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1. �¢¥¤¥­¨¥

�à¨ ¨áá«¥¤®¢ ­¨¨ à §«¨ç­ëå ¢¨¤®¢ ãáâ®©ç¨¢®áâ¨ § ¤ ç ®¯â¨¬¨§ æ¨¨ ¢®§­¨ª ¥â ¯à®¡«¥¬ 
¯®«ãç¥­¨ï ãá«®¢¨©, ¯à¨ ª®â®àëå ¬­®¦¥áâ¢® ®¯â¨¬ «ì­ëå à¥è¥­¨© ®¡« ¤ ¥â ­¥ª®â®àë¬ ­ ¯¥-
à¥¤ § ¤ ­­ë¬ á¢®©áâ¢®¬ ¨­¢ à¨ ­â­®áâ¨ ¯à¨ ¢­¥è­¨å ¢®§¤¥©áâ¢¨ïå. �®¤ ãáâ®©ç¨¢®áâìî § ¤ ç¨
ç é¥ ¢á¥£® ¯®­¨¬ ¥âáï ®¤­® ¨§ á¢®©áâ¢ ­¥¯à¥àë¢­®áâ¨ ¨«¨ ¯®«ã­¥¯à¥àë¢­®áâ¨ (­ ¯à¨¬¥à, ¯®
� ãá¤®àäã ¨«¨ �¥à¦ã) ®¯â¨¬ «ì­®£® ®â®¡à ¦¥­¨ï, â. ¥. â®ç¥ç­®-¬­®¦¥áâ¢¥­­®£® (¬­®£®§­ ç­®-
£®) ®â®¡à ¦¥­¨ï, ª®â®à®¥ ª ¦¤®¬ã ­ ¡®àã ¯ à ¬¥âà®¢ § ¤ ç¨ áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¬­®¦¥áâ¢®
¨áª®¬ëå à¥è¥­¨©. � § ¤ ç å ¤¨áªà¥â­®© ®¯â¨¬¨§ æ¨¨ ¯®«ã­¥¯à¥àë¢­®áâì á­¨§ã ¢ á¬ëá«¥ � ãá-
¤®àä  ¯à¥¢à é ¥âáï ¢ á¢®©áâ¢® á®åà ­¥­¨ï ¨áå®¤­ëå ®¯â¨¬ «ì­ëå à¥è¥­¨© § ¤ ç¨ ¯à¨ «î¡ëå
¨§¬¥­¥­¨ïå ¥¥ ¯ à ¬¥âà®¢ ¢ ¯à¥¤¥« å \¬ «®©" ®ªà¥áâ­®áâ¨ ¨áå®¤­ëå ¤ ­­ëå. �â®â â¨¯ ãáâ®©-
ç¨¢®áâ¨ ¯à¨­ïâ® ­ §ë¢ âì ª¢ §¨ãáâ®©ç¨¢®áâìî. �£® ¨áá«¥¤®¢ ­¨î ¤«ï à §«¨ç­ëå ¢¥ªâ®à­ëå
§ ¤ ç ¤¨áªà¥â­®© ®¯â¨¬¨§ æ¨¨ ¯®á¢ïé¥­  ®¡è¨à­ ï «¨â¥à âãà . � à ¡®â¥ [1] (á¬. â ª¦¥ [2]{[4])
¤®ª § ­®, çâ® á®¢¯ ¤¥­¨¥ ¬­®¦¥áâ¢  � à¥â® á ¬­®¦¥áâ¢®¬ �¬¥©«  (¬­®¦¥áâ¢®¬ áâà®£® íää¥ª-
â¨¢­ëå à¥è¥­¨©) ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ íâ®£® ¢¨¤  ãáâ®©ç¨¢®áâ¨ ¢
¢¥ªâ®à­ëå § ¤ ç å æ¥«®ç¨á«¥­­®£® «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï á ®£à ­¨ç¥­­ë¬ ¬­®¦¥áâ¢®¬
¤®¯ãáâ¨¬ëå à¥è¥­¨©. � á¯à®áâà ­¨âì íâ®â à¥§ã«ìâ â ­  ¢¥ªâ®à­ë¥ ª®¬¡¨­ â®à­ë¥ § ¤ ç¨ á
ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨ ¢¨¤  MINSUM, MINMAX ¨ MINMIN ­¥ ã¤ ¥âáï. � [5] ¯®ª § ­®, çâ® ¯à¨
®âáãâáâ¢¨¨ ¢ â ª¨å § ¤ ç å «¨­¥©­ëå ç áâ­ëå ªà¨â¥à¨¥¢ (MINSUM) ã¯®¬ï­ãâ®¥ ãá«®¢¨¥, ®áâ -
¢ ïáì ¤®áâ â®ç­ë¬, ¯¥à¥áâ ¥â ¡ëâì ­¥®¡å®¤¨¬ë¬. �¥®¡å®¤¨¬®¥ ¨ ®¤­®¢à¥¬¥­­® ¤®áâ â®ç­®¥
ãá«®¢¨¥ ª¢ §¨ãáâ®©ç¨¢®áâ¨ ¢¥ªâ®à­®© âà ¥ªâ®à­®© § ¤ ç¨ á «î¡®© ª®¬¡¨­ æ¨¥© ¯à¨¢¥¤¥­­ëå
¢ëè¥ ç áâ­ëå ªà¨â¥à¨¥¢ ¡ë«® ¯®«ãç¥­® ¢ [6] (á¬. ­¨¦¥ á«¥¤áâ¢¨¥ 2).

�áá«¥¤®¢ ­¨ï á¢®©áâ¢  ª¢ §¨ãáâ®©ç¨¢®áâ¨ ¯à®¢®¤¨«¨áì ¤«ï ¢¥ªâ®à­ëå ª®¬¡¨­ â®à­ëå § -
¤ ç á «¥ªá¨ª®£à ä¨ç¥áª¨¬ ¯à¨­æ¨¯®¬ ®¯â¨¬ «ì­®áâ¨ [7], [8], ¬ ¦®à¨â à­ë¬ ¯à¨­æ¨¯®¬ ®¯â¨-
¬ «ì­®áâ¨ [9],   â ª¦¥ á ¯ à¥â®¢áª¨¬| ¢ á«ãç ¥ l1-íªáâà¥¬ «ì­ëå âà ¥ªâ®à­ëå § ¤ ç [10]{[12],
§ ¤ ç ¬¨­¨¬¨§ æ¨¨ «¨­¥©­ëå ä®à¬ ­  ¬­®¦¥áâ¢¥ ¯®¤áâ ­®¢®ª [13] ¨ ¢¥ªâ®à­ëå § ¤ ç æ¥«®ç¨-
á«¥­­®£® «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï [4], [14].

