¥àå®áâ¥©
íâ®£® ª« áá ?

�¤¨¬ ¨§ ¯à®áâ¥©è¨å ª« áá®¢ ¯®¢¥àå®áâ¥©, ¤®¯ãáª îé¨å ¯®â®ª¨ �¨çç¨, ï¢«ï¥âáï ª« áá
¯®¢¥àå®áâ¥© ¢à é¥¨ï. �ãáâì á¥¬¥©áâ¢® �t ¯®¢¥àå®áâ¥© ¢à é¥¨ï § ¤ ® ãà ¢¥¨¥¬

~r(t; u; v) = a(t; u)~e(v) + b(t; u)~k: (4)

� à ¬¥âà u ¬®¦® ¢§ïâì â ª¨¬ ®¡à §®¬, çâ®¡ë

@ua(t; u)
2 + @ub(t; u)

2 = a(t; u)2: (5)

�®£¤  ¬¥âà¨ç¥áª¨© â¥§®à ¯®¢¥àå®áâ¨ �t ¨¬¥¥â ¢¨¤

gt = a(t; u)2(du2 + dv2);

¨ ¨§ ãâ¢¥à¦¤¥¨ï 1 ¯®«ãç ¥¬ ãà ¢¥¨¥   a(t; u)

@a

@t
=
1
a
�E log a: (6)

�â® ãà ¢¥¨¥ ï¢«ï¥âáï ª¢ §¨«¨¥©ë¬ ¯ à ¡®«¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¨ ¨¬¥¥â à¥è¥¨¥ ¤«ï «î-
¡®£®  ç «ì®£® ãá«®¢¨ï a(0; u) = a0(u) ([5], á. 327),   b(u; t) ¬®¦®  ©â¨ ¨§ ãà ¢¥¨ï (5):

b(t; u) =
Z q

a(t; u)2 � @ua(t; u)2du: (7)
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� ª¨¬ ®¡à §®¬, «î¡ ï ¯®¢¥àå®áâì ¢à é¥¨ï ¬®¦¥â ¡ëâì ¢ª«îç¥  ¢ ¯®â®ª �¨çç¨, á®áâ®ïé¨©
¨§ ¯®¢¥àå®áâ¥© ¢à é¥¨ï, § ¤ ë© ãà ¢¥¨¥¬ (4), £¤¥ a(t; u) ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (6),  
b(t; u) § ¤ ¥âáï ãà ¢¥¨¥¬ (7).

�®¤à®¡®¥ ¨áá«¥¤®¢ ¨¥ ¯®â®ª®¢ �¨çç¨ ¯®¢¥àå®áâ¥© ¢à é¥¨ï ¯à®¢¥¤¥® ¢ à ¡®â¥ [11], á®-
¤¥à¦ é¥©, ¯®¬¨¬® ¢ëç¨á«¥¨©, ¢¯¥ç â«ïîéãî ª®¬¯ìîâ¥àãî £à ä¨ªã.

2. �ä¨¨â¥§¨¬ «ìë¥ ¯®â®ª¨ �¨çç¨

2.1. �¢®«îæ¨®ë¥ ãà ¢¥¨ï ®á®¢ëå ®¡ê¥ªâ®¢ ¤¥ä®à¬¨àã¥¬®© ¯®¢¥àå®áâ¨.
�§ãç¥¨¥ ¤¥ä®à¬ æ¨© ¯®¢¥àå®áâ¥© | ª« áá¨ç¥áª ï ®¡« áâì ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¨
¢ à¨ æ¨®®£® ¨áç¨á«¥¨ï, ª®â®à ï ¤® á¨å ¯®à ¯à¨¢«¥ª ¥â ¢¨¬ ¨¥ ¨áá«¥¤®¢ â¥«¥© (á¬.,  ¯à.,
¥¤ ¢¨¥ à ¡®âë �.�.�®¬¥ª® [12], [13]). � à ¡®â å ¯® ¤¥ä®à¬ æ¨¨ ¯®¢¥àå®áâ¥© ¨á¯®«ì§®¢ «¨áì
à §«¨çë¥ ä®à¬ë í¢®«îæ¨®ëå ãà ¢¥¨© ¤«ï ¯®¤¢¨¦®£® à¥¯¥à  ( ¯à., ¢ ª¨£¥ �.�«ïèª¥
[14] íâ¨ ãà ¢¥¨ï § ¯¨á ë ¤«ï ¯®¤¢¨¦®£® ®àâ®à¥¯¥à ) ¨ ¤«ï ®á®¢ëå ¤¨ää¥à¥æ¨ «ì®-
£¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢ ¤¥ä®à¬¨àã¥¬®© ¯®¢¥àå®áâ¨. �à¨¢¥¤¥¬ í¢®«îæ¨®ë¥ ãà ¢¥¨ï ¢
¢¨¤¥, ã¤®¡®¬ ¤«ï ¨á¯®«ì§®¢ ¨ï ¢ ¤ ®© à ¡®â¥.

�ãáâì ¤¥ä®à¬ æ¨ï �t ®à¨¥â¨à®¢ ®© ¯®¢¥àå®áâ¨ �0 § ¤   ãà ¢¥¨ï¬¨ ~r = ~r(t; ui).
�®«®¦¨¬ ~ri(ui; t) = @i~r(t; ui), ¨ ¯ãáâì ~n(t; ui) | ¯®«¥ ¥¤¨¨ç®© ®à¬ «¨ ¯®¢¥àå®áâ¨ �t. �®£¤ 

@

@t
~r(t; ui) = e�i(t; ui)~ri(t; ui) + e�(t; ui)~n(t; ui): (8)

�¡®§ ç¨¬ ç¥à¥§ r á¢ï§®áâì �¥¢¨-�¨¢¨â  ¨¤ãæ¨à®¢ ®© ¬¥âà¨ª¨ gij(t; ui)   ¯®¢¥àå®áâ¨
�t, ¨ ç¥à¥§ hij(t; ui) | ¢â®àãî äã¤ ¬¥â «ìãî ä®à¬ã íâ®© ¯®¢¥àå®áâ¨. � ¤ «ì¥©è¥¬ ¤«ï
ã¯à®é¥¨ï ä®à¬ã« ¡ã¤¥¬ ®¯ãáª âì  à£ã¬¥âë (t; ui).

�â¢¥à¦¤¥¨¥ 2 (í¢®«îæ¨®ë¥ ãà ¢¥¨ï à¥¯¥à ,  ¤ ¯â¨à®¢ ®£® ª ¤¥ä®à¬ æ¨¨).

