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1. � ¤ ­­®© à ¡®â¥ á ¯®¬®éìî ¬¥â®¤®¢ ¯à¨¡«¨¦¥­­®£® £àã¯¯®¢®£®  ­ «¨§ , à §¢¨âëå ¢
[1]{[3], ¨áá«¥¤ã¥âáï ãà ¢­¥­¨¥ ¤¨­ ¬¨ª¨ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ­¥­ìîâ®­®¢áª®© ¦¨¤ª®áâ¨ á
à¥®«®£¨ç¥áª¨¬ § ª®­®¬ �¥©­¥à {�¨¢«¨­ , ª®â®à®¥ ã¤®¡­® § ¯¨á âì ¢ ¢¨¤¥ á¨áâ¥¬ë [4]

ut = (u2�(�))x + "F (t; x; u; "); � = uux: (1.1)

�¤¥áì t | ¢à¥¬ï, x | ¯à®¤®«ì­ ï ª®®à¤¨­ â , ­¥¨§¢¥áâ­ ï äã­ªæ¨ï u(t; x) § ¤ ¥â á¢®¡®¤­ãî
¯®¢¥àå­®áâì ¦¨¤ª®áâ¨, � | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ®¯à¥¤¥«ï¥¬ ï à¥®«®£¨¥© ¦¨¤ª®áâ¨ (¢ ¯à¨-
«®¦¥­¨ïå � | ­¥ç¥â­ ï ¬®­®â®­­® ¢®§à áâ îé ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï), "F ¡ « ­á ¬ ááë
¦¨¤ª®áâ¨ (¯®¢¥àå­®áâ­ë© ¨áâ®ç­¨ª), " | ¬ «ë© ¯ à ¬¥âà.

�à¨ " = 0 ­¥¢®§¬ãé¥­­®¥ ãà ¢­¥­¨¥

ut = (u2�(�))x; � = uux; (1.2)

¤®¯ãáª ¥â £àã¯¯ã á¤¢¨£®¢ ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬ t ¨ x á ¨­ä¨­¨â¥§¨¬ «ì­ë¬¨ ®¯¥à â®à -
¬¨ X0

1 = @t ¨ X0
2 = @x á®®â¢¥âáâ¢¥­­® ¨ £àã¯¯ã à áâï¦¥­¨© á ®¯¥à â®à®¬ X0

3 = t@t + 2x@x + u@u.
�â¬¥â¨¬, çâ® à ­¥¥ ¢ [5] ¡ë«¨ ¯®«­®áâìî ¨áá«¥¤®¢ ­ë ¯à¨¡«¨¦¥­­ë¥ á¨¬¬¥âà¨¨ ãà ¢-

­¥­¨ï (1.1) á® áâ¥¯¥­­®© äã­ªæ¨¥© �, çâ® á®®â¢¥âáâ¢ã¥â à¥®«®£¨ç¥áª®¬ã § ª®­ã �áâ¢ «ì¤ {
�¨ ¤«ï ­¥­ìîâ®­®¢áª®© ¦¨¤ª®áâ¨, ï¢«ïîé¥¬ãáï ç áâ­ë¬ á«ãç ¥¬ ®¡é¥£® à¥®«®£¨ç¥áª®£® § -
ª®­  �¥©­¥à {�¨¢«¨­ , ¢ [5] ¯®áâà®¥­ë ¨ ¯à¨¡«¨¦¥­­ë¥ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ­ ©¤¥­­ëå
¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­ëå ãà ¢­¥­¨©. �á«®¢¨ï â®ç­®áâ¨ ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨© ãà ¢­¥-
­¨© (1.1) á® áâ¥¯¥­­®© äã­ªæ¨¥© � ¤¥â «ì­® à áá¬®âà¥­ë ¢ [6], [7], £¤¥ â ª¦¥ ¡ë«¨ ¯®áâà®¥­ë
¨ â®ç­ë¥ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï. �¥â®¤ë ¨ ¯à¨¥¬ë, à §¢¨âë¥ ¢ [5]{[7], è¨à®ª® ¨á¯®«ì§ãîâáï ¢
¢ ¤ ­­®© à ¡®â¥.

2.�ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì à¥§ã«ìâ âë à ¡®â [1]{[3], ¯®íâ®¬ã ã¤®¡­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï,
¯à¨¢¥¤¥­­ë¥ ¢ â ¡«¨æ¥

t x u � ut ux �t �x

y1 y2 y3 y4 y5 y6 y7 y8:

� ­®¢ëå ®¡®§­ ç¥­¨ïå á¨áâ¥¬  (1.1) ¯à¨­¨¬ ¥â ¢¨¤

F 1
0 + "F 1

1 = 0; F 2
0 + "F 2

1 = 0; (2.1)

£¤¥

F 1
0 =

@

@y2
(y23�(y4))� y5; F 1

1 = F (y1; y2; y3; y4); F 2
0 = y4 � y3y6; F 2

1 = 0:

�®£« á­® [1] ¨­ä¨­¨â¥§¨¬ «ì­ë© ®¯¥à â®à ®¤­®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¯à¨¡«¨¦¥­­ëå á â®ç-
­®áâìî O("2) á¨¬¬¥âà¨© ãà ¢­¥­¨ï (1.1) ¯®à®¦¤ ¥âáï ®¯¥à â®à®¬ £àã¯¯ë â®ç­ëå á¨¬¬¥âà¨©

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâë 97-01-00346  ¨ 00-01-00128).
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­¥¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï (1.2) ¨ ¨¬¥¥â ¢¨¤ X = X0 + "X1, £¤¥ X1 = �k
@
@yk

(áã¬¬¨à®¢ ­¨¥ ¯®
¨­¤¥ªáã k) | ¯®¤«¥¦ é¨© ®¯à¥¤¥«¥­¨î ®¯¥à â®à ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï.

� íâ®¬ ¯ã­ªâ¥ ­ ©¤¥¬ ®¯¥à â®à X1 = @t + "X1 ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¢®§¬ãé¥­¨¥ F 1
1 , ¯à¨

ª®â®à®¬ ãà ¢­¥­¨¥ (2.1) ®ª §ë¢ ¥âáï ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥-
à â®à®¬ X1. � ª ¯®ª § ­® ¢ [1]{[2], ¤«ï ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ �k ¨ ¢®§¬ãé¥­¨ï F 1

1 ¤®«¦-
­ë ã¤®¢«¥â¢®àïâìáï ®¯à¥¤¥«ïîé¨¥ ãà ¢­¥­¨ï, ª®â®àë¥ ¢ á«ãç ¥ á¨áâ¥¬ë (1.1) ¨ ®¯¥à â®à  X1

á¢®¤ïâáï ª á«¥¤ãîé¨¬:

2�3(y6�(y4)) + y3y8�0(y4)) + �4(2y3y6�0 + y23y8�
00)� �5 + 2�6y3�+ �8y

2
3�

0 = �@F
1
1

@y1
; (2.2)

�3y6 + �6y3 � �4 = 0: (2.3)

�à ¢­¥­¨ï (2.2), (2.3) ¢ë¯®«­ïîâáï ­   «£¥¡à ¨ç¥áª®¬ ¬­®£®®¡à §¨¨, ®¯à¥¤¥«¥­­®¬ ãà ¢­¥­¨-
ï¬¨

F 1
0 = 2y3y6�+ y23y8�

0 � y5 = 0; F 2
0 = y4 � y3y6 = 0: (2.4)

�®áª®«ìªã à áá¬ âà¨¢ îâáï «¨èì â®ç¥ç­ë¥ £àã¯¯ë á¨¬¬¥âà¨©, ª®íää¨æ¨¥­âë �k, k = 1; 4,
¤®«¦­ë ¡ëâì äã­ªæ¨ï¬¨  à£ã¬¥­â®¢ y1, y2, y3, y4, äã­ªæ¨¥© íâ¨å  à£ã¬¥­â®¢ ï¢«ï¥âáï ¨ äã­ª-
æ¨ï F 1

