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�¢¥¤¥¨¥

� áá¬®âà¨¬ § ¤ çã ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï

f0(x)! min (1)

¯à¨ ®£à ¨ç¥¨ïå

fi(x) � 0; (2)

£¤¥ x 2 En, fi(x), i = 0;m, | ¢ë¯ãª«ë¥ äãªæ¨¨.
�  áâ®ïé¥© áâ âì¥ à áá¬ âà¨¢ îâáï ¥ª®â®àë¥ ¬®¤¨ä¨ª æ¨¨ ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã-

¦¥¨© [1], ª®â®àë© ï¢«ï¥âáï á®¢à¥¬¥ë¬ íää¥ªâ¨¢ë¬ ¯®«¨®¬¨ «ìë¬ ¬¥â®¤®¬ ¤«ï à¥è¥-
¨ï § ¤ ç ¢¨¤  (1), (2) ¨ ®â«¨ç ¥âáï ®â ¨§¢¥áâ®£® ¬¥â®¤  í««¨¯á®¨¤®¢ [2] ª« áá®¬ ¢á¯®¬®£ â¥«ì-
ëå ¬®¦¥áâ¢, «®ª «¨§ãîé¨å à¥è¥¨¥ § ¤ ç¨. �¬¥áâ® í««¨¯á®¨¤®¢ ¨á¯®«ì§®¢ ë n-¬¥àë¥
á¨¬¯«¥ªáë.

�®¤¨ä¨ª æ¨¨ ®á®¢ ë   ®¤®¢à¥¬¥®¬ ¢¢¥¤¥¨¨   ª ¦¤®© ¨â¥à æ¨¨ ¬¥â®¤  l � m á¥-
ªãé¨å ¯«®áª®áâ¥© ¢¬¥áâ® ®¤®©, à áá¬ âà¨¢ ¥¬®© ¢ [1]. � ¤ «ì¥©è¥¬ ¬¥â®¤ á ®¤®© á¥ªãé¥©
¯«®áª®áâìî ¡ã¤¥¬  §ë¢ âì ¡ §®¢ë¬. �®áâ ¢ á¥ªãé¨å ¯«®áª®áâ¥© ®¯à¥¤¥«ï¥âáï  ¡®à®¬  àã-
è ¥¬ëå ®£à ¨ç¥¨© ¢ æ¥âà¥ â¥ªãé¥£® á¨¬¯«¥ªá . � «®£¨çë© ¯®¤å®¤, á¢ï§ ë© á ¬¥â®¤®¬
í««¨¯á®¨¤®¢, à áá¬ âà¨¢ «áï ¢ [3].

�ää¥ªâ¨¢®áâì ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨© ®¯à¥¤¥«ï¥âáï á®ªà é¥¨ï¬¨ ®¡ê¥¬®¢ ¤¢ãå
¯®á«¥¤®¢ â¥«ìëå á¨¬¯«¥ªá®¢. � à §¤¥«¥ 2 ¯à¨¢®¤ïâáï ¥ª®â®àë¥ á¯®á®¡ë ã«ãçè¥¨ï ®æ¥ª¨
íâ¨å á®ªà é¥¨© ¨ ãáª®à¥¨ï à ¡®âë  «£®à¨â¬  ¢ æ¥«®¬. � à §¤¥«¥ 3 ¯à¥¤« £ ¥âáï ¤¢ãåíâ ¯ë©
¬¥â®¤ á¨¬¯«¥ªáëå ¯®£àã¦¥¨© ¤«ï à¥è¥¨ï § ¤ ç ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï.

1. �á®¢ ï ¨¤¥ï ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨©
¨ ®æ¥ª  á®ªà é¥¨ï ®¡ê¥¬ 

�à¨¢¥¤¥ ¥ª®â®àë¥ ¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï

�¯à¥¤¥«¥¨¥ 1. �¨¬¯«¥ªá®¬ S � En á ¢¥àè¨®© ¢ â®çª¥ x0 ¨ à¥¡à ¬¨ (x1�x0; : : : ; xn�x0),
®¡à §ãîé¨¬¨ ¡ §¨á ¢ En, xi 2 En,  §®¢¥¬ ¬®¦¥áâ¢®

S =
n
x 2 En : x = x0 +

nX
i=1

�i(xi � x0);
nX

i=1

�i � 1; �i � 0
o
:

� «¥¥, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¡ã¤¥¬ ¯®« £ âì x0 = 0.
�¡ê¥¬ á¨¬¯«¥ªá  S ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

V (S) =
1
n!
jdet(X)j;

£¤¥ X | ¬ âà¨æ  à §¬¥à®¢ n� n, áâ®«¡æë ª®â®à®© áãâì ¢¥ªâ®àë x1; : : : ; xn.
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�¯à¥¤¥«¥¨¥ 2. �á«¨ ¢ ®¯à¥¤¥«¥¨¨ 1 x0 = 0, x1 = (x1; 0; : : : ; 0); : : : ; xn = (0; : : : ; 0; xn);
xi 2 E

1, i = 1; 2; : : : ; n, â® á¨¬¯«¥ªá S ¡ã¤¥¬  §ë¢ âì ®àâ®£® «ìë¬ á¨¬¯«¥ªá®¬.

�¯à¥¤¥«¥¨¥ 3. �¥âà á¨¬¯«¥ªá  S ®¯à¥¤¥«¨¬ ä®à¬ã«®© xc = 1

n+1
(x1 + � � �+ xn).

�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ x; y 2 En ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ xTy, â.¥. xTy =
nP

i=1
xiyi.

�¯à¥¤¥«¥¨¥ 4. �î¡ãî ¯«®áª®áâì ¢¨¤  L = fx : gT (x� xc) = 0g, ¯à®å®¤ïéãî ç¥à¥§ æ¥âà
xc á¨¬¯«¥ªá  S ¡ã¤¥¬  §ë¢ âì á¥ªãé¥© ¯«®áª®áâìî.