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ë ¤¢  ­¥®¡å®¤¨¬ëx ¨ ®¤­®¢à¥¬¥­­® ¤®áâ â®ç­ëx ãá«®¢¨ï ª¢ §¨-
ãáâ®©ç¨¢®áâ¨ ¢¥ªâ®à­®© ª®¬¡¨­ â®à­®© § ¤ ç¨ á ®¡®¡é¥­­ë¬¨ ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨, ¢ª«îç -
îé¨¬¨ â ª¨¥ è¨à®ª® ¨§¢¥áâ­ë¥ ªà¨â¥à¨¨, ª ª «¨­¥©­ë© ¨ \ã§ª®£® ¬¥áâ ". � ª ç¥áâ¢¥ á«¥¤áâ¢¨©
¯®«ãç¥­ë à ­¥¥ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ¨§ [6], [15].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áã¤ àáâ¢¥­­®© ¯à®£à ¬¬ë äã­¤ ¬¥­â «ì-
­ëå ¨áá«¥¤®¢ ­¨© �¥á¯ã¡«¨ª¨ �¥« àãáì \� â¥¬ â¨ç¥áª¨¥ áâàãªâãàë 29" (£à ­â ò913/28).
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2. �¯à¥¤¥«¥­¨ï, ®¡®§­ ç¥­¨ï ¨ á¢®©áâ¢ 

� áá¬®âà¨¬ á«¥¤ãîéãî ¬®¤¥«ì ¢¥ªâ®à­®© (n-ªà¨â¥à¨ «ì­®©) âà ¥ªâ®à­®© § ¤ ç¨. �ãáâì
§ ¤ ­ë ¬­®¦¥áâ¢® E = fe1; e2; : : : ; emg, m � 2, ¨ á¨áâ¥¬  ­¥¯ãáâëå ¯®¤¬­®¦¥áâ¢ (âà ¥ªâ®à¨©)
T � 2E n f;g, jT j � 2. �ãáâì ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨ ¢¥ªâ®à-äã­ªæ¨¨

f(t; A) = (f1(t; A1; k1); f2(t; A2; k2); : : : ; fn(t; An; kn)); n � 1;

§ ¤ ­­®© ­  ¬­®¦¥áâ¢¥ âà ¥ªâ®à¨© T , ï¢«ïîâáï ªà¨â¥à¨¨ á«¥¤ãîé¨å ¤¢ãå ¢¨¤®¢:

�-MINMAX: fi(t; Ai; ki) = maxfgi(s;Ai) : s 2 S(t; ki)g �! min
t2T

; i 2 I1; (1)

�-MINMIN: fi(t; Ai; ki) = minfgi(s;Ai) : s 2 S(t; ki)g �! min
t2T

; i 2 I2; (2)

£¤¥ gi(s;Ai) =
P

j2N(s)

aij , S(t; k) = fs � t : jsj = minfjtj; kgg, N(s) = fj 2 Nm : ej 2 sg, Nm =

f1; 2; : : : ;mg, I1 [ I2 = Nn, I1 \ I2 = ;, Ai | i-ï áâà®ª  ¬ âà¨æë A = [aij ] 2 Rn�m, k1; k2; : : : ; kn |
§ ¤ ­­ë¥ ç¨á«  ¨§ ¬­®¦¥áâ¢  Nm. �ã¤¥¬ áç¨â âì, çâ® gi(;; Ai) = 0, S(t; 0) = ;.

�«ï «î¡®£® ­¥¯ãáâ®£® ¬­®¦¥áâ¢  p � E ¨ ç¨á«  k ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥¦­¥¥ ®¡®§­ ç¥­¨¥
fi(p;Ai; k), ¯®« £ ï «¨èì fi(p;Ai; k) = 0, ¥á«¨ k = 0.

�¥£ª® ¢¨¤¥âì, çâ® ªà¨â¥à¨¨ (1) ¨ (2) ¯à¨ ki � maxfjtj : t 2 Tg ¯à¥¢à é îâáï ¢ «¨­¥©­ë©
ªà¨â¥à¨©

MINSUM: fi(t; Ai; ki) =
X

j2N(t)

aij �! min
t2T

;

ªà¨â¥à¨© (1) ¯à¨ ki = 1 ¯à¥¢à é ¥âáï ¢ ªà¨â¥à¨© \ã§ª®£® ¬¥áâ "

MINMAX: fi(t; Ai; ki) = max
j2N(t)

aij �! min
t2T

;

  ªà¨â¥à¨© (2) ¯à¨ ki = 1 | ¢ ªà¨â¥à¨©

MINMIN: fi(t; Ai; ki) = min
j2N(t)

aij �! min
t2T

:

�­®¦¥áâ¢® â¥å ¨­¤¥ªá®¢ ¨§ Nn, ª®â®àë¬¨ § ­ã¬¥à®¢ ­ë ç áâ­ë¥ ªà¨â¥à¨¨ ¢¨¤  MINSUM,
¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ISUM.

�®¤ ¢¥ªâ®à­®© (n-ªà¨â¥à¨ «ì­®©) âà ¥ªâ®à­®© § ¤ ç¥© Zn(A), n � 1, ¡ã¤¥¬ ¯®­¨¬ âì § ¤ çã
¯®¨áª  ¬­®¦¥áâ¢  � à¥â®, á®áâ®ïé¥£® ¨§ ¢á¥å íää¥ªâ¨¢­ëå âà ¥ªâ®à¨©

P n(A) = ft 2 T : P n(t; A) = ;g;

£¤¥
P n(t; A) = ft0 2 T : f(t; A) � f(t0; A); f(t; A) 6= f(t0; A)g:

�ç¥¢¨¤­®, P 1(A), £¤¥ A | m-¬¥à­ë© ¢¥ªâ®à, ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ ¢á¥å ®¯â¨¬ «ì­ëå à¥è¥-
­¨© áª «ïà­®© âà ¥ªâ®à­®© § ¤ ç¨ Z1(A). � áå¥¬ã â ª¨å § ¤ ç ¢ª« ¤ë¢ îâáï ¬­®£¨¥ è¨à®ª®
¨§¢¥áâ­ë¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ­  £à ä å, § ¤ ç¨ ¡ã«¥¢  ¯à®£à ¬¬¨à®¢ ­¨ï, à §­®®¡à §­ë¥
§ ¤ ç¨ â¥®à¨¨ à á¯¨á ­¨© [2], [15]{[17].

�â¬¥â¨¬, çâ® �-¬¨­¨¬ ªá­ë¥ ¨ �-¬¨­¨¬¨­­ë¥ ªà¨â¥à¨¨ ¨á¯®«ì§ãîâáï ¯à¨ ä®à¬ã«¨à®¢ª¥
§ ¤ ç ®¯â¨¬ «ì­®£® æ¥«¥à á¯à¥¤¥«¥­¨ï [18].

�®§¬ãé¥­¨¥ ¯ à ¬¥âà®¢ ¢¥ªâ®à­®£® ªà¨â¥à¨ï f(t; A) ¡ã¤¥¬ ®áãé¥áâ¢«ïâì ¯ãâ¥¬ á«®¦¥­¨ï
¬ âà¨æë A 2 Rn�m c ¬ âà¨æ ¬¨ ¬­®¦¥áâ¢ 

B(") = fB 2 Rn�m : kBk < "g;

£¤¥ " > 0, k � k | ç¥¡ëè¥¢áª ï ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Rn�m, â. ¥.

kBk = maxfjbij j : (i; j) 2 Nn �Nmg; B = [bij ] 2 R
n�m:

