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�ãáâì Rm | ª®¥ç®¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® á ®à¬®© j � j; Lp([a; b]; Rm) | ¯à®áâà -

áâ¢® áã¬¬¨àã¥¬ëå ¢ p-© (1 � p < 1) áâ¥¯¥¨ äãªæ¨© y : [a; b] ! Rm, kykLp
=
� bR
a
jy(s)jpds

�1=p
;

L1([a; b]; Rm) | ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå ®£à ¨ç¥ëå ¢ áãé¥áâ¢¥®¬ äãªæ¨© y : [a; b] !
Rm, kykL1 = vrai sup

t2[a;b]

jy(t)j; ACp([a; b]; Rm) | ¯à®áâà áâ¢®  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨©

x : [a; b] ! Rm, 1 � p � 1, ¯à®¨§¢®¤ ï ª®â®àëå x0 2 Lp([a; b]; Rm), kxkACp
= kx0kLp

+ jx(a)j. �
¯¥à¥ç¨á«¥ëå ®¡®§ ç¥¨ïå ¡ã¤¥¬ ®¯ãáª âì ¨¤¥ªáëm = 1, p = 1. �à®¬¥ â®£®, ¢ ®¡®§ ç¥¨ïå
äãªæ¨® «ìëå ¯à®áâà áâ¢ ¥ ¡ã¤¥¬ ¯¨á âì, £¤¥ ®¯à¥¤¥«¥ë ¨ ¢ ª ª¨å ¬®¦¥áâ¢ å ¨¬¥îâ
§ ç¥¨ï äãªæ¨¨ | í«¥¬¥âë ¯à®áâà áâ¢, ¥á«¨ íâ® ¥ ¢ë§®¢¥â ¥¤®à §ã¬¥¨©.

�®£®ç¨á«¥ë¥ ª« ááë ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâ®© ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨
®¤®© ¯¥à¥¬¥®© x(�) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ãà ¢¥¨ï Fx = 0 á ®¯¥à â®à®¬
F : ACp([a; b]; Rm) ! Lp([a; b]; Rm). �â® ãà ¢¥¨¥,  §¢ ®¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì-
ë¬, ¨áá«¥¤®¢ ® ¢ à ¡®â å ãç áâ¨ª®¢ �¥à¬áª®£® á¥¬¨ à  ¯à®ä¥áá®à  �.�. �§¡¥«¥¢  [1]. �
¢®áì¬¨¤¥áïâëå £®¤ å   á¥¬¨ à¥ ¢®§¨ª«  ¨¤¥ï ¨áá«¥¤®¢ ¨ï  ¡áâà ªâ®£®   «®£  äãªæ¨®-
 «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á ®¯¥à â®à ¬¨, ¤¥©áâ¢ãîé¨¬¨ ¢ ¯à®¨§¢®«ìëå ¡  å®-
¢ëå ¯à®áâà áâ¢ å. �  ¯à®è¥¤è¨¥ £®¤ë ¡ë«  à §à ¡®â   â¥®à¨ï â ª¨å ãà ¢¥¨© ¨  ©¤¥ë
ª®ªà¥âë¥ á®¤¥à¦ â¥«ìë¥ à¥ «¨§ æ¨¨ ®¡é¨å ãâ¢¥à¦¤¥¨© [1]{[4]. �¥®à¨ï ®¡ê¥¤¨¨«  \ª« á-
á¨ç¥áª¨å" ¯à¥¤áâ ¢¨â¥«¥© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¬¥¥¥ ¨§ãç¥ë¬¨
á¨£ã«ïàë¬¨ ãà ¢¥¨ï¬¨, ¨¬¯ã«ìáë¬¨ á¨áâ¥¬ ¬¨, £¨¡à¨¤ë¬¨ á¨áâ¥¬ ¬¨ ¨ â. ¤.

�¤¥áì ¯à¥¤« £ îâáï í«¥¬¥âë â¥®à¨¨ «¨¥©®£®  ¡áâà ªâ®£® äãªæ¨® «ì®-¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï á ¢®«ìâ¥àà®¢ë¬¨ ®¯¥à â®à ¬¨. �¥á¬®âàï   ¤®áâ â®çãî ®¡é®áâì, à áá¬ -
âà¨¢ ¥¬®¥ ãà ¢¥¨¥ á®åà ï¥â á¯¥æ¨ä¨ªã ãà ¢¥¨© á ¯®á«¥¤¥©áâ¢¨¥¬ ¨ ï¢«ï¥âáï ¨å ¥áâ¥áâ¢¥-
ë¬ ®¡®¡é¥¨¥¬. � ¦¥©è¨¬ ¨áâàã¬¥â®¬ ¨áá«¥¤®¢ ¨ï «¨¥©®£®  ¡áâà ªâ®£® ãà ¢¥¨ï,
ª ª ¨ \®¡ëçëå" äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëåãà ¢¥¨©, áç¨â ¥¬ äãªæ¨î�®è¨, ®¯à¥-
¤¥«¥¨î, á¢®©áâ¢ ¬ ¨ ¯à¨¡«¨¦¥®¬ã  å®¦¤¥¨î ª®â®à®© ¯®á¢ïé¥  íâ  à ¡®â .

1. �à ¥¢ ï § ¤ ç . �ãªæ¨ï �à¨ 

�ãáâì D, B | ¡  å®¢ë ¯à®áâà áâ¢ , ¯à¨ç¥¬ D ¨§®¬®àä® ¨ ¨§®¬¥âà¨ç® ¯àï¬®¬ã ¯à®-
¨§¢¥¤¥¨î B �Rn. �¨áâ¥¬  ãà ¢¥¨©

Lx = f; lx = �; (1)

£¤¥ L : D ! B, l : D ! Rn | «¨¥©ë¥ ®£à ¨ç¥ë¥ ®¯¥à â®àë,  §ë¢ ¥âáï ªà ¥¢®© § ¤ ç¥©

[3], [4]. �à¥¤¯®« £ ¥âáï, çâ® ®¯¥à â®à L ¥â¥à®¢, indL = n. �á«¨ § ¤ ç  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ ¯à¨ ª ¦¤®© ¯ à¥ (f; �) 2 B �Rn, â® íâ® à¥è¥¨¥ ¯à¥¤áâ ¢¨¬® [3] ¢ ¢¨¤¥ x = Gf +X�.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò 04-01-00140), �®à¢¥¦áª®£® ª®¬¨â¥â  ¯® à §¢¨â¨î ã¨¢¥àá¨â¥âáª®©  ãª¨ ¨ ®¡à §®¢ ¨ï
(NUFU) (¯à®¥ªâ òPRO 06/2002).
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�®¥ç®¬¥àë© ®¯¥à â®à X : Rn ! D ®¯à¥¤¥«ï¥âáï äã¤ ¬¥â «ì®© á¨áâ¥¬®© à¥è¥¨© X

®¤®à®¤®£® ãà ¢¥¨ï Lx = 0. �¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à G : B ! D  §ë¢ îâ ®¯¥à -
â®à®¬ �à¨ . � \ª« áá¨ç¥áª®¬" á«ãç ¥, ª®£¤  B = Lp | ¯à®áâà áâ¢® áã¬¬¨àã¥¬ëå äãªæ¨©,
D = ACp | ¯à®áâà áâ¢®  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨©, ®¯¥à â®à �à¨  ï¢«ï¥âáï ¨â¥-

£à «ìë¬, â. ¥. § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (Gf)(t) =
bR
a

G(t; s)f(s)ds: �¤à® G(t; s),  §ë¢ ¥¬®¥ ¬ âà¨-

æ¥© ¨«¨ äãªæ¨¥© �à¨ , ¨£à ¥â § ¬¥âãî à®«ì ¢ â¥®à¨¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©. �ª §ë¢ ¥âáï, ¨ ¢ á«ãç ¥ ¯à®¨§¢®«ìëå äãªæ¨® «ìëå ¡  å®¢ëå ¯à®áâà áâ¢ D,
B ¬®¦® ¯à¥¤«®¦¨âì   «®£ äãªæ¨¨ �à¨ .