�¯à¥¤¥«¥¨¥ 5. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥àè¨  xi á¨¬¯«¥ªá  S ¥ ®âá¥ª ¥âáï ¯«®áª®áâìî L,
¥á«¨ �i = gT (xi � xc) < 0, ¨ ®âá¥ª ¥âáï, ¥á«¨ �i � 0.

�¤¥ï ¬¥â®¤  á®áâ®¨â ¢ á«¥¤ãîé¥¬. �ãáâì ¨¬¥¥âáï  ç «ìë© á¨¬¯«¥ªá S0 ¨ â®çª  x� 2 S0

| ®¤® ¨§ à¥è¥¨© § ¤ ç¨ (1), (2). � å®¤¨¬ æ¥âà á¨¬¯«¥ªá  xc;0 ¨ áâà®¨¬ ¯®«ã¯à®áâà áâ¢®,
®âá¥ª îé¥¥ ¥¯¥àá¯¥ªâ¨¢ãî (¥ á®¤¥à¦ éãî â®çªã x�) ç áâì á¨¬¯«¥ªá  S0. � áâì á¨¬¯«¥ª-
á , á®¤¥à¦ éãî â®çªã x�, ¯®£àã¦ ¥¬ ¢ ®¢ë© á¨¬¯«¥ªá S1 ¬¨¨¬ «ì® ¢®§¬®¦®£® ®¡ê¥¬ .
� å®¤¨¬ â®çªã xc;1 | æ¥âà S1 ¨ ¯®¢â®àï¥¬ ¯à®æ¥¤ãàã. � ª ¯®á«¥¤®¢ â¥«ì® «®ª «¨§ã¥¬ ¨á-
ª®¬®¥ à¥è¥¨¥ ¤® â¥å ¯®à, ¯®ª  ®¡ê¥¬ á¨¬¯«¥ªá , ¯®«ãç¥®£®   ¤ ®© ¨â¥à æ¨¨, ¥ áâ ¥â
¤®áâ â®ç® ¬ «ë¬.

� [1] ¯®«ãç¥  ®æ¥ª  ®â®è¥¨ï ®¡ê¥¬®¢

V (Sl)
V (Sl�1)

�

8<
:

1

2
; kl = 1;�
kl

kl+1

�kl�
kl

kl�1

�kl�1
; 2 � kl � n;

(3)

£¤¥ V (Sl) | ®¡ê¥¬ á¨¬¯«¥ªá    ¨â¥à æ¨¨ l,   kl | ç¨á«® á®åà ¥ëå ¯à¨ ®âá¥ç¥¨¨ ¢¥àè¨
á¨¬¯«¥ªá  Sl�1.

�§ ®æ¥ª¨ ¢¨¤®, çâ® ¯à¨ kl = n ¨¬¥¥¬ åã¤è¨© á«ãç ©,   ¯à¨ kl = 1 | á ¬ë© íää¥ªâ¨¢ë©.
� ª¦¥ ¨§ ®æ¥ª¨ ¢¨¤®, çâ® ¢¥«¨ç¨  á®ªà é¥¨ï ®¡ê¥¬  (áª®à®áâì áå®¤¨¬®áâ¨) § ¢¨á¨â â®«ìª®
®â ç¨á«  ®âá¥ç¥ëå ¢¥àè¨, â.¥.  ¤ ¯â¨àã¥âáï ª á¨âã æ¨¨, ¢®§¨ª îé¥©   ª ¦¤®© ¨â¥à æ¨¨.
�¬¥®   íâ®¬ á¢®©áâ¢¥ ®æ¥ª¨ ¨ ®á®¢ ë ¢á¥ ¬®¤¨ä¨ª æ¨¨ ¬¥â®¤ .

2. �®¤¨ä¨ª æ¨¨ ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨©

�â¨ ¬®¤¨ä¨ª æ¨¨ ¢¢®¤ïâáï ¢ á«ãç ¥, ª®£¤  æ¥âà á¨¬¯«¥ªá , ¯®«ãç¥®£®   ¤ ®© ¨â¥à -
æ¨¨, ¥ ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2), ¨ á®áâ®ïâ ¢ á«¥¤ãîé¥¬. �á«¨ ¢ â¥ªãé¥¬
æ¥âà¥ á¨¬¯«¥ªá   àãè îâáï l � m ®£à ¨ç¥¨© § ¤ ç¨, â® áâà®¨¬ l á¥ªãé¨å ¯«®áª®áâ¥©,
á®®â¢¥âáâ¢ãîé¨å  àãè ¥¬ë¬ ®£à ¨ç¥¨ï¬. �«ï ã«ãçè¥¨ï áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  ¥-
®¡å®¤¨¬® á¨¬¯«¥ªá, ãá¥ç¥ë© ¯«®áª®áâï¬¨, ¯®£àã§¨âì ¢ ®¢ë© á¨¬¯«¥ªá ¬¨¨¬ «ì®£® ®¡ê¥¬ .
� ª ï § ¤ ç  ï¢«ï¥âáï ¤ «¥ª® ¥âà¨¢¨ «ì®©, ¨ ¢  áâ®ïé¥¥ ¢à¥¬ï ¥â ª ª¨å-«¨¡® ¬¥â®¤®¢ ¥¥
à¥è¥¨ï.

� ¤ ®© áâ âì¥ íâ  § ¤ ç  à¥è¥  ¤«ï ¤¢ãå ç áâëå á«ãç ¥¢ (¢ â¥®à¥¬ å 1 ¨ 2), ª®â®àë¥
ï¢«ïîâáï  ¨¡®«¥¥ ¥¡« £®¯à¨ïâë¬¨ ¤«ï ¡ §®¢®£® ¬¥â®¤ . � ®¡é¥¬ á«ãç ¥ ¤  ï § ¤ ç 
¯à¨¡«¨¦¥® à¥è ¥âáï á ¯®¬®éìî á¯¥æ¨ «ì®£® ¬¨¨¬ ªá®£® ¯®¤å®¤ .