� ¤ çã Zn(A + B), ¯®«ãç¥­­ãî ¨§ ­ ç «ì­®© § ¤ ç¨ Zn(A) ¯ãâ¥¬ á«®¦¥­¨ï ¬ âà¨æ A ¨
B 2 B("), ¡ã¤¥¬ ­ §ë¢ âì ¢®§¬ãé¥­­®©,   ¬ âà¨æã B | ¢®§¬ãé îé¥©.
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� ª ®¡ëç­® [3]{[6], [10]{[12], ¯®¤ ª¢ §¨ãáâ®©ç¨¢®áâìî § ¤ ç¨ Zn(A) ¡ã¤¥¬ ¯®­¨¬ âì ¤¨áªà¥â-
­ë©  ­ «®£ á¢®©áâ¢  ¯®«ã­¥¯à¥àë¢­®áâ¨ á­¨§ã ¢ á¬ëá«¥ � ãá¤®àä  ®¯â¨¬ «ì­®£® ®â®¡à ¦¥­¨ï,
â. ¥. á¢®©áâ¢® á®åà ­¥­¨ï íää¥ªâ¨¢­®áâ¨ âà ¥ªâ®à¨© ¯à¨ \¬ «ëå" ­¥§ ¢¨á¨¬ëå ¢®§¬ãé¥­¨ïå
í«¥¬¥­â®¢ ¬ âà¨æë A. �¥¬ á ¬ë¬ § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¢ë¯®«­ï¥âáï ãá«®¢¨¥

9 " > 0 8 B 2 B(") (P n(A) � P n(A+B)):

�âáî¤  ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¤¢  á¢®©áâ¢ .

�¢®©áâ¢® 1. � ¤ ç  Zn(A) ­¥ ï¢«ï¥âáï ª¢ §¨ãáâ®©ç¨¢®©, ¥á«¨

9 t 2 P n(A) 8 " > 0 9 B 2 B(") (t =2 P n(A+B)):

�¢®©áâ¢® 2. � ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ , ¥á«¨

8 t 2 P n(A) 9 " > 0 8 B 2 B(") (t 2 P n(A+B)):

� [15] ¡ë«® ¯®ª § ­®, çâ® á®¢¯ ¤¥­¨¥ ¬­®¦¥áâ¢ íää¥ªâ¨¢­ëå ¨ áâà®£® íää¥ªâ¨¢­ëå âà ¥ª-
â®à¨© ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ª¢ §¨ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A) «¨èì
¢ â®¬ á«ãç ¥, ª®£¤  áà¥¤¨ ç áâ­ëå ªà¨â¥à¨¥¢ ¨¬¥¥âáï å®âï ¡ë ®¤¨­ «¨­¥©­ë© ªà¨â¥à¨© (á¬.
­¨¦¥ á«¥¤áâ¢¨¥ 1). � ¤ ­­®© à ¡®â¥ ¯®«ãç¥­ë ¤¢  ­¥®¡å®¤¨¬ëx ¨ ®¤­®¢à¥¬¥­­® ¤®áâ â®ç­ëx
ãá«®¢¨ï ª¢ §¨ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A) á ¯à®¨§¢®«ì­®© ª®¬¡¨­ æ¨¥© ç áâ­ëå ªà¨â¥à¨¥¢ ¢¨¤ 
(1) ¨ (2).

�«ï «î¡ëå i 2 Nn, t 2 T ¨ t0 2 T n ftg ¯à¨ t \ t0 6= ; ¯®«®¦¨¬

�i(t; t
0; Ai) =

(
fi(t \ t0; Ai; ki)� fi(t \ t0; Ai; ki � 1)� fi(�(t; t0); Ai; 1); ¥á«¨ i 2 I1;

�(fi(t \ t0; Ai; ki)� fi(t \ t0; Ai; ki � 1)� fi(�(t; t0); Ai; 1)); ¥á«¨ i 2 I2;

£¤¥ �(t; t0) = (t [ t0) n (t \ t0). �á­®, çâ® �(t; t0) 6= ;, ¥á«¨ t 6= t0.
�«ï ­¥¯ãáâ®£® ¬­®¦¥áâ¢  p � E ¨ ç¨á«  k 2 Nm ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥

Ui(p;Ai; k) =

(
Argmaxfgi(s;Ai) : s 2 S(p; k)g; ¥á«¨ i 2 I1;

Argminfgi(s;Ai) : s 2 S(p; k)g; ¥á«¨ i 2 I2:

�áâ¥áâ¢¥­­® áç¨â âì, çâ® Ui(p;Ai; 0) = ;.
�«¥¤ãîé¨¥ á¢®©áâ¢  ®ç¥¢¨¤­ë.

�¢®©áâ¢® 3. �á«¨ i 2 ISUM, â® à ¢¥­áâ¢® Ui(t; Ai; ki) = Ui(t0; Ai; ki) á¯à ¢¥¤«¨¢® â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  âà ¥ªâ®à¨¨ t ¨ t0 à ¢­ë.

�¢®©áâ¢® 4. �á«¨ s; s0 � E, s\ s0 = ;, â® ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

gi(s;Ai) + gi(s0; Ai) = gi(s [ s0; Ai):

�¢®©áâ¢® 5. �á«¨ ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  i 2 Nn ¨ âà ¥ªâ®à¨© t ¨ t0 ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 
Ui(t; Ai; ki) = Ui(t0; Ai; ki) = U , â® t\ t0 6= ;, Ui(t[ t0; Ai; ki) = Ui(t\ t0; Ai; ki) = U , fi(t[ t0; Ai; ki) =
fi(t; Ai; ki) = fi(t0; Ai; ki) = fi(t \ t0; Ai; ki).

�¢®©áâ¢® 6. �ãáâì � > 0, i 2 Nn, s 2 Ui(t; Ai; ki), t 2 T , q 2 N(s), b | m-¬¥à­ë© ¢®§¬ãé -
îé¨© ¢¥ªâ®à á ª®®à¤¨­ â ¬¨

bj =

(
�; ¥á«¨ j = q;

0; ¥á«¨ j 2 Nm n fqg:

�®£¤ 

fi(t; Ai + b; ki) = fi(t; Ai; ki) + �; ¥á«¨ i 2 I1;

fi(t; Ai � b; ki) = fi(t; Ai; ki)� �; ¥á«¨ i 2 I2:
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�¢®©áâ¢® 7. �ãáâì i 2 Nn, s � p � E, jsj = ki. �­®¦¥áâ¢® s ¯à¨­ ¤«¥¦¨â Ui(p;Ai; ki) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤ 

8 j 2 N(s); 8 l 2 N(p n s) (aij � ail); ¥á«¨ i 2 I1;

8 j 2 N(s); 8 l 2 N(p n s) (aij � ail); ¥á«¨ i 2 I2:

�§ á¢®©áâ¢  7 «¥£ª® ¢ë¢®¤¨âáï

�¢®©áâ¢® 8. �ãáâì i 2 Nn, s � p � E, jsj = ki. �­®¦¥áâ¢® s 2 Ui(p;Ai; ki) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤ 

minfaij : j 2 N(s)g � maxfaij : j 2 N(p n s)g; ¥á«¨ i 2 I1;

maxfaij : j 2 N(s)g � minfaij : j 2 N(p n s)g; ¥á«¨ i 2 I2:

�¢®©áâ¢® 9. �á«¨ ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  i 2 Nn ¬­®¦¥áâ¢® s 2 Ui(p;Ai; ki), ¯à¨ç¥¬ jsj = ki,
â® fi(p;Ai; ki � 1) = fi(s;Ai; ki � 1).

�®ª § â¥«ìáâ¢® íâ®£® á¢®©áâ¢  ¤®áâ â®ç­® ¯à®¢¥áâ¨ «¨èì ¯à¨ s 6= p ¨ ki > 1.
�«ãç © 1: i 2 I1. �ãáâì bs 2 Ui(s;Ai; ki � 1). �®£¤  jbsj = ki � 1. � ª¨¬ ®¡à §®¬, bs � s � p.