1 , ­¨¦¥ íâ® ®¡áâ®ïâ¥«ìáâ¢® ¡ã¤¥â áãé¥áâ¢¥­­® ¨á¯®«ì§®¢ âìáï. �à®¬¥ â®£®, ¤«ï ª®íää¨-
æ¨¥­â®¢ �k, k = 5; 8, á¯à ¢¥¤«¨¢ë ä®à¬ã«ë ¯à®¤®«¦¥­¨ï

�5 = D1(�3)� y5D1(�1)� y6D1(�2); �6 = D2(�3)� y5D2(�1)� y6D2(�2); (2.5)

�8 = D2(�4)� y7D2(�1)� y8D2(�2);

D1 =
@

@y1
+ y5

@

@y3
+ y7

@

@y4
; D2 =

@

@y2
+ y6

@

@y3
+ y8

@

@y4
:

� ãç¥â®¬ ¢â®à®£® á®®â­®è¥­¨ï (2.4) ãà ¢­¥­¨¥ (2.3) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥ y23�6 = y3�4 � y4�3. �®á«¥
¯®¤áâ ­®¢ª¨ ¢ íâ® à ¢¥­áâ¢® ¢ëà ¦¥­¨ï (2.5) ¤«ï �6 ¨ à áé¥¯«¥­¨ï ¯®«ãç¥­­®£® á®®â­®è¥­¨ï
¯® ¯¥à¥¬¥­­ë¬ y8, y28 ­ ©¤¥¬

@�1
@y4

= 0;
@�3
@y4

� y23�
0
�
@�1
@y2

+ y6
@�1
@y3

�
� y6

@�1
@y4

= 0: (2.6)

� ãç¥â®¬ (2.6) ¨¬¥¥¬

�6 =
@�3
@y2

+ y6
@�3
@y3

� 2y4�
�
@�1
@y2

+ y6
@�1
@y3

�
� y6

�
@�2
@y2

+ y6
@�2
@y3

�
: (2.7)

�à ¢­¥­¨¥ (2.2) ¯à¥®¡à §ã¥¬, ¨áª«îç¨¢ ¨§ ­¥£® �6, á ¯®¬®éìî á®®â­®è¥­¨ï (2.3). �®«ãç¨¬

2�4(y4�
0 +�)� �5 + �8y

2
3�

0 + y8(2y3�3�
0 + y23�4�

00) = �@F
1
1

@y1
: (2.8)

� á¨«ã ä®à¬ã« (2.5) ª®íää¨æ¨¥­âë �5, �8 ¢ (2.7) § ¢¨áïâ ®â y7. � áé¥¯«¥­¨¥ (2.8) ¯® y7 ¤ ¥â á
ãç¥â®¬ ¯¥à¢®£® ¨§ á®®â­®è¥­¨© (2.6)

@�3
@y4

� y6
@�2
@y4

+ y23�
0
�
@�1
@y2

+ y6
@�1
@y3

�
= 0:

� ãç¥â®¬ ¢â®à®£® á®®â­®è¥­¨ï (2.6) ¯®«ãç ¥¬

@�3
@y4

= y6
@�2
@y4

; y3
@�1
@y2

= �y4 @�1
@y3

: (2.9)
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�®áª®«ìªã �1 ­¥ § ¢¨á¨â ®â y4, â® ¨§ ¢â®à®£® à ¢¥­áâ¢  ¢ (2.9) á«¥¤ã¥â, çâ® �1 § ¢¨á¨â «¨èì
®â y1, â. ¥. �1 = '(y1) (äã­ªæ¨ï ' ¯à®¨§¢®«ì­ ). �¥¯¥àì ä®à¬ã«ë ¯à®¤®«¦¥­¨ï áãé¥áâ¢¥­­®
ã¯à®é îâáï ¨ ¯à¨­¨¬ îâ ¢¨¤

�5 =
@�3
@y1

+ (2y4�+ y23y8�
0)
�
@�3
@y3

� y6
@�2
@y3

� '0
�
� y6

@�2
@y1

; (2.10)

�6 =
@�3
@y2

+ y6

�
@�3
@y3

� @�2
@y2

� y6
@�2
@y3

�
;

�8 =
@�4
@y2

+ y6
@�4
@y3

+ y8

�
@�4
@y4

� @�2
@y2

� y6
@�2
@y3

� y8
@�2
@y4

�
:

�®á«¥ ¯®¤áâ ­®¢ª¨ á®®â­®è¥­¨© (2.10) ¢ (2.8) ¨ à áé¥¯«¥­¨ï ¯®«ãç¥­­®£® á®®â­®è¥­¨ï ¯® y8,
y28, ãç¨âë¢ ï, çâ® ¯à ¢ ï ç áâì ¢ (2.8) ­¥ § ¢¨á¨â ®â y8, ­ ©¤¥¬

@�2
@y4

= 0; y3�4�
00 + 2�3�

0 + y3�
0
�
@�4
@y4

� @�2
@y2

� @�3
@y3

+ '0
�
= 0: (2.11)

� à¥§ã«ìâ â¥ ãà ¢­¥­¨¥ (2.8) ¯à¨­¨¬ ¥â ¢¨¤

2�4(�+y4�
0)� @�3

@y1
�2y4�

�
@�3
@y3

�y6 @�2
@y3

�'0
�
+y6

@�2
@y1

+ y23�
0
�
@�4
@y2

+ y6
@�4
@y3

�
= �@F

1
1

@y1
: (2.12)

� ¢¥­áâ¢® (2.3) á ãç¥â®¬ á®®â­®è¥­¨ï (2.10) ¤«ï �6 ¯à¥®¡à §ã¥âáï ¢ à ¢¥­áâ¢®

y4�3 � y3�4 + y23
@�3
@y2

+ y3y4

�
@�3
@y3

� @�2
@y2

� y6
@�2
@y3

�
= 0: (2.13)

�§ (2.11) ¨ (2.9) á«¥¤ã¥â, çâ® �2 ¨ �3 ­¥ § ¢¨áïâ ®â y4, ¯®á«¥ ç¥£® ¨§ (2.13) ­ å®¤¨¬

�4 = y24�1 + y4�2 + �3; (2.14)

¯à¨ç¥¬ �1, �2 ¨ �3 ­¥ § ¢¨áïâ ®â y4. �®á«¥ ¯®¤áâ ­®¢ª¨ á®®â­®è¥­¨ï (2.14) ¢ (2.13) ¨ à áé¥¯«¥­¨ï
¯®«ãç¥­­®£® á®®â­®è¥­¨ï ¯® áâ¥¯¥­ï¬ y4 ­ ©¤¥¬

@�2
@y3

= �y3�1; �3 = y3

�
�2 +

@�2
@y2

� @�3
@y3

�
; �3 = y3

@�3
@y2

: (2.15)

�®¤áâ ­®¢ª  (2.14) ¢ (2.11) ¯à¨¢®¤¨â ª á®®â­®è¥­¨î

y3(y24�1 + y4�2 + �3)
�00

�0
+ 2y3y4�1 = y3

�
@�2
@y2

+
@�3
@y3

� '0
�
� 2�3 � y3�2:

� íâ®¬ à ¢¥­áâ¢¥ ¯à ¢ ï ç áâì ­¥ § ¢¨á¨â ®â y4, á«¥¤®¢ â¥«ì­®, ¢ á«ãç ¥ ¯à®¨§¢®«ì­®© äã­ªæ¨¨
� ¤®«¦­ë ¢ë¯®«­ïâìáï á®®â­®è¥­¨ï �1 = �2 = �3 = 0 ¨

y3

�
@�2
@y2

+
@�3
@y3

� '0
�
= 2�3:

�§ (2.15) ¨¬¥¥¬ �2 = �2(y1; y2), �3 = �3(y1; y3) ¨

�3 = y3

�
@�2
@y2

� @�3
@y3

�
; 2�3 = y3

�
@�2
@y2

+
@�3
@y3

� '0
�
: (2.16)

� á¨«ã ¯¥à¢®£® ¨§ à ¢¥­áâ¢ (2.16) @�2=@y2 ­¥ § ¢¨á¨â ®â y2, â. ¥. �2 = �1(y1)y2 + �(y1), ¯®á«¥ ç¥£®
á ¯®¬®éìî ¢â®à®£® ¨§ á®®â­®è¥­¨© (2.16) ­ å®¤¨¬, çâ® �3 = y3(2�1 � '0)=3. �®á¯®«ì§®¢ ¢è¨áì
¯¥à¢ë¬ á®®â­®è¥­¨¥¬ (2.16), ­ ©¤¥¬ �1 = 2'0 ¨ �3 = '0y3, �2 = 2'0y2 + �.
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�ã­ªæ¨î F 1
1 ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï (2.12), ª®â®à®¥ á ãç¥â®¬ ¯®«ãç¥­­ëå á®®â­®è¥­¨© ¤«ï

ª®íää¨æ¨¥­â®¢ �1, �2, �3, �4 ¯à¨­¨¬ ¥â ¢¨¤
@F 1

1

@y1
= '00y3 � y6(2'00y2 + �0), ®âªã¤ 

F 1
1 = '0y3 � y4

y3
(2'0y2 + �) + f(y2; y3; y4):

�â ª, ãà ¢­¥­¨¥

ut = (u2�(�))x + "('0u� (2x'0 + �)�
u
) + f(x; u; �); � = uux; (2.17)

£¤¥ �, f | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢, ', �| ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ t, ¤®¯ãáª ¥â
á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬

X1 = (1 + "')@t + "((2'0x+ �)@x + '0u@u): (2.18)

� ¬¥ç ­¨¥. � á«ãç ¥ áâ¥¯¥­­®© äã­ªæ¨¨ �, ¯®«­®áâìî ¨§ãç¥­­®¬ ¢ [5], £àã¯¯  á¨¬¬¥âà¨©
à áè¨àï¥âáï ¨ ª®íää¨æ¨¥­âë ¨­ä¨­¨â¥§¨¬ «ì­ëå ®¯¥à â®à®¢ ®¯à¥¤¥«ïîâáï ­¥ ¤¢ã¬ï, ª ª ¢
á«ãç ¥ ¯à®¨§¢®«ì­®© �,   âà¥¬ï ¯à®¨§¢®«ì­ë¬¨ äã­ªæ¨ï¬¨ t.

3. �­ «®£¨ç­®, ®¯¥à â®à X0
2 = @x ¯®à®¦¤ ¥â £àã¯¯ã ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨© á ®¯¥à â®à®¬

X2 = (1 + "(2'0x+ �))@x + "('@t + '0u@u); (3.1)

®áâ ¢«ïîéãî ¨­¢ à¨ ­â­ë¬ á â®ç­®áâìî O("2) ãà ¢­¥­¨¥

ut = (u2�(�))x + "(x'00u� ('00x2 + �0x)�
u
) + f(t; u; �); � = uux: (3.2)

�â®â à¥§ã«ìâ â á«¥¤ã¥â ¨§ â®£®, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®¯à¥¤¥«ïîé¨¥ ãà ¢­¥­¨ï, ¨§
ª®â®àëå ­ å®¤ïâáï ª®íää¨æ¨¥­âë �k ¨ äã­ªæ¨ï F 1

1 , ®áâ îâáï â¥¬¨ ¦¥ á ¬ë¬¨, çâ® ¨ ¢ ¯. 2,
­® á â®© à §­¨æ¥©, çâ® ¢ ãà ¢­¥­¨¨ (2.2) ¯à®¨§¢®¤­ãî @F 1

1 =@y1 â¥¯¥àì á«¥¤ã¥â § ¬¥­¨âì ­ 
¯à®¨§¢®¤­ãî @F 1

1 =@y2, ª®â®à ï ¯®-¯à¥¦­¥¬ã § ¢¨á¨â «¨èì ®â ¯¥à¥¬¥­­ëå y1, y2, y3, y4.

4. � ¬¥­¨¬ â¥¯¥àì ®¯¥à â®à X0
1 = @t ­  ®¯¥à â®à X0

� = @t � �@x. �¥£ª® § ¬¥â¨âì, çâ® ãà ¢-
­¥­¨¥ (1.1) ¡ã¤¥â ¨­¢ à¨ ­â­® á â®ç­®áâìî O("2) ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬

X� = (1 + "')@t + (��+ "(2'0x+ �))@x + "'0u@u (4.1)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨ï F ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

X0
�F = '0u� (2'00x+ �)�

u
:

�¥âàã¤­® ­ ©â¨ ¥£® ç áâ­®¥ F1 = '0u � (2�' + � + 2'0x)�
u
¨ ®¡é¥¥ F2 = f(x+ �t; u; �) à¥è¥­¨ï

(f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï) ¯à¨¢¥¤¥­­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï X0
�F = 0. �«¥¤®¢ â¥«ì­®,

ãà ¢­¥­¨¥

ut = (u2�(�))x + "('0u� (2�' + � + 2'0x)�
u
+ f(x+ �t; u; �)); � = uux; (4.2)

¤®¯ãáª ¥â á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨¨ á ®¯¥à â®à®¬ X� (4.1).

5. �¯¥à â®à X0
3 ¯®à®¦¤ ¥â £àã¯¯ã ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨© á

X3 = (t+ "')@t + (2x+ "(2'0x+ �))@x + (1 + "'0)u@u (5.1)

¤«ï ãà ¢­¥­¨ï (1.1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨ï F ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

X0
3F = '00u� (2'00x+ �0)�

u
: (5.2)

�à ¢­¥­¨¥ (5.2) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥

F1 = t�1

�
'0u�

�
2'0x+ t2

Z
t�2�0dt

��
u
:
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�¡é¥¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­­®£® ®¤­®à®¤­®£® ¤«ï ãà ¢­¥­¨ï (5.2)

tFt + 2xFx + uFu = 0

¨¬¥¥â ¢¨¤ F2 = f(eI1; eI2; eI3), eI1 = xt�2, eI2 = t�1u, eI3 = � | ¨­¢ à¨ ­âë £àã¯¯ë á ®¯¥à â®à®¬ X0
3 ,

f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �ª®­ç â¥«ì­®, ãà ¢­¥­¨¥

ut = (u2�(�))x + "

�
t�1

�
'0u�

�
2'0x+ t2

Z
t�2�0dt

��
u

�
+ f(eI1; eI2; eI3)

�
; � = uux; (5.3)

¤®¯ãáª ¥â á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬ X3 (5.1).
� ª¨¬ ®¡à §®¬, ¯®«­®áâìî ª« áá¨ä¨æ¨à®¢ ­ë ¢á¥ ãà ¢­¥­¨ï ¢¨¤  (1.1), ¤®¯ãáª îé¨¥ á â®ç-

­®áâìî O("2) ¯à¨¡«¨¦¥­­ãî £àã¯¯ã á¨¬¬¥âà¨©.

