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� [1] ¨§ãç «¨áì ãá«®¢¨ï P-áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxkg à¥è¥­¨© «¨­¥©­ëå ªà ¥¢ëå
§ ¤ ç

Lkx = fk; lkx = �k; k = 1; 2; : : : ;

ª à¥è¥­¨î x0 \¯à¥¤¥«ì­®©" § ¤ ç¨

L0x = f0; l0x = �0:

�¤¥áì Lk : Dk ! Bk | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ­�eâ¥à®¢ë ®¯¥à â®àë, indLk = N ; lk : Dk ! RN

| «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ¢¥ªâ®à-äã­ªæ¨®­ «ë; �k 2 RN ; Dk, Bk | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ ,
¯à¨ç¥¬Dk ¨§®¬®àä­® Bk�R

N , k = 0; 1; : : : , P = fPkgk2N | á¢ï§ë¢ îé ï á¨áâ¥¬  ¨§®¬®àä¨§¬®¢
¯à®áâà ­áâ¢ D0 ¨ Dk.

�¨¦¥ ®¡é¨¥ ãâ¢¥à¦¤¥­¨ï à ¡®âë [1] à¥ «¨§ãîâáï ¤«ï ªà ¥¢ëå § ¤ ç ¢ ª®­ªà¥â­ëå ¯à®-
áâà ­áâ¢ å.

�¢«ïïáì ¯à®¤®«¦¥­¨¥¬ à ¡®âë [1], ¯à¥¤« £ ¥¬ ï áâ âìï ¨á¯®«ì§ã¥â ®¡®§­ ç¥­¨ï ¨ â¥à¬¨­®-
«®£¨î íâ®© à ¡®âë.

1. �à ¢­¥­¨¥ n-£® ¯®àï¤ª 

�ãáâì lim
k!1

ak = a0, lim
k!1

bk = b0; W n[ak; bk] | ¯à®áâà ­áâ¢® äã­ªæ¨© x : [ak; bk] ! R1, ¨¬¥î-

é¨å  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® (n� 1)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®. �â® ¯à®áâà ­-
áâ¢® ¨§®¬®àä­® ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î L[ak; bk]�Rn, £¤¥ L[ak; bk] | ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå

äã­ªæ¨© z : [ak; bk] ! R1, kzkL[ak;bk] =
Z bk

ak
jz(t)j dt. �§®¬®àä¨§¬ J = f�k; Ykg : L[ak; bk] � Rn !

W n[ak; bk] ¬®¦­® ãáâ ­®¢¨âì ­  ®á­®¢¥ ¯à¥¤áâ ¢«¥­¨ï

x(t) =
Z t

ak

(t� s)n�1

(n� 1)!
x(n)(s) ds+

n�1X
i=0

(t� ak)i

i!
x(i)(ak) (1)

í«¥¬¥­â  x 2W n[ak; bk]. � ª¨¬ ®¡à §®¬,

(�kz)(t) =
Z t

ak

(t� s)n�1

(n� 1)!
z(s) ds; Yk� =

n�1X
i=0

(t� ak)i

i!
�i; � = colf�0; : : : ; �n�1g;

J �1 = [�k; rk], £¤¥ (�kx)(t) = x(n)(t), rkx = colfx(ak); : : : ; x(n�1)(ak)g. �«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬

¨á¯®«ì§®¢ âì á«¥¤ãîéãî ­®à¬ã ¢ ¯à®áâà ­áâ¢¥ Rn: j�j =
nP
i=1

j�ij, � = colf�1; : : : ; �ng. �®£¤ 

kxkWn[ak;bk] = kx(n)kL[ak;bk] +
n�1X
i=0

jx(i)(ak)j:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(96-15-96195, 99-01-01278) ¨ �®­ªãàá­®£® æ¥­âà  ¯® ¨áá«¥¤®¢ ­¨ï¬ ¢ ®¡« áâ¨ äã­¤ ¬¥­â «ì­®£® ¥áâ¥-
áâ¢®§­ ­¨ï, � ­ªâ-�¥â¥à¡ãà£.
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� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ªà ¥¢ëå § ¤ ç

Lkx = fk; lkx = �k; k = 1; 2; : : : ; (2)

¨ \¯à¥¤¥«ì­ãî" § ¤ çã
L0x = f0; l0x = �0;

£¤¥ Lk : W n[ak; bk] ! L[ak; bk] | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ­�eâ¥à®¢ë ®¯¥à â®àë, indLk = n;
lk : W n[ak; bk]! Rn | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ¢¥ªâ®à-äã­ªæ¨®­ «ë, k = 0; 1; : : :

�®«®¦¨¬ Dk =W n[ak; bk], Bk = L[ak; bk], k = 0; 1; : : : , ck = b0�a0

bk�ak
,

w0(t) = t; wk(t) = ck(t� ak) + a0; k = 1; 2; : : :