�â ª, ¢ ¤ «ì¥©è¥¬ à áá¬ âà¨¢ îâáï ¡  å®¢ë ¯à®áâà áâ¢  D, B äãªæ¨© y : [a; b]! Rm,
¤«ï ª®â®àëå ¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬ D �= B � Rn. �à¥¤¯®« £ ¥âáï, çâ® ¤«ï «î¡®© ¯®á«¥¤®-
¢ â¥«ì®áâ¨ fyig � D ¨§ kyikD ! 0 ¯à¨ i ! 1 á«¥¤ã¥â jyi(t)j ! 0 ¤«ï ¢á¥å t 2 [a; b]. �®£¤ 
¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ t 2 [a; b] ¢á«¥¤áâ¢¨¥ ®£à ¨ç¥®áâ¨ ®¯¥à â®à  �à¨  G : B ! D

«¨¥©ë© ¢¥ªâ®à-äãªæ¨® « f 7! (Gf)(t), ®¯à¥¤¥«¥ë©   B, ¥¯à¥àë¢¥. �¡®§ ç¨¬ íâ®â
¢¥ªâ®à-äãªæ¨® « ç¥à¥§ g(t),   ¥£® § ç¥¨¥ g(t)f = (Gf)(t)   í«¥¬¥â¥ f 2 B | á¨¬¢®«®¬
hg(t); fi. �®¬¯®¥âë m-¬¥à®£® ¢¥ªâ®à  g(t) ï¢«ïîâáï í«¥¬¥â ¬¨ á®¯àï¦¥®£® ¯à®áâà -
áâ¢  B�. �®áâà®¥®¥ â ª¨¬ ®¡à §®¬ ®â®¡à ¦¥¨¥ g : [a; b] ! B�m ¡ã¤¥¬  §ë¢ âì äãªæ¨¥©

(¬ âà¨æ¥©) �à¨ .
�à¨¢¥¤¥®¥ ®¯à¥¤¥«¥¨¥ ¯®§¢®«ï¥â á®åà ¨âì ¬®£¨¥ \¯à¨¢ëçë¥" á¢®©áâ¢  ¬ âà¨æë �à¨-

   ¡áâà ªâ®£® ãà ¢¥¨ï. �à¨¢¥¤¥¬ ¥ª®â®àë¥ ãâ¢¥à¦¤¥¨ï, ®á®¢ ë¥   à¥§ã«ìâ â å [1].

�¥®à¥¬  1. �ãªæ¨¨ �à¨  g ¨ g1 ¤¢ãå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨ï Lx = f á ¢¥ªâ®à-

äãªæ¨® « ¬¨ l ¨ l1 á¢ï§ ë á®®â®è¥¨¥¬ g(t) = g1(t) � X(t)(lX)�1V , £¤¥ X | äã¤ ¬¥-

â «ì ï ¬ âà¨æ  à¥è¥¨© ãà ¢¥¨ï Lx = 0, ¢¥ªâ®à-äãªæ¨® « V : B ! Rn ®¯à¥¤¥«ï¥âáï

à ¢¥áâ¢®¬ V f = lg1(�)f .

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï á«¥¤ã¥â ¨§ ä®à¬ã«ë ([1], á. 105) G = G1 �X(lX)�1lG1, á¢ï§ë-
¢ îé¥© ®¯¥à â®àë �à¨  íâ¨å ªà ¥¢ëå § ¤ ç.

�ãáâì ¨§®¬®àä¨§¬ D �= B � Rn § ¤  ®¯¥à â®à ¬¨ 
�

r

!
: D ! B �Rn; (�; Y ) =

 
�

r

!�1
: B � Rn ! D: (2)

�®£¤  ªà ¥¢ãî § ¤ çã (1) ¬®¦® § ¯¨á âì [3] ¢ ¢¨¤¥

Lx � Q�x+Arx = f; lx � ��x+	rx = �; (3)

£¤¥ Q = L� : B ! B, A = LY : Rn ! B, � = l� : B ! Rn, 	 = lY : Rn ! Rn. �®£« á® ([1],
á. 104) £« ¢ ï ªà ¥¢ ï § ¤ ç 

Lx � Q�x+Arx = f; rx = �; (4)

®¤®§ ç® à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¯¥à â®à Q ¨¬¥¥â ®£à ¨ç¥ë© ®¡à â-
ë©, à¥è¥¨¥ § ¤ ç¨ (4) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ x = �Q�1f + (Y � �Q�1A)�. �ãáâì äãªæ¨® «
�(t) : B ! Rm ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ h�(t); fi = (�f)(t). �®£¤  äãªæ¨ï �à¨  c : [a; b] ! B�m

§ ¤ ç¨ (4)  å®¤¨âáï ¯® ä®à¬ã«¥ c(t) = �(t)Q�1. �¥¯¥àì   ®á®¢ ¨¨ â¥®à¥¬ë 1 ¯®«ãç ¥¬
¯à¥¤áâ ¢«¥¨¥ äãªæ¨¨ �à¨  § ¤ ç¨ (3)

g(t) = �(t)Q�1 �X(t)(lX)�1l�Q�1: (5)

�à¨ ¢ë¢®¤¥ ä®à¬ã«ë (5) ¨á¯®«ì§®¢ « áì ¢á¯®¬®£ â¥«ì ï ªà ¥¢ ï § ¤ ç  (4), ®â«¨ç ¢-
è ïáï ®â ¨áå®¤®© § ¤ ç¨ (3) ªà ¥¢ë¬ ãá«®¢¨¥¬. �«ï à¥è¥¨ï ¬®£¨å ¢®¯à®á®¢ ã¤®¡® ¢
ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì®© ¢ë¡à âì ªà ¥¢ãî § ¤ çã ¤«ï ¤àã£®£® ãà ¢¥¨ï, ® á â ª¨¬ ¦¥
äãªæ¨® «®¬, çâ® ¨ ¨áå®¤ ï. � ª ï ªà ¥¢ ï § ¤ ç  ¨á¯®«ì§ã¥âáï,  ¯à¨¬¥à, ¢ ¨§¢¥áâ®©
\W -¯®¤áâ ®¢ª¥" �.�. �§¡¥«¥¢ . �«¥¬¥â àë© ®¯¥à â®à �à¨ , ª®â®àë© íää¥ªâ¨¢® áâà®¨âáï
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¯® ªà ¥¢ë¬ ãá«®¢¨ï¬, ¯à¥¤«®¦¥ ¢ [1]. �«ï ¯®áâà®¥¨ï äãªæ¨¨ �à¨  íâ®£® ®¯¥à â®à  ¢ë¡¥-
à¥¬ ¢¥ªâ®à U 2 Dn, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î det rU 6= 0, lU = E. �®£« á® ([1], áá. 52, 106) ¤«ï
«î¡®£® ¢¥ªâ®à-äãªæ¨® «  l á «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ª®¬¯®¥â ¬¨ â ª®© ¢¥ªâ®à áãé¥áâ¢ã¥â.

�¥®à¥¬  2. �«ï ª ¦¤®© ¯ àë (f; �) 2 B �Rn ªà ¥¢ ï § ¤ ç 

Llx � �x� �U(rU)�1rx = f; lx = �; (6)

®¤®§ ç® à §à¥è¨¬ , ¥¥ äãªæ¨ï �à¨  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

wl(t) = �(t)� U(t)�:

�®ª § â¥«ìáâ¢®. �®£« á® ([1], c. 106) ªà ¥¢ ï § ¤ ç  (6) ®¤®§ ç® à §à¥è¨¬ , ®¯¥à â®à
�à¨  ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ Wl = �� U�. � ª¨¬ ®¡à §®¬, hwl(t); fi = (Wlf)(t) = (�f)(t) �
(U�f)(t) = h�(t); fi � U(t)h�; fi = h�(t)� U(t)�; fi.

�à¨ ¨áá«¥¤®¢ ¨¨ § ¤ ç ã¯à ¢«¥¨ï \ª« áá¨ç¥áª¨¬¨" äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë-
¬¨ ãà ¢¥¨ï¬¨ è¨à®ª® ¨á¯®«ì§ã¥âáï ãà ¢¥¨¥ ¤«ï äãªæ¨¨ �à¨  ¯® ¢â®à®¬ã  à£ã¬¥âã [5].
� ¢¥àè ï ªà âª®¥ ®¯¨á ¨¥ á¢®©áâ¢ äãªæ¨¨ �à¨  " ¡áâà ªâ®©" ªà ¥¢®© § ¤ ç¨ (1), ¯à¨¢¥¤¥¬
  «®£ â ª®£® ãà ¢¥¨ï.

