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� à ¡®â¥ ¯®áâà®¥­ ¨â¥à æ¨®­­ë© ¯à®æ¥áá â¨¯  �¤§ ¢ë ¤«ï à¥è¥­¨ï áâ æ¨®­ à­ëå ­¥«¨­¥©-
­ëå § ¤ ç â¥®à¨¨ ä¨«ìâà æ¨¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨, á«¥¤ãîé¥© à §àë¢­®¬ã § ª®­ã ä¨«ì-
âà æ¨¨ á ¯à¥¤¥«ì­ë¬ £à ¤¨¥­â®¬ á¤¢¨£ . � â¥¬ â¨ç¥áª¨ § ¤ ç  ä¨«ìâà æ¨¨ ä®à¬ã«¨àã¥âáï
¢ ¢¨¤¥ § ¤ ç¨ ®¡ ®âëáª ­¨¨ ¬¨­¨¬ã¬  ¢ë¯ãª«®£® äã­ªæ¨®­ «  (®â­®á¨â¥«ì­® ¤ ¢«¥­¨ï) ¨
¤¢®©áâ¢¥­­®© ª ­¥© § ¤ ç¨ (®â­®á¨â¥«ì­® ¯®«ï áª®à®áâ¥© ä¨«ìâà æ¨¨). � §à¥è¨¬®áâì íâ¨å § -
¤ ç ¨áá«¥¤®¢ « áì ¢ [1]{[3]. �¡¥ à áá¬ âà¨¢ ¥¬ë¥ § ¤ ç¨ ¬®£ãâ ¡ëâì á¢¥¤¥­ë ª § ¤ ç¥ ¯®¨áª 
á¥¤«®¢®© â®çª¨ ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨ � £à ­¦  (á¬. [4]). �¥¤«®¢ãî â®çªã ¬®¤¨ä¨æ¨-
à®¢ ­­®© äã­ªæ¨¨ � £à ­¦  ¯à¥¤« £ ¥âáï ­ å®¤¨âì ¯à¨ ¯®¬®é¨  «£®à¨â¬  â¨¯  �¤§ ¢ë. �
[2] ¤®ª § ­  áå®¤¨¬®áâì  «£®à¨â¬  â¨¯  �¤§ ¢ë ¤«ï  ­ «®£¨ç­ëå § ¤ ç ¢ á«ãç ¥ á¨«ì­® ¢ë-
¯ãª«®£® äã­ªæ¨®­ « , ¯®«ãç¥­­®£® ¨§ ¨áå®¤­®£® ¯ãâ¥¬ à¥£ã«ïà¨§ æ¨¨ | § ¬¥­ë à §àë¢­®£®
§ ª®­  ä¨«ìâà æ¨¨ ¡«¨§ª¨¬ ­¥¯à¥àë¢­ë¬. � [5] ¯à®¢®¤¨«®áì ¨áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨  ­ «®-
£¨ç­ëå ¨â¥à æ¨®­­ëå ¬¥â®¤®¢ ¤«ï § ¤ ç ä¨«ìâà æ¨¨ á à §àë¢­ë¬ § ª®­®¬, ­® ä ªâ¨ç¥áª¨
¡¥§ ¯à¥¤¥«ì­®£® £à ¤¨¥­â . � ­­ ï áâ âìï ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ ¨áá«¥¤®¢ ­¨©, ¯à®¢¥¤¥­­ëå
¢ ãª § ­­ëå à ¡®â å. �®ª § ­  á« ¡ ï áå®¤¨¬®áâì ¨â¥à æ¨®­­ëå ¯à¨¡«¨¦¥­¨© ª à¥è¥­¨ï¬
¨áå®¤­®© ¨ ¤¢®©áâ¢¥­­ëå § ¤ ç, á¨«ì­ ï áå®¤¨¬®áâì ­¥¢ï§®ª.