�ã­ªæ¨ï wk ®â®¡à ¦ ¥â ®âà¥§®ª [ak; bk] ­  [a0; b0]; w
�1
k (t) = c�1k (t� a0)+ ak. �¯à¥¤¥«¨¬ ®¯¥à â®à

Hk : B0 ! Bk à ¢¥­áâ¢®¬

(Hkz)(t) = z[wk(t)]: (3)

�¬¥¥¬

kHkzkBk =
Z bk

ak
jz[wk(t)]j dt = c�1k

Z b0

a0
jz(t)j dt:

�âáî¤  lim
k!1

kHkzkBk = kzkB0
, kHkk = c�1k ,

(H�1
k z)(t) = z[w�1k (t)]; kH�1

k k = ck:

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  ¨§®¬®àä¨§¬®¢ H = fHkgk2N ï¢«ï¥âáï á¢ï§ë¢ îé¥© ¤«ï ¯à®áâà ­áâ¢

B0 ¨ Bk ¨ ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨î a) â¥®à¥¬ë 1 ¨§ [1]. �å®¤¨¬®áâì zk
H
�! z0 ®§­ ç ¥â, çâ®

lim
k!1

Z bk

ak
jzk(t)� z0[wk(t)]j dt = 0.

�¢ï§ë¢ îéãî á¨áâ¥¬ã P = fPkgk2N ¤«ï ¯à®áâà ­áâ¢ D0 ¨ Dk ®¯à¥¤¥«¨¬, ¯®«®¦¨¢

(Pkx)(t) = x[wk(t)]; k = 1; 2; : : : (4)

�®£¤  (P�1k x)(t) = x[w�1k (t)]. �¬¥¥¬

di

dti
x[wk(t)] = cikx

(i)[wk(t)]; i = 0; 1; : : : ;

£¤¥ x(i)[wk(t)] =
di

dsi
x(s)

���
s=wk(t)

. �®íâ®¬ã

(�kx[wk(�)])(t) = cnkx
(n)[wk(t)];

k�kx[wk(�)]kBk = cnk

Z bk

ak
jx(n)[wk(t)]j dt = cn�1k kx(n)kB0

;

rkx[wk(�)] = colfx(a0); ck _x(a
0); : : : ; cn�1k x(n�1)(a0)g;

kPkxkDk
= cn�1k kx(n)kB0

+
n�1X
i=0

cikjx
(i)(a0)j:

�âáî¤ 

lim
k!1

kPkxkDk
= kxkD0

;

kPkxkDk
� kxkD0

maxf1; cn�1k g;

¨ â. ª. à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï, â®
kPkk = maxf1; cn�1k g:

�®ç­® â ª ¦¥
kP�1k k = maxf1; cn�1k g:
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�â ª, á¨áâ¥¬  P = fPkgk2N ï¢«ï¥âáï á¢ï§ë¢ îé¥© ¤«ï D0 ¨ Dk ¨ ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨î

b) â¥®à¥¬ë 1 ¨§ [1]. �å®¤¨¬®áâì uk
P
�! u0 ( lim

k!1
kuk � u0[wk(�)]kDk

= 0) ®§­ ç ¥â, çâ®

lim
k!1

Z bk

ak
ju(n)k (t)� cnku

(n)
0 [wk(t)]j dt = 0 (5)

¨

lim
k!1

ju
(i)
k (ak)� ciku

(i)
0 (a0)j = 0; i = 0; : : : ; n� 1: (6)

� ª¨¬ ®¡à §®¬, ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ § ¤ ç (2) á¯à ¢¥¤«¨¢  â¥®à¥¬  1 ¨§ [1], ¥á«¨ fLkg ¨
flkg ã¤®¢«¥â¢®àïîâ ãá«®¢¨î c) íâ®© â¥®à¥¬ë. �à¨ íâ®¬ ãà ¢­¥­¨¥ H�1

k LkPkx = f ¢ § ¤ ç¥ (7)
[1] ¨¬¥¥â ¢¨¤

(Lk[x(wk(�))])(w
�1
k (t)) = f(t): (7)

� ¬¥ç ­¨¥ 1. �¨áâ¥¬  ®¯¥à â®à®¢ fHkgk2N ¨ fPkgk2N, ®¯à¥¤¥«¥­­ëå à ¢¥­áâ¢ ¬¨ (3) ¨ (4),
ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨î (9) [1], â. ª. ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï (5) ¨ (6) íª¢¨¢ «¥­â­ë â®¬ã,
çâ®

u
(n)
k

H
�! u

(n)
0 ¨ rkuk �! r0u0:

�ãáâì ®¯¥à â®à Lk ¨¬¥¥â ¢¨¤

(Lkx)(t) = x(n)(t) + (Tkx)(t); (8)

£¤¥ Tk : Dk ! Bk | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à. � ª®© ¢¨¤ ®¯¥à â®à Lk ¨¬¥¥â ¤«ï
à §à¥è¥­­ëå ®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©, ãà ¢­¥­¨© á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬, ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �¯¥à â®à
dn

dtn
: Dk ! Bk n-ªà â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï | ­¥¯à¥àë¢­ë© ­�eâ¥à®¢ ®¯¥à â®à, ind

dn

dtn
= n.

