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�à¨ ¯à®¢¥àª¥ «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ («. ®. ®.) ­  ª¢ §¨­¨«ì¯®â¥­â­®áâì ­¥¯®-
áà¥¤áâ¢¥­­®¥ ¨á¯®«ì§®¢ ­¨¥ ¨§¢¥áâ­®© ä®à¬ã«ë �.�. �¥«ìä ­¤  ¤«ï á¯¥ªâà «ì­®£® à ¤¨ãá  ­¥-
à¥¤ª® ®ª §ë¢ ¥âáï ¢¥áì¬  § âàã¤­¨â¥«ì­ë¬ ¨§-§  á«®¦­®£® ¢¨¤  ®¯¥à â®à  ¨«¨ ¥£® ¬ ¦®à ­âë.
�®íâ®¬ã ¯à¥¤áâ ¢«ïîâ ¨­â¥à¥á á¯¥æ¨ «ì­ë¥ ¯à¨§­ ª¨ ª¢ §¨­¨«ì¯®â¥­â­®áâ¨. � ª¨¥ ¯à¨§­ ª¨
(­ ¯à., [1]{[4]) á¢ï§ë¢ îâáï § ç áâãî á â¥¬ ¨«¨ ¨­ë¬ ¯®­ïâ¨¥¬ ¢®«ìâ¥àà®¢®áâ¨ äã­ªæ¨®­ «ì-
­ëå ®¯¥à â®à®¢; ®¡  ¡áâà ªâ­ëå ¢®«ìâ¥àà®¢ëå ®¯¥à â®à å á¬., ­ ¯à¨¬¥à, [5], [6]. �¨¦¥ ¯à¨¢®-
¤ïâáï ã¤®¡­ë¥ ¤«ï ¯à¨«®¦¥­¨© ¤®áâ â®ç­ë¥ ãá«®¢¨ï ª¢ §¨­¨«ì¯®â¥­â­®áâ¨ äã­ªæ¨®­ «ì­ëå
®¯¥à â®à®¢, ¨á¯®«ì§ãîé¨¥ ¯®­ïâ¨¥ ¢®«ìâ¥àà®¢®áâ¨ ¢ á¬ëá«¥ [7], [8], ª®â®à®¥ ï¢«ï¥âáï ­¥¯®áà¥¤-
áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ­  á«ãç © ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå ¨§¢¥áâ­ëå ®¯à¥¤¥«¥­¨© [9], [10] (á¬.
â ª¦¥ [6]). �à¨ íâ®¬ à §¢¨¢ îâáï ­¥ª®â®àë¥ à¥§ã«ìâ âë [1]. �ä®à¬ã«¨à®¢ ­­ë¥ ­¨¦¥ ãâ¢¥à-
¦¤¥­¨ï ¤®¯®«­ïîâ à¥§ã«ìâ âë, ®¯ã¡«¨ª®¢ ­­ë¥ ¢ [11], [12].

�£à ­¨ç¨¬áï ¢ ¦­ë¬ ¤«ï ¯à¨«®¦¥­¨© á«ãç ¥¬ ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà ­áâ¢¥
L1. �ãáâì � � Rn | ä¨ªá¨à®¢ ­­®¥ ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã, ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®; L1 =
L1(�); � = �(�) | �- «£¥¡à  ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ¯®¤¬­®¦¥áâ¢ �; T | ­¥ª®â®à ï ç áâì �.
�«¥¤ãï [7], [8], «. ®. ®. G[�] : L1 �! L1 ­ §®¢¥¬ ¢®«ìâ¥àà®¢ë¬ ­  á¨áâ¥¬¥ ¬­®¦¥áâ¢ T , ¥á«¨
8H 2 T áã¦¥­¨¥ G[x]

��
H
­¥ § ¢¨á¨â ®â §­ ç¥­¨© áã¦¥­¨ï x

��
�nH

, â. ¥. 8H 2 T ¨¬¥¥¬ PHGPH =
PHG, £¤¥ PH | ®¯¥à â®à ã¬­®¦¥­¨ï ­  å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ¬­®¦¥áâ¢  H. �« áá
®¯¥à â®à®¢, ¢®«ìâ¥àà®¢ëå ­  á¨áâ¥¬¥ T , ®¡®§­ ç¨¬ ç¥à¥§ V (T ). �ãáâì [a; b] = [a1; b1]�� � ��[an; bn]
| ä¨ªá¨à®¢ ­­ë© ¡àãá, á®¤¥à¦ é¨© �, � = f�; �g| «î¡ ï ã¯®àï¤®ç¥­­ ï ¯ à  ­ ¡®à®¢ �; � �
f1; : : : ; ng, � [ � 6= ;, � \ � = ;. �®«®¦¨¬ T�(�) � f� \ [�; �] j [�; �] 2 T�([a; b])g, £¤¥