�¥®à¥¬  3. �à¨ ª ¦¤®¬ t 2 [a; b] ¯ à  (g(t);X(t)) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë

Q�g(t) +X(t)� = �(t); (7)

g(t)A+X(t)	 = Y (t): (8)

�¤¥áì Q� : B� ! B� | ®¯¥à â®à, á®¯àï¦¥ë© ª ®¯¥à â®àã Q.

�®ª § â¥«ìáâ¢® ¢® ¬®£®¬ ¯®¢â®àï¥â ¢ë¢®¤ á®®â¢¥âáâ¢ãîé¥£® á¢®©áâ¢  ª« áá¨ç¥áª®©
äãªæ¨¨ �à¨  [1] ¨ â ª ¦¥ ®á®¢ ®   \W -¯®¤áâ ®¢ª¥" x = Wlz, ¯à¨¢®¤ïé¥© § ¤ çã (3)
ª ãà ¢¥¨î LWlz = f . �®¤áâ ¢«ïï Wl = � � U�, ¯®«ãç ¥¬ (L� � LU�)z = f . � «¥¥,
x = Gf = G(Q�LU�)z =Wlz, â. ¥.GQ�GLU� = ��U�. � ª ª ª U�GLU = X, â® GQ+X� = �.
�âáî¤    ®á®¢ ¨¨ ®¯à¥¤¥«¥¨ï äãªæ¨¨ �à¨  ¨¬¥¥¬ hQ�g(t); zi+ hX(t)�; zi = h�(t); zi. � -
ª¨¬ ®¡à §®¬, äãªæ¨ï �à¨  ¤¥©áâ¢¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (7).

�¥¯¥àì § ¬¥â¨¬, çâ® Z = Y �X	 ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ LZ = A; lz = 0. �âáî¤  Z = GA

¨ ¯®«ãç ¥¬ ä®à¬ã«ã (8). �

2. � ç «ì ï § ¤ ç . �ãªæ¨ï �®è¨

� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡® £« ¢ãî ªà ¥¢ãî § ¤ çã (4). �¥ £à ¨ç®¥ ãá«®¢¨¥ ®¯à¥¤¥«ï¥âáï
¨§®¬®àä¨§¬®¬ (2) ¯à®áâà áâ¢ D ¨ B�Rn. � â¥®à¨ïå ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢-
¥¨ï, ãà ¢¥¨ï á á®áà¥¤®â®ç¥ë¬ ¨ à á¯à¥¤¥«¥ë¬ § ¯ §¤ë¢ ¨¥¬, ¤àã£¨å ãà ¢¥¨© á ¯®-
á«¥¤¥©áâ¢¨¥¬ ®¡ëç® ¨á¯®«ì§ã¥âáï ¨§®¬®àä¨§¬, ®¯à¥¤¥«ï¥¬ë© ¢®«ìâ¥àà®¢ë¬ ¯® �.�.�¨å®®¢ã
®¯¥à â®à®¬ �x = _x ¨ äãªæ¨® «®¬ rx = x(a). � íâ®¬ á«ãç ¥ £« ¢®© ï¢«ï¥âáï § ¤ ç  �®è¨,
 ¨¡®«¥¥ ¥áâ¥áâ¢¥ ï ¤«ï ãà ¢¥¨© á ¯®á«¥¤¥©áâ¢¨¥¬. �¯¥æ¨ä¨ç¥áª¨¥ ®á®¡¥®áâ¨ ¢®«ìâ¥àà®-
¢ëå ®¯¥à â®à®¢ ¨ ¨å ¬®£®ç¨á«¥ë¥ ¯à¨«®¦¥¨ï ®¯à¥¤¥«ïîâ æ¥âà «ìãî à®«ì § ¤ ç¨ �®è¨
¢ àï¤ã ªà ¥¢ëå § ¤ ç ¤«ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

�à¥¤¯®«®¦¥¨¥, çâ® ¯à®áâà áâ¢  B,D ï¢«ïîâáï äãªæ¨® «ìë¬¨, ¯®§¢®«ï¥â à á¯à®áâà -
¨âì ¨¤¥¨ ¨ ¬¥â®¤ë â¥®à¨¨ ãà ¢¥¨© �®«ìâ¥àà     ¡áâà ªâë¥ ãà ¢¥¨ï. � â ª¨å ¯à®áâà -
áâ¢ å ¬®¦® ¨áá«¥¤®¢ âì ª« áá  ¡áâà ªâëå äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,
ï¢«ïîé¨åáï   «®£ ¬¨ ãà ¢¥¨© á ¯®á«¥¤¥©áâ¢¨¥¬, ¤«ï ª®â®àëå § ¤ ç  �®è¨ ¯® ¯à ¢ã,   ¥
ä®à¬ «ì®, § ¨¬ ¥â ¬¥áâ® £« ¢®© § ¤ ç¨.

�à¨¢¥¤¥¬ ®¯à¥¤¥«¥¨¥ ¢®«ìâ¥àà®¢®£® ®¯¥à â®à , ª®â®à®¥ ¨á¯®«ì§ã¥âáï ¢ ¤ ®© à ¡®â¥.
�ãáâì ª ¦¤®¬ã  2 [0; 1] ¯®áâ ¢«¥® ¢ á®®â¢¥âáâ¢¨¥ ¥ª®â®à®¥ ¯®¤¬®¦¥áâ¢® e � [a; b] â ª¨¬
®¡à §®¬, çâ®

 = 1 7! e1 = [a; b] 8; � 2 [0; 1];  < � ) e � e�:
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�¡®§ ç¨¬ v = feg. �ãáâì Y;B | «¨¥©ë¥ ¯à®áâà áâ¢  äãªæ¨© f : [a; b] ! Rm. �¨¥©-
®¥ ®â®¡à ¦¥¨¥ F : Y ! B ¡ã¤¥¬  §ë¢ âì ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v, ¥á«¨ ¤«ï ª ¦¤®£®
 2 (0; 1) ¨ «î¡®£® y 2 Y ¨§ y(s) = 0   e á«¥¤ã¥â (Fy)(s) = 0   e . �â® ®¯à¥¤¥«¥¨¥ à áè¨-
àï¥â ¯®ïâ¨¥ ¢®«ìâ¥àà®¢®áâ¨ ¯® �.�.�¨å®®¢ã. �«ï ¢®«ìâ¥àà®¢®£® ¯® �.�.�¨å®®¢ã ®¯¥à â®à 
¨¬¥¥¬ e = [a; a+(b�a)]. �â¬¥â¨¬, çâ® à §«¨çë¥ ®¡®¡é¥¨ï ¯®ïâ¨ï ¢®«ìâ¥àà®¢®áâ¨ ¯à¥¤«®-
¦¥ë ¢ à ¡®â å �.�. �à®¤áª®£®, �.�. �ãå£¥©¬ , �.�. �®å¡¥à£ , �.�. �ãá à¥ª®, �.�.�ï¤ç¥ª®,
�.�. � ¡à¥©ª®, �.�.�à¥© , �.�.�ãà¡ â®¢ , �.�.�¨¢è¨æ , �.�.�ã¬¨ , T.Ando, C.Cordune-
anu, D.C.Youla, H.L. Carlin, L.J. Castriota ¨ ¤àã£¨å  ¢â®à®¢. �®«ìè¨áâ¢® á®¢à¥¬¥ëå âà ªâ®¢®ª
á¢®©áâ¢  ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à®¢ ¢®§¨ª«® ¢ á¢ï§¨ á à¥è¥¨¥¬ ª®ªà¥âëå â¥®à¥â¨ç¥áª¨å ¨
¯à¨ª« ¤ëå § ¤ ç ¢ à §«¨çëå à §¤¥« å ¬ â¥¬ â¨ª¨. �à¥¤«®¦¥®¥ §¤¥áì ®¯à¥¤¥«¥¨¥ ¯®§¢®-
«ï¥â ®å¢ â¨âì è¨à®ª¨© ª« áá ®¯¥à â®à®¢, ¤«ï ª®â®àëå ¢®§¬®¦® ¯®áâà®¥¨¥ á®¤¥à¦ â¥«ì®©
â¥®à¨¨ ¨ ¥¥ ¯à¨¬¥¥¨¥ ª äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬.