�®íâ®¬ã ®¯¥à â®à Lk : Dk ! Bk, ®¯à¥¤¥«¥­­ë© à ¢¥­áâ¢®¬ (8), ­�eâ¥à®¢, indLk = n ([2], cc. 45,
60).

� ª ¡ë«® ®â¬¥ç¥­® ¢ëè¥, ¨§ áå®¤¨¬®áâ¨ uk
P
�! u0 á«¥¤ã¥â u

(n)
k

H
�! u

(n)
0 . �®íâ®¬ã áå®¤¨¬®áâì

Lk
PH
��! L0 ®¡¥á¯¥ç¨¢ ¥âáï áå®¤¨¬®áâìî Tk

PH
��! T0.

� ª ª ª
dn

dtn
(Pkx)(t) = cnkx

(n)[wk(t)];

â® ãà ¢­¥­¨¥ (7) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

cnkx
(n)(t) + (Tk[x(wk(�))])(w

�1
k (t)) = f(t):

�à¨¬¥à. � áá¬®âà¨¬ ªà ¥¢ë¥ § ¤ ç¨

x(n)(t) + pk(t)x[hk(t)] = fk(t); t 2 [ak; bk];

x(�) = 0; ¥á«¨ � =2 [ak; bk]; (9)

l1kx = �1; : : : ; lnkx = �nk ; k = 0; 1; : : : ;

£¤¥ pk; fk 2 Bk = L[ak; bk], äã­ªæ¨ï hk : [ak; bk] ! R1 ¨§¬¥à¨¬ , lik, i = 1; : : : ; n, | «¨­¥©­ë¥
®£à ­¨ç¥­­ë¥ äã­ªæ¨®­ «ë ­  ¯à®áâà ­áâ¢¥ Dk =W n[ak; bk].

�ãáâì �(t) | ®¯à¥¤¥«¥­­ ï ­  ®âà¥§ª¥ [a; b] ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï. �«ï äã­ªæ¨¨ x : [a; b]!
R1 ®¯à¥¤¥«¨¬ ®¯¥à æ¨î S� à ¢¥­áâ¢®¬

(S�x)(t) =

(
x[�(t)]; ¥á«¨ �(t) 2 [a; b];
0; ¥á«¨ �(t) =2 [a; b]:

43



�á¯®«ì§ãï íâ® ®¡®§­ ç¥­¨¥ ¨ ¯®« £ ï lk = [l1k; : : : ; l
n
k ], �k = f�1

k; : : : ; �
n
kg, § ¯¨è¥¬ § ¤ çã (9) ¢

¢¨¤¥

(Lkx)(t)
def= x(n)(t) + pk(t)(Shkx)(t) = fk(t);

lkx = �k:
(90)

�®«­ ï ­¥¯à¥àë¢­®áâì ®¯¥à â®à  Tk : Dk ! Bk, ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬

(Tkx)(t) = pk(t)(Shkx)(t);

¯®ª § ­  ¢ ([3], c. 17{28).
� ©¤¥¬ ¯à¥¤áâ ¢«¥­¨¥ ®¯¥à â®à  H�1

k TkPk : D0 ! B0. �ãáâì x 2 D0. �¬¥¥¬

(ShkPkx)(t) = (Shkx[wk(�)])(t) =

(
x[wk(hk(t))]; ¥á«¨ hk(t) 2 [ak; bk];
0; ¥á«¨ hk(t) 62 [ak; bk]:

� ª ª ª ãá«®¢¨¥ hk(t) 2 [ak; bk] íª¢¨¢ «¥­â­® wk(hk(t)) 2 [a0; b0], â®

(ShkPkx)(t) =

(
x[wk(hk(t))]; ¥á«¨ wk(hk(t)) 2 [a0; b0];
0; ¥á«¨ wk(hk(t)) 62 [a0; b0]:

� «¥¥,

(H�1
k ShkPkx)(t) =

(
x[wk(hk(w

�1
k (t)))]; ¥á«¨ wk(hk(w

�1
k (t))) 2 [a0; b0];

0; ¥á«¨ wk(hk(w
�1
k (t))) =2 [a0; b0]:

� ª¨¬ ®¡à §®¬,
(H�1

k ShkPk x)(t) = (Sgkx)(t);

£¤¥ äã­ªæ¨ï gk : [a0; b0]! R1 ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

gk(t) = wk[hk(w
�1
k (t))];

¨, á«¥¤®¢ â¥«ì­®,

(H�1
k TkPkx)(t) = (Tk[x(wk(�))])(w

�1
k (t)) = pk[w

�1
k (t)](Sgkx)(t):

�¥®à¥¬  1 ¨§ [1] ¯à¨¬¥­¨â¥«ì­® ª § ¤ ç¥ (90) ¯®«ãç ¥â á«¥¤ãîéãî ä®à¬ã«¨à®¢ªã.
�¥®à¥¬  1-bis. �ãáâì ®¯¥à â®àë Pk, k = 1; 2; : : : , ¨ Hk, k = 1; 2; : : : , ®¯à¥¤¥«¥­ë à ¢¥­-

áâ¢ ¬¨ (4) ¨ (3) á®®â¢¥âáâ¢¥­­®. �ãáâì, ¤ «¥¥, Tk
PH
��! T0 ¨ lkuk �! l0u0, ¥á«¨ uk

P
�! u0,

¨ § ¤ ç  (90) ¯à¨ k = 0 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x0 2 D0. �«ï â®£® çâ®¡ë § ¤ ç¨ (90)
¡ë«¨ ®¤­®§­ ç­® à §à¥è¨¬ë ¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å k ¨ ¤«ï «î¡ëå áå®¤ïé¨åáï ¯®á«¥¤®-

¢ â¥«ì­®áâ¥© fk
H
�! f0 ¨ �k �! �0 ¤«ï à¥è¥­¨© xk 2 Dk íâ¨å § ¤ ç ¨¬¥«  ¬¥áâ® áå®¤¨¬®áâì

xk
P
�! x0, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª®£® ®£à ­¨ç¥­­®£® ¢¥ªâ®à-äã­ªæ¨®­ « 

l : D0 ! Rn, çâ® ªà ¥¢ë¥ § ¤ ç¨

cnkx
(n)(t) + pk[w

�1
k (t)](Sgkx)(t) = f(t); t 2 [a0; b0];

lx = �; k = 0; 1; : : : ;
(10)

®¤­®§­ ç­® à §à¥è¨¬ë ¯à¨ k = 0 ¨ ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å k, ¨ ¯à¨ «î¡ëå f 2 B0, � 2 Rn

¤«ï à¥è¥­¨© vk 2 D0 § ¤ ç (10) ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì lim
k!1

kvk � v0kD0
= 0.

� ¬¥ç ­¨¥ 2. � ¯à¨¢¥¤¥­­®¬ ¯à¨¬¥à¥ ¡ë«® à áá¬®âà¥­® ãà ¢­¥­¨¥ á ®âª«®­ïîé¨¬áï  à-
£ã¬¥­â®¬ ¯à®áâ¥©è¥£® ¢¨¤  á æ¥«ìî ¨§¡¥¦ âì £à®¬®§¤ª®áâ¨ ¢ ¯à¥®¡à §®¢ ­¨ïå. �  ¦¥ áå¥¬ 
á®åà ­¨âáï ¨ ¢ á«ãç ¥ ®¯¥à â®à  Lk :W n[ak; bk]! L[ak; bk] ¡®«¥¥ ®¡é¥£® ¢¨¤ . � ¯à¨¬¥à, ¥á«¨

(Lkx)(t) = x(n)(t) +
n�1X
i=0

pik(t)(Shik x
(i))(t);

44



â® ãà ¢­¥­¨¥ (7) ¡ã¤¥â ¨¬¥âì ¢¨¤

cnkx
(n)(t) +

n�1X
i=0

pik[w
�1
k (t)](Sgi

k
x(i))(t) = f(t);

£¤¥ gik(t) = wk[hik(w
�1
k (t))]; i = 0; : : : ; n� 1.

2. �á«®¢¨ï áå®¤¨¬®áâ¨ Tk
PH
�! T0

�¡®§­ ç¨¬ 
k = ft 2 [ak; bk] : hk(t) 2 [ak; bk]g; wk(
k) | ®¡à § ¬­®¦¥áâ¢  
k ¯à¨ ®â®¡à ¦¥­¨¨
wk: wk(
k) = ft 2 [a0; b0] : hk(w

�1
k (t)) 2 [ak; bk]g; ek | á¨¬¬¥âà¨ç¥áª ï à §­®áâì ¬­®¦¥áâ¢ 
0 ¨

wk(
k): ek = [
0 n wk(
k)] [ [wk(
k) n 
0]. � ª¨¬ ®¡à §®¬, ¥á«¨ t 2 ek, â® «¨¡® h0(t) 2 [a0; b0],
hk(w

�1
k (t)) =2 [a0; b0], «¨¡® h0(t) 62 [a0; b0], hk(w

�1
k (t)) 2 [a0; b0].

