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1. �¢¥¤¥­¨¥

� ¤ ç  ®¯à¥¤¥«¥­¨ï á¨«ë â®ª  i(x; t) ¢ ¯à®¢®¤¥, ª®­æë ª®â®à®£® § §¥¬«¥­ë ç¥à¥§ á®áà¥¤®â®-
ç¥­­ë¥ á®¯à®â¨¢«¥­¨ï, ¨¬¥¥â ¢¨¤

ixx = CLitt + (CR+GL)it +GRi; ix(0; t) � CR
(1)
0 it(0; t)�GR

(1)
0 i(0; t) = 0;

ix(l; t)� CR
(2)
0 it(l; t)�GR

(2)
0 i(l; t) = 0; i(x; 0) = '(x);

ix(x; 0) = (�R'(x)� f 0(x))=L

([1], cc. 21, 176). �¤¥áì '(x) ¨ f(x) | á®®â¢¥âáâ¢¥­­® á¨«  â®ª  ¨ ­ ¯àï¦¥­¨¥ ¢ ­ ç «ì­ë© ¬®¬¥­â
¢à¥¬¥­¨.

� áá¬ âà¨¢ ¥¬ ï § ¤ ç  ¤®¯ãáª ¥â à §¤¥«¥­¨¥ ¯¥à¥¬¥­­ëå ¯® ¢à¥¬¥­¨, ¯®íâ®¬ã ¤«ï ¥¥ à¥-
è¥­¨ï ¯à¨£®¤¥­ ¬¥â®¤ �ãàì¥. �à¨ íâ®¬ ã á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¢ ªà ¥¢ëå ãá«®¢¨ïå ¯®ï¢«ï-
¥âáï ¯ à ¬¥âà, ¢ à¥§ã«ìâ â¥ ç¥£® ­ àãè ¥âáï ¬¨­¨¬ «ì­®áâì æ¥¯®ç¥ª á®¡áâ¢¥­­ëå äã­ªæ¨© ¢
¯à®áâà ­áâ¢¥ L2 � L2 ([2], c. 191). �¡®á­®¢ ­¨¥ à §«®¦¨¬®áâ¨ ¢ àï¤ë ¯® æ¥¯®çª ¬ á®¡áâ¢¥­­ëå
äã­ªæ¨© ¤«ï â ª¨å § ¤ ç ¯®ï¢¨«®áì áà ¢­¨â¥«ì­® ­¥¤ ¢­® ([2], c. 190{229). �à®¢®¤¨âáï ®­® ¢
¯à®áâà ­áâ¢ å ¡®«¥¥ á«®¦­®© áâàãªâãàë. � ¤ ç  ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ á®®â¢¥âáâ¢ãîé¨å
àï¤®¢ ­¥ ï¢«ï¥âáï âà¨¢¨ «ì­®©. �®íää¨æ¨¥­âë ¯®¤®¡­ëå àï¤®¢ ­ å®¤¨«¨áì «¨èì ¤«ï ­¥ª®â®-
àëå á¯¥ªâà «ì­ëå § ¤ ç ([3], c. 137{139) á ¯®¬®éìî á®¯àï¦¥­­®£® ®¯¥à â®à .