�¨¥©ë© ¢¥ªâ®à-äãªæ¨® « r : Y ! Rn  §®¢¥¬ äãªæ¨® «®¬ �®è¨, ¥á«¨

8" > 0; 8y 2 Y fy(t) = 0; t 2 e" ) ry = 0g:

�à ¥¢ãî § ¤ çã (4)  §®¢¥¬  ç «ì®© § ¤ ç¥© (§ ¤ ç¥© �®è¨) ¢ â®¬ á«ãç ¥, ª®£¤ 
L : D ! B | ¢®«ìâ¥àà®¢ë©   v ®¯¥à â®à, r : D ! Rn | äãªæ¨® « �®è¨.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¯¥à â®à � : B ! D ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬   v ®¯¥à â®à®¬. �
íâ®¬ á«ãç ¥ \£« ¢ ï ç áâì" ®¯¥à â®à  L | ®¯¥à â®à Q = L� : B ! B ¡ã¤¥â â ª¦¥ ¢®«ìâ¥àà®-
¢ë¬. �«ï ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �®è¨ ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ®¯¥à â®à Q
¨¬¥« ®£à ¨ç¥ë© ®¡à âë©. �à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à Q�1 : B ! B áãé¥áâ¢ã¥â ¨ ï¢«ï¥â-
áï ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v. �á«®¢¨ï ®¡à â¨¬®áâ¨ ®¯¥à â®à  Q ¨ ¢®«ìâ¥àà®¢®áâ¨ ®¡à â®£®
®¯¥à â®à  ¢ ¯à®áâà áâ¢¥ áã¬¬¨àã¥¬ëå äãªæ¨© ¯®«ãç¥ë ¢ [7], [8], ¢ ¯à®¨§¢®«ìëå ¡  å®¢ëå
äãªæ¨® «ìëå ¯à®áâà áâ¢ å ¢ [9], [10].

�¥è¥¨¥ ®¤®§ ç® à §à¥è¨¬®© § ¤ ç¨ �®è¨ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ x = X�+Cf . �¨¥©ë©
®£à ¨ç¥ë© ®¯¥à â®à C = �Q�1 : B ! D | ®¯¥à â®à �à¨   ç «ì®© § ¤ ç¨ | ¡ã¤¥¬  -
§ë¢ âì ®¯¥à â®à®¬ �®è¨. �  è¨å ¯à¥¤¯®«®¦¥¨ïå ®¯¥à â®à �®è¨ ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬  
á¨áâ¥¬¥ v. � ¯¨è¥¬ ®¯¥à â®à �®è¨ ¢ ¢¨¤¥ (Cf)(t) = hc(t); fi, £¤¥ ª®¬¯®¥âëm-¬¥à®£® ¢¥ªâ®à 
c(t) = �(t)Q�1 ï¢«ïîâáï í«¥¬¥â ¬¨ á®¯àï¦¥®£® ¯à®áâà áâ¢  B�. �®áâà®¥®¥ â ª¨¬ ®¡à -
§®¬ ®â®¡à ¦¥¨¥ c : [a; b] ! B�m, ï¢«ïîé¥¥áï äãªæ¨¥© �à¨  § ¤ ç¨ �®è¨, ¡ã¤¥¬  §ë¢ âì
äãªæ¨¥© (¬ âà¨æ¥©) �®è¨. �á«¨ B = Lp | ¯à®áâà áâ¢® áã¬¬¨àã¥¬ëå äãªæ¨©, D = ACp |
¯à®áâà áâ¢®  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨©, á¨áâ¥¬  v á®áâ®¨â ¨§ ®âà¥§ª®¢ [a; a+(b�a)], â®
íâ® ®¯à¥¤¥«¥¨¥ íª¢¨¢ «¥â® ¨§¢¥áâ®¬ã ®¯à¥¤¥«¥¨î äãªæ¨¨ �®è¨ äãªæ¨® «ì®-¤¨ää¥-
à¥æ¨ «ì®£® ãà ¢¥¨ï. \�« áá¨ç¥áª ï" äãªæ¨ï �®è¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï ¯®¤à®¡® ¨§ãç¥  ¢ [10]. �à¨¢¥¤¥¬ ¥áª®«ìª® ãâ¢¥à¦¤¥¨©, ¯®§¢®«ïîé¨å £®¢®à¨âì,
çâ® \ ¡áâà ªâ ï" äãªæ¨ï �®è¨ ¨¬¥¥â   «®£¨çë¥ á¢®©áâ¢ . �®á¯®«ì§ã¥¬áï â¥®à¥¬®© 3 ¤«ï
 å®¦¤¥¨ï ãà ¢¥¨ï, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â äãªæ¨ï �®è¨.

�¥®à¥¬  4. �à¨ ª ¦¤®¬ t 2 [a; b] äãªæ¨ï �®è¨ ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï

Q�c(t) = �(t); (9)

äã¤ ¬¥â «ì ï ¬ âà¨æ  à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

X(t) = Y (t)� c(t)A:

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¢ ä®à¬ã« å (7), (8) ¢ ª ç¥áâ¢¥ 	 ¢§ïâì ¥¤¨¨çãî ¬ âà¨æã
¨ ¯®«®¦¨âì äãªæ¨® « � = 0.

�ãáâì á®¯àï¦¥®¥ ¯à®áâà áâ¢® B� ï¢«ï¥âáï ¯à®áâà áâ¢®¬ äãªæ¨©, ®¯à¥¤¥«¥ëå  
[a; b] ¨ ¨¬¥îé¨å § ç¥¨ï ¢ Rm. �«ï «î¡®£®  2 [0; 1] ®¯à¥¤¥«¨¬ ¯®¤¯à®áâà áâ¢  B � B,
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B� � B�, B? � B� à ¢¥áâ¢ ¬¨

B = fy 2 B j y(s) = 0 ¯à¨ ¢á¥å s 2 eg;

B� = fg 2 B� j g(s) = 0 ¯à¨ ¢á¥å s 2 [a; b] n eg;

B? = fg 2 B� j gy = 0 ¯à¨ ¢á¥å y 2 Bg:

�¡®§ ç¨¬ § ç¥¨¥ äãªæ¨¨ c(t) : [a; b] ! Rm�m ¯à¨ s 2 [a; b] ç¥à¥§ c(t; s). �«¥¤áâ¢¨¥¬
¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  �®è¨ ï¢«ï¥âáï

�¥®à¥¬  5. �ãáâì ¯à¨ ª ¦¤®¬  2 [0; 1] ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥ B? � B�. �®£¤  ¤«ï

¢®«ìâ¥àà®¢®£®   v ®¯¥à â®à  �®è¨ C : B ! D ¯à¨ «î¡®¬ e 2 v ¨ ¢á¥å t 2 e, s 2 [a; b] n e
¢ë¯®«¥® à ¢¥áâ¢® c(t; s) = 0.

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ t 2 e . �®§ì¬¥¬ ¯à®¨§¢®«ì® y 2 B , â. ¥. y(s) = 0 ¯à¨
s 2 e . �á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  C ¯®«ãç¨¬ hc(t); yi = 0. �®íâ®¬ã ª®¬¯®¥âë
¢¥ªâ®à  c(t) ¯à¨ ¤«¥¦ â ¯®¤¯à®áâà áâ¢ã B? ¨, á«¥¤®¢ â¥«ì®, ¯®¤¯à®áâà áâ¢ã B�. � ª¨¬
®¡à §®¬, c(t; s) = 0 ¤«ï ¢á¥å s 2 [a; b] n e .

� § ¢¥àè¥¨¥ íâ®£® ¯ à £à ä  ¯à¨¢¥¤¥¬ ãâ¢¥à¦¤¥¨¥ ® ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à , ®¯à¥¤¥-
«ïîé¥£® ãà ¢¥¨¥ (9) ¤«ï äãªæ¨¨ �®è¨.

�¥®à¥¬  6. �á«¨ ¯à¨ ª ¦¤®¬  2 [0; 1] ¢ë¯®«¥® à ¢¥áâ¢® B? = B�, â® ¤«ï «î¡®£®

¢®«ìâ¥àà®¢®£®   v «¨¥©®£® ®¯¥à â®à  Q : B ! B á®¯àï¦¥ë© ®¯¥à â®à Q� : B� ! B�

ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v = f[a; b] n eg.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ «î¡®© y 2 B â ª®©, çâ® y(s) = 0   e . �á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®-
áâ¨ ®¯¥à â®à  Q : B ! B ¨¬¥¥¬ à ¢¥áâ¢® (Qy)(s) = 0, s 2 e. �ãáâì g 2 B� ¯à¨ ¢á¥å s 2 [a; b]ne
ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã g(s) = 0, â. ¥. g 2 B� . �®£¤  g 2 B? , ¨ ¯®íâ®¬ã hg;Qyi = 0. �âáî¤ 
hQ�g; yi = 0. �á«¥¤áâ¢¨¥ ¯à®¨§¢®«ì®áâ¨ y 2 B ¯®«ãç¨¬ Q�g 2 B? . �«¥¤®¢ â¥«ì®, Q

�g 2 B�.
�â® ®§ ç ¥â, çâ® (Q�g)(s) = 0, s 2 [a; b] n e .