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

a) pk
H
�! p0;

b) lim
k!1

mes ek = 0;

c) ¤«ï «î¡ëå � > 0 ¨ � > 0 ­ ©¤¥âáï â ª®¥ k0, çâ® ¯à¨ k > k0

mesft 2 
0 [ wk(
k) : jwk[hk(w
�1
k (t))] � h0(t)j � �g < �: (11)

�®£¤  Tk
PH
��! T0.

� ¬¥ç ­¨¥ 3. �á«®¢¨¥ c) (á¬. [1]) ¢ á«ãç ¥, ª®£¤  ¢á¥ ¯à®áâà ­áâ¢  Dk á®¢¯ ¤ îâ á D0 ¨
hk(t) 2 [a0; b0] ¤«ï t 2 [a0; b0], k = 0; 1; : : : , ®§­ ç ¥â áå®¤¨¬®áâì ¯® ¬¥à¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨
fhk(t)g ª h0(t) ­  [a0; b0].

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤áâ ¢«¥­¨ï (1) í«¥¬¥­â  x ¯à®áâà ­áâ¢  Dk ¯®«ãç¨¬ ®æ¥­ªã

max
t2[ak;bk]

jx(t)j � MkxkDk
;

£¤¥ M = max
� (bk�ak)i

i!
; i = 0; : : : ; n� 1; k = 0; 1; : : :

	
: �á«¨ uk

P
�! u0, â®

sup
k

kukkDk
=M1 <1

¨, á«¥¤®¢ â¥«ì­®,
max

t2[ak;bk]
juk(t)j � MM1; k = 0; 1; : : :

�ãáâì uk
P
�! u0. �¬¥¥¬

(Shkuk)(t) =

(
uk[hk(t)]; ¥á«¨ t 2 
k;
0; ¥á«¨ t 2 [ak; bk] n 
k;

(HkT0u0)(t) = p0[wk(t)](Sh0u0)(wk(t)):

� «¥¥,

kTkuk �HkT0u0kBk =
Z bk

ak
jpk(t)(Shkuk)(t) � p0[wk(t)](Sh0u0)(wk(t))j dt �

�

Z bk

ak
jpk(t)� p0[wk(t)]j j(Shkuk)(t)j dt +

Z bk

ak
jp0[wk(t)]j j(Shkuk)(t)� (Sh0u0)(wk(t))j dt:

�¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  ®æ¥­¨¢ ¥âáï ¢¥«¨ç¨­®©

MM1

Z bk

ak
jpk(t)� p0[wk(t)]j dt;

á«¥¤®¢ â¥«ì­®, áâà¥¬¨âáï ª ­ã«î ¯à¨ k !1 ¢ á¨«ã ãá«®¢¨ï a).
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�â®à®¥ á« £ ¥¬®¥ à ¢­®

c�1k

Z b0

a0
jp0(s)jj(Shkuk)(w

�1
k (s))� (Sh0u0)(s)j ds

def= c�1k I[a0;b0]:

�­â¥£à « I[a0;b0] à §®¡ì¥¬ ­  ¤¢  á« £ ¥¬ëå

I[a0;b0] = I
0\wk(
k) + Iek :

�á«¨ t 2 ek, â® «¨¡® (Shkuk)(w
�1
k (t)) = uk[hk(w

�1
k (t))], (Sh0u0)(t) = 0, «¨¡® (Shkuk)(w

�1
k (t)) = 0,

(Sh0u0)(t) = u0[h0(t)]. �®íâ®¬ã ¨¬¥¥¬ ®æ¥­ªã

Iek �MM1

Z
ek

jp0(s)j ds;

®âªã¤  lim
k!1

Iek = 0 ¢ á¨«ã ãá«®¢¨ï b). � «¥¥,

I
0\wk(
k) �

Z

0\wk(
k)

jp0(s)j
��uk[hk(w�1k (s))]� u0[wk(hk(w

�1
k (s)))]

�� ds+
+
Z

0\wk(
k)

jp0(s)j
��u0[wk(hk(w

�1
k (s)))]� u0[h0(s)]

�� ds def= I1k + I2k;

I1k �Mkuk � u0(wk)kDk

Z b0

a0
jp0(s)j ds;

®âªã¤  lim
k!1

I1k = 0.