�¬¥áâ® ãª § ­­®© ª®­ªà¥â­®© § ¤ ç¨ ­¨¦¥ à áá¬®âà¨¬ ®¡éãî ªà ¥¢ãî § ¤ çã ¢â®à®£® ¯®-
àï¤ª  ¨ ¤«ï ­¥¥ ­ ©¤¥¬ ª®íää¨æ¨¥­âë à §«®¦¥­¨ï ¯ àë ¯à®¨§¢®«ì­ëå äã­ªæ¨© (¯à¨­ ¤«¥-
¦ é¨å á¯¥æ¨ «ì­ë¬ ¯à®áâà ­áâ¢ ¬ [2]) ¢ àï¤ë ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬. C¤¥« ¥¬ íâ® ¤¢ã¬ï
á¯®á®¡ ¬¨: ¯¥à¢ë© ¯®¤å®¤ ®¡®¡é ¥â [3] ¨ ¨á¯®«ì§ã¥â ï¢­®¥ ¯®áâà®¥­¨¥ á®¯àï¦¥­­®£® ®¯¥à â®-
à  ª «¨­¥ à¨§ â®àã �.�.�ª «¨ª®¢  § ¤ ç¨ (1){(3),   ¢â®à®© ¯®¤å®¤ ¨á¯®«ì§ã¥â ¢®§¬®¦­®áâì
¯à¥¤áâ ¢«¥­¨ï § ¤ ç¨ ¢ ¢¨¤¥ ¯ãçª  ­¥®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ á ¤ «ì­¥©è¨¬ ¯à¨¬¥­¥­¨¥¬
á®®â­®è¥­¨© ¡¨®àâ®£®­ «ì­®áâ¨ [4], ¨§¢¥áâ­ëå ¤«ï ¯ãçª®¢ ®¯¥à â®à®¢.

�«ï ã¤®¡áâ¢  ¯à¨¢¥¤¥¬ á¯¨á®ª ®¡®§­ ç¥­¨©. �¥à¥§ C ®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® ª®¬¯«¥ªá-
­ëå ç¨á¥«; L2 | ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå á ª¢ ¤à â®¬ äã­ªæ¨©, § ¤ ­­ëå ­  ®âà¥§ª¥ [0; 1];
W 1

2 | á®¡®«¥¢áª®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© ­  ®âà¥§ª¥ [0; 1], W0
2 | ¯à®áâà ­áâ¢® W 1

2 � L2, H |
¯à®áâà ­áâ¢® (L2 � C 2)2. �¥à¥§ ( ; ), [ ; ], h ; i, ( ; )H § ¯¨áë¢ îâáï áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï ¢
¯à®áâà ­áâ¢ å L2, L2 � C 2 , W0

2 , H á®®â¢¥âáâ¢¥­­®,   y, y, ev, by | á®®â¢¥âáâ¢¥­­® í«¥¬¥­âë íâ¨å
¯à®áâà ­áâ¢.
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2. �ëç¨á«¥­¨¥ ª®íää¨æ¨¥­â®¢ á ¯®¬®éìî á®¯àï¦¥­­®£® ®¯¥à â®à 

� áá¬®âà¨¬ á¯¥ªâà «ì­ãî § ¤ çã

l(y; �) = y00 + (p0 + p1�)y
0 + (q0 + q1�+ q2�

2)y = 0; (1)

U1(y; �) = a1y
0(0) + a2y(0) + �y(0) = 0; (2)

U2(y; �) = b1y
0(1) + b2y(1) + �y(1) = 0: (3)

�¤¥áì a1; a2; b1; b2; q2 2 C ; a1; b1; q2 6= 0; p0 = p0(x), q0 = q0(x), p1 = p1(x), q1 = q1(x) | ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ë¥ ª®¬¯«¥ªá­®§­ ç­ë¥ äã­ªæ¨¨.

�®¯àï¦¥­­®© ª § ¤ ç¥ (1){(3) (á¬., ­ ¯à., [5], c. 17{23) ï¢«ï¥âáï ªà ¥¢ ï § ¤ ç 

z00 + (p0z)
0 + q0z + ((�p1z)

0 + q1)�
2 + q2�z = 0;

a1z
0(0) + (a2 � a1p0(0))z(0) + (1� a1p0(0))�z(0) = 0;

b1z
0(1) + (b2 � b1p0(1))z(1) + (1 � b1p1(1))�z(1) = 0:

�®£« á­® [2] § ¤ ç  (1){(3) ¤®¯ãáª ¥â «¨­¥ à¨§ æ¨î ¢ ¯à®áâà ­áâ¢¥ W0
2 = W 1

2 � L2. �¨­¥ -
à¨§ â®à H § ¤ ç¨ (1){(3) § ¤ ¥âáï à ¢¥­áâ¢ ¬¨

Hfv0; v1g = fv1; �q
�1
2 (v000 + p0v

0

0 + q0v0 + p1v
0

1 + q1v1)g;

D(H) =
nev = fv0; v1g j v0 2W 2

2 ; v1 2W 1
2 ;

V1(ev) = a1v
0

2(0) + a2v0(0) + v1(0) = 0; V2(ev) = b1v
0

0(1) + b2v0(1) + v1(1) = 0
o
:

�¨­¥©­ ï á¯¥ªâà «ì­ ï § ¤ ç Hev = �ev ¨¬¥¥â â¥ ¦¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, çâ® ¨ § ¤ ç  (1){(3),
  á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à â®à  H, á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ �k, ¨¬¥îâ ¢¨¤evk = fyk; �kykg, £¤¥ yk | á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ (1){(3), ®â¢¥ç îé¨¥ â¥¬ ¦¥ á®¡áâ¢¥­­ë¬
§­ ç¥­¨ï¬ �k (çâ®¡ë ­¥ ãá«®¦­ïâì áãé¥áâ¢® ¤¥« , áç¨â ¥¬ ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨
(1){(3) ¯à®áâë¬¨).

�ãáâì evk | á®¡áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à H, á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �k,
  egk | á®¡áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à  H�. �®£¤  á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï ¡¨®àâ®£®­ «ì­®áâ¨
hevk; egji=hevk; egki = �k;j . �§ íâ¨å á®®â­®è¥­¨© ¯®«ãç ¥âáï ä®à¬ã«  ¤«ï ¢ëç¨á«¥­¨ï ª®íää¨æ¨-
¥­â®¢ à §«®¦¥­¨ï í«¥¬¥­â  ev = fv0; v1g ¨§ ¯à®áâà ­áâ¢  W0

2 = W 1
2 � L2 ¢ àï¤ ¯® á®¡áâ¢¥­­ë¬

äã­ªæ¨ï¬ evk
ck = hev; egki=hevk; egki: (4)

� ª¨¬ ®¡à §®¬, § ¤ ç  ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ á¢®¤¨âáï ª ¯®¨áªã á®¯àï¦¥­­®£® ®¯¥à -
â®à  ¨ ¥£® á®¡áâ¢¥­­ëå äã­ªæ¨©.

�¥®à¥¬  1. �®¯àï¦¥­­ë© ª H ®¯¥à â®à H� ¨¬¥¥â ¢¨¤ H�fg0; g1g = H1fg0; g1g+H2fg0; g1g,

D(H�) =
neg = fg0; g1g j g0 2W 2

2 ; g1 2W 1
2 ;

G1(eg) = q�12 (1� a1p1(0))g1(0) � a1(g0(0)� g00(0)) = 0;

G2(eg) = q�12 (1� a1p1(1))g1(1) � b1(g0(1) + g00(1)) = 0
o
:
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�¤¥áì

H1fg0; g1g =
�
q�12

�
g1 �

Z x

0

p0(t)g1(t)dt+
Z x

0

Z �

0

q0(�)g1(�)d� dt�
2� x

3
g1(0) +

+
1 + x

3

�Z 1

0
p0(t)g1(t)dt�

Z 1

0

Z t

0
q0(�)g1(�)d� dt� g1(1) �

Z 1

0
q0(�)g1(�)d�

��
;

� g000 + q�12 (p1(x)g1(x))
0 � q�12 (q1(x)g1(x))

�
;

H2fg0; g1g =
�
a2
2� x

3
(g00(0)� g0(0)� q�12 p1(0)g1(0)) +

+ b2
1 + x

3
(�g00(1)� g0(1) + q�12 p1(1)g1(1)); 0

�
:

�®ª § â¥«ìáâ¢®. � ®â«¨ç¨¥ ®â áâ ­¤ àâ­®© ­®à¬ë kfkW 1

2

= (kf 0k2L2
+ kfk2L2

)1=2 ¡ã¤¥¬ ¨á-
¯®«ì§®¢ âì ­®à¬ã kfkW 1

2

= (kf 0k2L2
+ jf(0)j2 + jf(1)j2)1=2. �â¨ ­®à¬ë íª¢¨¢ «¥­â­ë ([6], c. 147).