T�([a; b]) � f[�; �] = [�1; �1]� � � � � [�n; �n] � [a; b] j �i = ai (i =2 �); �i = bi (i =2 �)g:

�¨áâ¥¬ã ¬­®¦¥áâ¢ T = fH0; : : : , Hkg � �, ã¯®àï¤®ç¥­­ãî ¯® ¢«®¦¥­¨î (H0 � H1 � � � � �
Hk) ¨ â ªãî, çâ® H0 = ;, Hk = �, ­ §®¢¥¬ ª®­¥ç­®© æ¥¯®çª®©. �á«¨ ¯à¨ íâ®¬ G 2 V (T ),
â® ¡ã¤¥¬ £®¢®à¨âì, çâ® T | ª®­¥ç­ ï ¢®«ìâ¥àà®¢áª ï æ¥¯®çª  ®¯¥à â®à  G. �ãáâì � > 0 |
ç¨á«®, CH = � n H. �®­¥ç­ãî æ¥¯®çªã T = fH0; : : : ;Hkg ­ §®¢¥¬ á« ¡®© �-æ¥¯®çª®© «. ®. ®.

G : L1 ! L1, ¥á«¨ �(PHinHi�1
GPHinHi�1

) < �, i = 1; k. �¡®§­ ç¨¬ ç¥à¥§ 	á«(G) ¬­®¦¥áâ¢® ¢á¥å
â ª¨å ­¥®âà¨æ â¥«ì­ëå ç¨á¥« �, ¤«ï ª ¦¤®£® ¨§ ª®â®àëå áãé¥áâ¢ã¥â ¢®«ìâ¥àà®¢áª ï á« ¡ ï
�-æ¥¯®çª  ®¯¥à â®à  G. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à®áâà ­áâ¢  L1 á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥
®¡®¡é¥­¨¥ â¥®à¥¬ë 1 ¨§ [1], ¤®ª § ­­®¥ ¢ [12]: ¤«ï ¢áïª®£® «. ®. ®. G : L1 ! L1 á¯¥ªâà «ì­ë©
à ¤¨ãá �(G) à ¢¥­ inf 	á«(G).

�ã¤¥¬ £®¢®à¨âì, çâ® ®¯¥à â®à G : L1 �! L1 ã¤®¢«¥â¢®àï¥â �-ãá«®¢¨î ­  ¬­®¦¥áâ¢¥
H 2 �, ¥á«¨ kPHGPHk < �. �®­¥ç­ãî æ¥¯®çªã T = fH0; : : : ;Hkg ­ §®¢¥¬ �-æ¥¯®çª®© ®¯¥à -

â®à  G : L1 �! L1, ¥á«¨ G ã¤®¢«¥â¢®àï¥â �-ãá«®¢¨î ­  ª ¦¤®© à §­®áâ¨ Hi n Hi�1, i = 1; k.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­âë 95-01-00701, 98-01-793).
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�ãáâì 	(G) | ¬­®¦¥áâ¢® ¢á¥å â ª¨å ­¥®âà¨æ â¥«ì­ëå ç¨á¥« �, ¤«ï ª ¦¤®£® ¨§ ª®â®àëå áã-
é¥áâ¢ã¥â ¢®«ìâ¥àà®¢áª ï �-æ¥¯®çª  ®¯¥à â®à  G. �ç¥¢¨¤­®, 	(G) � 	á«(G). � ª¨¬ ®¡à §®¬,
­¥¯®áà¥¤áâ¢¥­­® ¨§ ¯à¨¢¥¤¥­­®© ¢ëè¥ ä®à¬ã«ë ¤«ï á¯¥ªâà «ì­®£® à ¤¨ãá  ¯®«ãç ¥¬ ®æ¥­ªã
�(G) � inf 	(G) ¨ á«¥¤ãîé¨© ¯à¨§­ ª ª¢ §¨­¨«ì¯®â¥­â­®áâ¨ (¢ ç áâ­®¬ á«ãç ¥ ¯®«®¦¨â¥«ì­®-
£® «. ®. ®. ®­ ¡ë«  ­®­á¨à®¢ ­ ¢ [11] ¨ ¤®ª § ­ ¢ [12]).

�¥®à¥¬  1. �á«¨ «. ®. ®. G : L1 �! L1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

8 � > 0 9 ¢®«ìâ¥àà®¢áª ï �-æ¥¯®çª  ®¯¥à â®à  G; (1)

â® �(G) = 0.