�ãáâì § ¤ ­® " > 0. � ©¤¥¬ � > 0 ¨ � > 0 â ª, çâ®¡ë

ju0(t1)� u0(t2)j < "; ¥á«¨ jt1 � t2j < �; t1; t2 2 [a0; b0];

¨
Z
e

jp0(s)j ds < ", ¥á«¨ mes e < �. �ë¡¥à¥¬ k0 â ª, çâ®¡ë ¯à¨ k > k0 ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

(11). �¡®§­ ç¨¬

E1k = fs 2 
0 \ wk(
k) : jwk[hk(w
�1
k (s))]� h0(s)j � �g;

E2k = (
0 \wk(
k)) n E1k:

�®£¤ 

I2k =
Z
E1k

jp0(s)j
��u0[wk(hk(w

�1
k (s)))] � u0[h0(s)]

�� ds+
+
Z
E2k

jp0(s)j
��u0[wk(hk(w

�1
k (s)))]� u0[h0(s)]

�� ds �
� 2MM1

Z
E1k

jp0(s)j ds+ "

Z b0

a0
jp0(s)j ds < "(2MM1 + kp0kB0

)

¤«ï k > k0. �â ª, lim
k!1

I2k = 0.

�¥®à¥¬  ¤«ï á«ãç ï, ª®£¤  ¢á¥ ¯à®áâà ­áâ¢  Dk á®¢¯ ¤ îâ á D0, ¡ë«  áä®à¬ã«¨à®¢ ­  ¢
[4].
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3. �à ¢­¥­¨¥ n-£® ¯®àï¤ª  á ¨¬¯ã«ìá­ë¬¨ ¢®§¤¥©áâ¢¨ï¬¨

�¡®§­ ç¨¬ ç¥à¥§ WSn[a; t1; : : : ; tm; b] ¯à®áâà ­áâ¢® äã­ªæ¨© x : [a; b] ! R1, ¯à¥¤áâ ¢¨¬ëå ¢
¢¨¤¥

x(t) =
Z t

a

(t� s)n�1

(n� 1)!
z(s) ds+

n�1X
i=0

(t� a)i

i!
�i +

mX
j=1

�[tj ;b](t)
(t� tj)n�1

(n� 1)!

j ;

£¤¥ z 2 L[a; b]; �0; : : : ; �n�1, 
1; : : : ; 
m | ¯®áâ®ï­­ë¥; �[tj;b] | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®â-
à¥§ª  [tj ; b], a < t1 < � � � < tm < b. � ª¨¬ ®¡à §®¬, í«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  WSn[a; t1; : : : ; tm; b]
ï¢«ïîâáï äã­ªæ¨¨, ¨¬¥îé¨¥ ­  [a; b]  ¡á®«îâ­® ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® (n� 2)-£® ¯®àï¤-
ª  ¢ª«îç¨â¥«ì­® (¥á«¨ n � 2) ¨ ¯à®¨§¢®¤­ãî (n � 1)-£® ¯®àï¤ª ,  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­ 
ª ¦¤®¬ ¨§ ¯à®¬¥¦ãâª®¢ [a; t1); [t1; t2); : : : ; [tm; b].

�à®áâà ­áâ¢® WSn[a; t1; : : : ; tm; b] ¨§®¬®àä­® ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î L[a; b]�Rn+m. �§®¬®à-
ä¨§¬ f�; Y g ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

(�z)(t) =
Z t

a

(t� s)n�1

(n� 1)!
z(s) ds;

(Y �)(t) =
n�1X
i=0

(t� a)i

i!
�i +

mX
j=1

�[tj ;b](t)
(t� tj)n�1

(n� 1)!

j ;

� = colf�0; : : : ; �n�1; 
1; : : : ; 
mg;

f�; Y g�1 = [�; r], £¤¥

(�x)(t) = x(n)(t); rx = colfx(a); : : : ; x(n�1)(a);�x(n�1)(t1); : : : ;�x
(n�1)(tm)g;

�x(n�1)(ti) = x(n�1)(ti)� x(n�1)(ti � 0);

kxkWSn[a;t1;:::;tm;b] = kx(n)kL[a;b] + jrxj:

�ãáâì lim
k!1

ak = a0, lim
k!1

bk = b0, lim
k!1

tki = t0i , i = 1; : : : ;m. �¡®§­ ç¨¬

Bk = L[ak; bk]; Dk =WSn[ak; tk1 ; : : : ; t
k
m; b

k]; k = 0; 1; : : :

�à®áâà ­áâ¢® Dk ¨§®¬®àä­® Bk �Rn+m. �§®¬®àä¨§¬ë

f�k; Ykg : Bk �Rn+m ! Dk ¨ [�k; rk] = f�k; Ykg
�1 : Dk ! Bk �Rn+m

®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

(�kz)(t) =
Z t

ak

(t� s)n�1

(n� 1)!
z(s) ds;

(Yk�)(t) =
n�1X
i=0

(t� ak)i

i!
�i +

mX
j=1

�[tk
j
;bk ](t)