� ­ è¥¬ á«ãç ¥ ¢â®à ï ­®à¬  ã¤®¡­¥¥, â. ª. ®­  ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ¢¬¥áâ® äã­ªæ¨© �à¨­ 
®¡ëç­ë¥ ¨­â¥£à «ë á ¯¥à¥¬¥­­ë¬ ¢¥àå­¨¬ ¯à¥¤¥«®¬.

�¥à­® à ¢¥­áâ¢®

hHev; egi = hev;H1egi+ P (ev; eg): (5)

�¤¥áìH ¨H1 | ¢ëà ¦¥­¨ï, ®¯à¥¤¥«¥­­ë¥ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë,   P (ev; eg) = q�12 [v00(0)g1(0)�
v00(1)g1(1) + v1(0)(q2g0(0) � q2g00(0) + p1(0)g1(0)) + v1(1)(q2g0(1) � q2g00(1) + p1(1)g1(1))] | ¡¨«¨-
­¥©­ ï ä®à¬ . � ¢¥­áâ¢® (5) ¯®«ãç ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬. �­® ­ ¯®¬¨­ ¥â ä®à¬ã«ã
� £à ­¦ , á ¯®¬®éìî ª®â®à®© ­ å®¤¨âáï á®¯àï¦¥­­ë© ®¯¥à â®à ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ¯à®áâà ­áâ¢¥ L2. �â«¨ç¨¥ á®áâ®¨â ¢ â®¬, çâ® ¢ ­ è¥¬ á«ãç ¥ ¢ \ªà ¥¢ëå
ãá«®¢¨ïå" V1(ev) = 0, V2(ev) = 0 (â®ç­¥¥, ¢ ãá«®¢¨ïå ­  ®¡« áâì ®¯à¥¤¥«¥­¨ï ®¯¥à â®à ) á®-
¤¥à¦aâáï è¥áâì ¯¥à¥¬¥­­ëå (íâ® ¯¥à¥¬¥­­ë¥ v0(0), v0(1), v00(0), v

0

0(1), v1(0), v1(1)),   ¢ ä®à¬¥
P (ev; eg) | «¨èì ç¥âëà¥ (v00(0), v

0

0(1), v1(0), v1(1)). � ª« áá¨ç¥áª®¬ á«ãç ¥ | ®¡à â­ ï á¨âã æ¨ï.
� ¬ ª®«¨ç¥áâ¢® ¯¥à¥¬¥­­ëå ¢ ªà ¥¢ëå ãá«®¢¨ïå ­¥ ¡®«ìè¥ ç¨á«  ¯¥à¥¬¥­­ëå, á®¤¥à¦ é¨åáï
¢ ¡¨«¨­¥©­®© ä®à¬¥ ¯à®¨­â¥£à¨à®¢ ­­ëå ç«¥­®¢. �®íâ®¬ã ¬¥â®¤ë, ¨á¯®«ì§ã¥¬ë¥ ¢ ([5], c. 17{
22), ­¥¯®áà¥¤áâ¢¥­­® ­¥ ¯à¨¬¥­¨¬ë ¢ ­ è¥¬ á«ãç ¥. �à¥¦¤¥ ç¥¬ ¯à¨¬¥­¨âì ¨§¢¥áâ­ë¥ ¬¥â®¤ë
­ å®¦¤¥­¨ï á®¯àï¦¥­­®£® ®¯¥à â®à , âà¥¡ã¥âáï á¤¥« âì ­¥ª®â®àë¥ ¯à¥®¡à §®¢ ­¨ï. � ¨¬¥­-
­®, ä®à¬ã P (ev; eg) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå ä®à¬ P1(ev; eg) ¨ P2(ev; eg), ¯¥à¢ãî ¨§ ª®â®àëå
§ ¯¨è¥¬ ¢ ¢¨¤¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï

P1(ev; eg) = �a2v0(0)q�12 (q2g0(0)� q2g00(0) + p1(0)g1(0)) �

� b2v0(1)q
�1
2 (q2g0(1)� q2g00(1) + p1(1)g1(1)) = hev;H1egi;

  ¨§ ¢â®à®© ¬¥â®¤®¬, ®¯¨á ­­ë¬ ¢ [5], ­ ©¤ãâáï \á®¯àï¦¥­­ë¥ ªà ¥¢ë¥ ãá«®¢¨ï".
�§ ¨§«®¦¥­­®£® ¢ëè¥ á«¥¤ã¥â à ¢¥­áâ¢® hHev; egi = hev;Megi, £¤¥ M | ®¯¥à â®à, ª®â®àë©

®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

Mfg0; g1g = H1fg0; g1g+H2fg0; g1g;

D(M) =
neg = fg0; g1g j g0 2W 2

2 ; g1 2W 1
2 ;

G1(eg) = q�12 (1� a1p1(0))g1(0)� a1(g0(0)� g00(0)) = 0;

G2(eg) = q�12 (1� a1p1(1))g1(1)� b1(g0(1) + g00(1)) = 0
o
:
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� ª¨¬ ®¡à §®¬, M� H�. �¡à â­®¥ ¢ª«îç¥­¨¥M� H� á«¥¤ã¥â ¨§ â®£® ä ªâ , çâ® ®¡à §®¬
®¯¥à â®à®¢ M ¨ H ï¢«ï¥âáï ¢á¥ ¯à®áâà ­áâ¢® W0

2 .

� ¬¥ç ­¨¥. � ª ¢¨¤¨¬, ä®à¬ã«  ¤¥©áâ¢¨ï á®¯àï¦¥­­®£® ®¯¥à â®à  ¯®¬¨¬® ¯à®¨§¢®¤­ëå
á®¤¥à¦¨â â ª¦¥ ¨­â¥£à «ë ¨ äã­ªæ¨®­ «ë ¢¨¤  Ax+B (A;B 2 C ). � íâ®¬ ¯à®ï¢«ï¥âáï ®â«¨ç¨¥
®â ¢¨¤  á®¯àï¦¥­­®£® ®¯¥à â®à  ª ®¯¥à â®àã, ¯®à®¦¤¥­­®¬ã ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì-
­ë¬ ¢ëà ¦¥­¨¥¬ ¢ ¯à®áâà ­áâ¢¥ L2.

�¥®à¥¬  2. �®íää¨æ¨¥­âë à §«®¦¥­¨ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ ev ¨§ ¯à®áâà ­áâ¢  W0
2 ¯®

í«¥¬¥­â ¬ evk ¨¬¥îâ ¢¨¤ ck = Pk=Qk, £¤¥

Pk = (v0; �kzk + q�12 (q1(x)� (p1(x)zk(x))
0)) + (v1; zk) + ��1k q�12 v0(1)(z0k(1)� p0(1)zk(1) +

+ b2
b1
zk(1)) + ��1k q�12 v0(0)(p0(0)z0k(0)� z0k(0) � a2

a1
zk(0));

Qk = (yk; �kzk + q�12 (q1(x)� (p1(x)zk(x))
0)) + (�kyk; zk) + ��1k q�12 yk(1)(z0k(1)� p0(1)zk(1) +

+ b2
b1
zk(1)) + ��1k q�12 yk(0)(p0(0)zk(0) � z0k(0) � a2

a1
zk(0)):