� ª®­ ä¨«ìâà æ¨¨ ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥

v(u) = �g(j ru j2)ru; (1)

£¤¥ v | áª®à®áâì ä¨«ìâà æ¨¨, u | ¤ ¢«¥­¨¥, � ! g(�2)� | äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï § ª®­
ä¨«ìâà æ¨¨, ®â­®á¨â¥«ì­® ª®â®à®© ¯à¥¤¯®« £ ¥¬ ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï:

g(�2)� = g0(�
2)� + g1(�

2)�; (2)

g0(�
2)� = 0 ¯à¨ � � �; (3)

äã­ªæ¨ï � ! g0(�
2)�  ¡á®«îâ­® ­¥¯à¥àë¢­ ; (4)

áãé¥áâ¢ãîâ c1; c2 > 0 â ª¨¥, çâ® ¯à¨ � � �

c1(� � �) � g0(�
2)� � c2(� � �); (5)

áãé¥áâ¢ã¥â c3 > 0 â ª ï, çâ®

0 � (g0(�
2)�)

0

� � c3 ¯à¨ � � �; (6)

g1(�2)� =

(
0; � � �;

#; � > �:
(7)

�ä®à¬ã«¨à®¢ ­­ë¥ ãá«®¢¨ï (2){(7) ®§­ ç îâ, çâ® ¬®¤ã«ì áª®à®áâ¨ ä¨«ìâà æ¨¨ | ­¥ã¡ë¢ -
îé ï äã­ªæ¨ï jruj, ¨¬¥îé ï ­  ¡¥áª®­¥ç­®áâ¨ «¨­¥©­ë© à®áâ. �â¬¥â¨¬, çâ® ¢ á«ãç ¥, ª®£¤ 
� > 0; § ª®­ ä¨«ìâà æ¨¨ (1) | § ª®­ á ¯à¥¤¥«ì­ë¬ £à ¤¨¥­â®¬, â. ª. v(x) = 0 ¯à¨ jru(x)j � �.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 98-01-00260).
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�á«¨ # = 0; â® äã­ªæ¨ï � ! g(�2)� ­¥¯à¥àë¢­ , ¢ ¯à®â¨¢­®¬ á«ãç ¥ (â. ¥. ¯à¨ # > 0) íâ  äã­ªæ¨ï
¨¬¥¥â à §àë¢ ¯¥à¢®£® à®¤ .

�ãáâì 
 | ®¡« áâì ¢ Rm, m � 1, á £à ­¨æ¥© �. �®¤ à¥è¥­¨¥¬ áâ æ¨®­ à­®© § ¤ ç¨ ä¨«ì-

âà æ¨¨ ¯®­¨¬ ¥âáï äã­ªæ¨ï u 2 V =
�

W
(1)
2 (
) â ª ï, çâ® (á¬. [1], [2])

F (u) = inf
�2V

F (�); (8)

£¤¥ F : V ! R1,

F (�) = F0(�) + F1(�);

F0(�) =
Z



Z jr�j

0

g0(�2)� d� dx� hf; �i; F1(�) =
Z



Z jr�j

0

g1(�2)� d� dx;

f 2 V � =W
(�1)
2 (
), h�; �i | ®â­®è¥­¨¥ ¤¢®©áâ¢¥­­®áâ¨ ¬¥¦¤ã V ¨ V �.

� àï¤ã á (8) à áá¬®âà¨¬ ¤¢®©áâ¢¥­­ãî ([6]) ¯® ®â­®è¥­¨î ª ­¥© § ¤ çã. � íâ®© æ¥«ìî ¢¢¥¤¥¬
á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Y = L2;m(
) = (L2(
))m, h�; �iY | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ Y ,

M = fw 2 Y : hw;r�iY + hf; �i = 0 8� 2 V g;

J : Y ! R1; J(w) =
Z



jwjZ
0

'(�2)� d� dx:

�¤¥áì äã­ªæ¨ï � ! '(�2)� ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

'(�2)� = '0(�2)� + '1(�2)�; (9)

äã­ªæ¨ï � ! '0((� + #)2)(� + #) ®¡à â­ 

ª äã­ªæ¨¨ � ! g0((� + �)2)(� + �) ¯à¨ � � 0;
(10)

'1(�2)� =

(
0; � = 0;

�; � > 0:
(11)

�¥âàã¤­® ¢¨¤¥âì, çâ® äã­ªæ¨ï � ! '0(�2)�, ®¯à¥¤¥«¥­­ ï á®®â­®è¥­¨¥¬ (10), ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