6. �¥à¥©¤¥¬ ª ¯®áâà®¥­¨î ¯à¨¡«¨¦¥­­ëå á â®ç­®áâìî O("2) ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­ëå
à¥è¥­¨© ¤«ï ãà ¢­¥­¨©, ¯®«ãç¥­­ëå ¢ ¯¯. 2{5. � ç­¥¬ á ãà ¢­¥­¨ï (2.17), ¯à¨¡«¨¦¥­­®-
¨­¢ à¨ ­â­®£® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ (2.18). �­¢ à¨ ­â ¬¨ £àã¯¯ë ï¢«ïîâáï ¯¥à-
¢ë¥ ¨­â¥£à «ë á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dt

1 + "'
=

dx

"(2x'0 + �)
=

du

"'0u
=

d�

0
;

ª®â®àë¥ ¡¥§ âàã¤  ­ å®¤ïâáï: I = x(1 + "')�2 � "
R

� dt
(1+"')3

, I1 = (1 + "')�1u, I2 = �.
�à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á â®ç­®áâìî O("2) ¤«ï ãà ¢­¥­¨ï (2.17) á«¥¤ã¥â ¨áª âì

¢ ¢¨¤¥

u = (1 + "')�1(I); � = �2(I) (6.1)

¨§ ãá«®¢¨ï, çâ® ­¥¢ï§ª , ¢®§­¨ª îé ï ¯®á«¥ ¯®¤áâ ­®¢ª¨ äã­ªæ¨© (6.1) ¢ ãà ¢­¥­¨¥ (2.17),
à ¢­  O("2). �¬¥¥¬

(u2�(�))x = (�2
1�(�2))

0; ut = "('0�1 � (2x'0 + �)�01) +O("2);

"('0u� (2x'0 + �)�
u
) = "('0�1 � (2x'0 + �)�2

�1
) +O("2);

"f(x; u; �) = "f(I; �1; �2) +O("2)

(§¤¥áì 0 ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t ¤«ï äã­ªæ¨© ' ¨ � ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® I ¤«ï
äã­ªæ¨© �1, �2). �®á«¥ ¯®¤áâ ­®¢ª¨ íâ¨å á®®â­®è¥­¨© ¢ ãà ¢­¥­¨¥ (2.17) ­ ©¤¥¬ ¤«ï ­¥¨§¢¥áâ-
­ëå äã­ªæ¨© �1, �2 á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�2 = �1�
0
1; (�2

1�(�2))
0 + "f(I; �1; �2) = 0: (6.2)

� ª¨¬ ®¡à §®¬, ¯à¨¡«¨¦¥­­®¥ á â®ç­®áâìî O("2) à¥è¥­¨¥ ãà ¢­¥­¨ï (2.17), ¨­¢ à¨ ­â­®¥ ®â-
­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ (2.18), ¨¬¥¥â ¢¨¤ (6.1), £¤¥ äã­ªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ
(6.2).

�ãáâì f = 0 ¨ äã­ªæ¨ï � ¬®­®â®­­® ¢®§à áâ ¥â ¨ ­¥ç¥â­ . �¡®§­ ç ï ç¥à¥§ 	 äã­ªæ¨î,
®¡à â­ãî ¤«ï �, ­ ©¤¥¬, çâ® äã­ªæ¨ï �1(I) ­¥ï¢­® ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî ª¢ ¤à âãàë

I � I0 =
1
2

Z �2
1

0

d�

	(c=�)
; I � I0; (6.3)

£¤¥ c > 0, I0 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �§ (6.3) á«¥¤ã¥â, çâ® à¥è¥­¨¥ (6.1) ®¡à é ¥âáï ¢ ­ã«ì
¢ â®çª¥ äà®­â 

x0(t) = (1 + "')2
�
I0 + "

Z
� dt

(1 + "')3

�
;

¯à¨ç¥¬ ¯®â®ª q = u2�(�) ¤«ï íâ®£® à¥è¥­¨ï ¢ â®çª¥ äà®­â  ®â«¨ç¥­ ®â ­ã«ï.
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� á«ãç ¥ ãà ¢­¥­¨ï (3.2), ¤®¯ãáª îé¥£® á â®ç­®áâìî O("2) £àã¯¯ã á ®¯¥à â®à®¬ X2 (3.1),
­¥âàã¤­® á ¯®¬®éìî ¨­ä¨­¨â¥§¨¬ «ì­®£® ªà¨â¥à¨ï ¯à¨¡«¨¦¥­­®© ¨­¢ à¨ ­â­®áâ¨ [1] ­ ©â¨
¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á â®ç­®áâìî O("2)

u = c1(1 + "('0x+ f1(t))); (6.4)

£¤¥ c1, c2 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë,  

f1 =
1
c1

Z
f(t; c1; 0)dt:

�¨¤ (6.4) à¥è¥­¨ï ãà ¢­¥­¨ï (3.2) á®®â¢¥âáâ¢ã¥â â®¬ã ®ç¥¢¨¤­®¬ã ä ªâã, çâ® â®«ìª® ª®­áâ ­â 
ï¢«ï¥âáï ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® á¤¢¨£  ¯® x à¥è¥­¨¥¬ ­¥¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï (1.2).

�®áâà®¨¬ ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á â®ç­®áâìî O("2) ãà ¢­¥­¨ï (4.2). �­¢ à¨-
 ­âë £àã¯¯ë ¨¬¥îâ ¢¨¤

I = x(1 + "')�2 �
Z

"� � �

(1 + "')3
dt; I1 = (1 + "')�1u; I2 = �; (6.5)

¨ ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á«¥¤ã¥â ¨áª âì ¢ ä®à¬¥

u = (1 + "')�1(I); � = �2(I) (6.6)

¨§ ãá«®¢¨ï, çâ® ­¥¢ï§ª , ¢®§­¨ª îé ï ¯®á«¥ ¯®¤áâ ­®¢ª¨ (6.6) ¢ ãà ¢­¥­¨¥ (4.2), à ¢­  O("2).
� à¥§ã«ìâ â¥ ¤«ï ­¥¨§¢¥áâ­ëå äã­ªæ¨© �1, �2 ¯®«ãç¨¬ ãà ¢­¥­¨¥

��01 = (�2
1�(�2))0 + "f(I; �1; �2); �2 = �1�

0
1;

£¤¥ ¨­¢ à¨ ­â I ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ (6.5).
� á«ãç ¥ f = 0 á­®¢  ¯®« £ ï, çâ® äã­ªæ¨ï � ¬®­®â®­­® ¢®§à áâ ¥â ¨ ­¥ç¥â­ , ¯®«ãç ¥¬

à¥è¥­¨¥ á â®ç­®áâìî O("2) ãà ¢­¥­¨ï (4.2), ®¯à¥¤¥«¥­­®¥ á ¯®¬®éìî á®®â­®è¥­¨© (6.6), (6.5) ¨
á®®â­®è¥­¨ï

I � I0 =
Z �2

1

0

� d�

	(�=�)
; � < 0; I � I0;

­¥ï¢­® ®¯à¥¤¥«ïîé¥£® äã­ªæ¨î �1. �ã­ªæ¨ï �1(I) ¯®«ãç ¥âáï (¢ á«ãç ¥ f = 0) ¨§ à¥è¥­¨ï
â¨¯  ¡¥£ãé¥© ¢®«­ë ­¥¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï (1.2) ¯ãâ¥¬ § ¬¥­ë  à£ã¬¥­â  x+�t (¨­¢ à¨ ­â 
£àã¯¯ë X0

� = @t � �@x) ­  ¨­¢ à¨ ­â I. �«ï ¯®áâà®¥­­®£® à¥è¥­¨ï ¯®â®ª ¢ â®çª¥ äà®­â 

x0(t) = (1 + "')2
�
I0 +

Z
"� � �

(1 + "')3
dt

�

®¡à é ¥âáï ¢ ­ã«ì.
� á«ãç ¥ ãà ¢­¥­¨ï (5.3), ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®£® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬

(5.1), ¯à¨¡«¨¦¥­­®-¨­¢ à¨ ­â­®¥ à¥è¥­¨¥ á â®ç­®áâìî O("2) á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

u = (t+ "')�1(I); � = �2(I); (6.7)

£¤¥

I = x(t+ "')�2 � "