�®íâ®¬ã, ¤¢ ¦¤ë ¨á¯®«ì§ãï á¢®©áâ¢® 8, ¢ë¢®¤¨¬

min
j2N(ŝ)

aij � max
j2N(snŝ)

aij � min
j2N(s)

aij � max
j2N(pns)

aij � min
j2N(pns)

aij � min
j2N(pnŝ)

aij :

�âáî¤ , ¢­®¢ì ¯à¨¬¥­ïï á¢®©áâ¢® 8, ¯à¨å®¤¨¬ ª á®®â­®è¥­¨î bs 2 Ui(p;Ai; ki � 1), çâ® ¢¬¥áâ¥ á
ãá«®¢¨¥¬ bs 2 Ui(s;Ai; ki � 1) ¤ ¥â ®ª®­ç â¥«ì­® fi(p;Ai; ki � 1) = gi(bs;Ai) = fi(s;Ai; ki � 1).

�«ãç © 2: i 2 I2. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® á«ãç î 1. �

� ¬¥ç ­¨¥ 1. �¥£ª® ¢¨¤¥âì, çâ® ¨­¤¥ªá i, ä¨£ãà¨àãîé¨© ¢ á¢®©áâ¢ å 7 ¨ 8, ­¥ ¬®¦¥â
¯à¨­ ¤«¥¦ âì ¬­®¦¥áâ¢ã ISUM.

3. �¥¬¬ë

�¥¬¬  1. �á«¨ ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  i 2 Nn ¨ âà ¥ªâ®à¨© t 6= t0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­-

áâ¢®

Ui(t; Ai; ki) 6= Ui(t0; Ai; ki); (3)

£¤¥ ki 2 Nm, â® áãé¥áâ¢ã¥â â ª®¥ ¬­®¦¥áâ¢® s 2 Ui(t; Ai; ki) [ Ui(t0; Ai; ki), çâ® s 6� t \ t0.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì

8s 2 Ui(t; Ai; ki) [ Ui(t0; Ai; ki) (s � t \ t0): (4)

�®£¤  ¤«ï ¢áïª®£® ¬­®¦¥áâ¢  s 2 Ui(t; Ai; ki) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï jt \ t0j � jsj =
minfjtj; kig. �âáî¤  ¨¬¥¥¬ minfjt \ t0j; kig = minfjtj; kig. �®íâ®¬ã ¯®«ãç ¥¬ S(t\ t0; ki) � S(t; ki).
�â® §­ ç¨â, çâ® Ui(t \ t0; Ai; ki) � Ui(t; Ai; ki). �âáî¤  á ãç¥â®¬ ¢ª«îç¥­¨ï Ui(t; Ai; ki) �
Ui(t \ t0; Ai; ki), á¯à ¢¥¤«¨¢®£® ¢ á¨«ã (4), ¨¬¥¥¬ Ui(t \ t0; Ai; ki) = Ui(t; Ai; ki).

�­ «®£¨ç­ë¬ ®¡à §®¬, ãç¨âë¢ ï ¢ª«îç¥­¨¥ s � t \ t0, ¢¥à­®¥ ¯à¨ «î¡®¬ s 2 Ui(t0; Ai; ki),
«¥£ª® ¢ë¢®¤¨¬ Ui(t\t0; Ai; ki) = Ui(t0; Ai; ki). �â ª, ¯®«ãç ¥¬ à ¢¥­áâ¢® Ui(t; Ai; ki) = Ui(t0; Ai; ki),
¯à®â¨¢®à¥ç é¥¥ ãá«®¢¨î (3).

�¥¬¬  2. �á«¨ ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  i 2 Nn ¨ âà ¥ªâ®à¨© t 6= t0 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

Ui(t; Ai; ki) = Ui(t0; Ai; ki); (5)

£¤¥ ki 2 Nm, â® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

jt \ t0j � ki; (6)

�i(t; t
0; Ai) > 0: (7)
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�®ª § â¥«ìáâ¢®. �­ ç «  ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢® (6). �®¯ãáâ¨¬, ­ ®¡®à®â, çâ® á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® jt\t0j < ki. �®£¤  ¢ á¨«ã á¢®©áâ¢  5 ¤«ï ¢áïª®£® ¬­®¦¥áâ¢  s 2 Ui(t\t0; Ai; ki) ¢¥à­ë
á®®â­®è¥­¨ï jsj = jt \ t0j < ki. �âáî¤  ¯®«ãç ¥¬ minfjt0j; kig = minfjtj; kig = jsj < ki. �®íâ®¬ã
jt \ t0j = jsj = jtj = jt0j, â. ¥. t = t0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ­¥à ¢¥­áâ¢® (6).

� «¥¥ ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢® (7). �à¥¤¯®«®¦¨¬, ­ ¯à®â¨¢, çâ® ¢¥à­® ­¥à ¢¥­áâ¢®

�i(t; t
0; Ai) � 0: (8)

�ãáâì

s 2 Ui(t \ t0; Ai; ki � 1); s0 2 Ui(�(t; t0); Ai; 1): (9)

�¥ ¨áª«îç ï ®¡é­®áâ¨, ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®« £ âì, çâ® s0 � t n t0. �®£¤ , ¯à¨­¨¬ ï ¢®
¢­¨¬ ­¨¥ (9), ¨¬¥¥¬

s \ s0 = ;; (10)

s [ s0 � t; (11)

s [ s0 * t0: (12)

�§ (6), (9) ¨ (10) á ãç¥â®¬ á¢®©áâ¢  4 ¨ ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ë �i(t; t0; Ai) ¯®«ãç ¥¬

�i(t; t
0; Ai) =

(
fi(t \ t0; Ai; ki)� gi(s [ s0; Ai); ¥á«¨ i 2 I1;

gi(s [ s0; Ai)� fi(t \ t0; Ai; ki); ¥á«¨ i 2 I2:

�âáî¤  á®£« á­® á¢®©áâ¢ã 5 (¢¢¨¤ã (5)) ¨ ­¥à ¢¥­áâ¢ã (8) § ª«îç ¥¬

fi(t; Ai; ki) � gi(s [ s0; Ai); ¥á«¨ i 2 I1; (13)

fi(t; Ai; ki) � gi(s [ s0; Ai); ¥á«¨ i 2 I2: (14)

�à®¬¥ â®£®, á®®â­®è¥­¨ï (6) ¨ (9) (¢¢¨¤ã j�(t; t0)j � 1) ¤ îâ jsj = ki � 1 ¨ js0j = 1. �®£¤ ,
ãç¨âë¢ ï (10), ¢ë¢®¤¨¬ js [ s0j = ki. �®íâ®¬ã, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (11), § ª«îç ¥¬, çâ®
s[ s0 2 S(t; ki), ¨ á ãç¥â®¬ ­¥à ¢¥­áâ¢ (13) ¨ (14) ¯®«ãç ¥¬ s[ s0 2 Ui(t; Ai; ki). �âáî¤  ¨ ¨§ (12)
Ui(t; Ai; ki) 6= Ui(t0; Ai; ki), çâ® ¯à®â¨¢®à¥ç¨â (5).