� ! '0(�2)�  ¡á®«îâ­® ­¥¯à¥àë¢­ , (12)

1
c2
(� � #) � '0(�2) �

1
c1
(� � #) ¯à¨ � � #; (13)

0 � ('0(�2)�)
0

� �
1
c3

¯à¨ � � 0: (14)

�¢®©áâ¢¥­­ ï ¯® ®â­®è¥­¨î ª (8) § ¤ ç  á®áâ®¨â ¢ ­ å®¦¤¥­¨¨ ¢¥ªâ®à  v 2 M â ª®£®, çâ®
(á¬. [2])

J(v) = inf
w2M

J(w): (15)

�§¢¥áâ­® (á¬. [1]{[3]), çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2){(7), (9){(14) § ¤ ç¨ (8), (15) ¨¬¥îâ ­¥¯ã-
áâë¥ ¢ë¯ãª«ë¥ § ¬ª­ãâë¥ ®£à ­¨ç¥­­ë¥ ¬­®¦¥áâ¢  à¥è¥­¨©, ¨ ¥á«¨ u | à¥è¥­¨¥ § ¤ ç¨ (8),
v | à¥è¥­¨¥ § ¤ ç¨ (15), â® áãé¥áâ¢ã¥â äã­ªæ¨ï �u, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

�u(x) 2 L2(
); 0 � �u(x) � #; �u(x) =

(
0; jru(x)j < �;

#; jru(x)j > �;

â ª ï, çâ®

v = �g�(jruj
2)ru = �

�
g0(jruj

2) +
�u(x)
jruj

�
ru:
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�¯à¥¤¥«¨¬ â¥¯¥àì ­  ¬­®¦¥áâ¢¥ Y � V äã­ªæ¨®­ « � £à ­¦  L ¯® ä®à¬ã«¥ (á¬. [2])

L(w; �) = J(w) + hw;r�i
Y
+ hf; �i:

�à®¬¥ â®£®, â ª¦¥ ­  ¬­®¦¥áâ¢¥ Y � V à áá¬®âà¨¬ ¬®¤¨ä¨æ¨à®¢ ­­ë© « £à ­¦¨ ­ (á¬. [4])

Lr(w; �) = L(w; �) +
r

2
kdiv(w)� fk2V � ; r > 0:

�¥®à¥¬  1. �®çª  (v; u) ï¢«ï¥âáï á¥¤«®¢®© â®çª®© « £à ­¦¨ ­  L ­  Y �V â®£¤  ¨ â®«ì-
ª® â®£¤ , ª®£¤  (v; u) | á¥¤«®¢ ï â®çª  « £à ­¦¨ ­  Lr ¯à¨ «î¡®¬ r > 0. �à®¬¥ â®£®, ¥á«¨
(u; v) | á¥¤«®¢ ï â®çª  « £à ­¦¨ ­  L, â® u ¨ v ï¢«ïîâáï à¥è¥­¨ï¬¨ § ¤ ç (8) ¨ (15) á®®â-
¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢® ¤ ­­®© â¥®à¥¬ë  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë ¨§
[5].

�«ï ­ å®¦¤¥­¨ï á¥¤«®¢®© â®çª¨ ¬®¤¨ä¨æ¨à®¢ ­­®£® « £à ­¦¨ ­  Lr ¡ã¤¥¬ ¯à¨¬¥­ïâì á«¥-
¤ãîé¨© ¨â¥à æ¨®­­ë© ¯à®æ¥áá.

�ãáâì u0 2 V | ¯à®¨§¢®«ì­ë© § ¤ ­­ë© í«¥¬¥­â.
�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì (vn; un), n = 0; 1; 2; : : : ; á«¥¤ãîé¨¬ ®¡à §®¬.
�à¨ ¨§¢¥áâ­®¬ un ®¯à¥¤¥«ï¥¬ vn ª ª à¥è¥­¨¥ § ¤ ç¨

Lr(v
n; un) = inf

w2Y
Lr(w; u

n)

¨«¨

J(vn) + hvn;runi
Y
+ hf; uni+

r

2
kdiv(vn)� fk2V � �

� J(w) + hw;runi
Y
+ hf; uni+

r

2
kdiv(w) � fk2V � 8w 2 Y: (16)