3. �à¨¡«¨¦¥®¥  å®¦¤¥¨¥ äãªæ¨¨ �®è¨

�ãªæ¨î �®è¨ ¨«¨ ¥¥ ¯à¨¡«¨¦¥¨ï ¥®¡å®¤¨¬® § âì, ª®£¤  âà¥¡ã¥âáï  å®¤¨âì à¥ ªæ¨¨
á¨áâ¥¬   ¬®£®ç¨á«¥ë¥ à §«¨çë¥ ¢å®¤ë¥ ¢®§¤¥©áâ¢¨ï. � ª¨¥ § ¤ ç¨ ¢®§¨ª îâ,  ¯à¨¬¥à,
¯à¨ à áç¥â å âà ¥ªâ®à¨© ¤¢¨¦¥¨ï ¥¡¥áëå â¥« ([11], á. 450), ¢ â¥®à¨¨ ã¯à ¢«¥¨ï [12], ¢ â¥®à¨¨
ãáâ®©ç¨¢®áâ¨ [1]. �¥â®¤ë ç¨á«¥®£®  å®¦¤¥¨ï äãªæ¨¨ �®è¨ ¨â¥£à®¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï, ãà ¢¥¨ï ¥©âà «ì®£® â¨¯  ¯à¥¤«®¦¥ë ¢ à ¡®â å [13]{[15]. �¨¦¥ à áá¬ âà¨¢ -
¥âáï ¤®áâ â®ç® ®¡é¨© ¬¥â®¤ ¯®áâà®¥¨ï äãªæ¨¨ �®è¨  ¡áâà ªâ®£® ãà ¢¥¨ï, ç áâë¬¨
á«ãç ï¬¨ ª®â®à®£® ¬®¦® áç¨â âì ¬¥â®¤ë ¨§ [13], [14].

�¥§¤¥ ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® D, B | ¡  å®¢ë ¯à®áâà áâ¢  áª «ïàëå äãªæ¨©
y : [a; b] ! R. � ¯à®áâà áâ¢¥ B ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«¥ë¬ á«¥¤ãîé¥¥ ãá«®¢¨¥: ¤«ï
«î¡®£® ¬®¦¥áâ¢  e 2 v ¨ ¤«ï «î¡®© áx®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ fyig � B, kyi � ykB ! 0,
¨§ à ¢¥áâ¢  yi(t) = 0 ¯à¨ ¢á¥å t 2 e , i = 1; 2; : : : , á«¥¤ã¥â, çâ® ¨ ¯à¥¤¥«ì ï äãªæ¨ï y(t) = 0
¯à¨ t 2 e . � áá¬®âà¨¬ ãà ¢¥¨¥

Lx � (I �W )�x+Arx = f; (10)

£¤¥ ®¯¥à â®àW : B ! B ¢®«ìâ¥àà®¢   á¨áâ¥¬¥ v ¨ ¥£® á¯¥ªâà «ìë© à ¤¨ãá �(W ) < 1. �®£« á®
[8], [9] áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v ®¯¥à â®à �®è¨ C=�(I�W )�1 : B!D.
�ãªæ¨ï �®è¨ c : [a; b]! B�, § ¤ ¥âáï à ¢¥áâ¢®¬ c(t) = �(t)(I �W )�1.

� ¦¤®¬ã t 2 [a; b] ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ç¨á«® &(t) = inff j t 2 eg. �¢¥¤¥¬   [a; b]
¡¨ à®¥ ®â®è¥¨¥ %v á«¥¤ãîé¨¬ ®¡à §®¬:

(t; s) 2 %v , &(t) = &(s):
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�¨ à®¥ ®â®è¥¨¥ %v ï¢«ï¥âáï íª¢¨¢ «¥â®áâìî, ä ªâ®à-¬®¦¥áâ¢® á®áâ®¨â ¨§ ª« áá®¢
T () = ft 2 [a; b] j &(t) = g,  2 [0; 1]. �áî¤ã ¨¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¯à¨ «î¡®¬  2 [0; 1]
¬®¦¥áâ¢® T () ¥ ¯ãáâ® ¨ ª®¥ç®.

�®§ì¬¥¬ ¥ª®â®à®¥  âãà «ì®¥ ç¨á«® k ¨ ¢ë¡¥à¥¬ ç¨á«  ki , i = 0; k, â ª, çâ®¡ë 0 = k0 <

k1 < � � � < kk = b� a. � ¤ ¤¨¬ ¢¥ªâ®à1 t
k
=t (t

k

1 ; t
k

2; : : : ; t
k

k), ª®¬¯®¥âë ª®â®à®£® á ¬¨ ï¢«ïîâáï
¢¥ªâ®à ¬¨ t

k

i =
t (tki1; t

k
i2; : : : ; t

k
ilk
i

), i = 1; k, á ª®¬¯®¥â ¬¨ | í«¥¬¥â ¬¨ ª« áá  íª¢¨¢ «¥â®áâ¨

T (ki ). �ãáâì ¤«ï ª ¦¤®£® j = 1; k ¢¥ªâ®à E
k

j = (Ek
1j ; E

k
2j ; : : : ; E

k
lk
j
j) ¨¬¥¥â ª®¬¯®¥â ¬¨ â ª¨¥

äãªæ¨¨ Ek
pj 2 B, çâ® Ek

pj(s) = 0 ¯à¨ ¢á¥å s 2 ek
j�1
, ¨ ¯ãáâì ¢¥ªâ®à E

k
®¯à¥¤¥«¥ à ¢¥áâ¢®¬

E
k
= (E

k

1 ; E
k

2 ; � � � ; E
k

k). �¡®§ ç¨¬ ç¥à¥§ �kij = h�(t
k

i ); E
k

j i ¬ âà¨æã0BBBB@
h�(tki1); E

k
1ji h�(tki1); E

k
2ji � � � h�(tki1); E

k
lk
j
ji

h�(tki2); E
k
1ji h�(tki2); E

k
2ji � � � h�(tki2); E

k
lk
j
ji

� � � � � �
h�(tkilk

i

); Ek
1ji h�(tkilk

i

); Ek
2ji � � � h�(tkilk

i

); Ek
lk
j
ji

1CCCCA
à §¬¥à®áâ¨ lki � lkj . �®áâ ¢¨¬ ª¢ ¤à âãî ¬ âà¨æã �k = (� kij)k�k. � ¤ «ì¥©è¥¬, ¥á«¨ ç¨á«® k
ä¨ªá¨à®¢ ®, â® ¡ã¤¥¬ ®¯ãáª âì ¢¥àå¨© ¨¤¥ªá k ¢ ¯¥à¥ç¨á«¥ëå ¢ëè¥ ®¡®§ ç¥¨ïå.

�á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨   v ®¯¥à â®à  � ¢ë¯®«¥® � ij = 0 ¯à¨ j > i. �ã¤¥¬ ¯à¥¤¯®« -
£ âì, çâ® det � ii 6= 0 ¯à¨ ¢á¥å i = 1; k. �®£¤  áãé¥áâ¢ã¥â ¬ âà¨æ  � = ��1, � = (�ij), i; j = 1; k, £¤¥
�ij | ¬ âà¨æ  à §¬¥à®áâ¨ li� lj . �«ï ¬ âà¨æë � â ª¦¥ ¢ë¯®«¥® �ij = 0 ¯à¨ j > i. �¤¥áì á«¥-
¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ ¡à âì ¡®«ìè®¥ ª®«¨ç¥áâ¢® à §¡¨¥¨© k, â® § ¤ ç   å®¦¤¥¨ï ®¡à â®©
¬ âà¨æë � = ��1 áâ ®¢¨âáï âàã¤®¥¬ª®©. �¤ ª® í«¥¬¥âë ¬ âà¨æë � ®¯à¥¤¥«ïîâáï «¨èì ã§« -
¬¨ ¨â¥à¯®«ïæ¨¨, â. ¥. ¢ ª®ªà¥âëå ¯à®áâà áâ¢ å B, D ¤«ï § ¤ ®© á¨áâ¥¬ë äãªæ¨© fE

k

j g,
j = 1; k, ¬®¦® ®¤¨ à § ¢ëç¨á«¨âì ¬ âà¨æã �, ¨ íâã ¬ âà¨æã ¨á¯®«ì§®¢ âì ¤«ï ¯®áâà®¥¨ï
äãªæ¨© �®è¨ «î¡ëå ãà ¢¥¨©.