Z
� dt

(t+ "')3

| ¨­¢ à¨ ­â £àã¯¯ë X3 (5.1). �¬¥¥¬ �2 = �1�
0
1 ¨ á®®â­®è¥­¨ï

ut = �1 + "'0�1 � 2�01I �
"��1

t2
� 2"�01

Z
� dt

t2
� 2"'0x�01

t2
+O("2);

(u2�(�))x = (�2
1�(�2))0; "t�1'0u = "'0�1 +O("2);

"

t

�
2'0x+ t2

Z
t�2�0dt

�
�
u
=

"�01
t2

(2'0x+ �) + 2�01

Z
� dt

t3
+O("2);

"f(eI1; eI2; eI3) = "f(I; �1; �2) +O("2):
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�®á«¥ ¯®¤áâ ­®¢ª¨ íâ¨å á®®â­®è¥­¨© ¢ ãà ¢­¥­¨¥ (5.3) ­ ©¤¥¬, çâ® äã­ªæ¨¨ �1, �2 ¢ (6.7)
¤®«¦­ë ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

(�2
1�(�2))0 + 2I�01 � �1 + "f(I; �1; �2) = 0; �2 = �1�

0
1:

7. � «¥¥ ¨áá«¥¤ãîâáï ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå ¯®«ãç¥­­ë¥ ¯à¨¡«¨¦¥­­®-¨­¢ à¨-
 ­â­ë¥ ãà ¢­¥­¨ï ¡ã¤ãâ â®ç­® ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® á®®â¢¥âáâ¢ãîé¥© £àã¯¯ë á¨¬¬¥âà¨¨.
�«ï â®ç­® ¨­¢ à¨ ­â­ëå ãà ¢­¥­¨© á«¥¤ã¥â à áá¬®âà¥âì ¨ ¢®¯à®á ® ¯®áâà®¥­¨¨ ¨å â®ç­ëå
(  ­¥ ¯à¨¡«¨¦¥­­o) ¨­¢ à¨ ­â­ëå à¥è¥­¨©. �«ï íâ®£® ­¥®¡å®¤¨¬® ¯à¥¦¤¥ ¢á¥£® ¯à®¤®«¦¨âì
®¯¥à â®àë X1, X2, X�, X3 ­  ¯à®áâà ­áâ¢® ¤¨ää¥à¥­æ¨ «ì­ëå äã­ªæ¨© ¯¥à¢®£® ¯®àï¤ª , ¤«ï
ç¥£® á«¥¤ã¥â ®¯à¥¤¥«¨âì á ¯®¬®éìî ä®à¬ã« (2.10) ª®íää¨æ¨¥­âë �5, �6, �8. C« £ ¥¬®¥ "�7@=@�t ¢
¯à®¤®«¦¥­­®¬ ¨­ä¨­¨â¥§¨¬ «ì­®¬ ®¯¥à â®à¥ ¡ã¤¥¬ ®¯ãáª âì, â. ª. à áá¬ âà¨¢ ¥¬ë¥ ãà ¢­¥­¨ï
­¥ á®¤¥à¦ â ¯¥à¥¬¥­­®© �t. � ¯®¬®éìî (2.10) ­ ©¤¥¬

�5 = '00u� (2'00x+ �0)�
u
; �6 = �'0ux; �8 = �2'0�x: (7.1)

� ç­¥¬ á ãà ¢­¥­¨ï (2.17). �á¯®«ì§ãï ¨­ä¨­¨â¥§¨¬ «ì­ë© ªà¨â¥à¨© â®ç­®© ¨­¢ à¨ ­â­®-
áâ¨ [8], [9] ¨ á®®â­®è¥­¨ï (7.1), ¢ à¥§ã«ìâ â¥ ¤®áâ â®ç­® £à®¬®§¤ª¨å ¢ëª« ¤®ª, ª®â®àë¥ ®¯ãáâ¨¬,
­ ©¤¥¬, çâ® ãà ¢­¥­¨¥ (2.17) â®£¤  ¨ â®«ìª® â®£¤  â®ç­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á¨¬-
¬¥âà¨© á ®¯¥à â®à®¬ (2.18), ª®£¤  äã­ªæ¨ï f(x; u; �) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

(2x'0 + �)fx + '0ufu = (2x(''0)0 + ('�)0 �
u
� (''0)0u: (7.2)

�®â ä ªâ, çâ® äã­ªæ¨ï f | à¥è¥­¨¥ ãà ¢­¥­¨ï (7.2) | § ¢¨á¨â «¨èì ®â x, u, � ¨ ­¥ § ¢¨á¨â
®â t, ­ ª« ¤ë¢ ¥â ¢¥áì¬  ¦¥áâª¨¥ ãá«®¢¨ï ­  äã­ªæ¨¨ ' ¨ �. �à¨¢¥¤¥¬ ¯à¨¬¥àë ¢ë¯®«­¥­¨ï
íâ¨å ãá«®¢¨©. � íâ®© æ¥«ìî § ¬¥â¨¬, çâ® ­¥®¤­®à®¤­®¥ «¨­¥©­®¥ ãà ¢­¥­¨¥ (7.2) ¨¬¥¥â ç áâ­®¥
à¥è¥­¨¥ f1 = �(x)u+ �(x)�

u
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

(2x'0 + �)�0 + '0� = �(''0)0; (2x'0 + �)�0 � '0� = 2x(''0)0 + (�')0 (7.3)

(0 ¤«ï äã­ªæ¨© �, � | ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® x, ¤«ï ', � | ¯® t).
�®§¬®¦­ë á«¥¤ãîé¨¥ âà¨ á«ãç ï.
1) � = a'0 (a | ¯à®¨§¢®«ì­ ï ª®­áâ ­â ), â®£¤  �, �, ' ­ å®¤ïâáï ¨§ ãà ¢­¥­¨©

(2x+ a)�0 + � = �1; (2x+ a)�0 � � = 2x+ a; '0 = (''0)0;

®âªã¤ 
� = �1 + b(2x+ a)�1=2; � = 2x+ a+ c(2x+ a)1=2; ' = t

(b, c | ª®­áâ ­âë).
�à¨¢¥¤¥­­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¤«ï ãà ¢­¥­¨ï (7.2) ¯à¨­¨¬ ¥â ¢¨¤ (2x+ a)fx+ ufu = 0,

¨ ¥£® ®¡é¨¬ à¥è¥­¨¥¬, § ¢¨áïé¨¬ «¨èì ®â x, u, �, ï¢«ï¥âáï

f2 = f((2x+ a)�1=2u; �); (7.4)

£¤¥ f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¤¢ãå  à£ã¬¥­â®¢.
� à¥§ã«ìâ â¥ ¯®á«¥ § ¬¥­ë x+ a

2
á­®¢  ­  x, 2" | ­  " (" ¯à®¨§¢®«ì­®) á ãç¥â®¬ ¯à®¨§¢®«ì-

­®áâ¨ äã­ªæ¨¨ f ¨ ª®­áâ ­âë c ¯®«ãç ¥¬ ãà ¢­¥­¨¥

ut = (u2�(�))x + f(x�1=2u; �); � = uux; (7.5)

â®ç­® ¨­¢ à¨ ­â­®e ®â­®á¨â¥«ì­® ¤¢ã¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë á ®¯¥à â®à ¬¨

X0
3 = t@t + 2x@x + u @u; X0

1 = @t: (7.6)

2) ' =
p
t, � = 0, â®£¤  ¨§ (7.3) ¯®«ãç ¥¬ � = c1x

�1=2, � = c2x
1=2 (c1, c2 | ¯à®¨§¢®«ì­ë¥

ª®­áâ ­âë). �¡é¥¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¤«ï ãà ¢­¥­¨ï (7.2) á­®¢ 
¨¬¥¥â ¢¨¤ (7.4).
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� à¥§ã«ìâ â¥ ­ å®¤¨¬, çâ® ãà ¢­¥­¨¥

ut = (u2�(�))x +
"

2
p
t
(u� 2x�

u
) + f(x�1=2u; �); � = uux; (7.7)

â®ç­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬

X = (1 + "
p
t)@t +

"p
t
(x@x + u

2
@u) (7.8)

(¯à¨ ¢ë¢®¤¥ ãà ¢­¥­¨ï (7.7) ¬ë ¢®á¯®«ì§®¢ «¨áì ¯à®¨§¢®«ì­®áâìî äã­ªæ¨¨ f , çâ® ¯®§¢®«¨«®
¢ª«îç¨âì ¢ ­¥¥ á« £ ¥¬ë¥ c1x�1=2u ¨ c2x

1=2 �
u
).