� å®¤¨¬ § â¥¬ un+1 2 V ¨§ á®®â­®è¥­¨ïDr(un+1 � un)
�

;r�
E
Y

= hvn;r�i
Y
+ hf; �i 8� 2 V (17)

¨«¨

��(un+1 � un) = �(�div(vn) + f); un+1j� = 0; (18)

£¤¥ � | ¨â¥à æ¨®­­ë© ¯ à ¬¥âà.
�¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (2){(7), (9){(14), � 2 (0; r), (v; u) | á¥¤«®¢ ï â®çª 
Lr ­  Y � V . �®£¤  div(vn) ! div(v) á¨«ì­® ¢ V � ¯à¨ n ! 1 ¨ áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ -
â¥«ì­®áâì fvnk ; unkg1k=1 ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvn; ung1n=1, ¯®áâà®¥­­®© ¯® ä®à¬ã« ¬ (16), (17),
áå®¤ïé ïáï á« ¡® ª (v; u) ¢ Y � V ¯à¨ k !1 .

�à®¬¥ â®£®, ¤«ï «î¡®£® à¥è¥­¨ï u § ¤ ç¨ (8) ¯®á«¥¤®¢ â¥«ì­®áâì fkun � ukV g
1

n=1 ï¢«ï¥âáï
áå®¤ïé¥©áï.

�®ª § â¥«ìáâ¢®. �§ (16) ¨¬¥¥¬

J(vn)�J(w)+hvn;runi
Y
�hw;runi

Y
+
r

2
kdiv(vn)�fk2V ��

r

2
kdiv(w)�fk2V � � 0 8w 2 Y: (19)

�â  § ¤ ç  ¬¨­¨¬¨§ æ¨¨ íª¢¨¢ «¥­â­  (á¬. [6]) á«¥¤ãîé¥¬ã ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã:

J(vn)� J(w) + hvn � w;runi
Y
+ rhdiv(vn) + f; div(vn � w)i

V � � 0 8w 2 Y; (20)

£¤¥ h�; �iV � | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ V �. �®áª®«ìªã (v; u) | á¥¤«®¢ ï â®çª  « £à ­¦¨ ­  Lr,
â®

Lr(v; u) � Lr(w; u) 8w 2 Y
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¨«¨

J(v) + hv;rui
Y
+ hf; ui+

r

2
kdiv(v)� fk2V � �

� J(w) + hw;rui
Y
+ hf; ui+

r

2
kdiv(w) � fk2V � � 0 8w 2 Y:

�â  § ¤ ç  ¬¨­¨¬¨§ æ¨¨ íª¢¨¢ «¥­â­  ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã

J(v) � J(w) + hv � w;rui
Y
+ rhdiv(v) + f; div(v � w)i

V � � 0 8w 2 Y: (21)

�®« £ ï ¢ (20) w = v,   ¢ (21) w = vn; ¨ áª« ¤ë¢ ï ¯®«ãç¥­­ë¥ ­¥à ¢¥­áâ¢ , ¨¬¥¥¬

hvn � v;r(un � u)i
Y
+ rhdiv(vn � v);div(vn � v)i

V � � 0: (22)

� «¥¥, ¨§ (18) á ãç¥â®¬ â®£®, çâ® div(v) = f; á«¥¤ã¥â

R(un+1 � u) = �R(un � u) + � div(v � vn); (23)

£¤¥ ¤«ï ã¤®¡áâ¢  ®¡®§­ ç¥­® R = ��. �à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (23) ®¯¥à â®à R�1

un+1 � u = un � u+ �R�1(div(v � vn)):

�¡®§­ ç ï ç¥à¥§ k � kR í­¥à£¥â¨ç¥áªãî ­®à¬ã ®¯¥à â®à  R, ¨¬¥¥¬

kun+1 � uk2R = kun � u+ �R�1(div(v � vn))k2R = kun � uk2R + 2�hR(un � u); R�1(div(vn � v))i +

+ �2hR�1(div(vn � v));div(vn � v)i = kun � uk2R + 2�hdiv(vn � v); un � ui+ �2kdiv(vn � v)k2R�1

¨«¨

kun+1 � uk2V = kun � uk2V � 2�hvn � v;r(un � u)i
Y
+ �2kdiv(vn � v)k2V � : (24)