� áá¬®âà¨¬ ª®­ªà¥â­ãî, ç áâ® ¢áâà¥ç îéãîáï ¢ ¯à¨ª« ¤­ëå § ¤ ç å á¨âã æ¨î, ª®£¤ 
«. ®. ®. G : L1 �! L1 ¯à¨­ ¤«¥¦¨â ª« ááã V (T�), T� = T�(�). �¨ªá¨àã¥¬ ­¥ª®â®àë© ¡àãá
[a; b], á®¤¥à¦ é¨© �. �®«®¦¨¬ �G(H) = sup

c2Rn

kP(H+c)\�GP(H+c)\�k, H 2 �([a; b]). �¯à ¢¥¤«¨¢®

á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ (¥£® ç áâ­ë¥ á«ãç ¨ ¯à¨¢¥¤¥­ë ¢ [11], [12]).

�¥®à¥¬  2. �á«¨ ¤«ï «. ®. ®. G 2 V (T�(�))

�G([�; �]) �! 0 ¯à¨ �i �! bi (i 2 �); �i �! ai (i 2 �); [�; �] 2 T�([a; b]);

â® ãá«®¢¨¥ (1) ¢ë¯®«­¥­®.

�ä®à¬ã«¨à®¢ ­­ë¥ â¥®à¥¬ë, ¢ ç áâ­®áâ¨, ®ª §ë¢ îâáï ¯®«¥§­ë¬¨ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ®¯¥-
à â®à®¢, ¢®§­¨ª îé¨å ¯à¨ ¯¥à¥å®¤¥ ª ®¯¨á ­¨î ­ ç «ì­®-ªà ¥¢ëå § ¤ ç (­. ª. §.) ¤«ï £¨¯¥à¡®-
«¨ç¥áª¨å ãà ¢­¥­¨© ¢ â¥à¬¨­ å äã­ªæ¨®­ «ì­®-®¯¥à â®à­®£® ãà ¢­¥­¨ï ¢¨¤ 

z(t) = f(t; A[z](t)); t 2 � � Rn; (2)

£¤¥ f(�; �) : � �Rl �! Rm, A[�] : Lm1(�) �! Ll1(�) | «. ®. ®. � ª®¥ ®¯¨á ­¨¥ ®å¢ âë¢ ¥â è¨à®-
ª¨© ªàã£ ­. ª. §. ¨ ®ª §ë¢ ¥âáï ã¤®¡­ë¬ ¢ â¥®à¨¨ ®¯â¨¬¨§ æ¨¨ à á¯à¥¤¥«¥­­ëå á¨áâ¥¬ ([7], [8]).
�§ãç¥­¨¥ ­. ª. §. ¯à¨ íâ®¬ á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î á¢®©áâ¢ ®¯¥à â®à  A. � á ¬ëå à §«¨ç­ëå
¢®¯à®á å â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ­ å®¦¤¥­¨ï ª¢ §¨­¨«ì¯®-
â¥­â­ëå ¬ ¦®à ­â ®¯¥à â®à  A ([7], [8]).

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ­. ª. §. ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï

xt1t2 = f(t; x(t); xt1(t); xt2(t)); t 2 �; (3)

á ãá«®¢¨ï¬¨ (4). � ¤ ç  áâ ¢¨âáï ¢ ®¯¨áë¢ ¥¬®© ­¨¦¥ ®¡« áâ¨ �, á®¤¥à¦ é¥©áï ¢ ä¨ªá¨-
à®¢ ­­®¬ ¯àï¬®ã£®«ì­¨ª¥ [0; b] � R2, ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® f(�; �) : � � R3 ! R | äã­ª-
æ¨ï â¨¯  � à â¥®¤®à¨, ®£à ­¨ç¥­­ ï ­  ª ¦¤®¬ ®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥. �ãáâì t2 = M1(t1),
t2 = M2(t1) | áâà®£® ¢®§à áâ îé¨¥ ¡¥áª®­¥ç­®-¤¨ää¥à¥­æ¨àã¥¬ë¥ ­  ®âà¥§ª¥ [0; b1] äã­ªæ¨¨;
M1(0) = M2(0) = 0, M1(b1) < b2, M2(b1) > b2; kM 0

1kC[0;b1], k(M
�1
2 )0kC[0;b1] < 1; M1(t1) < M2(t1),

0 � t1 � b1. �  ¬­®¦¥áâ¢¥ � = ft 2 [0; b] jM1(t1) � t2 �M2(t1)g à áá¬®âà¨¬ ­. ª. §. ¤«ï (3)

x(t1;M1(t
1)) � 0; 0 � t1 � b1; x(M�1

2 (t2); t2) � 0; 0 � t2 � b2 (4)

(¯® ¯®¢®¤ã ¯à¨¢¥¤¥­­ëå ­ ç «ì­®-ªà ¥¢ëå ãá«®¢¨© á¬., ­ ¯à., [13], £«. 26).
�¥è¥­¨¥ § ¤ ç¨ (3), (4) ¯®­¨¬ ¥¬ ¢ á¬ëá«¥ ¯®çâ¨ ¢áî¤ã (¯. ¢.) ¨ ¨é¥¬ ¥£® ¢ ª« áá¥ W (�)