�®áâ ®¢ª  § ¤ ç¨. �ã¤¥¬ à áá¬ âà¨¢ âì ®àâ®£® «ìë© á¨¬¯«¥ªá á ¢¥àè¨ ¬¨ 0; h1,
h2; : : : ; hn. � ¬¥â¨¬, çâ® «î¡®© á¨¬¯«¥ªá ¬®¦® «¨¥©ë¬ ¯à¥®¡à §®¢ ¨¥¬ á¢¥áâ¨ ª ®àâ®£®-
 «ì®¬ã,   ®â®è¥¨¥ ®¡ê¥¬®¢ ¤¢ãå ¯®á«¥¤®¢ â¥«ìëå á¨¬¯«¥ªá®¢ ¨¢ à¨ â® ®â®á¨â¥«ì®
«¨¥©®£® ¯à¥®¡à §®¢ ¨ï ª®®à¤¨ â.

� áá¬®âà¨¬  ¨åã¤è¨© á«ãç © ¡ §®¢®£® ¬¥â®¤ : ª ¦¤®¥ ®âá¥ª îé¥¥ ¯®«ã¯à®áâà áâ¢® ®â-
á¥ª ¥â â®«ìª® ®¤ã ¢¥àè¨ã ¨§ ¥®âá¥ç¥ëå ¤àã£¨¬¨ ¯®«ã¯à®áâà áâ¢ ¬¨ ¨ ª ¦¤ ï á¥ªãé ï
¯«®áª®áâì ¯ à ««¥«ì  (n � 1)-¬¥à®© £à ¨ á¨¬¯«¥ªá , á®¤¥à¦ é¥© n ¥®âá¥ç¥ëå ¢¥àè¨.
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� ¡ §®¢®¬ ¬¥â®¤¥ ®æ¥ª  ®â®è¥¨ï ®¡ê¥¬®¢ (áª®à®áâì áå®¤¨¬®áâ¨) ¢ íâ®¬ á«ãç ¥ ¡«¨§ª  ª
¥¤¨¨æ¥, â.¥. ¯à¨ kl = n ¨§ (3) á«¥¤ã¥â

V (Sl)
V (Sl�1)

=
�

n

n+ 1

�n �
n

n� 1

�n�1

� 1�
1
2n2

:

� áá¬ âà¨¢ ¥¬ë¥ ¬®¤¨ä¨ª æ¨¨ ¯®§¢®«ïîâ áãé¥áâ¢¥® ã«ãçè¨âì ®æ¥ªã (3) ¤«ï íâ®£® á«ã-
ç ï.

�¥®à¥¬  1. �ãáâì   ª ¦¤®© ¨â¥à æ¨¨ ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨© ¬®¦® ¯à®¢¥-

áâ¨ n á¥ªãé¨å ¯«®áª®áâ¥© á ®à¬ «ï¬¨

ai = ei = (0; : : : ; 0; 1; 0; : : : ; 0): (4)

�®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

V (Sl)
V (Sl�1)

�

�
n

n+ 1

�n

�
1
e
; (5)

£¤¥ e | ®á®¢ ¨¥  âãà «ì®£® «®£ à¨ä¬ .

�®ª § â¥«ìáâ¢®. �â®¡ë ¯®«ãç¨âì ®æ¥ªã ®â®è¥¨ï ®¡ê¥¬®¢ (5), ã¦® ã¬¥âì ®¯à¥¤¥«ïâì
®¡ê¥¬ V (Sl) á¨¬¯«¥ªá  Sl, á®¤¥à¦ é¥£® ç áâì á¨¬¯«¥ªá  Sl�1, ¯®«ãç¥ãî ¢ à¥§ã«ìâ â¥ ãá¥-
ç¥¨ï á¨¬¯«¥ªá  Sl�1 n á¥ªãé¨¬¨ ¯«®áª®áâï¬¨. � [1] ®¯¨á   ¬¥â®¤¨ª  ¯®áâà®¥¨ï ®¢®£®
á¨¬¯«¥ªá  ¬¨¨¬ «ì®£® ®¡ê¥¬ , á®¤¥à¦ é¥£® ç áâì á¨¬¯«¥ªá , ãá¥ç¥®£® ®¤®© ¯«®áª®áâìî.
�®íâ®¬ã § ¬¥¨¬ á®¢®ªã¯®áâì ¨§ n á¥ªãé¨å ¯«®áª®áâ¥© ®¤®© à¥§ã«ìâ¨àãîé¥© â ª, çâ®¡ë ® 
®âá¥ª «  â® ¦¥ ª®«¨ç¥áâ¢® ¢¥àè¨,   § â¥¬ ¯à¨¬¥¨¬ ¬¥â®¤¨ªã ¨§ [1].

�ã¤¥¬ ¨áª âì ®à¬ «ì à¥§ã«ìâ¨àãîé¥© ¯«®áª®áâ¨ b ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨
nP

i=1
�ia

i

®à¬ «¥© ai = ei.
�á«¨ áãé¥áâ¢ã¥â ¢¥ªâ®à �� = (��1; : : : ; ��n), ª®â®àë© ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë

nX
i=1

�i(ai)T (hj � xc) > 0; j = 1; : : : ; r; (6)

nX
i=1

�i = 1; (7)

�i � 0; (8)

£¤¥ xc | æ¥âà â¥ªãé¥£® á¨¬¯«¥ªá , r | ç¨á«® ®âá¥ç¥ëå ¢¥àè¨, â® ®âá¥ª îé¥¥ ¯®«ã¯à®-
áâà áâ¢®

bT (x� xc) � 0; b =
nX

i=1

��iai;

®âá¥ª ¥â â® ¦¥ ç¨á«® ¢¥àè¨, çâ® ¨ á®¢®ªã¯®áâì ®âá¥ª îé¨å ¯®«ã¯à®áâà áâ¢. � ¬¥â¨¬, çâ®
¯à¨ ãá«®¢¨ïå â¥®à¥¬ë á¨áâ¥¬  (6){(8) ¢á¥£¤  á®¢¬¥áâ .