�¡®§ ç¨¬ =k : B ! B | ®â®¡à ¦¥¨¥, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã y 2 B â ª®©

í«¥¬¥â y = E � =
kP

j=1

ljP
p=1

Epj�pj , çâ® h�(tiq); yi = h�(tiq);yi ¯à¨ ¢á¥å q = 1; li, i = 1; k. � ©¤¥¬

ª®íää¨æ¨¥âë � = (�pj) ¢ «¨¥©®© ª®¬¡¨ æ¨¨ y äãªæ¨© E = (Epj). �ãáâì x = h�(t); yi. �®£¤ 

h�(t); E�i = �� = x. �«¥¤®¢ â¥«ì®, � = � x. �â ª, =ky = E� x =
kP
i=1

�
Ei

iP
j=1

�ijxj

�
=
P
i�j

Ei�ijxj .

� áá¬ âà¨¢ ¥¬ë© ¬¥â®¤ ¯®áâà®¥¨ï äãªæ¨¨ �®è¨ ®á®¢    § ¬¥¥ ãà ¢¥¨ï (10) ãà ¢-
¥¨¥¬

(I �W=k)�x
k +Arxk = f: (11)

�®áâà®¨¬ à¥è¥¨¥ \¯à¨¡«¨¦¥®£®" ãà ¢¥¨ï (11), ã¤®¢«¥â¢®àïîé¥¥  ç «ì®¬ã ãá«®¢¨î
rxk = 0. �®¤¥©áâ¢ã¥¬ ¢¥ªâ®à-äãªæ¨® «®¬ �(t)   ®¡¥ ç áâ¨ íâ®£® ãà ¢¥¨ï. �®«ãç¨¬

x� g � x = h�(t); fi; (12)

£¤¥ x = h�(t); �xki, gij = h�(ti);WEji, g = (gij)k�k. �§ ¢®«ìâ¥àà®¢®áâ¨   á¨áâ¥¬¥ v ®¯¥à â®à®¢
�, W á«¥¤ã¥â gij = 0 ¯à¨ ¢á¥å j > i. � ª¨¬ ®¡à §®¬, x1 � g11�11x1 = h�(t1); fi. �âáî¤  x1 =
(e�g11�11)

�1h�(t1); fi, £¤¥ e| ¥¤¨¨ç ï l1� l1-¬ âà¨æ . �®£« á® ®¯à¥¤¥«¥¨î äãªæ¨¨ �®è¨
¯®«ãç ¥¬

ck(t1) = (e� g11�11)
�1�(t1): (13)

1�¤¥áì ¨ ¤ «¥¥ á¨¬¢®«®¬ t(�) ®¡®§ ç¥  âà á¯®¨à®¢  ï ¬ âà¨æ .
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� «®£¨ç®,   m-¬ è £¥ ¨¬¥¥¬ ãà ¢¥¨¥

xm �
mX
i=1

mX
l=i

gml�lixi = h�(tm); fi;

ª®â®à®¥ ã¤®¡® § ¯¨á âì ¢ ¢¨¤¥

xm � gmm�mmxm =
m�1X
i=1

mX
l=i

gml�lixi + h�(tm); fi:

�®íâ®¬ã

xm = (e� gmm�mm)
�1

�m�1X
i=1

mX
l=i

gml�lixi + h�(tm); fi
�
:

�¤¥áì e| ¥¤¨¨ç ï lm� lm-¬ âà¨æ . � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ à¥ªãàà¥â®¥ á®®â®è¥¨¥ ¤«ï
¢ëç¨á«¥¨ï äãªæ¨¨ �®è¨

ck(tm) = (e� gmm�mm)
�1

�
�(tm) +

m�1X
i=1

mX
l=i

gml�lic
k(ti)

�
: (14)

�â¬¥â¨¬, çâ® ç áâë¬ á«ãç ¥¬ ä®à¬ã« (13), (14) ï¢«ï¥âáï  «£®à¨â¬, ¯à¥¤«®¦¥ë© ¢ [13],
[14] ¤«ï ãà ¢¥¨ï (10) ¢ á«ãç ¥, ª®£¤  ®¯¥à â®à W ¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ L áã¬¬¨àã¥¬ëå
äãªæ¨© ¨ ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ¯® �.�.�¨å®®¢ã.

� áá¬®âà¨¬ á¢®©áâ¢ , ª®â®àë¬¨ ¤®«¦® ®¡« ¤ âì ¯à®áâà áâ¢® B, ¨ âà¥¡®¢ ¨ï, ª®â®àë¬
¤®«¦  ®â¢¥ç âì á¨áâ¥¬  fEk

pjg \ã§«®¢ ¨â¥à¯®«ïæ¨¨", çâ®¡ë á ã¢¥«¨ç¥¨¥¬ ç¨á«  k ¯®á«¥¤®-
¢ â¥«ì®áâì äãªæ¨© �®è¨, ¯®áâà®¥ëå ¯® ä®à¬ã« ¬ (13), (14), áå®¤¨« áì ª äãªæ¨¨ �®è¨
¨áå®¤®£® ãà ¢¥¨ï (10).

�ãáâì ¯à¨ «î¡®¬  2 [0; 1] ¬®¦¥áâ¢  T () ¥ â®«ìª® ¥ ¯ãáâë ¨ ª®¥çë, ® ¨ á®áâ®ïâ ¨§
®¤¨ ª®¢®£® ª®«¨ç¥áâ¢  l < 1 í«¥¬¥â®¢. �à®ã¬¥àã¥¬ í«¥¬¥âë ¬®¦¥áâ¢  T (), ®¡à §®¢ ¢
â¥¬ á ¬ë¬ ¢¥ªâ®à T () = (t1(); t2(); : : : ; tl()) 2 Rl.

�¡®§ ç¨¬ ç¥à¥§ B(e) ¯à®áâà áâ¢® áã¦¥¨© äãªæ¨© ¨§ B   ¬®¦¥áâ¢® e á ®à¬®©
kykB(e ) = inf kykB, £¤¥ ¨¦ïï £à ì ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¯à®¤®«¦¥¨ï¬ y 2 B äãª-
æ¨¨ y 2 B(e). �ãáâì ®¯¥à â®à � : B ! B(e) § ¤  à ¢¥áâ¢®¬ (�y)(t) = y(t) ¯à¨ ¢á¥å
t 2 e . �à¥¤¯®«®¦¨¬, çâ® ¤«ï ª ¦¤®© äãªæ¨¨ y 2 B(e) áãé¥áâ¢ã¥â â ª®¥ ¯à®¤®«¦¥¨¥ ey
  [a; b], çâ® keykB = kykB(e ). � ¯à¨¬¥à, ¢ ¯à®áâà áâ¢¥ áã¬¬¨àã¥¬ëå äãªæ¨© â ª¨¬ ¯à®¤®«-

¦¥¨¥¬ ï¢«ï¥âáï ey(t) =
(
y(t); ¥á«¨ t 2 e ;

0; ¥á«¨ t 2 [a; b] n e :
�à®¤®«¦¥¨ï, ¥ ã¢¥«¨ç¨¢ îé¨¥ ®à¬ã

äãªæ¨©, áãé¥áâ¢ãîâ â ª¦¥ ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå äãªæ¨©, ¯à®áâà áâ¢¥ ¨§¬¥à¨¬ëå
®£à ¨ç¥ëå ¢ áãé¥áâ¢¥®¬ äãªæ¨© ¨ â. ¤. �¯à¥¤¥«¨¬ ®¯¥à â®à P : B(e) ! B, áâ ¢ïé¨©
¢ á®®â¢¥âáâ¢¨¥ äãªæ¨¨ y 2 B(e) ¥¥ ¯à®¤®«¦¥¨¥ ey. �ëç¨á«¨¬ by = y � ey = (I � P�)y.
� ¬¥â¨¬, çâ® by(t) = 0, ¥á«¨ t 2 e . �ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¯ à¥ ¯à®áâà áâ¢ (B;D) ®â®á¨â¥«ì-
® á¨áâ¥¬ë v ¢ë¯®«¥® ãá«®¢¨¥ L, ¥á«¨ ¤«ï «î¡ëå ; � 2 [0; 1],  < �, áãé¥áâ¢ã¥â â ª®¥ ç¨á«®
�(; �), çâ® ¤«ï ¢á¥å y 2 B ¢ë¯®«¥® h�(T (0)); yi = 0 ¨

jh�(T (�)); yi � h�(T ()); yijRl � �(; �)k��(I � P�)ykB(e�):