�®ª § â¥«ìáâ¢®. � ­ ©¤¥­­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ á®¯àï¦¥­­®£® ®¯¥à â®à  ¬®¦­® ¯®ª § âì,
çâ® 1) á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à H� ¨ á®¯àï¦¥­­®© § ¤ ç¨ á®¢¯ ¤ îâ; 2) ¬¥¦¤ã á®¡áâ¢¥­-
­ë¬¨ äã­ªæ¨ï¬¨ egk = fgk;0; gk;1g ®¯¥à â®à  H�, á®®â¢¥âáâ¢ãîé¨¬¨ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ �k,
¨ á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ zk á®¯àï¦¥­­®© § ¤ ç¨, á®®â¢¥âáâ¢ãîé¨¬¨ â¥¬ ¦¥ á®¡áâ¢¥­­ë¬
§­ ç¥­¨ï¬, ¬®¦­® ãáâ ­®¢¨âì ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥.

�®¤áâ ¢¨¬ äã­ªæ¨¨ egk, ­ ©¤¥­­ë¥ ¨§ à ¢¥­áâ¢  H�egk = �kegk, ¢ ä®à¬ã«ã (4) ¤«ï ª®íää¨æ¨-
¥­â®¢ ck. �¡®§­ ç¨¬ Pk = hev; egki, Qk = hevk; egki. �à¨¬¥­¨¢ ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬
¨ ¢®á¯®«ì§®¢ ¢è¨áì â¥¬, çâ® �k = �k, ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

3. �ëç¨á«¥­¨¥ ª®íää¨æ¨¥­â®¢ á ¯®¬®éìî á¢¥¤¥­¨ï § ¤ ç¨
ª ª¢ ¤à â¨ç­®¬ã ¯ãçªã ®¯¥à â®à®¢

�à¥¤«®¦¨¬ â¥¯¥àì ¤àã£®© ¬¥â®¤ ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ à §«®¦¥­¨ï, ª®â®àë© ®á­®¢ ­
­  ¯à¨¢¥¤¥­¨¨ á¯¥ªâà «ì­®© § ¤ ç¨ (1){(3) ª ¯ãçªã ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¥¬ã ¢ ¯à®áâà ­áâ¢¥
L2 � C 2 .

�à®áâà ­áâ¢® L2� C 2 | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á í«¥¬¥­â ¬¨ y = fy(x); �1; �2g ¨ áª «ïà-
­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ [y; z] = (y(x); z(x)) + �1�1 + �2�2. �¤¥áì z = fz(x); �1; �2g.

�¯à¥¤¥«¨¬ ¢ ¯à®áâà ­áâ¢¥ L2 � C
2 ®¯¥à â®àë A0, A1, A2 à ¢¥­áâ¢ ¬¨

A0y = fy00 + p0y
0 + q0y; a1y

0(0) + a2y(0); b1y0(1) + b2y(1)g;

D(A0) = fy = fy(x); y(0); y(1)g j y 2W 2
2 g;

A1y = fp1y
0 + q1y; y(0); y(1)g; D(A1) = D(A0);

A2y = fq2y; 0; 0g; D(A2) = D(A0):

�¡à §ã¥¬ ¨§ íâ¨å ®¯¥à â®à®¢ ¯ãç®ª

A(�) = A0 + �A1 + �2A2: (6)

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯ãçª  ®¯¥à â®à®¢ A(�) ¨ ªà ¥¢®© § ¤ ç¨ á®¢¯ ¤ îâ. �¥¦¤ã á®¡áâ¢¥­-
­ë¬¨ í«¥¬¥­â ¬¨ yk ªà ¥¢®© § ¤ ç¨ ¨ á®¡áâ¢¥­­ë¬¨ í«¥¬¥­â ¬¨ yk ¯ãçª  ®¯¥à â®à®¢ ¬®¦­®
ãáâ ­®¢¨âì ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ yk = fyk; yk(0); yk(1)g.