 ¡á®«îâ­®-­¥¯à¥àë¢­ëå ­  � äã­ªæ¨© á ®£à ­¨ç¥­­ë¬¨ ¯¥à¢ë¬¨ ¨ á¬¥è ­­®© ¯à®¨§¢®¤­ë¬¨.
�¡®§­ ç¨¬

(M1�M
�1
2 )i(t2) = �i1(t

2); (�i1�M1)(t
1) = �i2(t

1); (M�1
2 �M1)

i(t1) = �i3(t
1);

(�i3�M
�1
2 )(t2) = �i4(t

2); i = 0; 1; : : :
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�®à¬ã« 

x(t) =
Z t2

M1(t1)

Z t1

M
�1

2
(t2)

z(�; �)d� d� �
1X
i=1

�Z �
i�1

2
(t1)

�i
1
(t2)

Z �
i�1

4
(t2)

�i
3
(t1)

z(�; �)d� d� +

+
Z �i

1
(t2)

�i
2
(t1)

Z �i
3
(t1)

�i
4
(t2)

z(�; �)d� d�
�
� A1[z](t)

ãáâ ­ ¢«¨¢ ¥â ¢§ ¨¬­®-®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã äã­ªæ¨ï¬¨ z 2 L1(�) ¨ ã¤®¢«¥â¢®àï-
îé¨¬¨ ãá«®¢¨ï¬ (4) äã­ªæ¨ï¬¨ x 2 W (�). �®íâ®¬ã § ¤ ç  (3), (4) íª¢¨¢ «¥­â­  à áá¬ âà¨-
¢ ¥¬®¬ã ­ ¤ L1(�) äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î (2), £¤¥ A[�] � fA1[�]; A2[�]; A3[�]g : L1(�) �!
L3
1(�), m = 1, l = 3,

A2[z](t) =
Z t2

M1(t1)

z(t1; �)d� �M1
0(t1)

Z t1

M
�1

2
(t2)

z(�;M1(t1))d� �

�
1X
i=1

�
� �i3

0(t1)
Z �

i�1

2
(t1)

�i
1
(t2)

z(�i3(t
1); �)d� + �i�12

0(t1)
Z �

i�1

4
(t2)

�i
3
(t1)

z(�; �i�12 (t1))d� �

� �i2
0(t1)

Z �i
3
(t1)

�i
4
(t2)

z(�; �i2(t
1))d� + �i3

0(t1)
Z �i

1
(t2)

�i
2
(t1)

z(�i3(t
1); �)d�

�
;

A3[z](t) =
Z t1

M
�1

2
(t2)

z(�; t2)d� �M�1
2

0(t2)
Z t2

M1(t1)

z(M�1
2 (t2); �)d� �

�
1X
i=1

�
� �i1

0(t2)
Z �

i�1

4
(t2)

�i
3
(t1)

z(�; �i1(t
2))d� + �i�14

0(t2)
Z �

i�1

2
(t1)

�i
1
(t2)

z(�i�14 (t2); �)d� +

+ �i1
0
(t2)

Z �i
3
(t1)

�i
4
(t2)

z(�; �i1(t
2))d� � �i4

0(t2)
Z �i

1
(t2)

�i
2
(t1)

z(�i4(t
2); �)d�

�
:

�®«®¦¨¬

pi = (�i4(t
2); �i1(t

2)); p0i = (�i4(t
2); �i+1

1 (t2)); qi = (�i3(t
1); �i2(t

1)); q0i = (�i+1
3 (t1); �i2(t

1)):

�ãáâì L1(t) ¨ L2(t) | «®¬ ­ë¥ ­  ¯«®áª®áâ¨ t, ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã« ¬¨

L1(t) = [t; p0]
[ 1[

i=0

([pi; p
0
i]
[
[p0i; pi+1]); L2(t) = [t; q0]

[ 1[
i=0

([qi; q
0
i]
[
[q0i; qi+1]):

� ¦®à ­â®© «. ®. ®. A ï¢«ï¥âáï ¤¥©áâ¢ãîé¨© ¢ L1(�) ®¯¥à â®à B ¢¨¤ 

B[z](t) =
ZZ

�\[0;t]

z(�; �)d� d� +
Z
L1(t)

z dl +
Z
L2(t)

z dl; t 2 �;

¯à¨­ ¤«¥¦ é¨© ª« ááã V (T�(�)), � = f;; f1; 2gg. � ¬¥â¨¬, çâ® Li(t) � (�\ [0; t]), i = 1; 2. �¬¥¥¬
�B([0; �]) � �1�2 + 2�1 + 2�2, [0; �] � [0; b], ¨, á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ 2 á¯¥ªâà «ì­ë© à ¤¨ãá
�(B) = 0.
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