@

@t
~ri = �si~rs + �i~n; (9)

@~n

@t
= ��s~rs; (10)

£¤¥

�ji = ri
e�j � e�hji ; (11)

�i = @ie�+ hise�s: (12)

�®ª § â¥«ìáâ¢®. �¥à¨¢ æ¨®ë¥ ãà ¢¥¨ï ¯®¢¥àå®áâ¨ § ¯¨áë¢ îâáï ¢ ¢¨¤¥

@i~rj = �kij~rk + hij~n; @i~n = �hsi~rs; (13)

£¤¥ �kij | ª®íää¨æ¨¥âë à¨¬ ®¢®© á¢ï§®áâ¨ ¨¤ãæ¨à®¢ ®© ¬¥âà¨ª¨ ¨ hij | ª®íää¨æ¨¥âë
¢â®à®© äã¤ ¬¥â «ì®© ä®à¬ë. �à®¤¨ää¥à¥æ¨à®¢ ¢ (8) ¯® uj ¨ ¯à¨¬¥ïï (13), ¯®«ãç ¥¬
(9), £¤¥ �ij ¨ �i § ¤ ë á®®â¢¥âáâ¢¥® ãà ¢¥¨ï¬¨ (11) ¨ (12). �¥¯¥àì, ¤¨ää¥à¥æ¨àãï ¯® t
ãà ¢¥¨ï ~n � ~n = 1, ~n � ~ri = 0 ¨ ¨á¯®«ì§ãï (9), ¯®«ãç¨¬ (10).

� ¯¨è¥¬ â¥¯¥àì í¢®«îæ¨®ë¥ ãà ¢¥¨ï ®á®¢ëå ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ®¡ê-
¥ªâ®¢ ¤¥ä®à¬¨àã¥¬®© ¯®¢¥àå®áâ¨ ç¥à¥§ �ji ¨ �i, § ¤ ëå á®®â¢¥âáâ¢¥® ãà ¢¥¨ï¬¨ (11) ¨
(12). �¤¥ªáë ¯®¤¨¬ îâáï ¨ ®¯ãáª îâáï á ¯®¬®éìî ¬¥âà¨ç¥áª®£® â¥§®à  gij ¯®¢¥àå®áâ¨, ¢
ç áâ®áâ¨ �ij = �si gjs, �

ij = gis�js.

�â¢¥à¦¤¥¨¥ 3. �ãáâì á¥¬¥©áâ¢® ¯®¢¥àå®áâ¥© �t § ¤ ® ãà ¢¥¨¥¬ ~r = ~r(t; ui).
�ãáâì gij(t; ui), hij(t; ui) ¨ ij(t; ui) | ¯¥à¢ ï, ¢â®à ï ¨ âà¥âìï äã¤ ¬¥â «ìë¥ ä®à¬ë ¯®-
¢¥àå®áâ¨ �t, "ij(t; ua) | ¤¨áªà¨¬¨ âë© â¥§®à ¯®¢¥àå®áâ¨ �t,   K(t; ui) ¨ H(t; ui) |
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£ ãáá®¢  ¨ áà¥¤ïï ªà¨¢¨§ë ¯®¢¥àå®áâ¨ �t. �®£¤ 

@

@t
gij = �ij + �ji;

@

@t
gij = ��ij � �ji; (14)

@

@t
"ij = �si "sj � �sj"si;

@

@t
"ij = "js�is � "is�js; (15)

@

@t
hij = ri�j + his�

s
j = ri(@j e�) +rihjse�s + hisrj

e�s + hjsri
e�s � e�gsphishjp; (16)

@

@t
ij = hjsri�

s + hisrj�
s; (17)

@

@t
K = (Hgij � hij)ri�j �Kgij�ij ; (18)

@

@t
H = gijri�j � hij�ij : (19)

�®ª § â¥«ìáâ¢®. �¨ää¥à¥æ¨àãï à ¢¥áâ¢® gij = ~ri~rj ¨ ¨á¯®«ì§ãï ãà ¢¥¨¥ (9), ¯®«ãç ¥¬
¯¥à¢®¥ ãà ¢¥¨¥ ¢ (14). �â®à®¥ ãà ¢¥¨¥ ¢ (14) ¯®«ãç ¥âáï á ¯®¬®éìî ¤¨ää¥à¥æ¨à®¢ ¨ï
â®¦¤¥áâ¢  gisgjs = �ji ¯® t ¨ ¨á¯®«ì§®¢ ¨ï â®«ìª® çâ® ¯®«ãç¥®£® ãà ¢¥¨ï ¤«ï

@

@t
gij .

�à ¢¥¨ï (15) ¯®«ãç îâáï á ¯®¬®éìî ¤¨ää¥à¥æ¨à®¢ ¨ï â®¦¤¥áâ¢  "ij = (~ri; ~rj ; ~n) ¯® t,
£¤¥ ç¥à¥§ (�; �; �) ®¡®§ ç¥® á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥, ¨ ¯à¨¬¥¥¨ï ãà ¢¥¨© (9) ¨ (10).

�â®¡ë ¯®«ãç¨âì ãà ¢¥¨¥ (16), ¯à®¤¨ää¥à¥æ¨àã¥¬ à ¢¥áâ¢® hij = �@i~n�~rj ¯® t ¨ ¯®«ãç¨¬
@

@t
hij = �@i

�
@

@t
~n

�
� ~rj � @i~n � @

@t
~rj = �@i

�
@

@t
~n

�
� ~rj + hsi~rs �

@

@t
~rj : (20)

�¨ää¥à¥æ¨àãï ãà ¢¥¨¥ (10) ¯® ui, á ¯®¬®éìî ãà ¢¥¨ï (13) ¨¬¥¥¬

� @i

�
@

@t
~n

�
= ri�

s~rs + his�
s~n: (21)

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥¨¥ ¢ ãà ¢¥¨¥ (20), ¯®«ãç ¥¬ ¯¥à¢®¥ ãà ¢¥¨¥ ¢ (16),   ¯®â®¬ ¨ ¢â®à®¥
ãà ¢¥¨¥ (á ¯®¬®éìî ãà ¢¥¨© (11) ¨ (12)).

�¥¯¥àì ¨§ à ¢¥áâ¢  ij = @i~n � @j~n á ¯®¬®éìî ãà ¢¥¨ï (21) â ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç¨¬
(17).

�¨ää¥à¥æ¨àãï H = gijhij ¯® t ¨ ¨á¯®«ì§ãï ãà ¢¥¨ï (14) ¨ (16),  å®¤¨¬ í¢®«îæ¨®®¥
ãà ¢¥¨¥ (19) ¤«ï áà¥¤¥© ªà¨¢¨§ë.