�á«®¢¨ï (6), (8) ®¡à §ãîâ ¥ª®â®àë© ª®ãá,   ãá«®¢¨¥ (7) ¥áâì áâ ¤ àâ®¥ ãá«®¢¨¥ ®à¬¨-
à®¢ª¨, ¥®¡å®¤¨¬®¥ «¨èì ¤«ï â®£®, çâ®¡ë á¤¥« âì ¬®¦¥áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨ï¬¨ (6), (8),
®£à ¨ç¥ë¬.

�  è¥¬ á«ãç ¥ á¨áâ¥¬  (6){(8) ¡ã¤¥â ¨¬¥âì ¢¨¤

�T (hj � xc) > 0; j = 1; : : : ; n; (9)

�i � 0; i = 1; n; (10)
nX

i=1

�i = 1; (11)
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  ãà ¢¥¨¥¬ á¥ªãé¥© ¯«®áª®áâ¨ ¡ã¤¥â

�T (x� xc) � 0:

� ª ª ª hj = (0; : : : ; 0; hj ; 0; : : : ; 0), â® á¨áâ¥¬  (9){(11) íª¢¨¢ «¥â  á¨áâ¥¬¥

�jhj > �Txc = 1; (90)

� � 0; (100)

�Txc = 1: (110)

�¤¥áì ¢¬¥áâ® ãá«®¢¨ï ®à¬¨à®¢ª¨ (11) ¨á¯®«ì§ã¥âáï ãá«®¢¨¥ (110).
�§¢¥áâ®, çâ® ®¡ê¥¬  ç «ì®£® ®àâ®£® «ì®£® á¨¬¯«¥ªá  S0 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

V (S0) =
1
n!
h1h2 � � � hn: (12)

�§ ãà ¢¥¨ï á¥ªãé¥© ¯«®áª®áâ¨ ¨ ¢ á¨«ã (110) ¨¬¥¥¬ �Tx � �Txc = 1. �«¥¤®¢ â¥«ì®, ®¡ê¥¬
á¨¬¯«¥ªá  S1 = fx : �Tx � 1; x � 0g ¡ã¤¥â ¢ëà ¦ âìáï ä®à¬ã«®©

V (S1) = v(�) =
1
n!

1
�1 � � � �n

: (13)

� ª ª ª V (S1) ¤®«¦¥ ¡ëâì ¬¨¨¬ «ìë¬, à¥è¨¬ § ¤ çã

v(�)! inf (14)

¯à¨ ®£à ¨ç¥¨ïå

�jhj > 1; j = 1; : : : ; n; (15)

� � 0; (16)

�Txc = 1: (17)

�  íª¢¨¢ «¥â  § ¤ ç¥

�
nX

i=1

ln�i ! inf (18)

¯à¨ ãá«®¢¨ïå (15){(17). �§ ãá«®¢¨ï (15) á«¥¤ã¥â, çâ® �i > 1=hj .
�¥è¨¬ § ¤ çã (18), (17), ¨á¯®«ì§ãï ¬¥â®¤ ¬®¦¨â¥«¥© � £à ¦ , § â¥¬ ¯à®¢¥à¨¬ ãá«®¢¨ï

(15), (16). �®«ãç¨¬

L(�; �) = �
nX

i=1

ln�i + �(�Txc � 1); L0� = �
1
�i

+ �xci = 0;
1
�
= �ix

c
i ; 1 =

nX
i=1

�ix
c
i =

n

�
;

á«¥¤®¢ â¥«ì®, � = n. �âáî¤  ��i =
1

nxc
i

, ¨, ãç¨âë¢ ï (xc)T =
�

h1
n+1

; : : : ; hn
n+1

�
, ¨¬¥¥¬ ��i =

1

( n

n+1)hi
.

� ª ª ª n
n+1

� 1, â® ��i > 1=hj > 0.

�§ (13) ¯à¨ � = �� ¨¬¥¥¬ V (S1) = 1

n!

�
n

n+1

�n
h1h2 � � � hn, ¯®íâ®¬ã

V (S1)
V (S0)

=
�

n

n+ 1

�n

�
1
e
: �

�¥®à¥¬  2. �ãáâì   ª ¦¤®© ¨â¥à æ¨¨ ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨© ¬®¦® ¯à®¢¥-

áâ¨ l < n á¥ªãé¨å ¯«®áª®áâ¥©, ®à¬ «¨ ª®â®àëå ¨¬¥îâ ¢¨¤ (4). �®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

®â®è¥¨ï ®¡ê¥¬®¢

V (Sl)
V (Sl�1)

�

�
n

n+ 1

�n�
kl

kl � 1

�kl�1

; (19)
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£¤¥ kl | ç¨á«® á®åà ¥ëå ¯à¨ ®âá¥ç¥¨¨ ¢¥àè¨ á¨¬¯«¥ªá  Sl�1.

�®ª § â¥«ìáâ¢®. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¡ã¤¥¬ ¨áª âì ®à¬ «ì \à¥§ã«ìâ¨-

àãîé¥©" ¯«®áª®áâ¨ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨
lP

i=1
�ia

i, l < n, ®à¬ «¥© ai, â.¥.