(t� tkj )
n�1

(n� 1)!

j ;

(�kx)(t) = x(n)(t);

rkx = colfx(ak); : : : ; x(n�1)(ak);�x(n�1)(tk1); : : : ;�x
(n�1)(tkm)g:

�®­¥ç­®¬¥à­ë© ®¯¥à â®à Yk : Rn+m ! Dk ®¯à¥¤¥«ï¥âáï ¢¥ªâ®à®¬

Yk(t) =
�
1;

t� ak

1!
; : : : ;

(t� ak)n�1

(n� 1)!
; �[tk

1
;bk ](t)

(t� tk1)
n�1

(n� 1)!
; : : : ; �[tkm;b

k ](t)
(t� tkm)

n�1

(n� 1)!

�
:

47



� ª¨¬ ®¡à §®¬, í«¥¬¥­â x 2 Dk, k = 0; 1; : : : , ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

x(t) = (�kx
(n))(t) + Yk(t)rkx =

Z t

ak

(t� s)n�1

(n� 1)!
x(n)(s) ds+

+
n�1X
i=0

(t� ak)i

i!
x(i)(ak) +

mX
j=1

�[tk
j
;bk ](t)

(t� tkj )
n�1

(n� 1)!
�x(n�1)(tkj ); (12)

kxkDk
= k�kxkBk + jrkxj.

�®«®¦¨¬ w0(t) = t,

wk(t) =
mX
i=0

�
t0i+1 � t0i
tki+1 � tki

(t� tki ) + t0i

�
�[tk

i
;tk
i+1

](t); k = 1; 2; : : : (13)

(§¤¥áì tk0 = ak, tkm+1 = bk). �ã­ªæ¨ï wk ®â®¡à ¦ ¥â ®âà¥§®ª [ak; bk] ­  [a0; b0] â ª, çâ® wk(tki ) = t0i ,
i = 0; : : : ;m+ 1.

�ã­ªæ¨¨ wk(t), ®¯à¥¤¥«ï¥¬ë¥ à ¢¥­áâ¢®¬ (13), ¡ë«¨ ¨á¯®«ì§®¢ ­ë �.�.�­®å¨­ë¬ ¯à¨
¨§ãç¥­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ªà ¥¢ëå § ¤ ç ¤«ï á¨áâ¥¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  á ¨¬¯ã«ìá­ë¬¨ ¢®§¤¥©áâ¢¨ï¬¨. �®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ®¯ã-
¡«¨ª®¢ ­ ¡¥§ ¤®ª § â¥«ìáâ¢  ¢ ([3], â¥®à¥¬  6.3.2).

�¯à¥¤¥«¨¬ ®¯¥à â®à Hk : B0 ! Bk, k = 0; 1; : : : , à ¢¥­áâ¢®¬

(Hkz)(t) = z[wk(t)]: (14)

�®£¤  (H�1
k z)(t) = z[w�1k (t)],

w�1k (t) =
mX
i=0

�
tki+1 � tki
t0i+1 � t0i

(t� t0i ) + tki

�
�[t0

i
;t0
i+1

](t):

�«ï z 2 D0 ¨¬¥¥¬

kHkzkBk =
Z bk

ak
jz[wk(t)]j dt =

mX
i=0

Z tki+1

tk
i

jz[wk(t)]j dt =
mX
i=0

tki+1 � tki
t0i+1 � t0i

Z t0i+1

t0
i

jz(�)j d�:

�âáî¤  lim
k!1

kHkzkBk = kzkB0
, kHkzkBk � max

i

tki+1 � tki
t0i+1 � t0i

kzkB0
. � ª ª ª à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï, â®

kHkk = max
i

tki+1 � tki
t0i+1 � t0i

:

�­ «®£¨ç­®

kH�1
k k = max

i

t0i+1 � t0i
tki+1 � tki

:

�â ª, á¨áâ¥¬  ¨§®¬®àä¨§¬®¢ H = fHkgk2N ï¢«ï¥âáï á¢ï§ë¢ îé¥© ¤«ï B0 ¨ Bk, ¯à¨ç¥¬

sup
k

kH�1
k k <1. �å®¤¨¬®áâì zk

H
�! z0 ®§­ ç ¥â, çâ®

lim
k!1

Z bk

ak
jzk(t)� z0[wk(t)]j dt = 0:

�¢ï§ë¢ îéãî á¨áâ¥¬ã P = fPkgk2N ¨§®¬®àä¨§¬®¢ ¤«ï ¯à®áâà ­áâ¢ D0 ¨ Dk ¯®áâà®¨¬ â ª,
ª ª íâ® ¡ë«® á¤¥« ­® ¢ x 4 ¨§ [1]. � ¨¬¥­­®, ¯®«®¦¨¬