� ª®¥æ, á ¯®¬®éìî å®à®è® ¨§¢¥áâ®£® á®®â®è¥¨ï ij �Hhij+Kgij = 0 ( ¯à., [10], á. 194,
(8)) ¨  ©¤¥ëå í¢®«îæ¨®ëå ãà ¢¥¨© ¯®«ãç¨¬ í¢®«îæ¨®®¥ ãà ¢¥¨¥ (18) ¤«ï £ ãáá®¢®©
ªà¨¢¨§ë.

2.2. �ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨. �ãáâì ¤¥ä®à¬ æ¨ï �t, t 2 ("; "), ¯®¢¥àå®áâ¨
�0 § ¤   ãà ¢¥¨¥¬ ~r = ~r(t; ui). �¥ªâ®à®¥ ¯®«¥ _~r = @

@t
~r(t; ui)jt=0  §ë¢ ¥âáï ¨ä¨¨â¥§¨-

¬ «ì®© ¤¥ä®à¬ æ¨¥© ¯®¢¥àå®áâ¨ �0, á®®â¢¥âáâ¢ãîé¥© ¤¥ä®à¬ æ¨¨ �t. �§ ãà ¢¥¨ï (8)
¤«ï ¨ä¨¨â¥§¨¬ «ì®© ¤¥ä®à¬ æ¨¨ á«¥¤ã¥â à §«®¦¥¨¥

_~r = e�i(0; ui)~ri(0; ui) + e�(0; ui)~n(0; ui): (22)

�®«®¦¨¬ �(ui) = e�(0; ui), �(ui) = e�(0; ui). �¥ªâ®à®¥ ¯®«¥ �i(ui)~ri(0; ui) ¥áâì ®àâ®£® «ì ï
¯à®¥ªæ¨ï ¢¥ªâ®à®£® ¯®«ï _~r   ª á â¥«ìãî ¯«®áª®áâì ¯®¢¥àå®áâ¨ �0, ¨ ¡ã¤¥¬  §ë¢ âì ¥£®
â £¥æ¨ «ì®© ¨ä¨¨â¥§¨¬ «ì®© ¤¥ä®à¬ æ¨¥©. �®à¬ «ì®¥ ¢¥ªâ®à®¥ ¯®«¥ �(ui)~n(0; ui)
¡ã¤¥¬  §ë¢ âì ®à¬ «ì®© ¨ä¨¨â¥§¨¬ «ì®© ¤¥ä®à¬ æ¨¥©.

�â¢¥à¦¤¥¨¥ 4. �ãáâì ¯®â®ª �¨çç¨ ¯®¢¥àå®áâ¥© �t, t 2 (�"; "), § ¤ ¥âáï ãà ¢¥¨¥¬

~r = ~r(ui; t) ¨ _~r = �s~rs + �~n (á¬. (22)) ¥áâì á®®â¢¥âáâ¢ãîé ï ¨ä¨¨â¥§¨¬ «ì ï ¤¥ä®à¬ æ¨ï
¯®¢¥àå®áâ¨ �0.

32



�®£¤  ¢¥ªâ®à®¥ ¯®«¥ ~� = �s~rs ¨ äãªæ¨ï �   �0 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢¥¨©

ri�j +rj�i = �2Kgij + 2�hij ; (23)

£¤¥ gij , hij | ¯¥à¢ ï ¨ ¢â®à ï äã¤ ¬¥â «ìë¥ ä®à¬ë ¯®¢¥àå®áâ¨ �0, r| á¢ï§®áâì �¥¢¨-
�¨¢¨â  ¬¥âà¨ª¨ gij , K | £ ãáá®¢  ªà¨¢¨§  ¯®¢¥àå®áâ¨ �0.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨ï ¯®â®ª  �¨çç¨ ¨ ãà ¢¥¨ï (14) ¯®«ãç ¥¬ �ij + �ji =
�2Kgij . �¥¯¥àì ¨§ ãà ¢¥¨ï (11) á«¥¤ã¥â ãà ¢¥¨¥ (23).

� §®¢¥¬ ¢¥ªâ®à®¥ ¯®«¥ ~v = �s~rs+�~n, § ¤ ®¥ ¢¤®«ì ¯®¢¥àå®áâ¨ �0, ¨ä¨¨â¥§¨¬ «ìë¬
¯®â®ª®¬ �¨çç¨, ¥á«¨ ¢¥ªâ®à®¥ ¯®«¥ �s~rs ¨ äãªæ¨ï � ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬ (23). �â¬¥-
â¨¬, çâ® ¨§ ãâ¢¥à¦¤¥¨ï (4) á«¥¤ã¥â, çâ® ¨ä¨¨â¥§¨¬ «ì ï ¤¥ä®à¬ æ¨ï, á®®â¢¥âáâ¢ãîé ï
¯®â®ªã �¨çç¨, ï¢«ï¥âáï ¨ä¨¨â¥§¨¬ «ìë¬ ¯®â®ª®¬ �¨çç¨.

� ª ç¥áâ¢¥ ¯à®áâ®£® ¯à¨¬¥à  à áá¬®âà¨¬ á«ãç ©, ª®£¤  ¨ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨
ï¢«ï¥âáï ®à¬ «ìë¬ ¢¥ªâ®àë¬ ¯®«¥¬. �§ (23) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �ãáâì ªà¨¢¨§  �0 ®â«¨ç  ®â ã«ï ¢ ª ¦¤®© â®çª¥. �á«¨ ¨ä¨¨â¥§¨¬ «ì-
ë© ¯®â®ª �¨çç¨ ¥áâì ®à¬ «ì®¥ ¢¥ªâ®à®¥ ¯®«¥, ¥ ®¡à é îé¥¥áï ¢ ã«ì, â® �0 ¥áâì áä¥à .

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå á«¥¤áâ¢¨ï �i = 0, ¨ ¢ á¨«ã (23) ¢á¥ â®çª¨ ¯®¢¥àå®áâ¨ �t

ï¢«ïîâáï ®¬¡¨«¨ç¥áª¨¬¨.

2.3. �à ¢¥¨ï   â £¥æ¨ «ìãî ª®¬¯®¥âã ¨ä¨¨â¥§¨¬ «ì®£® ¯®â®ª  �¨ç-

ç¨. � ©¤¥¬ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àï¥â â £¥æ¨ «ì ï ª®¬¯®¥â  ~� = �i~ri ¨ä¨¨-
â¥§¨¬ «ì®£® ¯®â®ª  �¨çç¨   ¯®¢¥àå®áâ¨ �0.