�§ (24) á ãç¥â®¬ ­¥à ¢¥­áâ¢  (22) á«¥¤ã¥â

kun � uk2V � kun+1 � uk2V � �(2r � �)kdiv(vn � v)k2V � :

�®áª®«ìªã 0 < � < r, â® ¯®á«¥¤®¢ â¥«ì­®áâì fkun � ukV g
1

n=1 ã¡ë¢ ¥â,   â. ª. ®­  á­¨§ã ®£à ­¨ç¥­ 
­ã«¥¬, â® ï¢«ï¥âáï áå®¤ïé¥©áï. �® â®£¤ 

lim
n!1

kdiv(vn � v)kV � = 0:

�§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fkun � ukV g
1

n=1, ®ç¥¢¨¤­®, ¢ëâ¥ª ¥â ®£à ­¨ç¥­­®áâì ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ fkunkV g

1

n=1:

�®ª ¦¥¬ â¥¯¥àì ®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvng1n=1. �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ ­¥à -
¢¥­áâ¢® (16) w = v

J(vn) � J(v) + hdiv(vn); uni � hdiv(v); uni+
r

2
kdiv(vn)� fk2V � ;

â. ¥. ¯®á«¥¤®¢ â¥«ì­®áâì fJ(vn)g1n=1 ®£à ­¨ç¥­ . �® äã­ªæ¨®­ « J ª®íàæ¨â¨¢¥­ (á¬. [2]), á«¥¤®¢ -
â¥«ì­®, ®£à ­¨ç¥­­®© ï¢«ï¥âáï ¨ ¯®á«¥¤®¢ â¥«ì­®áâì fvng1n=1. � á¨«ã ®£à ­¨ç¥­­®áâ¨ ¯®á«¥¤®-
¢ â¥«ì­®áâ¥© fvng1n=1; fu

ng1n=1 áãé¥áâ¢ãîâ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fvnkg1k=1; fu
nkg1k=1, ª®â®àë¥

áå®¤ïâáï á« ¡® ª ­¥ª®â®àë¬ í«¥¬¥­â ¬ v� ¨ u� ¯à¨ n!1 á®®â¢¥âáâ¢¥­­® ¢ Y ¨ V .
�®ª ¦¥¬, çâ® (v�; u�) ï¢«ï¥âáï á¥¤«®¢®© â®çª®© « £à ­¦¨ ­  Lr, â.¥. ¯à®¢¥à¨¬, çâ® á¯à -

¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

Lr(v
�; �) � Lr(v

�; u�) 8� 2 V; (25)

Lr(v
�; u�) � Lr(w; u

�) 8w 2 Y: (26)

�§ á¨«ì­®© áå®¤¨¬®áâ¨ div(vn) ª div(v) = f ¢ V � ¯à¨ n!1 á«¥¤ã¥â v� 2M . �®íâ®¬ã

Lr(v�; �) = Lr(v�; u�) 8� 2 V;
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â. ¥. (25) ¨¬¥¥â ¬¥áâ®. �«ï â®£® çâ®¡ë ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì (26), § ¯¨è¥¬ ­¥à ¢¥­áâ¢® (19)
¤«ï vnk

J(vnk )�J(w)�hdiv(vnk � w); unki+
r

2
kdiv(vnk)�fk2V ��

r

2
kdiv(w)�fk2V � � 0 8w 2 Y: (27)

�¥à¥å®¤ï ¢ (27) ª ¯à¥¤¥«ã ¯à¨ k !1, ¯®«ì§ãïáì á« ¡®© ¯®«ã­¥¯à¥àë¢­®áâìî á­¨§ã äã­ªæ¨®-
­ «  J (á¬. [2]), á« ¡®© áå®¤¨¬®áâìî ¯®á«¥¤®¢ â¥«ì­®áâ¥© fvnkg1k=1; fu

nkg1k=1 ª v� ¨ u� á®®â¢¥â-
áâ¢¥­­® ¨ á¨«ì­®© áå®¤¨¬®áâìî ¯®á«¥¤®¢ â¥«ì­®áâ¨ fdiv(vn)g1n=1, ¯®«ãç¨¬

J(v�)� hdiv(v�); u�i+
r

2
kdiv(v�)� fk2V � � J(w)� hdiv(w); u�i+

r

2
kdiv(w)� fk2V � 8w 2 Y:

�âáî¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì (26).