�1(1; 0; : : : ; 0)T + �2(0; 1; : : : ; 0)T + � � �+ �l(0; : : : ; 1; : : : ; 0)T = (�1; : : : ; �l; 0; : : : ; 0)T : (20)

�®¦¥áâ¢® S1 = fx : �Tx � 1; x � 0g ¤®«¦® ¡ëâì ®£à ¨ç¥®, ¯®íâ®¬ã ª (20) ¤®¡ ¢¨¬

(�1; : : : ; �l; 0; : : : ; 0)
T + �l+1

�
1
h1
; : : : ;

1
hn

�T

=
�
�1 +

�l+1
h1

; : : : ; �l +
�l+1
hl

;
�l+1
hl+1

; : : : ;
�l+1
hn

�T

= ��:

�¨áâ¥¬ã (6){(8) ¤«ï  è¥£® á«ãç ï ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

��(h� �x) > 0; � � 0; �T �x = 1; (21)

£¤¥ �x ¤®«¦® ã¤®¢«¥â¢®àïâì ãá«®¢¨î

lX
i=1

xci
hi

+
nX

i=l+1

�xi
hi

= 1: (22)

� ¬¥â¨¬, çâ® ¯à¨ ãá«®¢¨ïå â¥®à¥¬ë á¨áâ¥¬  (21) ¢á¥£¤  á®¢¬¥áâ . �¡ê¥¬ á¨¬¯«¥ªá  f��x �
1; x � 0g ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

V (S1) = v(��) = (n! ��1 � � � ��n)
�1 =

�
n!
�
�1 +

�l+1
h1

�
� � �

�
�l +

�l+1
hl

�
�n�l
l+1

�
1

hl+1 � � � hn

���1
:

�à®«®£ à¨ä¬¨àã¥¬ äãªæ¨î v(��) ¨ à áá¬®âà¨¬ § ¤ çã ®¯â¨¬¨§ æ¨¨

w(�) = �
lX

i=1

ln
�
�i +

�l+1
hi

�
� (n� l) ln(�l+1)! min (23)

¯à¨ ãá«®¢¨ïå

lX
i=1

�
�i +

�l+1
hi

�
�xi + �l+1

nX
i=l+1

�xi
hi

= 1; � � 0: (24)

�¥è¨¬ (23){(24), ¨á¯®«ì§ãï ¬¥â®¤ ¬®¦¨â¥«¥© � £à ¦ 

L(�; �) = w(�) + �

� lX
i=1

�
�i +

�l+1
hi

�
�xi + �l+1

nX
i=l+1

�xi
hi
� 1

�
;

L0�i = �
1

�i +
�l+1
hi

+ ��xi = 0; i = 1; : : : ; l;

L0�l+1 = �
lX

i=1

��
�i +

�l+1
hi

�
xi

��1
�
n� l

�l+1
+ �

� lX
i=1

�xi
hi

+
nX

i=l+1

�xi
hi

�
= 0:

�®á«¥ ¯à¥®¡à §®¢ ¨© ¨¬¥¥¬

� =
1

(�i + �l+1=hi) �xi
; i = 1; : : : ; l;

l

�
+ �l+1

nX
i=l+1

�xi
hi

= 1; �l+1 =
�
1�

l

�

�. nX
i=l+1

�xi
hi
:

� ª ª ª �xi = xci =
hi
n+1

¯à¨ i = 1; : : : ; l, â®

��
�i +

�l+1
hi

�
hi

��1
=

�

n+ 1
:
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�®¤áâ ¢¨¬  ©¤¥®¥ � ¢ ¯à®¨§¢®¤ë¥ ®â äãªæ¨¨ � £à ¦ 

�
l�

n+ 1
� (n� l)

�

�� l

nX
i=l+1

�xi
hi

+ � = 0

¨ ¢ á¨«ã (22) ¨¬¥¥¬

nX
i=l+1

�xi
hi

= 1�
lX

i=1

hi
hi(n+ 1)

= 1�
l

n+ 1
;

1�
l

n+ 1
�
n� l

�� l

�
1�

l

n+ 1

�
= 0; 1�

n� l

�� l
= 0 =) � = n:

� «¥¥ ¯®«ãç¨¬

n =
��
�i +

�l+1
hi

�
hi

n+ 1

��1
;

1
�i + �l+1=hi

=
n

n+ 1
hi; i = 1; : : : ; l:

�âáî¤  ®¯à¥¤¥«¨¬ ®¯â¨¬ «ì®¥

��l+1 =
n� l

n

.n+ 1� l

n+ 1
¨ ¯®¤áâ ¢¨¬  ©¤¥®¥ �� ¢ äãªæ¨î ®¡ê¥¬ . �®£¤ 

V (S1) =
1
n!

�
n

n+ 1

�l

h1 � � � hl

�
n

n� l

�n�l�
n+ 1� l

n+ 1

�n�l

hl+1 � � � hn; V (S0) =
1
n!
h1 � � � hn:

�®íâ®¬ã

V (S1)
V (S0)

=
�

n

n+ 1

�l�
n

n� l

�n�l�
n+ 1� l

n+ 1

�n�l

=
�

n

n+ 1

�n�
n+ 1� l

n� l

�n�l

:

� ª ª ª ç¨á«® á®åà ¥ëå ¯à¨ ®âá¥ç¥¨¨ ¢¥àè¨ á¨¬¯«¥ªá  kl = n+ 1� l, â®

V (S1)
V (S0)

�

�
n

n+ 1

�n�
kl

kl � 1

�kl�1

: �

�¨áâ¥¬  (6){(8) ¥ ¢á¥£¤  ¨¬¥¥â à¥è¥¨¥, ¯®íâ®¬ã ¥ ¢á¥£¤  ¬®¦® ¯®áâà®¨âì \à¥§ã«ìâ¨-
àãîéãî" á¥ªãéãî ¯«®áª®áâì, ª®â®à ï ®âá¥ª «  ¡ë áâ®«ìª® ¦¥ ¢¥àè¨ â¥ªãé¥£® á¨¬¯«¥ªá ,
çâ® ¨ ¢áï á®¢®ªã¯®áâì ¯«®áª®áâ¥©. � ®¡é¥¬ á«ãç ¥ à áá¬ âà¨¢ ¥¬ á¯¥æ¨ «ìãî § ¤ çã, çâ®-
¡ë á®®â¢¥âáâ¢ãîé¥¥ à¥§ã«ìâ¨àãîé¥© ¯«®áª®áâ¨ ¯®«ã¯à®áâà áâ¢® ®âá¥ª «®  ¨¡®«ìè¥¥ ç¨á«®
¢¥àè¨,

min
�

max
1�j�r

lX
i=1

�i(a
i)T (hj � xc);

lX
i=1

�i = 1; �i � 0; (25)