�®¯àï¦¥­­ë© ª ®¯¥à â®àã A0 ®¯¥à â®à A�

0 ¨¬¥¥â ¢¨¤

A�

0z = fz00 � (p0z)
0 + q0z; a

�1
1 a2z(0) � p0(0)z(0) + z0(0); b

�1

1 b2z(1) � p0(1)z(1) + z0(1)g;

D(A�

0) = fz = fz; a�11 z(0); b
�1

1 z(1) j z 2W 2
2 g:
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�â® á«¥¤ã¥â ¨§ à ¢¥­áâ¢  [A0y; z] = [y; A�

0z] ¨ ¨§ â®£®, çâ® ®¡à §®¬ ®¯¥à â®à®¢ A0 ¨ A�

0 ï¢«ï¥âáï
¢á¥ ¯à®áâà ­áâ¢®.

� ¤ ¤¨¬ ®¯¥à â®àë M1, M2 á ¯®¬®éìî à ¢¥­áâ¢

M1fz; d1; d2g = f�(p1z)
0 + q1z; d1 � p1(0); d2 + p1(1)z(1)g;

D(M1) =
�
fz; d1; d2g j z 2W 1

2 ; d1; d2 2 C
	
;

M2fz; d1; d2g = fq�12 z; 0; 0g;

D(M2) =
�
fz; d1; d2g j z 2 L2; d1; d2 2 C

	
:

�¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ã¡¥¤¨¬áï ¢ â®¬, çâ® [A1y; z] = [y;M1z], [A2y; z] = [y;M2z]. �¡« áâ¨
®¯à¥¤¥«¥­¨ï ®¯¥à â®à®¢ M1, M2 è¨à¥ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  A�

0.
�¡à §ã¥¬ ¨§ ®¯¥à â®à®¢ A�

0, M1, M2 ¯ãç®ª

M(�) = A�

0 + �M1 + �2M2: (7)

�¡« áâì ®¯à¥¤¥«¥­¨ï ¯ãçª  ®¯¥à â®à®¢ (7) á®¢¯ ¤ ¥â á ®¡« áâìî ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  A�

0.
� ¬¥â¨¬, çâ® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯ãçª  ®¯¥à â®à®¢ (7) ¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï á®¯àï¦¥­­®©
ªà ¥¢®© § ¤ ç¨ á®¢¯ ¤ îâ. �¥¦¤ã á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ zk ¯ãçª  ®¯¥à â®à®¢ (7), á®®â¢¥â-
áâ¢ãîé¨¬¨ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ �k, ¨ á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ zk á®¯àï¦¥­­®© ªà ¥¢®©
§ ¤ ç¨, á®®â¢¥âáâ¢ãîé¨¬¨ â¥¬ ¦¥ �k, ¬®¦­® ãáâ ­®¢¨âì ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¯®
ä®à¬ã«¥

zk = fzk; a
�1
1 zk(0); b

�1

1 zk(1)g:

�«ï � 6= �k ®¯¥à â®à M(�) ®¡à â¨¬, ¯®íâ®¬ã M(�) = [A(�)]�.
� [4] ¯®«ãç¥­ë á®®â­®è¥­¨ï ¡¨®àâ®£®­ «ì­®áâ¨ ¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© ¯ãçª  ­¥®£à ­¨-

ç¥­­ëå ®¯¥à â®à®¢. �«ï ­ è¥£® á«ãç ï íâ¨ á®®â­®è¥­¨ï ¨¬¥îâ ¢¨¤

(Gbyk; bzj)H = �k;j ; (8)