Pk = �kHk�0 + Ykr0: (15)
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� ª¨¬ ®¡à §®¬,

(Pkx)(t) =
Z t

ak

(t� s)n�1

(n� 1)!
x(n)[wk(s)] ds+

n�1X
i=0

(t� ak)i

i!
x(i)(a0) +

+
mX
j=1

(t� tkj )
n�1

(n� 1)!
�[tk

j
;bk](t)�x

(n�1)(t0j ); x 2 D0: (16)

�«ï uk 2 Dk, k = 0; 1; : : : , ¨¬¥¥¬

kuk�Pku0kDk
=
Z bk

ak
ju

(n)
k (s)�u

(n)
0 [wk(s)]j ds+

n�1X
i=0

ju
(i)
k (ak)�u

(i)
0 (a0)j+

mX
j=1

j�u(n�1)k (tkj )��u
(n�1)
0 (t0j )j:

�®íâ®¬ã áå®¤¨¬®áâì uk
P
�! u0 ®§­ ç ¥â, çâ® u

(n)
k

H
�! u

(n)
0 ¨ rkuk ! r0u0.

�ãáâì Lk : Dk ! Bk | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ­�eâ¥à®¢ ®¯¥à â®à, indLk = n+m. �à¨¬¥­ïï
Lk ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (16), ¯®«ãç¨¬ (LkPkx)(t) = (Qkx

(n)[wk(�)])(t) + Ak(t)r0x, £¤¥ Qk =
Lk�k | \£« ¢­ ï ç áâì" ®¯¥à â®à  Lk ([3], c. 103), Ak(t) = fAk

0(t); : : : ; A
k
n�1(t); B

k
1 (t); : : : ; B

k
m(t)g =

(LkYk(�))(t).
�¢ï§ë¢ îé¨¥ á¨áâ¥¬ë ¨§®¬®àä¨§¬®¢ ¯à®áâà ­áâ¢ B0, Bk ¨D0, Dk, ®¯à¥¤¥«¥­­ë¥ à ¢¥­áâ¢ -

¬¨ (14) ¨ (15) á®®â¢¥âáâ¢¥­­®, ã¤®¢«¥â¢®àïîâ âà¥¡®¢ ­¨ï¬ â¥®à¥¬ë 1. �®íâ®¬ã ¤«ï ªà ¥¢ëå
§ ¤ ç

Lkx = fk; lkx = �k 2 Rn+m; k = 0; 1; : : : ;

¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® Lk
PH
��! L0 ¨ lkuk ! l0u0, ¥á«¨ uk

P
�! u0, á¯à ¢¥¤«¨¢  â¥®à¥¬  1. �à¨ íâ®¬

ãà ¢­¥­¨¥ H�1LkPkx = f ¢ § ¤ ç¥ (7) ¨§ [1] ¨¬¥¥â ¢¨¤

(Qkx
(n)[wk(�)])(w

�1
k (t)) +

n�1X
i=0

Ak
i (w

�1
k (t))x(i)(a0) +

mX
j=1

Bk
j (w

�1
k (t))�x(n�1)(t0j) = f(t):

�à¨¬¥­ïï ®¯¥à â®à Lk ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (12), ¯®«ãç¨¬ (Lkx)(t) = (Qkx
(n))(t) +

Ak(t)rkx. �§ à ¢¥­áâ¢  Lkuk�HkL0u0 = Qku
(n)
k �HkQ0u

(n)
0 +Akrkuk�HkA0r0u0 ¨ ®æ¥­ª¨ kLkuk�

HkL0u0kBk � kQku
(n)
k �HkQ0u

(n)
0 kBk + k jAk �HkA0j kBk jrkukj+ k jHkA0j kBk jrkuk � r0u0j á«¥¤ã¥â,

çâ® áå®¤¨¬®áâì Lk
PH
��! L0 íª¢¨¢ «¥­â­  â®¬ã, çâ® Qk

HH
��! Q0 ¨ Ak

i

H
�! A0

i , i = 0; : : : ; n � 1,

Bk
j

H
�! B0

j , j = 1; : : : ;m.

� ¬¥ç ­¨¥ 4. � á«ãç ¥ ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª  (n = 1) ¬®¦­® á¢ï§ë¢ îéãî á¨áâ¥-
¬ã ¤«ï D0 ¨ Dk ®¯à¥¤¥«¨âì à ¢¥­áâ¢®¬ (Pkx)(t) = x[wk(t)], k = 1; 2; : : : �®£¤  ãà ¢­¥­¨¥
H�1

k LkPkx = f ¡ã¤¥â ¨¬¥âì â ª®© ¦¥ ¢¨¤, ª ª (7), ¯à¨ç¥¬ wk ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬ (13).
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