3) � | ª®­áâ ­â , � = �2�x, ' = ��t, � = t. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥

ut = (u2�(�))x + "(f(�)� t�
u
); � = uux; (7.9)

¤®¯ãáª ¥â £àã¯¯ã á ®¯¥à â®à®¬

X = (1� "�t)@t + "((t� 2�x)@x � �u@u): (7.10)

8. �«ï ãà ¢­¥­¨ï (3.2)  ­ «®£¨ç­® á ¯®¬®éìî ¨­ä¨­¨â¥§¨¬ «ì­®£® ªà¨â¥à¨ï â®ç­®© ¨­¢ -
à¨ ­â­®áâ¨ ¤®ª §ë¢ ¥âáï, çâ® ®­® â®ç­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ X2

(2.1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨ï f(t; u; �) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

'ft+'
0ufu = �(x(''00)0+'00(2x'0+�))u+[x2(''000 + 3'0'00) + x(('�0)0 + 2�'00) + ��0]�

u
: (8.1)

�¥¢ ï ç áâì ãà ¢­¥­¨ï (8.1) ­¥ § ¢¨á¨â ®â x, â. ª. ®â x ­¥ § ¢¨á¨â äã­ªæ¨ï f . �âáî¤  á«¥¤ã¥â,
çâ® äã­ªæ¨¨ ' ¨ � ¤®«¦­ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

''000 + 3'0'00 = 0; ('�0)0 + 2�'00 = 0: (8.2)

� ãç¥â®¬ á®®â­®è¥­¨© (8.2) ãà ¢­¥­¨¥ (8.1) ¯à¨­¨¬ ¥â ¢¨¤

'ft + '0ufu = �(�0 �
u
� '00u): (8.3)

�à ¢­¥­¨¥ (8.3) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥

f1 = �(t)u+ �(t)�
u
; (8.4)

£¤¥ �(t), �(t) | à¥è¥­¨ï ãà ¢­¥­¨© (�')0 = ��'00, �0'� �'0 = ��0. �¥§ âàã¤  ­ å®¤¨¬

�(t) =
�
c1 �

Z
�'00dt

�
='; �(t) =

�
c2 +

Z
��0'�2dt

�
'; (8.5)

c1, c2 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë. �¡é¥¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¤«ï
ãà ¢­¥­¨ï (8.3), ­¥ § ¢¨áïé¥¥ ®â x, ¯®«ãç ¥¬ ¢ ¢¨¤¥ f2 = f('�2u; �) (f | ¯à®¨§¢®«ì­ ï äã­ª-
æ¨ï).

�â ª, ãà ¢­¥­¨¥ (3.2) â®£¤  ¨ â®«ìª® â®£¤  ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬
X2 (3.1), ª®£¤  äã­ªæ¨¨ ' ¨ � ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (8.2),   äã­ªæ¨ï f(t; u; �) = f1+ f2. �
ãç¥â®¬ á®®â­®è¥­¨© (8.4), (8.5) ¨ ¯à®¨§¢®«ì­®áâ¨ äã­ªæ¨¨ f2 ­ å®¤¨¬ ®ª®­ç â¥«ì­® ãà ¢­¥­¨¥

ut = (u2�(�))x+"
��
'00x�'�1

Z
�'00dt

�
u�

�
'00x2+�00x�'

Z
��0'�2dt

�
�
u
+f('�1u; �)

�
; (8.6)

� = uux;

â®ç­® ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ X2 (3.1) (á« £ ¥¬ë¥ c1u=' ¨ c2'�=u ¬ë
¢ª«îç¨«¨ ¢ äã­ªæ¨î f('�1u; �), ¢®á¯®«ì§®¢ ¢è¨áì ¥¥ ¯à®¨§¢®«ì­®áâìî).

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (8.2) ¤«ï äã­ªæ¨¨ ' «¥£ª® à¥è ¥âáï,   ¨¬¥­­®

' = �(at2 + bt+ c)1=2; (8.7)

a, b, c | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë.
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9. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (4.2) ¡ë«® â®ç­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à -
â®à®¬ (4.1), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨ï f(I; u; �) (I = x + �t) ã¤®¢«¥â¢®àï« 
ãà ¢­¥­¨î

(�'+ 2x'0 + �)fI + '0ufu = (2x(''0)0 + (�')0)�
u
� (''0)0u: (9.1)

�®â ä ªâ, çâ® äã­ªæ¨ï f | à¥è¥­¨¥ ãà ¢­¥­¨ï (9.1) | ¤®«¦­  § ¢¨á¥âì «¨èì ®â âà¥å  à£ã-
¬¥­â®¢ I, u, � (  ­¥ ®â ç¥âëà¥å  à£ã¬¥­â®¢ t, x, u, �), á­®¢  ­ « £ ¥â ¦¥áâª¨¥ ®£à ­¨ç¥­¨ï ­ 
äã­ªæ¨¨ ' ¨ �. �¥âàã¤­® § ¬¥â¨âì, çâ® ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (9.1) ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥

f1 = �(I)u + �(I)�
u

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

(�'� 2�t'0 + �)�0 + 2I'0�0 + '0� = �(''0)0; (9.2)

(�' � 2�t'0 + �)�0 + 2I'0�0 � '0� = 2I(''0)0 � 2�t(''0)0 + (�')0 (9.3)

(0 ¤«ï äã­ªæ¨© � ¨ � ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® I).
�ãáâì äã­ªæ¨¨ ' ¨ � ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

�'� 2�t'0 + � = �'0 (9.4)

(� | ¯à®¨§¢®«ì­ ï ª®­áâ ­â ). �§ (9.4) á«¥¤ã¥â, çâ® (�')0 � 2�t(''0)0 = �''0 ¨ á®®â­®è¥­¨ï
(9.2), (9.3) ¯à¨­¨¬ îâ ¢¨¤

(�+ 2I)�0 + � = �; (9.5)

(�+ 2I)�0 � � = �(�+ 2I)�; (9.6)

£¤¥ ®¡®§­ ç¥­®

(''0)0='0 = ��: (9.7)

� ª ª ª ¢ (9.5) «¥¢ ï ç áâì § ¢¨á¨â «¨èì ®â  à£ã¬¥­â  I,   äã­ªæ¨ï � § ¢¨á¨â «¨èì ®â t, â® �
ï¢«ï¥âáï ª®­áâ ­â®©.