£¤¥ byk = fyk; �kykg, bzj = fzj ; �jzjg, G =
�
A1 A2

A2 0

�
. �§ (8) á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­âë à §«®¦¥­¨ï

¯à®¨§¢®«ì­®© äã­ªæ¨¨ by ¨§ ¯à®áâà ­áâ¢  H ¯® á®¡áâ¢¥­­ë¬ í«¥¬¥­â ¬ ¯ãçª  (6) ­ å®¤ïâáï ¯®
ä®à¬ã«¥

bck = (Gby; bzk)H=(Gbyk; bzk)H: (9)

�á«¨ § ¤ ç  (1){(3) ãá¨«¥­­® à¥£ã«ïà­  (®¯à¥¤¥«¥­¨¥ á¬. ¢ [2], c. 196), â® «î¡®© í«¥¬¥­â ev =
fv0; v1g ¯à®áâà ­áâ¢  W0

2 ¬®¦¥â ¡ëâì à §«®¦¥­ ¢ àï¤ ¯® í«¥¬¥­â ¬ evk = fyk; �kykg

ev = 1X
k=1

ckevk; (10)

ª®â®àë© áå®¤¨âáï ¢ ­®à¬¥ ¯à®áâà ­áâ¢  W0
2 . �âáî¤  á«¥¤ã¥â

by = 1X
k=1

ckbyk; (11)

£¤¥ by = fv0; v0(0); v0(1); v1; v1(0); v1(1)g, byk = fyk; yk(0); yk(1); �kyk; �kyk(0); �kyk(1)g. �à¨ íâ®¬ àï¤
(11) áå®¤¨âáï ¢ ­®à¬¥ ¯à®áâà ­áâ¢  W 1

2 � C 2 �L2� C 2 . �­ ç¨â, â¥¬ ¡®«¥¥ íâ®â àï¤ áå®¤¨âáï ¨ ¢
­®à¬¥ ¯à®áâà ­áâ¢  H. �®íää¨æ¨¥­âë fckg ¢ (10) ¨ ­ã¦­® ¡ë«® ®¯à¥¤¥«¨âì. � ª ª ª àï¤ ¨§ à -
¢¥­áâ¢  (11) áå®¤¨âáï ¢ H ª í«¥¬¥­âã by ¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï (8), â® ª®íää¨æ¨¥­âë �ãàì¥
¥£® à §«®¦¥­¨ï ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­® ¨ á®£« á­® ¯®áâà®¥­¨î í«¥¬¥­â  by á®¢¯ ¤ îâ á ª®-
íää¨æ¨¥­â ¬¨ ck ¨§ (10). �«¥¤®¢ â¥«ì­®, ¤«ï íâ¨å ª®íää¨æ¨¥­â®¢ ck á¯à ¢¥¤«¨¢a ä®à¬ã«a (9).
�¥¯¥àì ¢ëç¨á«¨¬ íâ¨ ª®íää¨æ¨¥­âë (Gby; bzk)H = (v0; �(p1zk)

0+ q1zk+�kq2zk)+ v0(0)(a
�1
1 zk(0)�
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p1(0) � p1(0)zk(0)) + v0(1)(b
�1
1 zk(1) � p1(1)zk(1)) + (v1; q2zk). �®á¯®«ì§®¢ ¢è¨áì ªà ¥¢ë¬¨ ãá«®-

¢¨ï¬¨ á®¯àï¦¥­­®© ªà ¥¢®© § ¤ ç¨ ¨ â¥¬, çâ® �k = �k, ¯®«ãç¨¬ à ¢¥­áâ¢  (Gby; bzk)H = q�12 Pk,
(Gbyk; bzk)H = q�12 Qk, ®âªã¤  ck = Pk=Qk.

� ¬¥â¨¬, çâ® ¢â®à®© á¯®á®¡ ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ ï¢«ï¥âáï ¬¥­¥¥ âàã¤®¥¬ª¨¬.
�¢â®à ¡« £®¤ à¥­ ¯à®ä¥áá®àã �.�.�ª «¨ª®¢ã §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¯®«¥§­ë¥ ®¡áã¦¤¥-

­¨ï.
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