£¤¥ r | ç¨á«® ®âá¥ç¥ëå ¢¥àè¨.
� ¤ ç  (25) ï¢«ï¥âáï § ¤ ç¥© ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï á ªãá®ç®-«¨¥©®© æ¥«¥¢®©

äãªæ¨¥©. �ç¥¢¨¤®, ®  íª¢¨¢ «¥â  § ¤ ç¥ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï

�l+1 ! min;
lX

i=1

dji�i � �l+1 � 0; j = 1; : : : ; r;
lX

i=1

�i = 1; �i � 0; (26)

£¤¥ dji = (ai)T (hj � xc).
�«ï à¥è¥¨ï § ¤ ç¨ (26) ¬®¦® ¨á¯®«ì§®¢ âì ®¤¨ ¨§ ¨§¢¥áâëå ¬¥â®¤®¢ «¨¥©®£® ¯à®-

£à ¬¬¨à®¢ ¨ï. �à¨ ãç¥â¥ á¯¥æ¨ä¨ª¨ § ¤ ç¨ (25) ç¨á«® «¨¥©ëå ªãáª®¢ ã æ¥«¥¢®© äãªæ¨¨

 (�) = max
1�j�r

lX
i=1

�i(ai)T (hj � xc)
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à ¢® ç¨á«ã ®âá¥ç¥ëå ¢¥àè¨ r. � ª ¯®ª §ë¢ îâ ¯à ªâ¨ç¥áª¨¥ à áç¥âë, r �
j
n
2

k
, £¤¥ bac |

 ¨¡®«ìè¥¥ æ¥«®¥, ¥ ¯à¥¢®áå®¤ïé¥¥ a. �®íâ®¬ã ¤«ï à¥è¥¨ï ¢á¯®¬®£ â¥«ì®© § ¤ ç¨ à §ã¬®
¨á¯®«ì§®¢ âì ¬¥â®¤ ®¯®àëå ¯«®áª®áâ¥©.

�¯¨è¥¬ ®á®¢ë¥ è £¨ ¬®¤¨ä¨æ¨à®¢ ®£® ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨©.
�¡®§ ç¨¬: '0 | ¬¨¨¬ «ì®¥,  ©¤¥®¥ ¤®  ç «  k-© ¨â¥à æ¨¨, § ç¥¨¥ äãªæ¨¨ f0(x);

�k | ¤«¨  ¨â¥à¢ «  ¥®¯à¥¤¥«¥®áâ¨, á®¤¥à¦ é¥£® ¬¨¨¬ «ì®¥ § ç¥¨¥ f�0 (x) ¬¨¨¬¨§¨-
àã¥¬®© äãªæ¨¨; ¬ âà¨æ  X à §¬¥à®¢ (n+ 1) � n, áâà®ª  i ª®â®à®© á®®â¢¥âáâ¢ã¥â i-© ¢¥àè¨¥
á¨¬¯«¥ªá  S.

�®« £ ¥¬ ¯à¨ k = 0, V = 1, 'k = �k = +1. �«ï à¥è¥¨ï § ¤ ç¨ (1), (2) ¬®¤¨ä¨æ¨à®¢ -
ë¬  «£®à¨â¬®¬ á¨¬¯«¥ªáëå ¯®£àã¦¥¨©   k-© ¨â¥à æ¨¨ ¥®¡å®¤¨¬® ¢ë¯®«¨âì á«¥¤ãîé¨¥
¤¥©áâ¢¨ï.

� £ 1. � ©â¨ æ¥âà á¨¬¯«¥ªá  Sk.
� £ 2.�à®¢¥à¨âì, ï¢«ï¥âáï «¨ æ¥âà xck ¤®¯ãáâ¨¬ë¬, â.¥. ¢ë¯®«ï¥âáï «¨ ãá«®¢¨¥ fi(x

c
k) � 0

¤«ï ¢á¥å i = 1; : : : ;m.
� £ 3. �á«¨ xck ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬, â® ¢ëç¨á«¨âì ®à¬ «ì á¥ªãé¥© ¯«®áª®áâ¨ b =

@f0(xck), £¤¥ @f0(x
c
k) | áã¡£à ¤¨¥â æ¥«¥¢®© äãªæ¨¨ ¢ æ¥âà¥ â¥ªãé¥£® á¨¬¯«¥ªá , ¨ ¯¥à¥©-

â¨   è £ 9. � ¯à®â¨¢®¬ á«ãç ¥ ¯¥à¥©â¨ ª è £ã 4.
� £ 4. �ë¡à âì l ®£à ¨ç¥¨© § ¤ ç¨, ¤«ï ª®â®àëå fi(xck) > 0. �à¨ ¥®¡å®¤¨¬®áâ¨ á ¯®¬®-

éìî ¯¥à¥ã¬¥à æ¨¨ áâ ¢¨¬ íâ¨ ®£à ¨ç¥¨ï   ¯¥à¢ë¥ l ¬¥áâ.
�«ï ®âá¥ª îé¨å ¯«®áª®áâ¥©  ©â¨ ®à¬ «¨ ai = @fi(xck), i = 1; : : : ; l, £¤¥ @fi | áã¡£à ¤¨¥â

¢ë¯ãª«®© äãªæ¨¨ fi(x).
� £ 5. �à®¢¥à¨âì, ª ª¨¥ ¨§ ¢¥àè¨ á¨¬¯«¥ªá  Sk ®âá¥ª îâáï á®¢®ªã¯®áâìî ¯®«ã¯à®-

áâà áâ¢, â.¥. £¤¥ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (ai)T (h � xck) � 0, i = 1; : : : ; l. �ç¨â ¥¬, çâ® ®âá¥ª -
îâáï ¯¥à¢ë¥ l ¢¥àè¨ á¨¬¯«¥ªá , ¨ ç¥ ¯à®¢¥¤¥¬ ¯¥à¥ã¬¥à æ¨î ¢¥àè¨. �ãáâì kv | ç¨á«®
®âá¥ç¥ëå ¢¥àè¨.