�à®áâà áâ¢® S2(E2) á¨¬¬¥âà¨çëå â¥§®à®¢ â¨¯  (2; 0) ¤¢ã¬¥à®£® ¥¢ª«¨¤®¢  ¢¥ªâ®à®£®
¯à®áâà áâ¢  ¥áâì âà¥å¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬

(u; v) = gikgjmuijvkm = uijvij = uijv
ij : (24)

�á«¨ E2 ®à¨¥â¨à®¢ ®, â® ®¯à¥¤¥«¥ ¤¨áªà¨¬¨ âë© â¥§®à "ij , § ¤ îé¨© ª®á®¥ ¯à®¨§¢¥¤¥-
¨¥   E2 ( ¯à., [10], á. 26). �á«®¢¨¬áï ¯®¤¨¬ âì ¨¤¥ªáë ¤¨áªà¨¬¨ â®£® â¥§®à  á«¥¤ãî-
é¨¬ ®¡à §®¬: "ij� = gjs"is ¨ "ij = gikgjm"km.

� áá¬®âà¨¬ â¥§®à


(u; v; w) = "kl"mn"pqukqvlmwnp; u; v; w 2 S2(E2);

â¨¯  (3; 0)   S2(E2). �ãáâì ~e1; ~e2 | ¥ª®â®àë© à¥¯¥à ¯«®áª®áâ¨ S2(E2). �®£¤  ¥¯®áà¥¤áâ¢¥ë©
¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ®


(u; v; w) = (e12)3 det

������
u11 u12 u22
v11 v12 v22
w11 w12 w22

������ ;
£¤¥ "ij , uij , vij , wij | ª®®à¤¨ âë â¥§®à®¢ ", u, v, w á®®â¢¥âáâ¢¥® ¢ à¥¯¥à¥ ~ei. �âáî¤  á«¥-
¤ã¥â, çâ® 
 ¥áâì 3-ä®à¬    ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ S2(E2). � ¤ ¤¨¬ ®à¨¥â æ¨î   S2(E2) á
¯®¬®éìî ä®à¬ë 
, â®£¤  S2(E2) áâ ®¢¨âáï ®à¨¥â¨à®¢ ë¬ âà¥å¬¥àë¬ ¥¢ª«¨¤®¢ë¬ ¯à®-
áâà áâ¢®¬.

�á«¨ ~ei | ¯à ¢ë© ®àâ®à¥¯¥à ¯«®áª®áâ¨ E2, â®

e1 
 e1;
1p
2
(e1 
 e2 + e2 
 e1); e2 
 e2

¥áâì ¯à ¢ë© ®àâ®à¥¯¥à ¯à®áâà áâ¢  S2(E2). �âáî¤  á«¥¤ã¥â, çâ® á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¢
S2(E2) ¨¬¥¥â ¢¨¤

(u; v; w) =
p
2
(u; v; w) =

p
2 "kl"mn"pqukqvlmwnp: (25)
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�â¬¥â¨¬, çâ® ¬®¦®  ©â¨ ¨ ¢ëà ¦¥¨¥ ¤«ï ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï [ ; ] ¢ S2(E2), á¢ï§ ®£®
á® á¬¥è ë¬ ¯à®¨§¢¥¤¥¨¥¬ á ¯®¬®éìî ¨§¢¥áâ®£® â®¦¤¥áâ¢  ([u; v]; w) = (u; v; w). �á¯®«ì§ãï
®¯à¥¤¥«¥¨ï áª «ïà®£® ¨ á¬¥è ®£® ¯à®¨§¢¥¤¥¨© ¢ S2(E2), ¯®«ãç ¥¬, çâ® t = [u; v] ¤«ï
u; v 2 S2(E2)  å®¤¨âáï ¯® ä®à¬ã«¥

tij = � 1p
2
("ik� "j

m
� + "j

k
� "i

m
� )"

pqukpvmq:

�â¢¥à¦¤¥¨¥ 5. �ãáâì ¯®¢¥àå®áâì �0 ¥ ¨¬¥¥â ®¬¡¨«¨ç¥áª¨å â®ç¥ª. �®£¤  �i ¥áâì
â £¥æ¨ «ì ï ª®¬¯®¥â  ¨ä¨¨â¥§¨¬ «ì®£® ¯®â®ª  �¨çç¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
�i ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨©

("mihjm + "mjhim)ri�j = 0; (26)

(H2 � 2K)(div �)�Hhijri�j +K(H2 � 4K) = 0: (27)

�®ª § â¥«ìáâ¢®. �á«¨ �0 ¥ ¨¬¥¥â ®¬¡¨«¨ç¥áª¨å â®ç¥ª, â® ¯¥à¢ ï äã¤ ¬¥â «ì ï ä®à-
¬  gij ¨ ¢â®à ï äã¤ ¬¥â «ì ï ä®à¬  hij ¯®¢¥àå®áâ¨ �0 «¨¥©® ¥§ ¢¨á¨¬ë ¢® ¢á¥å â®çª å.

�¨¬¬¥âà¨çë© â¥§®à uij «¥¦¨â ¢ ¯«®áª®áâ¨,  âïãâ®©   á¨¬¬¥âà¨çë¥ â¥§®àë gij ¨ hij
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ (g; h; u) = 0. �á¯®«ì§ãï (25) ¨ â®¦¤¥áâ¢®
"kl"p� k = �glp, ¯®«ãç ¥¬ á®®â¢¥âáâ¢ãîé¥¥ ãá«®¢¨¥   uij

"mnhpmunp = 0: (28)

�¥¯¥àì, ¥á«¨ u = ag + bh 2 S2(E2), â®, ª ª ¨§¢¥áâ®,

a =
(u; g)(h; h) � (h; g)(u; h)
(g; g)(h; h) � (g; h)2

; (29)

£¤¥ ç¥à¥§ ( ; ) ®¡®§ ç¥® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (24). �¬¥¥¬

(u; g) = gijuij ; (u; h) = hijuij ; (h; g) = gijhij = H; (h; h) = hijhij = k21 + k22 = H2 � 2K;

£¤¥ K ¥áâì £ ãáá®¢  ªà¨¢¨§ ,H | áà¥¤ïï ªà¨¢¨§ ,   k1, k2 | £« ¢ë¥ ªà¨¢¨§ë ¯®¢¥àå®áâ¨
�0.

�®«®¦¨¬ uij = ri�j +rj�i. �®£¤  ¨§ (28) á«¥¤ã¥â (26).
� «¥¥, (u; g) = 2gijri�j = 2div(~�), (u; h) = 2hijri�j . �§ ãà ¢¥¨© (23) á«¥¤ã¥â, çâ® a = �2K,

¯®íâ®¬ã (29) ¢«¥ç¥â (27).