� ¯à®áâà áâ¢ å Lp, ACp, 1 � p � 1, á á¨áâ¥¬®© v = f[a; a + (b � a)]g ¨ ®¯¥à â®à®¬ (�y)(t) =
tR
a

y(s)ds ¢ë¯®«¥® ãá«®¢¨¥ L á ª®íää¨æ¨¥â®¬

�(; �) = (� � )1�1=p:
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�ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¯à®áâà áâ¢¥ B ®à¬  ¯®«ã ¤¤¨â¨¢  ®â®á¨â¥«ì® á¨áâ¥¬ë v, ¥á«¨
¤«ï «î¡ëå y; z 2 B ¨ ¢á¥å â ª¨å ; � 2 [0; 1], çâ®  < �, ¨§ ãá«®¢¨©

k�ykB(e ) � k�zkB(e ); k��(I � P�)ykB(e�) � k��(I � P�)zkB(e�)

á«¥¤ã¥â ¥à ¢¥áâ¢® k��ykB(e�) � k��zkB(e�). � ª¨¬ á¢®©áâ¢®¬,  ¯à¨¬¥à, ®¡« ¤ ¥â ®à¬  ¢
¯à®áâà áâ¢ å Lp, 1 � p � 1.

�®§ì¬¥¬ «î¡ãî ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì®áâì N0  âãà «ìëå ç¨á¥« ¨ ¤«ï ª ¦¤®£®
k 2 N0 ¢ë¡¥à¥¬ ç¨á«  ki 2 [0; 1], i = 1; k. �à¨ ª ¦¤®¬ k 2 N0 c®áâ ¢¨¬ «¨¥©ë¥ ª®¬¡¨ æ¨¨
E0kpj , p = 1; l, j = 1; k, äãªæ¨© ¨§ á¨áâ¥¬ë fEk

pjg â ª, çâ®¡ë ª¢ ¤à â ï ¯®àï¤ª  kl ¬ âà¨æ 

M � 0k = (M � 0kij)k�k = (M � 0kij )kl�kl; M � 0kij = h�(t
k

i )� �(t
k

i�1); E
0k

j i;

¡ë«  ¤¨ £® «ì®©. �®¢®ªã¯®áâì E = fEk
pjg � B  §®¢¥¬ ¯®«ë¬ ¨â¥à¯®«ïæ¨®ë¬ ¬®¦¥-

áâ¢®¬, ¥á«¨

1. «¨¥© ï ®¡®«®çª  äãªæ¨© Ek
pj , p = 1; l, j = 1; k, k 2 N0, ï¢«ï¥âáï ¯«®âë¬ ¬®¦¥áâ¢®¬

¢ ¯à®áâà áâ¢¥ B;
2. ¥á«¨ k < m ¤«ï ç¨á¥« k;m 2 N0, â® ª ¦¤ ï ¨§ äãªæ¨© Ek

pj , p = 1; l, j = 1; k, ï¢«ï¥âáï
«¨¥©®© ª®¬¡¨ æ¨¥© äãªæ¨© Em

11; E
m
21; : : : ; E

m
l1 ; E

m
12; E

m
22; : : : ; E

m
l2 ; : : : ; E

m
1m, E

m
2m; : : : ; E

m
lm;

3. ¯ à  ¯à®áâà áâ¢ (B;D) ã¤®¢«¥â¢®àï¥â ®â®á¨â¥«ì® á¨áâ¥¬ë v ãá«®¢¨î L, ¨ áãé¥áâ¢ã¥â
â ª®¥ ç¨á«® M > 0, çâ® ¤«ï ¢á¥å k 2 N0, i = 1; k, p = 1; l ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

jh�(t
k

i ); E
0k
pii � h�(t

k

i�1); E
0k
piijRl � �(ki�1; 

k
i )Mk(I � Pk

i�1
�k

i�1
)E0kpikB ; (15)

4. ¤«ï ¢á¥å i = 1; k, p = 1; l ¢ë¯®«¥® Pk
i
�k

i
E0kpi = E0kpi .

� [13], [14] ¤«ï ¯®áâà®¥¨ï äãªæ¨¨ �®è¨ ãà ¢¥¨ï ¥©âà «ì®£® â¨¯  ¢ ¯à®áâà áâ¢¥ L á
¢®«ìâ¥àà®¢ë¬¨ ¯® �.�.�¨å®®¢ã ®¯¥à â®à ¬¨ ¢ë¡¨à «¨áì äãªæ¨¨

Ek
j =

(
1; ¥á«¨ t 2 (tj�1; b];

0; ¥á«¨ t 2 [a; tj�1];
E0kj =

(
1; ¥á«¨ t 2 (tj�1; tj ];

0; ¥á«¨ t 2 [a; tj�1] [ (tj ; b]:

�â¨ á¨áâ¥¬ë ï¢«ïîâáï ¯®«ë¬¨ ¨â¥à¯®«ïæ¨®ë¬¨ ¬®¦¥áâ¢ ¬¨.
�«ï â®£® çâ®¡ë áä®à¬ã«¨à®¢ âì ãâ¢¥à¦¤¥¨¥ ® áå®¤¨¬®áâ¨ ¬¥â®¤ , ¯®âà¥¡ã¥âáï ¤®¯®«¨-

â¥«ì® ®¯à¥¤¥«¨âì ¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢¥ B. �ãáâì � > 0. �¨¥©-
ë© ®¯¥à â®à T : B ! B ¡ã¤¥¬  §ë¢ âì � -¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v, ¥á«¨ ¤«ï «î¡®-
£® x 2 B ¢ë¯®«¥® (Tx)(t) = 0 ¯à¨ t 2 e� ¨ ¤«ï ¢á¥å  2 (�; 1] ¨§ à ¢¥áâ¢  x(t) = 0,
t 2 e�� , á«¥¤ã¥â (Tx)(t) = 0, t 2 e . � ¤ ¤¨¬ ®â®¡à ¦¥¨¥ Z : (0; 1] � B ! R ä®à¬ã«®©
Z(; y) = k�ykB(e ). �à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ y 2 B äãªæ¨ï Z(�; y) ¥ ã¡ë¢ ¥â, ¨ ¯®íâ®¬ã
áãé¥áâ¢ã¥â lim

!0+0
Z(; y) = z0(y). �®®¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ Z § ç¥¨¥¬ Z(0; y) = z0(y). �¨¥©-

ë© ®¯¥à â®à K : B ! B  §®¢¥¬ ã«ãçè îé¨¬   á¨áâ¥¬¥ v, ¥á«¨ ®¡à §®¬ ¥¤¨¨ç®© áä¥àë

 ï¢«ï¥âáï ¬®¦¥áâ¢® í«¥¬¥â®¢ á à ¢®áâ¥¯¥® ¥¯à¥àë¢ë¬¨ ®à¬ ¬¨, â. ¥. 8" > 0 9� > 0
8x 2 
, 8�;  2 [0; 1]

j� � j < � ) jZ(�;Kx)� Z(;Kx)j < ";

¨, ªà®¬¥ â®£®, ¯à¨ ¢á¥å x 2 
 ¢ë¯®«¥® Z(0;Kx) = 0.

�¥®à¥¬  7. �ãáâì ®à¬  ¢ ¯à®áâà áâ¢¥ B ¯®«ã ¤¤¨â¨¢ ; ¢ ¯ à¥ ¯à®áâà áâ¢ (B;D)
¨¬¥¥â ¬¥áâ® L-ãá«®¢¨¥; á®¢®ªã¯®áâì E ï¢«ï¥âáï ¯®«ë¬ ¨â¥à¯®«ïæ¨®ë¬ ¬®¦¥áâ¢®¬.