� £ 6. �«ï ¯®¨áª  ®à¬ «¨ à¥§ã«ìâ¨àãîé¥© ¯«®áª®áâ¨ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ®à-
¬ «¥© ai áä®à¬¨à®¢ âì á¯¥æ¨ «ìãî ¬¨¨¬ ªáãî § ¤ çã

min
�

max
1�j�kv

lX
i=1

�i(a
i)T (hj � xck);

lX
i=1

�i = 1; �i � 0: (27)

� £ 7. �«ï à¥è¥¨ï § ¤ ç¨ (27) ¨á¯®«ì§®¢ âì ¬¥â®¤ ®¯®àëå ¯«®áª®áâ¥©.
� £ 8. � ©¤¥ë© ¬¥â®¤®¬ ®¯®àëå ¯«®áª®áâ¥© ¢¥ªâ®à �� = (��1; : : : ; ��l) ¯®¤áâ ¢¨âì ¢ b =

lP
i=1

��iai.

� £ 9. � ©â¨ ¢¥«¨ç¨ë �i = bT (xi � xc), i = 1; n+ 1, ®¯à¥¤¥«¨âì ¨¤¥ªá p ¨§ ãá«®¢¨ï �p =
min

1�i�n+1
�i, ¢¥«¨ç¨ë �i = ��i=�p, i = 1; 2; : : : ; n+1, ¨ æ¥«®¥ ç¨á«® k, à ¢®¥ ç¨á«ã á®åà ï¥¬ëå

¢¥àè¨ á¨¬¯«¥ªá  Sk.
� £ 10. � ©â¨ ¯ à ¬¥âà t 2 [0; 1]. �«ï íâ®£® ¤®áâ â®ç® à¥è¨âì § ¤ çã ®¤®¬¥à®© ¢ë¯ã-

ª«®© ¬¨¨¬¨§ æ¨¨

q� = min
0�t�� 1

�0

nY
i=1

(1 + �it)
�1:

� £ 11. � ©â¨ ¢¥ªâ®à ª®íää¨æ¨¥â®¢ à áâï¦¥¨ï � = (�1; : : : ; �p�1; �p+1; : : : ; �n) à¥¡¥à á¨¬-
¯«¥ªá  S, ¨áå®¤ïé¨å ¨§ ®¯®à®© ¢¥àè¨ë xp ¯® ä®à¬ã«¥ �i = (1 + �it)�1.

� £ 12. �¥à¥©â¨ ®â á¨¬¯«¥ªá  Sk á ¬ âà¨æ¥© Xk ª á¨¬¯«¥ªáã Sk+1 á ¬ âà¨æ¥© Xk+1, ¨¬¥-
îé¥© í«¥¬¥âë

Xk+1
ij =

(
Xk

pj + �i(Xk
ij �Xk

pj); i = 1; n+ 1; i 6= p;

Xk
ij ; i = 1; n; i = p:
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� £ 13. �¥à¥áç¨â âì ®¡ê¥¬ á¨¬¯«¥ªá , á®¤¥à¦ é¥£® à¥è¥¨¥, ¯® ä®à¬ã«¥ Vk+1 = Vkq
�
k, £¤¥

q�k = min
0�t�1

nY
i=1

(1 + �it)�1 = min
0�t�1

q(�; t):

� £ 14. �¥à¥áç¨â âì ¤«¨ã ¨â¥à¢ «  ¥®¯à¥¤¥«¥®áâ¨ ¯® ä®à¬ã«¥

�k =


1� 
[f0max � 'k];  = (V )1=n; f0max = max

x2S0
f0(x):

� £ 15. �á«¨ ¤«¨  ¨â¥à¢ «  ¥®¯à¥¤¥«¥®áâ¨ �k < ", £¤¥ " | ¢¥«¨ç¨ , § ¤ îé ï
â®ç®áâì ¢ëç¨á«¥¨©, â®  «£®à¨â¬ § ª ç¨¢ ¥â à ¡®âã. � ¯à®â¨¢®¬ á«ãç ¥ ¯¥à¥©â¨ ª è £ã 1,
§ ¬¥¨¢ k   k + 1.

� ª ¯®ª § «¨ ¯à ªâ¨ç¥áª¨¥ à áç¥âë,  ¨¡®«ìè¥© íää¥ªâ¨¢®áâ¨ ¯à¥¤«®¦¥ ï ¬®¤¨ä¨-
ª æ¨ï ¤®áâ¨£ ¥â ¯à¨ à¥è¥¨¨ § ¤ ç ¬¨¨¬¨§ æ¨¨ ¢ë¯ãª«®© äãªæ¨¨ á ¤¢ãáâ®à®¨¬¨ (¯ -
à ««¥«¥¯¨¯¥¤ë¬¨) ®£à ¨ç¥¨ï¬¨   ¯¥à¥¬¥ë¥. �â®â ä ªâ ¨ § ¬¥ç¥ ï ¢®§¬®¦®áâì ®â-
¡à áë¢ âì ¥ ªâ¨¢ë¥ ®£à ¨ç¥¨ï ¯à¨¢¥«¨ ª à §à ¡®âª¥ ¤¢ãåíâ ¯®£® ¬¥â®¤  á¨¬¯«¥ªáëå
¯®£àã¦¥¨©.