�¥¬¬  3. �á«¨ i 2 Nn, t; t
0 2 T , t 6= t0, jt \ t0j � ki 2 Nm, s 2 Ui(t \ t0; Ai; ki), â®

�i(t; t
0; Ai) =

(
minfaij : j 2 N(s)g �maxfaij : j 2 N(�(t; t0))g; ¥á«¨ i 2 I1;

minfaij : j 2 N(�(t; t0))g �maxfaij : j 2 N(s)g; ¥á«¨ i 2 I2:
(15)

�®ª § â¥«ìáâ¢®. � á¨«ã á¢®©áâ¢  9 ¨ ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢  Ui(t \ t0; Ai; ki) ¨¬¥¥¬

fi(t \ t0; Ai; ki)� fi(t \ t0; Ai; ki � 1) = gi(s;Ai)� fi(s;Ai; ki � 1): (16)

�«ãç © 1: i 2 I1. �§ (16) ¯®«ãç ¥¬

fi(t \ t0; Ai; ki)� fi(t \ t0; Ai; ki � 1) = gi(s;Ai)� max
j2N(s)

(gi(s;Ai)� aij) = min
j2N(s)

aij :

�âáî¤  á ãç¥â®¬ ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ë �i(t; t0; Ai), i 2 I1, ¨ ®ç¥¢¨¤­®£® à ¢¥­áâ¢  fi(�(t; t0); Ai; 1) =
maxfaij : j 2 N(�(t; t0))g ¢ë¢®¤¨¬ ­¥®¡å®¤¨¬®¥ à ¢¥­áâ¢® (15).

�«ãç © 2: i 2 I2. � á¨«ã (16) ¨¬¥¥¬

fi(t \ t0; Ai; ki)� fi(t \ t0; Ai; ki � 1) = gi(s;Ai)� min
j2N(s)

(gi(s;Ai)� aij) = max
j2N(s)

aij :

�âáî¤  á ãç¥â®¬ ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ë �i(t; t0; Ai), i 2 I2, ¨ ®ç¥¢¨¤­®£® à ¢¥­áâ¢ 

fi(�(t; t0); Ai; 1) = minfaij : j 2 N(�(t; t0))g

¯®«ãç ¥¬ à ¢¥­áâ¢® (15).
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�¥¬¬  4. �ãáâì i 2 Nn, t; t
0 2 T , t 6= t0,

jt \ t0j � ki 2 Nm; (17)

�i(t; t
0; Ai) > 0: (18)

�®£¤  ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® fi(t; Ai; ki) = fi(t0; Ai; ki).

�®ª § â¥«ìáâ¢®. �ãáâì s 2 Ui(t \ t0; Ai; ki). �®£¤  ¢¢¨¤ã (17) ¨¬¥¥¬

jsj = ki: (19)

�«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç­® ¤®ª § âì à ¢¥­áâ¢®

fi(t; Ai; ki) = g(s;Ai); (20)

â. ª. âà ¥ªâ®à¨¨ t ¨ t0 ¢å®¤ïâ ¢ ãá«®¢¨ï «¥¬¬ë 4 à ¢­®¯à ¢­®. �¢¨¤ã (19) à ¢¥­áâ¢® (20) à ¢­®-
á¨«ì­® ¢ª«îç¥­¨î s 2 Ui(t; Ai; ki).

� «¥¥ ¡ã¤¥¬ ¯®« £ âì, çâ® s ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¯®¤¬­®¦¥áâ¢®¬ âà ¥ªâ®à¨¨ t. �­ ç¥ (¯à¨
s = t, â. ¥. ¯à¨ jtj = ki) à ¢¥­áâ¢® (20) ®ç¥¢¨¤­®.

�«ãç © 1: i 2 I1. � ãç¥â®¬ (18) ¢ á¨«ã «¥¬¬ë 3 ¯®«ãç ¥¬

minfaij : j 2 N(s)g � maxfaij : j 2 N(�(t; t0))g � maxfaij : j 2 N(t n t0)g: (21)

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¬­®¦¥áâ¢  s á«¥¤ã¥â s � t \ t0. �á«¨ s � t \ t0, â® á ãç¥â®¬
á¢®©áâ¢  8 (¢¢¨¤ã (19)) ¢ë¢®¤¨¬ minfaij : j 2 N(s)g � maxfaij : j 2 N((t \ t0) n s)g. �âáî¤  ¨ ¨§
(21) ¨¬¥¥¬

minfaij : j 2 N(s)g � maxfaij : j 2 N(t n s)g: (22)

�á«¨ s = t \ t0, â® ¢­®¢ì ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (22), ¨á¯®«ì§ãï (21).
�ç¨âë¢ ï (19), (22) ¨ á¢®©áâ¢® 8, § ª«îç ¥¬, çâ® s 2 Ui(t; Ai; ki).
�«ãç © 2: i 2 I2. �á¯®«ì§ãï (18), ¢ á¨«ã «¥¬¬ë 3 ¢ë¢®¤¨¬

maxfaij : j 2 N(s)g � minfaij : j 2 N(�(t; t0))g � minfaij : j 2 N(t n t0)g: (23)

� ª ã¦¥ ®â¬¥ç «®áì, s � t \ t0. �á«¨ s � t \ t0, â® á ãç¥â®¬ á¢®©áâ¢  8 ¯®«ãç ¥¬

maxfaij : j 2 N(s)g � minfaij : j 2 N((t \ t0) n s)g:

�âáî¤  ¨ ¨§ (23) ¢ëâ¥ª ¥â

maxfaij : j 2 N(s)g � minfaij : j 2 N(t n s)g: (24)

�á«¨ s = t \ t0, â® ¢­®¢ì ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (24) ¢ á¨«ã (23).
�ç¨âë¢ ï (19), (24) ¨ á¢®©áâ¢® 8, § ª«îç ¥¬, çâ® s 2 Ui(t; Ai; ki).

� ¬¥ç ­¨¥ 2. �¥£ª® ¢¨¤¥âì, çâ® ¨­¤¥ªá i, ä¨£ãà¨àãîé¨© ¢ «¥¬¬ å 2{4, ­¥ ¬®¦¥â ¯à¨­ ¤-
«¥¦ âì ¬­®¦¥áâ¢ã ISUM.
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4. �¥®à¥¬ë

�à®¨§¢®«ì­®© âà ¥ªâ®à¨¨ t 2 P n(A) á®¯®áâ ¢¨¬ ¬­®¦¥áâ¢® íª¢¨¢ «¥­â­ëå ¥© íää¥ªâ¨¢­ëå
âà ¥ªâ®à¨©

Qn(t; A) = ft0 2 T n ftg : f(t0; A) = f(t; A)g:

�¥®à¥¬  1. �«ï ¢¥ªâ®à­®© âà ¥ªâ®à­®© § ¤ ç¨ Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥© ç áâ-

­ëå ªà¨â¥à¨¥¢ (1) ¨ (2) á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:
10. § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ ,
20. (Qn(t; A) 6= ; ) 8t0 2 Qn(t; A); 8i 2 Nn (Ui(t; Ai; ki) = Ui(t0; Ai; ki)) 8t 2 P n(A),
30. (Qn(t; A) 6= ; ) 8t0 2 Qn(t; A); 8i 2 Nn (jt \ t0j � ki & �i(t; t0; Ai) > 0)) 8t 2 P n(A).