� ¬¥ç ¨¥ 1. �§ ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥¨ï (5) á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (26) íª¢¨¢ «¥â-
® â®¬ã, çâ® ri�j+rj�i à áª« ¤ë¢ ¥âáï ¢ «¨¥©ãî ª®¬¡¨ æ¨î ä®à¬ gij ¨ hij , ® íâ® á¢®©áâ¢®
¨¬¥¥â ¬¥áâ® ¤«ï «î¡®© ¨ä¨¨â¥§¨¬ «ì®© ª®ä®à¬®© ¤¥ä®à¬ æ¨¨. �®íâ®¬ã ãà ¢¥¨¥ (26)
¢ë¯®«ï¥âáï ¤«ï «î¡®© ¨ä¨¨â¥§¨¬ «ì®© ª®ä®à¬®© ¤¥ä®à¬ æ¨¨ ~v = �s~rs + �~n.

3. �ä¨¨â¥§¨¬ «ìë¥ ¯®â®ª¨ �¨çç¨ ¬¨¨¬ «ìëå ¯®¢¥àå®áâ¥©

�ãáâì �0 | ®à¨¥â¨à®¢  ï ¬¨¨¬ «ì ï ¯®¢¥àå®áâì ¨ ~v = ~�+ ~�, £¤¥ ~� = �s~rs ¨ ~� = �~n,
¥áâì ¨ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨   ¯®¢¥àå®áâ¨ �0. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® £ ãáá®¢  ªà¨¢¨§  �0 ¢® ¢á¥å â®çª å ®â«¨ç  ®â ã«ï.

3.1. �á®¢ë¥ ãà ¢¥¨ï ¨ä¨¨â¥§¨¬ «ì®£® ¯®â®ª  �¨çç¨ ¢ á¯¥æ¨ «ì®© á¨-
áâ¥¬¥ ª®®à¤¨ â. � ª ª ª �0 ï¢«ï¥âáï ¬¨¨¬ «ì®© ¯®¢¥àå®áâìî, â® ¢ ®ªà¥áâ®áâ¨ ª ¦¤®©
â®çª¨ p 2 � áãé¥áâ¢ã¥â ¨§®â¥à¬¨ç¥áª ï á¨áâ¥¬  ª®®à¤¨ â (u1; u2), ª®®à¤¨ âë¥ «¨¨¨ ª®-
â®à®© ï¢«ïîâáï «¨¨ï¬¨ ªà¨¢¨§ë, ¯à¨ç¥¬ ¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨ â ¬¥âà¨ç¥áª¨© â¥§®à ¨
â¥§®à ¢â®à®© äã¤ ¬¥â «ì®© ä®à¬ë ¨¬¥îâ ¢¨¤

g11 = g22 =
1
{
; g12 = 0;

h11 = 1; h12 = 0; h22 = �1
(30)
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(¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ¨ï â ª®© á¨áâ¥¬ë ª®®à¤¨ â á¬. ¢ [15], á. 44). �®£¤  ª®íää¨æ¨¥-
â ¬¨ á¢ï§®áâ¨ ï¢«ïîâáï

�1
11 = �@1{

2{
; �1

12 = �@2{
2{

; �1
22 =

@1{

2{
;

�2
11 =

@2{

2{
; �2

12 = �@1{
2{

; �2
22 = �@2{

2{
:

(31)

�âáî¤  á«¥¤ã¥â, çâ® ¢ íâ®© á¯¥æ¨ «ì®© á¨áâ¥¬¥ ª®®à¤¨ â ãà ¢¥¨ï (23), ®¯à¥¤¥«ïîé¨¥ ¨-
ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨, § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

@1�1 +
@1{

2{
� @2{

2{
�2 = { + �; (32)

@2�2 � @1{

2{
�1 +

@2{

2{
�2 = { � �; (33)

@1�2 + @2�1 +
@2{

{
�1 +

@1{

{
�2 = 0: (34)

3.2. �¥¤ãªæ¨ï á¨áâ¥¬ë (32){(34) ª ®¤®¬ã ãà ¢¥¨î. � §à¥è¨¢ ãà ¢¥¨ï (32) ¨ (33)
®â®á¨â¥«ì® { ¨ �, ¯®«ãç¨¬

2{ = @1�1 + @2�2; (35)

2� = @1�1 � @2�2 +
@1{

{
�1 � @2{

{
�2: (36)

� ãáá®¢  ªà¨¢¨§  K ¬¨¨¬ «ì®© ¯®¢¥àå®áâ¨ ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢-
¥¨î � log(�4K) = 4K, £¤¥ � | « ¯« á¨  ¬¥âà¨ª¨ g ¯®¢¥àå®áâ¨ ( ¯à., [15], â¥®à¥¬  3.1.3,
¨«¨ [10], á. 238, (2)). � ª ª ª K = �{2, ®âáî¤  á«¥¤ã¥â, çâ® ¢ ¤ ®© á¨áâ¥¬¥ ª®®à¤¨ â ¨¬¥¥â
¬¥áâ® à ¢¥áâ¢®

�E log{ = �2{; (37)

£¤¥ �E | ¥¢ª«¨¤®¢ « ¯« á¨ . �®íâ®¬ã ãà ¢¥¨¥ (35) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

@1�1 + @2�2 + @1(@1 log{) + @2(@2 log{) = 0;

®âªã¤ 

@1(�1 + @1 log{) + @2(�2 + @2 log{) = 0:

�§ íâ®£® ãà ¢¥¨ï á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â äãªæ¨ï ' â ª ï, çâ®

�1 + @1 log{ = 2@2'; �2 + @2 log{ = �2@1': (38)

�¥¯¥àì ã¬®¦¨¬ ãà ¢¥¨¥ (34)   { ¨ ¯¥à¥¯¨è¥¬ ¥£® ¢ ¢¨¤¥

@1({�2) + @2({�1) = 0:

�®¤áâ ¢«ïï �i ¨§ ãà ¢¥¨ï (38) ¢ íâ® ãà ¢¥¨¥, ¯®«ãç¨¬

@2({@2')� @1({@1')� @12{ = 0: (39)

�â¢¥à¦¤¥¨¥ 6. �¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨© (32){(34) ¨¬¥¥â ¢¨¤

�1 = 2@2'� @1{

{
; �2 = �2@1'� @2{

{
; (40)

� = 2@12'+
@1{

{
@2'+

@2{

{
@1'+

@22{ � @11{

2{
; (41)

£¤¥ ' ã¤®¢«¥â¢®àï¥â £¨¯¥à¡®«¨ç¥áª®¬ã ãà ¢¥¨î ¢ ç áâëå ¯à®¨§¢®¤ëå

@11'� @22'+
@1{

{
@1'� @2{

{
@2'+

@12{

{
= 0: (42)
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�®ª § â¥«ìáâ¢®. �à¥¤ë¤ãé¨¥ à ááã¦¤¥¨ï ¯®ª §ë¢ îâ, çâ® à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨©
(32){(34) ¥®¡å®¤¨¬® ¨¬¥îâ ä®à¬ã (40), (41), £¤¥ ' ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (42) (ª®â®à®¥
íª¢¨¢ «¥â® ãà ¢¥¨î (39)).