3. �¢ãåíâ ¯ë© ¬¥â®¤ á¨¬¯«¥ªáëå ¯®£àã¦¥¨©

� áá¬®âà¨¬ § ¤ çã

f(x)! min; Ax � b; (28)

£¤¥ A| (m�n)-¬ âà¨æ . �®¯ãáâ¨¬, çâ®m = n. �à¥¤¯®«®¦¨¬, çâ® A|¥¢ëà®¦¤¥ ï ¬ âà¨æ 
¨ áãé¥áâ¢ã¥â A�1. �¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå

y = Ax (29)

¨ ®â § ¤ ç¨ (28) ¯¥à¥©¤¥¬ ª § ¤ ç¥

~f(y)! min; y � b; (30)

£¤¥ ~f(y) = f(A�1y). � § ¤ ç¥ (30) ¤®¯ãáâ¨¬®¥ ¬®¦¥áâ¢® ¨¬¥¥â ¯à®áâãî áâàãªâãàã.
�á«¨ m > n, â® ¯à¥¤« £ ¥âáï à §¡¨âì à ¡®âã  «£®à¨â¬    ¤¢  íâ ¯ .
I íâ ¯. �®¤¨ä¨æ¨à®¢ ë¬ ¬¥â®¤®¬ á¨¬¯«¥ªáëå ¯®£àã¦¥¨© à¥è ¥¬ § ¤ çã (28) ¨  

ª ¦¤®© ¨â¥à æ¨¨ ®â¡à áë¢ ¥¬ ¥ ªâ¨¢ë¥ ®£à ¨ç¥¨ï, ¥á«¨ ®¨ ¥áâì.
�¤¥â¨ä¨ª æ¨ï ¥ ªâ¨¢ëå ®£à ¨ç¥¨© ¯à®¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬ âà¨¢ ¥âáï

§ ¤ ç 

f(x)! min; x 2 R; (31)

£¤¥ R = fx : (ai)Tx � bi; i = 1; : : : ;mg. �ãáâì S | á¨¬¯«¥ªá á ¢¥àè¨ ¬¨ x1; : : : ; xn+1, á®¤¥à¦ -
é¨© ®¯â¨¬ «ì®¥ à¥è¥¨¥ x� § ¤ ç¨ (31). �¡®§ ç¨¬

i = max
1�j�n+1

(ai)Txj ;

£¤¥ ai | ®à¬ «¨ ¯«®áª®áâ¥©, á®®â¢¥âáâ¢ãîé¨å ®£à ¨ç¥¨ï¬ § ¤ ç¨. �ç¥¢¨¤®, çâ® ®£à ¨ç¥-
¨¥ (ai)Tx � bi ¡ã¤¥â ¥ ªâ¨¢ë¬ ¢ â®çª¥ x� á¨¬¯«¥ªá  S, ¥á«¨ i < bi.

�¡®§ ç¨¬ ç¥à¥§ I = fi : i � big ¬®¦¥áâ¢® ¨¤¥ªá®¢ ¢á¥å ®áâ ¢è¨åáï ®£à ¨ç¥¨©. �®£¤ 
¢¬¥áâ® § ¤ ç¨ (31) ¬®¦® à áá¬ âà¨¢ âì § ¤ çã

f(x)! min; (ai)Tx � bi; i 2 I; (32)

á ¬¥ìè¨¬ ç¨á«®¬ ®£à ¨ç¥¨©. �â¨¬ ¬®¦® ¤®¡¨âìáï á®ªà é¥¨ï ®¡ê¥¬  ¢ëç¨á«¥¨©.
� ª â®«ìª® ç¨á«® ®áâ ¢è¨åáï ®£à ¨ç¥¨© áâ ¥â à ¢ë¬ n, â® ¯¥à¥å®¤¨¬ ª® ¢â®à®¬ã íâ ¯ã.
II íâ ¯. �à®¨§¢®¤¨¬ § ¬¥ã ¯¥à¥¬¥ëå (29) ¨ ä®à¬¨àã¥¬ § ¤ çã ¢¨¤  (30), ¤«ï ª®â®à®©

¨á¯®«ì§ã¥âáï ã¯à®é¥ë© ¢ à¨ â ¬®¤¨ä¨æ¨à®¢ ®£® ¬¥â®¤  á¨¬¯«¥ªáëå ¯®£àã¦¥¨©.
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�«ï ¯à®¢¥àª¨ íää¥ªâ¨¢®áâ¨ ¯à¥¤«®¦¥ëå ¬®¤¨ä¨ª æ¨© ¬®¤¥«¨à®¢ «áï â¥áâ ¢¨¤ 

kx� ak2 ! min; Ax � b; � � x � �;

£¤¥ n-¬¥àë¥ ¢¥ªâ®àë a, x, (m�n)-¬ âà¨æ  A,   â ª¦¥ �, � £¥¥à¨à®¢ «¨áì á«ãç ©ë¬ ®¡à §®¬
á ¯®¬®éìî ¯à®æ¥¤ãàë randomize ï§ëª  � áª «ì. � §¬¥à®áâì n ¯à®áâà áâ¢  ¨ ª®«¨ç¥áâ¢®
®£à ¨ç¥¨© m § ¤ ¢ «¨áì ¯à®¨§¢®«ì®.

�á¯®«ì§®¢ ¨¥ ¤¢ãåíâ ¯®£® ¯®¤å®¤  ¯®§¢®«ï¥â ãáª®à¨âì à ¡®âã ¡ §®¢®£®  «£®à¨â¬  á¨¬-
¯«¥ªáëå ¯®£àã¦¥¨© ¢ áà¥¤¥¬ ¢ 2,5 à § .
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