�®ª § â¥«ìáâ¢®. 10 ) 20. �ãáâì § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ . �®¯ãáâ¨¬, çâ® ¢®¯à¥ª¨
ãâ¢¥à¦¤¥­¨î 20 ­ ©¤ãâáï â ª¨¥ âà ¥ªâ®à¨¨ t 2 P n(A) ¨ t0 2 Qn(t; A), çâ® ¤«ï ­¥ª®â®à®£®
¨­¤¥ªá  q 2 Nn ¬­®¦¥áâ¢  Uq(t; Aq; kq) ¨ Uq(t0; Aq; kq) ­¥ á®¢¯ ¤ îâ. �®£¤  áãé¥áâ¢®¢ ­¨¥ ¬­®-
¦¥áâ¢  s 2 Uq(t; Aq; kq)[Uq(t0; Aq; kq), s * t\ t0 £ à ­â¨àã¥âáï «¥¬¬®© 1. �­ ç¨â, ­ ©¤¥âáï â ª®©
¨­¤¥ªá l 2 N(s), çâ® l 2 N(t n t0) ¨«¨ l 2 N(t0 n t). � áá¬®âà¨¬ íâ¨ ¤¢  á«ãç ï.

�«ãç © 1: l 2 N(t n t0). �®§¬ãé îéãî ¬ âà¨æã B = [bij ]n�m ¯®áâà®¨¬ ¢ § ¢¨á¨¬®áâ¨ ®â
¯à¨­ ¤«¥¦­®áâ¨ ¨­¤¥ªá  q ¬­®¦¥áâ¢ã I1 ¨«¨ I2. �®«®¦¨¬ 0 < � < ".

�á«¨ ¨­¤¥ªá q 2 I1, â® í«¥¬¥­âë ¢®§¬ãé îé¥© ¬ âà¨æë B § ¤ ¤¨¬ ä®à¬ã«®©

bij =

(
�; ¥á«¨ i = q; j = l;

0 ¢ ®áâ «ì­ëå á«ãç ïå:

�®£¤ , ãç¨âë¢ ï á¢®©áâ¢® 8 ¨ íª¢¨¢ «¥­â­®áâì âà ¥ªâ®à¨© t ¨ t0, ­ ©¤¥¬

fi(t; Ai +Bi; ki)� fi(t0; Ai +Bi; ki) =

(
�; ¥á«¨ i = q;

0; ¥á«¨ i 2 Nn n fqg:

�®íâ®¬ã P n(t; A+B) 6= ;. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬

9t 2 P n(A) 8" > 0 9 B 2 B(") (t =2 P n(A+B)):

�«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ á¢®©áâ¢  2 § ¤ ç  Zn(A) ­¥ ï¢«ï¥âáï ª¢ §¨ãáâ®©ç¨¢®©, çâ®
¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥­¨î 10.

�á«¨ ¨­¤¥ªá q 2 I2, â® ¯®áâà®¨¬ ¢®§¬ãé îéãî ¬ âà¨æã B ¯® ¯à ¢¨«ã

bij =

(
��; ¥á«¨ i = q; j = l;

0 ¢ ®áâ «ì­ëå á«ãç ïå:

�®£¤ , ãç¨âë¢ ï á¢®©áâ¢® 8 ¨ íª¢¨¢ «¥­â­®áâì âà ¥ªâ®à¨© t ¨ t0, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨
à ¢¥­áâ¢

fi(t; Ai +Bi; ki)� fi(t
0; Ai +Bi; ki) =

(
��; ¥á«¨ i = q;

0; ¥á«¨ i 2 Nn n fqg:

�®íâ®¬ã ¨¬¥¥¬ P n(t0; A + B) 6= ;, â. ¥. âà ¥ªâ®à¨ï t0 ­¥ ï¢«ï¥âáï íää¥ªâ¨¢­®© ¢ ¢®§¬ãé¥­­®©
§ ¤ ç¥ Zn(A + B). �âáî¤ , ãç¨âë¢ ï t0 2 P n(A), ­  ®á­®¢ ­¨¨ á¢®©áâ¢  1 § ª«îç ¥¬, çâ® § -
¤ ç  Zn(A) ­¥ ï¢«ï¥âáï ª¢ §¨ãáâ®©ç¨¢®©. �«¥¤®¢ â¥«ì­®, ¢­®¢ì ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á
ãâ¢¥à¦¤¥­¨¥¬ 10.

�«ãç © 2: l 2 N(t0 n t). � ª ª ª t0 2 P n(A) ¨ t 2 Qn(t0; A), â® ¤®ª § â¥«ìáâ¢® ¢ íâ®¬ á«ãç ¥
¯à®¢®¤¨âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã á«ãç î (¤®áâ â®ç­® ¯®¬¥­ïâì ¬¥áâ ¬¨ t ¨ t0).

20 ) 30. �â  ¨¬¯«¨ª æ¨ï ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ «¥¬¬ë 2.
30 ) 10. �à¥¤¯®«®¦¨¬, çâ® t 2 P n(A). �®ª ¦¥¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ 30 ­¨ª ª ï âà ¥ªâ®à¨ï

t0 6= t ­¥ ¬®¦¥â ¯à¨­ ¤«¥¦ âì ¬­®¦¥áâ¢ã P n(t; A) ¯à¨ \¬ «ëå" ¢®§¬ãé¥­¨ïå ¬ âà¨æë A.
�«ãç © 1: t0 2 T n Qn(t; A). �®£¤  f(t; A) 6= f(t0; A), ®âªã¤  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®£®

¨­¤¥ªá  r 2 Nn, ¤«ï ª®â®à®£® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® fr(t0; Ar; kr) > fr(t; Ar; kr). �®íâ®¬ã ¢
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á¨«ã ­¥¯à¥àë¢­®áâ¨ ¢ Rm äã­ªæ¨© fi(t; Ai; ki) ­ ©¤¥âáï â ª®¥ ç¨á«® " = "(t0) > 0, çâ® ¤«ï «î¡®©
¬ âà¨æë B 2 
(") á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® fr(t0; Ar+Br; kr) > fr(t; Ar+Br; kr). �«¥¤®¢ â¥«ì­®,

8t0 2 T nQn(t; A); 8B 2 
("�) (t0 =2 P n(t; A+B)); (25)

£¤¥ "� = minf"(t0) : t0 2 T nQn(t; A) & t0 6= tg.
�«ãç © 2: t0 2 Qn(t; A): �®£¤  ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 30 ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ¢¥à­ë

­¥à ¢¥­áâ¢  jt \ t0j � ki ¨ �i(t; t0; Ai) > 0. �®íâ®¬ã á ãç¥â®¬ ­¥¯à¥àë¢­®áâ¨ ¢ Rm äã­ªæ¨©
�i(t; t0; Ai) ¨¬¥¥¬ 8i 2 Nn 9"i(t0) > 0 8B 2 
("i(t0)) (�i(t; t0; Ai + Bi) > 0). �âáî¤  ¯® «¥¬¬¥ 4
¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ¯à¨ B 2 
("i(t0)) ¢¥à­® à ¢¥­áâ¢® fi(t; Ai + Bi) = fi(t0; Ai + Bi). �
à¥§ã«ìâ â¥ ¯®«ãç ¥¬

8t0 2 Qn(t; A); 8B 2 
("�) (t0 =2 P n(t; A+B)); (26)

£¤¥ "� = min
t02Qn(t;A)

min
i2Nn

"i(t0).