�à ¢­¥­¨ï (9.5), (9.6) ¤«ï äã­ªæ¨© � ¨ � â¥¯¥àì «¥£ª® à¥è îâáï ¢ § ¬ª­ãâ®¬ ¢¨¤¥

� = � + c1(�+ 2I)�1=2; � = c2(�+ 2I)1=2 � �(�+ 2I):

�à¨¢¥¤¥­­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¤«ï ãà ¢­¥­¨ï (9.1) á ãç¥â®¬ (9.4) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

(�+ 2I)fI + ufu = 0;

¨ ¥£® ®¡é¨¬ à¥è¥­¨¥¬, § ¢¨áïé¨¬ «¨èì ®â I, u, �, ï¢«ï¥âáï

f2 = f((�+ 2I)�1=2u; �);

£¤¥ f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®«ãç ¥¬, çâ® ãà ¢­¥­¨¥

ut = (u2�(�))x + "[(� + '0)u� (2�'+ � + 2'0x+ �(�+ 2I))�
u
+ f((�+ 2I)�1=2u; �); (9.8)

� = uux

(�, � | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥), ¤®¯ãáª ¥â £àã¯¯ã á ®¯¥à â®à®¬

X� = (1 + "')@t + (��+ "(2'0x+ �))@x + "'0u @u

¯à¨ ãá«®¢¨¨, çâ® äã­ªæ¨¨ ', � ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (9.4) ¨ (9.7).
�â¬¥â¨¬, çâ® ¯à¨ ¢ë¢®¤¥ ãà ¢­¥­¨ï (9.8) ¬ë ¢®á¯®«ì§®¢ «¨áì ¯à®¨§¢®«ì­®áâìî äã­ªæ¨¨ f

¨ ¢ª«îç¨«¨ ¢ ­¥¥ á« £ ¥¬ë¥ c1(�+ 2I)�1=2u ¨ c2(�+ 2I)1=2 �
u
.

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨© (9.4), (9.7) ­ å®¤¨âáï ¡¥§ âàã¤ , ­® äã­ªæ¨ï ' ®¯à¥¤¥«ï¥âáï ¢
­¥ï¢­®© ä®à¬¥. �â®¡ë ­¥ ¢ë¯¨áë¢ âì £à®¬®§¤ª¨¥ á®®â­®è¥­¨ï, ®£à ­¨ç¨¬áï ¤¢ã¬ï ¯à¨¬¥à ¬¨.

55



1) � = 0, � = 0, ' =
p
t, � = 0. �à ¢­¥­¨¥

ut = (u2�(�))x + "

�
u

2
p
t
�
�
2�
p
t+

xp
t

�
�

u
+ f(I�1=2u; �)

�
; (9.9)

� = uux;

¤®¯ãáª ¥â £àã¯¯ã á ®¯¥à â®à®¬

X� = (1 + "
p
t)@t +

�
� �+ "

xp
t

�
@x +

"u

2
p
t
@u: (9.10)

2) � = �1, � = 0, ' = t, � = �t. �à ¢­¥­¨¥

ut = (u2�(�))x + "(f(I�1=2u; �) � �t�
u
); � = uux; (9.11)

¤®¯ãáª ¥â £àã¯¯ã á ®¯¥à â®à®¬

X� = (1 + "t)@t + (��+ "(2x + �t))@x + "u @u: (9.12)

10. �à®¤®«¦¨¢ ®¯¥à â®à X3 = X0
3 + "X ­  ¯à®áâà ­áâ¢® ¤¨ää¥à¥­æ¨ «ì­ëå äã­ªæ¨© ¯¥à-

¢®£® ¯®àï¤ª , ¯®«ãç¨¬ ®¯¥à â®à

X3 = (t+ "')@t + (2x+ "(2'0x+ �))@x + (1 + "'0)u @u +

+ "('00u� (2'00x+ �0)�
u
)
@

@ut
+ (1� "'0)ux

@

@ux
� 2(1 + "'0)�x

@

@�x

(¬ë á­®¢  ®¯ãáâ¨«¨ ¢ ®¯¥à â®à¥ X3 á« £ ¥¬®¥ (��t + "�7) @
@�t

, â. ª. ãà ¢­¥­¨¥ (5.3) ­¥ á®¤¥à¦¨â
á« £ ¥¬®£® �t). � ¯®¬®éìî ¨­ä¨­¨â¥§¨¬ «ì­®£® ªà¨â¥à¨ï â®ç­®© ¨­¢ à¨ ­â­®áâ¨ ¯®«ãç¨¬, çâ®
ãà ¢­¥­¨¥ (5.3) â®ç­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ X3 (5.1) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  äã­ªæ¨ï f(eI1; eI2; eI3) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

(R1(t)eI1 + P (t))
@f

@ eI1 +R2(t)eI2 @f
@ eI2 = A(t)eI2 +B(t)eI3 eI �1

2 � 2A(t)eI1 eI3 eI �1
2 ; (10.1)

£¤¥

R1 = 2('0 � 't�1); R2 = '0 � t�1'; P = t�2�; A = t�1''0 � (''0)0;

B = (t�1'� '0)
Z
t�2� dt+ t�2('�0 + 2'0�):

�®â ä ªâ, çâ® äã­ªæ¨ï f(eI1; eI2; eI3) | à¥è¥­¨¥ ãà ¢­¥­¨ï (10.1) | ¤®«¦­  § ¢¨á¥âì «¨èì ®â
¨­¢ à¨ ­â®¢ eI1 = xt�2, eI2 = ut�1, eI3 = � £àã¯¯ë X0

3 , ­ ª« ¤ë¢ ¥â ¦¥áâª¨¥ ®£à ­¨ç¥­¨ï ­ 
äã­ªæ¨¨ ' ¨ �.

� ç­¥¬ á ¨§ãç¥­¨ï á«ãç ï, ª®£¤  ãà ¢­¥­¨¥ (10.1) ®ª §ë¢ ¥âáï ®¤­®à®¤­ë¬, â. ¥. ª®£¤ A(t) =
B(t) = 0. � íâ®¬ á«ãç ¥ ¯®«ãç ¥¬ ' = at, � = bt�2, a, b | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. � á«ãç ¥
b 6= 0 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (10.1) ¨¬¥¥â ­¥ § ¢¨áïé¥¥ ®â t à¥è¥­¨¥ f = f(eI2; eI3), ¥á«¨ ¦¥ b = 0,
â® ¡ã¤¥¬ ¨¬¥âì f = f(eI1; eI2; eI3).

�â ª, ãà ¢­¥­¨¥

ut = (u2�(�))x + "

�
t�1

�
(au�

�
2ax+

b

2t2

�
�

u

�
+ f(ut�1; �)

�
; � = uux; (10.2)

¤®¯ãáª ¥â £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬

X3 = t@t +
�
2x+

"bt�2

1 + "a

�
@x + u @u; (10.3)

  ãà ¢­¥­¨¥

ut = (u2�(�))x + "[t�1(u� 2x�
u
) + f(xt�2; ut�1; �)]; � = uux; (10.4)
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| £àã¯¯ã á ®¯¥à â®à®¬
X0

3 = t@t + 2x @x + u @u:

�ã­ªæ¨ï f ¢ ãà ¢­¥­¨ïå (10.2) ¨ (10.4) ¯à®¨§¢®«ì­ .
� á«ãç ¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (10.1) ­¥âàã¤­® § ¬¥â¨âì, çâ® ®­® ¨¬¥¥â ç áâ­®¥ à¥è¥­¨¥

f1 = c1 eI2 + c2 eI3 eI �1
2 + c3 eI1 eI3 eI �1

2

(c1, c2, c3 | ª®­áâ ­âë) ¯à¨ ãá«®¢¨¨, çâ® äã­ªæ¨¨ ' ¨ � ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©

c1R2 = A; c3(R1 �R2) = �2A; c3P � c2R2 = B: (10.5)

�§ ãà ¢­¥­¨© (10.5) á«¥¤ã¥â, çâ®, ¯® áãé¥áâ¢ã ­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® ¯®«®¦¨âì
a) ' = t, � = tc3�2, c1, c2, c3 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë;
b) ' = 0, � | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, c3 = 0, c1, c2 | ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë.
�«ãç © a) à á¯ ¤ ¥âáï ­  ¤¢  ¯®¤á«ãç ï: a1) c3 6= 4, a2) c3 = 4. � á«ãç ¥ a1)

t2
Z
t�2�0dt =

c3 � 2
c3 � 4

tc3�2;

  ¢ á«ãç ¥ a2)

t2
Z
t�2�0dt = 2t2 ln t:

� ®¡®¨å á«ãç ïå ®¡é¥¥ à¥è¥­¨¥ ¯à¨¢¥¤¥­­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¤«ï ãà ¢­¥­¨ï (10.1) ¥áâì
f2 = f(eI2; eI3), f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï.