�¥¯¥àì ¤®ª ¦¥¬, çâ® ¢¥ªâ®à®¥ ¯®«¥ �i, § ¤ ®¥ ãà ¢¥¨ï¬¨ (40), ¨ äãªæ¨ï �, § ¤  ï
ãà ¢¥¨¥¬ (41), £¤¥ ' ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (42), ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë (32){(34).
�®¤áâ ¢«ïï �i ¨ � ¢ ãà ¢¥¨¥ (32), ¯®á«¥ ã¯à®é¥¨ï ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã � 1

2
�E log{�{=0,

ª®â®à®¥ â®¦¤¥áâ¢¥® ¢ë¯®«ï¥âáï ¢ á¨«ã (37). �® ¦¥ á ¬®¥ ¢¥à® ¨ ¤«ï ãà ¢¥¨ï (33). �®¤-
áâ ¢«ïï �i ¨ � ¢ ãà ¢¥¨¥ (34), ¯®á«¥ ã¯à®é¥¨ï ¯®«ãç ¥¬ ãà ¢¥¨¥ (39).

� ¬¥ç ¨¥ 2. �¥ªâ®à®¥ ¯®«¥ �i ¨ äãªæ¨ï �, § ¤ ë¥ á®®â¢¥âáâ¢¥® ãà ¢¥¨ï¬¨ (40)
¨ (41), ï¢«ïîâáï à¥è¥¨ï¬¨ á¨áâ¥¬ë ãà ¢¥¨© (32){(33) ¤«ï «î¡®© äãªæ¨¨ '. �à ¢¥¨¥
(34) íª¢¨¢ «¥â® ãà ¢¥¨î (42) ®â®á¨â¥«ì® '.

3.3. �¥®¬¥âà¨ç¥áª¨© á¬ëá« äãªæ¨¨ '. � ¯®¬¨¬ ¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨§ â¥®à¨¨ á¥-
â¥©   ¯®¢¥àå®áâïå (¯®¤à®¡®¥ ¨§«®¦¥¨¥ á¬. ¢ [10], £«. X). �ãáâì W | ®àâ®£® «ì ï á¥âì  
®à¨¥â¨à®¢ ®© ¯®¢¥àå®áâ¨ � ¢ âà¥å¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ E3, ¨ ~x, ~y | ¥¤¨¨çë¥
¢¥ªâ®àë¥ ¯®«ï, ª á â¥«ìë¥ ª «¨¨ï¬ á¥â¨ W ¨ ®¡à §ãîé¨¥ ¯à ¢ë© à¥¯¥à. �®£¤  rixj = �iyj,
£¤¥ r | á¢ï§®áâì �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨, ¨¤ãæ¨à®¢ ®©   ¯®¢¥àå®áâ¨ � (�.�.�®à¤¥  -
§ë¢ « �i âà á¢¥àá «ìë¬ ¢¥ªâ®àë¬ ¯®«¥¬ ¢¥ªâ®à®£® ¯®«ï ~x). �ãáâì ~t | ¢¥ªâ®à®¥ ¯®«¥,
¯®«ãç¥®¥ ¯®â®ç¥çë¬ ¯®¢®à®â®¬ § ç¥¨© ¢¥ªâ®à®£® ¯®«ï ~� = �i@i   ã£®« �=2 ¢ ¯®«®¦¨-
â¥«ì®¬  ¯à ¢«¥¨¨. �®£¤  ~t ¥áâì ç¥¡ëè¥¢áª®¥ ¢¥ªâ®à®¥ ¯®«¥ á¥â¨ W ¨ div(~t ) = gijritj = K,
£¤¥ K | £ ãáá®¢  ªà¨¢¨§  ¯®¢¥àå®áâ¨. �®«¥¥ â®£®, ¥á«¨ ¤«ï ¥ª®â®à®£® ¢¥ªâ®à®£® ¯®«ï ~w
  ¯®¢¥àå®áâ¨ � ¢ë¯®«ï¥âáï à ¢¥áâ¢® div(~w) = K, â® ~w ¥áâì ç¥¡ëè¥¢áª®¥ ¢¥ªâ®à®¥ ¯®«¥
¥ª®â®à®© ®àâ®£® «ì®© á¥â¨.

�¥à¥¬áï ª à áá¬®âà¥¨î ¬¨¨¬ «ì®© ¯®¢¥àå®áâ¨ �0. � ª ª ª áà¥¤ïï ªà¨¢¨§  H = 0,
ãà ¢¥¨¥ (27) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

div(~�) = �2K;

®âªã¤  á«¥¤ã¥â, çâ® ¢¥ªâ®à®¥ ¯®«¥ ~t = � 1
2
~� ¥áâì ç¥¡ëè¥¢áª®¥ ¢¥ªâ®à®¥ ¯®«¥ ¥ª®â®à®© ®àâ®-

£® «ì®© á¥â¨W   �0. �¡®§ ç¨¬ ç¥à¥§ ~x ¥¤¨¨ç®¥ ¢¥ªâ®à®¥ ¯®«¥, ª á â¥«ì®¥ ª ®¤®¬ã ¨§
á¥¬¥©áâ¢ «¨¨© á¥â¨ W . �ãáâì ~�1 | ¥¤¨¨ç®¥ ¢¥ªâ®à®¥ ¯®«¥, ¨¬¥îé¥¥ £« ¢®¥  ¯à ¢«¥¨¥
¯®¢¥àå®áâ¨ �0, á®®â¢¥âáâ¢ãîé¥¥ £« ¢®© ªà¨¢¨§¥ {.

�â¢¥à¦¤¥¨¥ 7. �ãáâì '(p) | ã£®« ¬¥¦¤ã ~x(p) ¨ ~�1(p).

1: �ãªæ¨ï ' ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨© (40), £¤¥ ~� = �2~t,   ~t ¥áâì ç¥¡ëè¥¢áª¨©
¢¥ªâ®à ®àâ®£® «ì®© á¥â¨ W .

2: �ãªæ¨ï ' ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (42) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1-ä®à¬  �i =
his�

s § ¬ªãâ .