�§ (25) ¨ (26) ¢ëâ¥ª ¥â, çâ® ¯à¨ «î¡®© ¬ âà¨æ¥ B 2 
(") âà ¥ªâ®à¨ï t ï¢«ï¥âáï íää¥ªâ¨¢­®©
¢ ¢®§¬ãé îé¥© § ¤ ç¥ Zn(A+B), ¥á«¨ " = minf"�; "�g. �«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ á¢®©áâ¢  2
§ ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ .

� ª¨¬ ®¡à §®¬, â¥®à¥¬  1 ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­  ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¥®à¥¬  2. �«ï ¢¥ªâ®à­®© âà ¥ªâ®à­®© § ¤ ç¨ Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥© ç áâ-

­ëå ªà¨â¥à¨¥¢ (1) ¨ (2) á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:
10. § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ ,
20. ¢ë¯®«­ï¥âáï ®¤­® ¨§ ãá«®¢¨©

P n(A) = Rn(A) ¨«¨ ; 6= P n(A) nRn(A) = bP n(A); (27)

30. ¢ë¯®«­ï¥âáï ®¤­® ¨§ ãá«®¢¨©

P n(A) = Rn(A) ¨«¨ ; 6= P n(A) nRn(A) = �P n(A);

£¤¥

bP n(A) = ft 2 P n(A) n Rn(A) : 8t0 2 Qn(t; A) 8i 2 Nn (Ui(t; Ai; ki) = Ui(t
0; Ai; ki))g;

�P n(A) = ft 2 P n(A) n Rn(A) : 8t0 2 Qn(t; A) 8i 2 Nn (jt \ t0j � ki & �i(t; t
0; Ai) > 0)g;

Rn(A) = ft 2 P n(A) : Qn(t; A) = ;g

| ¬­®¦¥áâ¢® áâà®£® íää¥ªâ¨¢­ëå âà ¥ªâ®à¨©, â. ¥. ¬­®¦¥áâ¢® �¬¥©«  [19].

5. �«¥¤áâ¢¨ï

� ª ç¥áâ¢¥ á«¥¤áâ¢¨© ¯®«ãç ¥¬ ¨§¢¥áâ­ë¥ à ­¥¥ à¥§ã«ìâ âë.

�«¥¤áâ¢¨¥ 1 ([15]). �«ï â®£® çâ®¡ë § ¤ ç  Zn(A), n � 1, á ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨ ¢¨¤ 
(1) ¨ (2) ¡ë«  ª¢ §¨ãáâ®©ç¨¢ , ¤®áâ â®ç­®,   ¢ á«ãç ¥, ª®£¤  ISUM 6= ;, ¨ ­¥®¡å®¤¨¬®, çâ®¡ë
¢ë¯®«­ï«®áì à ¢¥­áâ¢® P n(A) = Rn(A).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2.
�¥®¡å®¤¨¬®áâì. �ãáâì § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢  ¨ ISUM 6= ;. �§ ª¢ §¨ãáâ®©ç¨¢®áâ¨

§ ¤ ç¨ Zn(A) ¢ á¨«ã â¥®à¥¬ë 2 á«¥¤ã¥â ¢ë¯®«­¨¬®áâì ®¤­®£® ¨§ ãá«®¢¨© (27). �¥£ª® ¢¨¤¥âì,
çâ® ¢â®à®¥ ¨§ íâ¨å ãá«®¢¨© ­¥ ¬®¦¥â ¢ë¯®«­ïâìáï, ¯®áª®«ìªã á®£« á­® á¢®©áâ¢ã 3 ¤«ï «î¡ëå
i 2 ISUM, t 2 P n(A) n Rn(A) ¨ t0 2 Qn(t; A) (¢¢¨¤ã t 6= t0) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® Ui(t; Ai; ki) 6=
Ui(t0; Ai; ki). �«¥¤®¢ â¥«ì­®, ¢¥à­® à ¢¥­áâ¢® P n(A) = Rn(A).
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�ãáâì ¤ «¥¥ Nn = ISUM [ IMAX [ IMIN, £¤¥ ISUM, IMAX ¨ IMIN | ¬­®¦¥áâ¢  â¥å ¨­¤¥ªá®¢ ¨§
Nn, ª®â®àë¬¨ § ­ã¬¥à®¢ ­ë á®®â¢¥âáâ¢¥­­® ç áâ­ë¥ ªà¨â¥à¨¨ MINSUM, MINMAX ¨ MINMIN.

�«ï «î¡ëå ¤¢ãå à §«¨ç­ëå âà ¥ªâ®à¨© t; t0 2 T ¨ ¨­¤¥ªá  i 2 Nn ¯®«®¦¨¬

�i(t; t0; Ai) =

8>><>>:
fi(t0; Ai; ki)� fi(t; Ai; ki); ¥á«¨ i 2 ISUM;

fi(t0; Ai; ki)� fi(t n t0; Ai; ki); ¥á«¨ i 2 IMAX;

fi(t0 n t; Ai; ki)� fi(t; Ai; ki); ¥á«¨ i 2 IMIN:

�à¨ «î¡®¬ ¢¥ªâ®à¥ Ai 2 R
m áç¨â ¥¬

fi(;; Ai; ki) =

8>><>>:
0; ¥á«¨ i 2 ISUM;

�1; ¥á«¨ i 2 IMAX;

+1; ¥á«¨ i 2 IMIN:

�«¥¤áâ¢¨¥ 2 ([6]). �«ï â®£® çâ®¡ë n-ªà¨â¥à¨ «ì­ ï (n � 1) âà ¥ªâ®à­ ï § ¤ ç  á «î¡®©
ª®¬¡¨­ æ¨¥© ç áâ­ëå ªà¨â¥à¨¥¢ ¢¨¤  MINSUM, MINMAX ¨ MINMIN (ISUM[ IMAX[ IMIN = Nn)
¡ë«  ª¢ §¨ãáâ®©ç¨¢ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï« áì ä®à¬ã« 

8t 2 P n(A) (Qn(t; A) 6= ; ) 8t0 2 Qn(t; A); 8i 2 Nn (�i(t; t
0; Ai) > 0)): (28)

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �¥âàã¤­® ¢¨¤¥âì, çâ® ¨§ (28) á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ®¤­®-
£® ¨§ ãá«®¢¨© P n(A) = Rn(A) ¨«¨ ; 6= P n(A) n Rn(A) = eP n(A), £¤¥ eP n(A) = ft 2 P n(A) n Rn(A) :
8t0 2 Qn(t; A), 8i 2 Nn (�i(t; t0; Ai) > 0)g.

�á«¨ P n(A) = Rn(A), â® á®£« á­® á«¥¤áâ¢¨î 1 § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ .
�ãáâì P n(A) 6= Rn(A). �®£¤  eP n(A) 6= ;. �â® ®§­ ç ¥â, çâ® ¤«ï «î¡ëå âà ¥ªâ®à¨© t 2

P n(A) n Rn(A) ¨ t0 2 Qn(t; A) ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

�i(t; t0; Ai) > 0; i 2 Nn: (29)

�âáî¤  á®£« á­® ®¯à¥¤¥«¥­¨î ¢¥«¨ç¨­ë �i(t; t0; Ai) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® IMAX[IMIN = Nn, â. ¥.
i =2 ISUM. �ç¥¢¨¤­® (¡« £®¤ àï â¥®à¥¬¥ 2), ¢ íâ®¬ á«ãç ¥ ¤«ï ¤®ª § â¥«ìáâ¢  ª¢ §¨ãáâ®©ç¨¢®áâ¨
§ ¤ ç¨ Zn(A) ¤®áâ â®ç­® ¯®ª § âì ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ jt\ t0j � 1 ¨ �i(t; t0; Ai) > 0 ¯à¨ «î¡ëå
t 2 P n(A) n Rn(A) ¨ t0 2 Qn(t; A), i 2 IMAX [ IMIN.