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2. �®£¤  áãé¥áâ¢ã¥â ¢â®à ï ª®¬¯®­¥­â 
u á¥¤«®¢®© â®çª¨ Lr, ï¢«ïîé ïáï á« ¡® ¯à¥¤¥«ì­®© â®çª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fu

ng1n=1, «î¡ ï
á« ¡® ¯à¥¤¥«ì­ ï â®çª  ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvng1n=1 ï¢«ï¥âáï ¯¥à¢®© ª®¬¯®­¥­â®© á¥¤«®¢®©
â®çª¨ Lr. �à®¬¥ â®£®,

lim
n!1

J(vn) = J(v); (28)

£¤¥ v | ¯¥à¢ ï ª®¬¯®­¥­â  á¥¤«®¢®© â®çª¨ Lr.

�®ª § â¥«ìáâ¢®. �à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ¬ë ãáâ ­®¢¨«¨, çâ® «î¡ ï á« ¡® ¯à¥¤¥«ì-
­ ï â®çª  u ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung1n=1 ï¢«ï¥âáï ¯¥à¢®© ª®¬¯®­¥­â®© á¥¤«®¢®© â®çª¨ Lr (¯à¨
íâ®¬ ¯® ªà ©­¥© ¬¥à¥ ®¤­  á« ¡® ¯à¥¤¥«ì­ ï â®çª  ã fung1n=1 áãé¥áâ¢ã¥â).

� «¥¥, ¢ á¨«ã ¢â®à®£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 2 ¤«ï ¢á¥å â ª¨å â®ç¥ª u áãé¥áâ¢ã¥â ¯à¥¤¥«
ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fkun � ukV g

1
n=1 ¯à¨ n ! 1. �â® ®§­ ç ¥â, çâ® ª ¦¤ ï á« ¡®

¯à¥¤¥«ì­ ï â®çª  u ®£à ­¨ç¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung1n=1 ¯à¨­ ¤«¥¦¨â  ââà ªâ®àã ([7],
á. 247) íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. �® â®£¤  ¢áï ¯®á«¥¤®¢ â¥«ì­®áâì fung1n=1 áå®¤¨âáï á« ¡® ¢ V
¯à¨ n!1 (á¬. [7], á.247).

�®, çâ® «î¡ ï á« ¡® ¯à¥¤¥«ì­ ï â®çª  ¯®á«¥¤®¢ â¥«ì­®áâ¨ fvng1n=1 ï¢«ï¥âáï ¯¥à¢®© ª®¬¯®-
­¥­â®© á¥¤«®¢®© â®çª¨ Lr, ­¥âàã¤­® ¯à®¢¥à¨âì â¥¯¥àì, ¯®¢â®àïï à ááã¦¤¥­¨ï, ¯à®¢¥¤¥­­ë¥ ¯à¨
¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.

�à®¢¥à¨¬, ­ ª®­¥æ, á¯à ¢¥¤«¨¢®áâì ¯®á«¥¤­¥£® á®®â­®è¥­¨ï (28). �ãáâì (v; u) | á¥¤«®¢ ï
â®çª  Lr ­  Y � V . �®£¤ 

J(v) � J(vn) + hvn;rui
Y
+ hf; ui+

r

2
kdiv(vn)� fk2V � =

= J(vn) + hvn;runi
Y
+
r

2
kdiv(vn)� fk2V � + hvn;rui

Y
+ hf; ui � hvn;runi

Y
:

�á¯®«ì§ãï â¥¯¥àì (16) á w = v, ¯®«ãç¨¬

J(v) � J(vn) + hvn;rui
Y
+ hf; ui+

r

2
kdiv(vn)� fk2V � �

� J(v) + hv;runi
Y
+ hvn;rui

Y
+ hf; ui � hvn;runi

Y
:

�¥à¥å®¤ï ¢ íâ¨å ­¥à ¢¥­áâ¢ å ª ¯à¥¤¥«ã ¯à¨ n ! 1, ¯®«ãç¨¬, çâ® ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥
(28).
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