� à¥§ã«ìâ â¥ ¢ á«ãç ¥ a1) ¯®«ãç ¥¬ ãà ¢­¥­¨¥

ut = (u2�(�))x + "

�
(c3 � 2)

�
xt�2 � tc3�4

c3 � 4

�
�

u
+ f(ut�1; �)

�
; � = uux; (10.6)

¤®¯ãáª îé¥¥ £àã¯¯ã á¨¬¬¥âà¨© á ®¯¥à â®à®¬

X3 = t @t +
�
2x+

"tc3�2

1 + "

�
@x + u @u; (10.7)

  ¢ á«ãç ¥ a2) | ãà ¢­¥­¨¥

ut = (u2�(�))x + 2"((xt�1 � t ln t)�
u
+ f(ut�1; �)); � = uux; (10.8)

¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬

X3 = t @t +
�
2x+

"t2

1 + "

�
@x + u @u (10.9)

(¢ ®¡®¨å á«ãç ïå ¬ë ¢ª«îç¨«¨ á« £ ¥¬ë¥ c2 eI3 eI �1
2 ¢ äã­ªæ¨î f).

� ª®­¥æ, ¢ á«ãç ¥ b) ¡¥§ âàã¤  ­ å®¤¨¬ ãà ¢­¥­¨¥

ut = (u2�(�))x + "
�
f(ut�1; �)� t2

Z
t�2�0dt

�

u

�
; � = uux; (10.10)

¨ ®áâ ¢«ïîéãî ¥£® ¨­¢ à¨ ­â­ë¬ £àã¯¯ã á ®¯¥à â®à®¬

X3 = t @t + (2x+ "�)@x + u @u: (10.11)

11. �®áâà®¨¬ â®ç­ë¥ ¨­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨©, ­ ©¤¥­­ëå ¢ ¯¯. 7{9. �¥è¥­¨¥ ãà ¢-
­¥­¨ï (7.5), ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ (7.6), á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥
u = t�1(J), � = �2(J), £¤¥ J = xt�2 | ¨­¢ à¨ ­â £àã¯¯ë. �«ï äã­ªæ¨© �1, �2 ¯®«ãç ¥¬
á¨áâ¥¬ã ãà ¢­¥­¨©

(�2
1�(�2))0 + (2J + J1=2)�01 � �1 + f(�1J

�1=2; �2); �2 = �1�
0
1:

57



�­¢ à¨ ­â­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (7.7) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ u = (1 + "
p
t )�1(J), � = �2(J),

£¤¥ J = x(1 + "
p
t )�2 | ¨­¢ à¨ ­â £àã¯¯ë (7.8). �ã­ªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

(�2
1�(�2))0 + "("(�1=2� J�01) + f(J�1=2�1; �2)) = 0; �2 = �1�

0
1:

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (7.9). �£® à¥è¥­¨¥, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬
(7.10), ¯®«ãç ¥¬ ¢ ¢¨¤¥

u = (1� "�t)�1(J); � = �2(J); J =
�
x� 1

2"�2

�
(1� "�t)�2 + ("�2(1� "�t))�1:

�ã­ªæ¨¨ �1, �2 | à¥è¥­¨¥ ãà ¢­¥­¨ï

(�2
1�(�2))

0 + ��1(1� 2"�2J)�01 + "(��1 + f(�2)); �2 = �1�
0
1:

�«ï ãà ¢­¥­¨ï (9.9) ¯®áâà®¥­¨¥ à¥è¥­¨ï, ¨­¢ à¨ ­â­®£® ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬
(9.10), âà¥¡ã¥â ¡®«¥¥ £à®¬®§¤ª¨å ¢ëª« ¤®ª, ç¥¬ ¤«ï ¯à¥¤ë¤ãé¨å ãà ¢­¥­¨©. �à¨¢¥¤¥¬ ®ª®­ç -
â¥«ì­ë© à¥§ã«ìâ â u = (1 + "

p
t )�1(J), � = �2(J). �ã­ªæ¨¨ �1, �2 ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

(�2
1�(�2))

0 � (�+ "2J)�01 + "2�1=2 + "f(J�1=2�1; �2) = 0; �2 = �1�
0
1;

£¤¥ J = x+�t
(1+"

p
t )2

| ¨­¢ à¨ ­â £àã¯¯ë X� (9.10), ¢ë¡à ­­ë© â ª, çâ®¡ë ¨¬¥âì J = I = x +
�t ¯à¨ " = 0. �à¨ " = 0 ¯®áâà®¥­­®¥ à¥è¥­¨¥ ¯à¥¢à é ¥âáï ¢ à¥è¥­¨¥ â¨¯  ¡¥£ãé¥© ¢®«­ë
­¥¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï (1.2).

�¥è¥­¨¥ ãà ¢­¥­¨ï (9.11), ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® £àã¯¯ë á ®¯¥à â®à®¬ (9.12), ­ å®¤¨âáï
¢ ¢¨¤¥ u = (1 + "t)�1(J), � = �2(J), J = x+�t

(1+"t)2
,   ¤«ï äã­ªæ¨© �1, �2 ¯®«ãç ¥¬ ãà ¢­¥­¨¥

(�2
1�(�2))0 + (2"J � �)�1 � "(�1 � f(J�1=2�1; �2)) = 0; �2 = �1�

0
1:

�­¢ à¨ ­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (10.2), (10.6), (10.8), (10.10) ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ u =
t�1(J), � = �2(J).

�«ï ãà ¢­¥­¨ï (10.2) J = xt�2 + "b
4(1+")t4

| ¨­¢ à¨ ­â £àã¯¯ë X3 (10.3) ¨ �1, �2 ­ å®¤ïâáï
¨§ ãà ¢­¥­¨ï

(�2
1�(�2))

0 + (1� ")(2J�01 � �1) + f(�1; �2); �2 = �1�
0
1:

�«ï ãà ¢­¥­¨ï (10.6) J = xt�2 � "tc3�4

(1+")(c3�4)
| ¨­¢ à¨ ­â £àã¯¯ë X3 (10.7),   ãà ¢­¥­¨¥ ¤«ï

äã­ªæ¨© �1, �2 (�2
1�(�2))0 + (2 + "(c3 � 2))J�01 � �1 + "f(�1; �2) = 0, �2 = �1�

0
1.

�«ï ãà ¢­¥­¨ï (10.8) ¨­¢ à¨ ­â £àã¯¯ë X3 (10.9) J = xt�2 � " ln t
1+"

,   ãà ¢­¥­¨¥ ­  äã­ªæ¨¨
�1, �2:

(�2
1�(�2))

0 +
�
2(1 + ")J +

"

1 + "

�
�01 � �1 + f(�1; �2) = 0; �2 = �1�

0
1:

�«ï ãà ¢­¥­¨ï (10.10), ¤®¯ãáª îé¥£® £àã¯¯ã c ®¯¥à â®à®¬ (10.11),

J = xt�2 � "

Z
�t�3dt;

  ãà ¢­¥­¨¥ ­  äã­ªæ¨¨ �1, �2 ¯®«ãç ¥âáï ¢ ¢¨¤¥

(�2
1�(�2))0 + 2J�01 � �1 + "f(�1; �2) = 0; �2 = �1�

0
1:

�ëà ¦ î ¨áªà¥­­îî ¡« £®¤ à­®áâì �.�.�ã£ã­®¢ã ¨ �.�.�áª¨­ã §  ¢­¨¬ ­¨¥ ª à ¡®â¥.
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