�à¥¦¤¥ ¢á¥£®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® jt \ t0j � 1. �¥©áâ¢¨â¥«ì­®, ¥á«¨ jt \ t0j = 0, â® á
ãç¥â®¬ íª¢¨¢ «¥­â­®áâ¨ âà ¥ªâ®à¨© t ¨ t0 ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

fi(t n t0; Ai; 1) = fi(t; Ai; 1) = fi(t0; Ai; 1) = fi(t0 n t; Ai; 1):

�®£¤  �i(t; t0; Ai) = 0, çâ® ¯à®â¨¢®à¥ç¨â (29). �«¥¤®¢ â¥«ì­®, jt \ t0j � 1.
� «¥¥ ¯®ª ¦¥¬, çâ® �i(t; t0; Ai) > 0. �«ï íâ®£® à áá¬®âà¨¬ ¤¢  á«ãç ï.
�«ãç © 1: i 2 IMAX . �ç¨âë¢ ï (29) ¨ íª¢¨¢ «¥­â­®áâì âà ¥ªâ®à¨© t ¨ t0, ¨¬¥¥¬

0 < �i(t; t0; Ai) = fi(t0; Ai; 1) � fi(t n t0; Ai; 1);

0 < �i(t0; t; Ai) = fi(t; Ai; 1)� fi(t0 n t; Ai; 1) = fi(t0; Ai; 1)� fi(t0 n t; Ai; 1):

�âáî¤  fi(�(t; t0); Ai; 1) < fi(t0; Ai; 1). �®íâ®¬ã fi(�(t; t0); Ai; 1) < fi(t \ t0; Ai; 1). �«¥¤®¢ â¥«ì­®,
�i(t; t0; Ai) > 0.

�«ãç © 2: i 2 IMIN. �®£¤  c ãç¥â®¬ (29) ¨ íª¢¨¢ «¥­â­®áâ¨ âà ¥ªâ®à¨© t ¨ t0 ¢ë¢®¤¨¬

0 < �i(t; t
0; Ai) = fi(t

0 n t; Ai; 1)� fi(t; Ai; 1);

0 < �i(t
0; t; Ai) = fi(t n t

0; Ai; 1)� fi(t
0; Ai; 1) = fi(t n t

0; Ai; 1)� fi(t; Ai; 1):

�âáî¤  fi(�(t; t0); Ai; 1) > fi(t; Ai; 1). �®íâ®¬ã fi(�(t; t0); Ai; 1) > fi(t \ t0; Ai; 1). �«¥¤®¢ â¥«ì­®,
�i(t; t0; Ai) > 0.

�®¡¨à ï ¢á¥ ¤®ª § ­­®¥ (¤«ï á«ãç ï P n(A) 6= Rn(A)), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® á¯à ¢¥¤«¨¢®
ãâ¢¥à¦¤¥­¨¥ 30 â¥®à¥¬ë 2, ¢ á¨«ã ç¥£® § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ .
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�¥®¡å®¤¨¬®áâì ¤®ª ¦¥¬ ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �ãáâì § ¤ ç  Zn(A) ª¢ §¨ãáâ®©ç¨¢ , ­®
ãá«®¢¨¥ (28) ­¥ ¢ë¯®«­ï¥âáï, â. ¥. ­ ©¤ãâáï â ª¨¥ à §«¨ç­ë¥ âà ¥ªâ®à¨¨ t 2 P n(A) n Rn(A) ¨
t0 2 Qn(t; A), çâ® ¤«ï ­¥ª®â®à®£® ¨­¤¥ªá  i 2 Nn ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

�i(t; t0; Ai) � 0: (30)

� áá¬®âà¨¬ âà¨ ¢®§¬®¦­ëå á«ãç ï.
�«ãç © 1: i 2 ISUM. � á¨«ã ãâ¢¥à¦¤¥­¨ï 20 â¥®à¥¬ë 1 Ui(t; Ai; ki) = Ui(t0; Ai; ki). �«¥¤®¢ -

â¥«ì­®, ¯® á¢®©áâ¢ã 3 t = t0. �®«ãç¥­® ¯à®â¨¢®à¥ç¨¥.
�«ãç © 2: i 2 IMAX. �®£¤  ki = 1, i 2 I1, ¨ ¢ á¨«ã â¥®à¥¬ë 1 jt \ t0j � 1. �®íâ®¬ã á ãç¥â®¬

­¥à ¢¥­áâ¢  (30) ¨ ®¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ �i(t; t0; Ai) ¨ �i(t; t0; Ai) ¢ë¢®¤¨¬

0 � �i(t; t0; Ai) = fi(t0; Ai; 1) � fi(t n t0; Ai; 1) � fi(t \ t0; Ai; 1) � fi(�(t; t0); Ai; 1) = �i(t; t0; Ai);

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î 30 â¥®à¥¬ë 1.
�«ãç © 3: i 2 IMIN. �®£¤  ki = 1; i 2 I2. �®íâ®¬ã á ãç¥â®¬ ­¥à ¢¥­áâ¢ (30) ¨ jt\ t0j � 1 (¢¢¨¤ã

â¥®à¥¬ë 1) ¨¬¥¥¬

0 � �i(t; t
0; Ai) = fi(t

0 n t; Ai; 1)� fi(t; Ai; 1) � fi(�(t; t
0); Ai; 1)� fi(t \ t0; Ai; 1) = �i(t; t

0; Ai);

çâ® ¢­®¢ì ¯à®â¨¢®à¥ç¨â ãâ¢¥à¦¤¥­¨î 30 â¥®à¥¬ë 1.

�§ á«¥¤áâ¢¨ï 2 ¯à¨ n = 1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 3 ([20]). �¤­®ªà¨â¥à¨ «ì­ ï «¨­¥©­ ï (á ªà¨â¥à¨¥¬ ¢¨¤  MINSUM) § ¤ ç Z1(A),
£¤¥ A 2 Rm, ª¢ §¨ãáâ®©ç¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  jP 1(A)j = 1.

� ¬¥ç ­¨¥ 3. � ãç¥â®¬ íª¢¨¢ «¥­â­®áâ¨ «î¡ëå ¤¢ãå ­®à¬ ¢ ª®­¥ç­®¬¥à­®¬ «¨­¥©­®¬ ¯à®-
áâà ­áâ¢¥ ([21], á. 166) ¢á¥ à¥§ã«ìâ âë, ¯à¨¢¥¤¥­­ë¥ ¢ ¤ ­­®© áâ âì¥, á¯à ¢¥¤«¨¢ë ­¥ â®«ìª® ¤«ï
ç¥¡ëè¥¢áª®©, ­® ¨ ¤«ï ¤àã£¨å ­®à¬ ¢ ¯à®áâà ­áâ¢¥ ¢®§¬ãé îé¨å ¬ âà¨æ Rn�m.
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