�ãáâì, ¤ «¥¥, ®¯¥à â®àW : B ! B ¯à¥¤áâ ¢¨¬ áã¬¬®©W = U+K+T , £¤¥ «¨¥©ë¥ ®£à ¨ç¥-
ë¥ ®¯¥à â®àë U;K; T : B ! B ï¢«ïîâáï ¢®«ìâ¥àà®¢ë¬¨   á¨áâ¥¬¥ v, ¯à¨ç¥¬, ®¯¥à â®à K

ã«ãçè îé¨©, ®¯¥à â®à T � -¢®«ìâ¥àà®¢   v ¨ ¤«ï ®¯¥à â®à  U ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
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kUk < M , £¤¥ M ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (15). �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì Ck ®¯¥à â®à®¢ �®-

è¨ ãà ¢¥¨© (11) ¯®â®ç¥ç® cå®¤¨âáï ¯à¨ �k = max
i=1;k

fki � ki�1g ! 0 ª ®¯¥à â®àã �®è¨ C

ãà ¢¥¨ï (10).

�®¦® ¯à®¤¥¬®áâà¨à®¢ âì ¯à¨¬¥¥¨¥ ¨§«®¦¥ëå ¢ëè¥ à¥§ã«ìâ â®¢   ¯à¨¬¥à¥ áª «ïà-
®£® ãà ¢¥¨ï \¥©âà «ì®£® â¨¯ "

x0(t)�
1
2
x0(h(t)) = f(t); t 2 [�1; 1]; (16)

£¤¥ ¯à ¢ ï ç áâì f 2 L([�1; 1]; R),   äãªæ¨ï h : [�1; 1]! R § ¤   à ¢¥áâ¢®¬

h(t) =

8>><>>:
t+ 0;5; ¥á«¨ t 2 [�1;�0;5);

�t; ¥á«¨ t 2 [�0;5; 0;5];

t� 0;5; ¥á«¨t 2 (0;5; 1]:

�¥è¥¨¥¬ áç¨â ¥¬ äãªæ¨î x 2 AC([�1; 1]; R), ã¤®¢«¥â¢®àïîéãî (16) ¯à¨ ¯®çâ¨ ¢á¥å t 2 [�1; 1].
�à¨ â ª®¬ § ¤ ¨¨ äãªæ¨¨ h ®¯¥à â®à ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ (Wy)(t) = 1

2
y(h(t)) ¥¯à¥-

àë¢® ¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ L ¨ ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v = fe = [�; ] j  2
[0; 1]g. �¯à¥¤¥«¨¬ äãªæ¨® « r : AC ! R, rx = x(0), ï¢«ïîé¨©áï äãªæ¨® «®¬ �®è¨  

á¨áâ¥¬¥ v. � à  ®â®¡à ¦¥¨© (y; �) 2 L � R
(�;Y )
7�! � +

tR
0

y(s)ds 2 AC § ¤ ¥â ¨§®¬®àä¨§¬, ¯à¨-

ç¥¬ ®¯¥à â®à � : L! AC, (�y)(t) =
tR
0

y(s)ds, ®¡« ¤ ¥â á¢®©áâ¢®¬ ¢®«ìâ¥àà®¢®áâ¨   á¨áâ¥¬¥ v.

�à ¢¥¨¥ (16) ¨â¥£à¨àã¥âáï. �à®æ¥¤ãàã ¯à¨¡«¨¦¥®£® ®âëáª ¨ï äãªæ¨¨ �®è¨ ¤«ï ãà ¢-
¥¨ï (16) ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬. �â¬¥â¨¬ â®«ìª®, çâ®  ©¤¥ë¥ § ç¥¨ï á®¢¯ «¨ á â®çë¬¨
§ ç¥¨ï¬¨ äãªæ¨¨ �®è¨.

�¨â¥à âãà 

1. �§¡¥«¥¢ �.�., � ªá¨¬®¢ �.�., � å¬ âã««¨  �.�. �¢¥¤¥¨¥ ¢ â¥®à¨î äãªæ¨® «ì®-¤¨ä-

ä¥à¥æ¨ «ìëå ãà ¢¥¨©. { �.: � ãª , 1991. { 280 á.
2. �§¡¥«¥¢ �.�. � ¢®¯à®áã ® à¥£ã«ïà¨§ã¥¬®áâ¨ á¨£ã«ïàëå ãà ¢¥¨© // �¥áâ. ����. � â¥¬.

¨ ¯à¨ª«. ¬ â¥¬. { �¥à¬ì: �§¤-¢® �¥à¬áª. â¥å. ã-â , 1996. { ò1. { �. 5{27.
3. �§¡¥«¥¢ �.�., � å¬ âã««¨  �.�. �¡áâà ªâë¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥-

¨ï // �ãªæ¨® «ì®-¤¨ää¥à¥æ. ãà ¢¥¨ï. { �¥à¬ì: �§¤-¢® �¥à¬áª®£® ¯®«¨â¥å. ¨-â ,
1987. { �. 3{11.

4. �®å¨ �.�. � ®¡é¥© â¥®à¨¨ «¨¥©ëå äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. {
�¥à¬. ¯®«¨â¥å. ¨-â. { �¥à¬ì, 1981. { 31 á. { �¥¯. ¢ ������ 18.03.81, ò 1389-81.

5. �ã«âëè¥¢ �.�., �®ª®¢ �.�. �¯à ¢«ï¥¬®áâì «¨¥©®© ¥áâ æ¨® à®© á¨áâ¥¬ë // �¨ä-
ä¥à¥æ. ãà ¢¥¨ï. { 1975. { �. 11. { ò 7. { �. 1206{1216.

6. � ªá¨¬®¢ �.�. � ä®à¬ã«¥ �®è¨ ¤«ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï // �¨ä-
ä¥à¥æ. ãà ¢¥¨ï. { 1977. { �. 13. { ò 4. { �. 601{606.

7. �ãª®¢áª¨© �.�. � â¥®à¨¨ ãà ¢¥¨© �®«ìâ¥àà  // �¨ää¥à¥æ. ãà ¢¥¨ï. { 1989. { �. 25.
{ ò 9. { �. 1599{1605.

8. �ãª®¢áª¨© �.�. �®«ìâ¥àà®¢®áâì ¨ á¯¥ªâà «ìë¥ á¢®©áâ¢  ®¯¥à â®à  ¢ãâà¥¥© áã¯¥à-

¯®§¨æ¨¨ // �¨ää¥à¥æ. ãà ¢¥¨ï. { 1994. { �. 30. { ò2. { �. 250{255.
9. �ãª®¢áª¨© �.�. �¡ ®¯¥à â®à å �®«ìâ¥àà  ¢ ¡  å®¢ëå äãªæ¨® «ìëå ¯à®áâà áâ¢ å

// �¥áâ. ���. { 2001. { �.6. { �ë¯. 2. { �. 147{149.
10. �ãª®¢áª¨© �.�. �¨¥©ë¥ í¢®«îæ¨®ë¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢

¡  å®¢®¬ ¯à®áâà áâ¢¥. { � ¬¡®¢: �§¤-¢® � ¬¡®¢áª. ã-â  ¨¬. �.�. �¥à¦ ¢¨ , 2003. {
148 á.

11. � å¢ «®¢ �.�. �¨á«¥ë¥ ¬¥â®¤ë. �. 1. { �.: � ãª , 1975. { 632 á.

46



12. �à á®¢áª¨© �.�. �¥®à¨ï ã¯à ¢«¥¨ï ¤¢¨¦¥¨¥¬. { �.: � ãª , 1972. { 476 á.
13. �äà¥¬®¢ �.�. �à¨¡«¨¦¥®¥ à¥è¥¨¥ «¨¥©ëå ãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬:

�¨á. : : : ª ¤. ä¨§.-¬ â¥¬.  ãª. { �¥à¬ì, 1983. { 114 á.
14. �ãª®¢áª ï �.�. �®«ìâ¥àà®¢®áâì ®¯¥à â®à®¢ ¨ ç¨á«¥®¥ à¥è¥¨¥ äãªæ¨® «ì®-¤¨ää¥-

à¥æ¨ «ìëå ãà ¢¥¨©: �¨á. : : : ª ¤. ä¨§.-¬ â¥¬.  ãª. { �¥à¬ì, 1990. { 140 á.
15. �£ ®¢  �.�. � ¢®¯à®áã ® ¯à¨¡«¨¦¥®¬ ¯®áâà®¥¨¨ ®¯¥à â®à  �®è¨. { �¥à¬. ¯®«¨â¥å.

¨-â. { �¥à¬ì, 1981. { 11 á. { �¥¯. ¢ ������, ò3820-81.

� ¬¡®¢áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 20.12.2004

47