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ á¯¥æ¨ «ìãî á¨áâ¥¬ã ª®®à¤¨ â, ¨á¯®«ì§®¢ ¢èãîáï ¢ 3.2. �®£¤ 
~�1 =

p
{ ~r1 ¨

~x =
p
{(cos'~r1 + sin'~r2); ~y =

p
{(� sin'~r1 + cos'~r2):

� ©¤¥¬ �i ¨§ ãà ¢¥¨ï rixj = �iyj. �¬¥¥¬ x1 = 1p
{
cos', x2 = 1p

{
sin', y1 = � 1p

{
sin',

y2 = 1p
{
cos'. �á¯®«ì§ãï ¢ëà ¦¥¨ï (31) ª®íää¨æ¨¥â®¢ á¢ï§®áâ¨, ¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨-

á«¥¨ï¬¨ ¯®«ãç ¥¬

r1x1 = (@1'+
@2{

2{
)y1; r2x1 = (@2'� @1{

2{
)y1:

�âáî¤  á«¥¤ã¥â

�1 = @1'+
@2{

2{
; �2 = @2'� @1{

2{
:

36



�¥¯¥àì ç¥¡ëè¥¢áª®¥ ¢¥ªâ®à®¥ ¯®«¥ ~t á¥â¨ ¨¬¥¥â ª®®à¤¨ âë t1 = ��2, t2 = �1 (¢ á¨«ã ¨§®-
â¥à¬¨ç®áâ¨ ª®®à¤¨ â). �® ®¯à¥¤¥«¥¨î ¢¥ªâ®à®£® ¯®«ï ~t ¨¬¥¥¬ ~� = �2~t, ®âªã¤  �1 = 2�2 ¨
�2 = �2�1, çâ® íª¢¨¢ «¥â® á¨áâ¥¬¥ ãà ¢¥¨© (40). �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

�®ª ¦¥¬ â¥¯¥àì ¢â®à®¥ ãâ¢¥à¦¤¥¨¥. � ¢ë¡à ®© á¨áâ¥¬¥ ª®®à¤¨ â h11 = {, h22 = �{,
h21 = h12 = 0, ®âªã¤  á«¥¤ã¥â

�1 = h11�1 = 2{@2'� @1{; �2 = h22�2 = 2{@1'+ @2{:

�®íâ®¬ã @1�2 � @2�1 = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ' ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (42).

� ¬¥ç ¨¥ 3. �¨áâ¥¬  ãà ¢¥¨© (40) ®¯à¥¤¥«ï¥â ' á â®ç®áâìî ¤® ¯®áâ®ï®£® á« £ ¥¬®-
£®.

� ¬¥ç ¨¥ 4. �«ï ~t = � 1
2
~� 1-ä®à¬  �i = hsi�s § ¬ªãâ  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

1-ä®à¬  �i = hsi ts § ¬ªãâ . �®íâ®¬ã ¨§ ãâ¢¥à¦¤¥¨ï 7 á«¥¤ã¥â, çâ® ¯à®áâà áâ¢® ¨ä¨¨â¥§¨-
¬ «ìëå ¯®â®ª®¢ �¨çç¨   ¬¨¨¬ «ì®© ¯®¢¥àå®áâ¨ �0 ¨§®¬®àä® ¯à®áâà áâ¢ã ç¥¡ëè¥¢áª¨å
¢¥ªâ®àëå ¯®«¥© ~t ®àâ®£® «ìëå á¥â¥© á® á¢®©áâ¢®¬, çâ® 1-ä®à¬  �( ~X) = h(~t; ~X) § ¬ªãâ .

3.4. �®â®ª¨ �¨çç¨, á®áâ®ïé¨¥ ¨§ ¬¨¨¬ «ìëå ¯®¢¥àå®áâ¥©. �ãáâì á¥¬¥©áâ¢® ¬¨-
¨¬ «ìëå ¯®¢¥àå®áâ¥© �t § ¤ ¥âáï ãà ¢¥¨¥¬ ~r = ~r(ui; t), ¨ ~v = ~�+ ~�, £¤¥ ~� = �s~rs ¨ ~� = �~n,
¥áâì á®®â¢¥âáâ¢ãîé ï ¨ä¨¨â¥§¨¬ «ì ï ¤¥ä®à¬ æ¨ï ¯®¢¥àå®áâ¨ �0.

�â¢¥à¦¤¥¨¥ 8. �� = 2K�, £¤¥ K | £ ãáá®¢  ªà¨¢¨§  ¨ � | « ¯« á¨  ¬¥âà¨ª¨ ¯®-
¢¥àå®áâ¨ �0.

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®£® t áà¥¤ïï ªà¨¢¨§  H(t) ¯®¢¥àå®áâ¨ �t à ¢  ã«î,
á«¥¤®¢ â¥«ì®, @H

@t
jt=0 = 0. �§ (19) á«¥¤ã¥â, çâ®   ¯®¢¥àå®áâ¨ �0 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

gijri�j � hij�ij = 0. � ¯¨è¥¬ íâ® à ¢¥áâ¢® ¢ á¯¥æ¨ «ì®© á¨áâ¥¬¥ ª®®à¤¨ â (u1; u2) â ª®©,
çâ® ¨¬¥¥â ¬¥áâ® (30),

r1�1 +r2�2 � {(�11 � �22) = 0: (43)

� á¨«ã (12) ¨¬¥¥¬ �1 = @1� + {�1 ¨ �2 = @2� � {�2. � â¥¬, ¨á¯®«ì§ãï (31), ¥¯®áà¥¤áâ¢¥ë¬¨
¢ëç¨á«¥¨ï¬¨ ¯®«ãç ¥¬

r1�1 +r2�2 = @1�1 + @2�2 = @11�+ @22�+ @1({�1)� @2({�2):

�§ (11) á«¥¤ã¥â, çâ®   ¯®¢¥àå®áâ¨ �0 ¢ë¯®«ï¥âáï à ¢¥áâ¢® �ij = ri�j � �hij , ¯®íâ®¬ã �11 �
�22 = r1�1 �r2�2 � 2�. �á¯®«ì§ãï (31),  ©¤¥¬

r1�1 = @1�1 +
@1{

2{
�1 � @2{

2{
�2; r2�2 = @2�2 � @1{

2{
�1 +

@2{

2{
�2:

�âáî¤  á«¥¤ã¥â

�11 � �22 = @1�1 � @2�2 +
@1{

{
�1 � @2{

{
�2 � 2�;

¯®íâ®¬ã

{(�11 � �22) = @1({�1)� @2({�2)� 2�{:

� ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ (43) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

@11�+ @22�+ 2{� = 0; (44)

çâ® ¨ ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

37



�á«¨ â¥¯¥àì á¥¬¥©áâ¢® �t ¥áâì ¯®â®ª �¨çç¨, â® äãªæ¨ï � § ¤ ¥âáï ãà ¢¥¨¥¬ (41), £¤¥ '
ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (42). �®íâ®¬ã, ¢®®¡é¥ £®¢®àï, � ¥ ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (44),
â. ¥. ¢ ®¡é¥¬ á«ãç ¥ ¬¨¨¬ «ì ï ¯®¢¥àå®áâì ¥ ¬®¦¥â ¡ëâì ¢ª«îç¥  ¢ ¯®â®ª �¨çç¨, á®-
áâ®ïé¨© ¨§ ¬¨¨¬ «ìëå ¯®¢¥àå®áâ¥©.

3.5. �ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨, ª á â¥«ìë© ª ¬¨¨¬ «ì®© ¯®¢¥àå®-
áâ¨. �ä¨¨â¥§¨¬ «ìë© ¯®â®ª �¨çç¨ ~v = � + �~n   ¯®¢¥àå®áâ¨ �0 ª á â¥«¥ ª �0 â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  � = 0. � á¢®î ®ç¥à¥¤ì, íâ® à ¢¥áâ¢® íª¢¨¢ «¥â® â®¬ã, çâ® äãªæ¨ï '
ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ £¨¯¥à¡®«¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå,
¯®«ãç¥®© ¨§ (41) ¨ (42),

@12'+
@1{

2{
@2'+

@2{

2{
@1'+

@22{ � @11{

4{
= 0; (45)

@11'� @22'+
@1{

{
@1'� @2{

{
@2'+

@12{

{
= 0: (46)

�â¥à¥á®, çâ® ¯à¨ § ¬¥¥ ª®®à¤¨ â u1
0

= u1 + u2, u2
0

= u1 � u2 ãà ¢¥¨¥ (45) ¯¥à¥å®¤¨â ¢
ãà ¢¥¨¥ (46) (£¥®¬¥âà¨ç¥áª¨© á¬ëá« íâ®© § ¬¥ë á®áâ®¨â ¢ â®¬, çâ® ª®®à¤¨ â ï á¥âì «¨¨©
ªà¨¢¨§ë § ¬¥ï¥âáï   ª®®à¤¨ âãî á¥âì  á¨¬¯â®â¨ç¥áª¨å «¨¨©). �â® ¯®§¢®«ï¥â á ¯®¬®éìî
¥¤¨®© § ¬¥ë ¥¨§¢¥áâ®© äãªæ¨¨ ' ¨§¡ ¢¨âìáï ®â ¯¥à¢ëå ¯à®¨§¢®¤ëå.

�®«®¦¨¬ ' = 1p
{
 , â®£¤  ¨§ (45) ¨ (46) ¯®«ãç¨¬

@11 � @22 +
�
@22{ � @11{

2{
� (@2{)2 � (@1{)2

4{2

�
 +

@12{p
{

= 0; (47)

@12 +
�
@1{@2{

4{2
� @12{

2{

�
 +

@11{ � @22{

4
p
{

= 0: (48)

�á¯®«ì§ãï íâã á¨áâ¥¬ã, ¬®¦® ¤®ª § âì,  ¯à¨¬¥à,

�â¢¥à¦¤¥¨¥ 9. � â¥®¨¤ ¥ ¤®¯ãáª ¥â ª á â¥«ìëå ¨ä¨¨â¥§¨¬ «ìëå ¯®â®ª®¢ �¨ç-

ç¨.

�®ª § â¥«ìáâ¢®. �ãáâì ª â¥®¨¤ § ¤  ãà ¢¥¨¥¬ ~r(u1; u2) = cosh(u1)~e(u2) � u1~k, â®£¤ 
{(u1; u2) = 1

cosh2(u1)
. �¨áâ¥¬  (47), (48) ¯à¨¨¬ ¥â ¢¨¤

@11 (u
1; u2)� @22 (u

1; u2) + a(u1) (u1; u2) = 0; (49)

@12 (u1; u2) + b(u1) = 0; (50)

£¤¥

a(u1) =
2

cosh2(u1)
� 1; b(u1) =

2 cosh2(u1)� 3

2 cosh3(u1)
: (51)

�ã¤¥¬ ®¡®§ ç âì ¯à®¨§¢®¤ë¥ äãªæ¨© a ¨ b èâà¨å®¬. �§ (50) á«¥¤ã¥â @122 = 0, @112 = �b0,
@1122 = 0. �®£¤  ¨§ (49) ¨¬¥¥¬ �@2222 + a@22 = 0 ¨, ¯à®¤¨ää¥à¥æ¨à®¢ ¢ ¯® u1, ¯®«ãç¨¬
a0@22 = 0. � ª ª ª a0 6= 0, â® @22 = 0, § ç¨â,  (u1; u2) = f(u1)u2 + g(u2). �®¤áâ ¢«ïï íâ®
¢ëà ¦¥¨¥ ¢ (49) ¨ (50), ¯à¨å®¤¨¬ ª ãà ¢¥¨ï¬

f 00 + af = 0; g00 + ag = 0; f 0 = �b:
�«¥¤®¢ â¥«ì®, �b0 + af = 0, ®âªã¤  f = b0=a. �®£¤  (b0=a)0 = �b, ® «¥£ª® ¯à®¢¥à¨âì, çâ® íâ®
ãá«®¢¨¥ ¥¢®§¬®¦® ã¤®¢«¥â¢®à¨âì ¤«ï a ¨ b, § ¤ ëå ãà ¢¥¨ï¬¨ (51), â. ª.

(b0=a)0 =
2 cosh6(u1)� 27 cosh4(u1) + 54 cosh2(u1)� 36

2 cosh7(u1)� 8 cosh5(u1) + 8 cosh3(u1)
: �

�â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â á®£« áã¥âáï á ãâ¢¥à¦¤¥¨¥¬ ¢ ª®æ¥ ¯à¥¤ë¤ãé¥£® à §¤¥« , â. ª.
áãé¥áâ¢®¢ ¨¥ ª á â¥«ì®£® ¨ä¨¨â¥§¨¬ «ì®£® ¯®â®ª  �¨çç¨   ¯®¢¥àå®áâ¨ � ¢«¥ç¥â, çâ®
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íâ  ¯®¢¥àå®áâì ¢ª«îç ¥âáï ¢ \¯®áâ®ïë©" ¯®â®ª �¨çç¨ �t = � (¯à¨ íâ®¬, ª®¥ç®, ¯ à ¬¥-
âà¨§ æ¨ï ¯®¢¥àå®áâ¨ ¬¥ï¥âáï).

�¢â®àë ¢ëà ¦ îâ £«ã¡®ªãî ¡« £®¤ à®áâì �.�.�®àâ¨áá®§ã ¨ �.�.�ãè¥àã §  ¯®«¥§ë¥
®¡áã¦¤¥¨ï ¢ ¯à®æ¥áá¥  ¯¨á ¨ï ¤ ®© à ¡®âë, ¨ �.�.�®¬¨ã §  ¬®£®ç¨á«¥ë¥ § ¬¥ç ¨ï
¨ ¯à¥¤«®¦¥¨ï, ¯®§¢®«¨¢è¨¥ áãé¥áâ¢¥® ã«ãçè¨âì â¥ªáâ áâ âì¨.
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