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1. �¢¥¤¥­¨¥

� à ¡®â å [1]{[4] ¡ë«¨ ¯à¥¤«®¦¥­ë ­¥ª®â®àë¥ ®¡®¡é¥­¨ï ¬¥â®¤  �.�.�®â ¯®¢  [5]{[8] à¥è¥-
­¨ï ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¤«ï ­¥¢ ­«¨­­®¢áª¨å äã­ªæ¨©. �á­®¢­ ï ¨¤¥ï íâ¨å ®¡®¡é¥­¨©
á®áâ®¨â ¢ â®¬, çâ® à §«¨ç­ë¬ ¨­â¥à¯®«ïæ¨®­­ë¬ § ¤ ç ¬ ¯® ®¯à¥¤¥«¥­­ë¬ ¯à ¢¨« ¬ áâ ¢ïâ ¢
á®®â¢¥âáâ¢¨¥ ­ ¡®àë ®¯¥à â®à®¢. �â¨ ®¯¥à â®àë ã¤®¢«¥â¢®àïîâ ­¥ª®â®à®¬ã ®¯¥à â®à­®¬ã â®-
¦¤¥áâ¢ã (��). � §­ë¬ § ¤ ç ¬ áâ ¢ïâáï ¢ á®®â¢¥âáâ¢¨¥ à §­ë¥ ­ ¡®àë ®¯¥à â®à®¢, ®¤­ ª® ¢¨¤
�� ­¥ ¬¥­ï¥âáï. �®íâ®¬ã ¢á¥ à¥§ã«ìâ âë, ¢ëâ¥ª îé¨¥ ¨§ ¢¨¤  ��, ®â­®áïâáï áà §ã ª® ¢á¥¬
¨­â¥à¯®«ïæ¨®­­ë¬ § ¤ ç ¬.

� [1]{[4] ¤«ï ¯à®¨§¢®«ì­®£® ­ ¡®à  ®¯¥à â®à®¢, ¤«ï ª®â®àëå ¢ë¯®«­¥­® ��, áâ ¢¨âáï ¨ à¥-
è ¥âáï ®¡®¡é¥­­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç , ª®â®à ï ¯à¨ á¯¥æ¨ «ì­ëå ¢ë¡®à å ®¯¥à â®à®¢
íª¢¨¢ «¥­â­  § ¤ ç¥ �¥¢ ­«¨­­ë{�¨ª , ¯à®¡«¥¬¥ ¬®¬¥­â®¢ � ¬¡ãà£¥à  ¨ ¤àã£¨¬ ¨­â¥à¯®«ï-
æ¨®­­ë¬ § ¤ ç ¬. �à¨ íâ®¬ ¨á¯®«ì§ãîâáï ¬­®£¨¥ ¨¤¥¨ ¨ ¬¥â®¤ë ¯®¤å®¤  �.�.�®â ¯®¢  [5]{[8]
ª à¥è¥­¨î ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¤«ï ­¥¢ ­«¨­­®¢áª¨å äã­ªæ¨©. � íâ®¬ á¬ëá«¥ ¬®¦­® £®-
¢®à¨âì, çâ® ¢ [1]{[4] ¯à¥¤«®¦¥­  ®¡é ï áå¥¬  ¬¥â®¤  �.�.�®â ¯®¢  à¥è¥­¨ï ¨­â¥à¯®«ïæ¨®­­ëå
§ ¤ ç.

�«¥¤ã¥â § ¬¥â¨âì, çâ® ®¤­®© ¨ â®© ¦¥ ª®­ªà¥â­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥ ¬®¦­® ¯®-
à §­®¬ã ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ®¯¥à â®àë, ã¤®¢«¥â¢®àïîé¨¥ ��. �®íâ®¬ã á®®â¢¥âáâ¢¨¥ ¬¥-
¦¤ã ª®­ªà¥â­®© ¨ ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­ë¬¨ § ¤ ç ¬¨ ­¥ ï¢«ï¥âáï ®¤­®§­ ç­ë¬. � íâ®©
á¢ï§¨ ¢®§­¨ª ¥â ¢®¯à®á ®¡ íª¢¨¢ «¥­â­®áâ¨ ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç. � «¥¥, ¢
®á­®¢­ëå ¯à¨¬¥à å ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¬®¦­® £®¢®à¨âì ® â®¬, çâ® ®¤­  § ¤ ç  ¯®«ãç ¥âáï
¨§ ¤àã£®© ¤®¡ ¢«¥­¨¥¬ ­®¢ëå ¨­â¥à¯®«ïæ¨®­­ëå ãá«®¢¨©. �®íâ®¬ã ¢®§­¨ª ¥â ¢®¯à®á ®¡ ®¯à¥-
¤¥«¥­¨¨ ¯®­ïâ¨ï ã¯®àï¤®ç¥­­®áâ¨ ¤«ï ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç. � [1]{[4] ¢®¯à®áë
íª¢¨¢ «¥­â­®áâ¨ ¨ ã¯®àï¤®ç¥­­®áâ¨ ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ­¥ à áá¬ âà¨¢ «¨áì.

� [1]{[4] ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ à¥è «¨áì â ª, çâ®¡ë áà §ã ®ª § «¨áì ¢ë¯®«­¥­­ë¬¨ ¢á¥
¨­â¥à¯®«ïæ¨®­­ë¥ ãá«®¢¨ï. �¤­ ª® ¬­®£¨¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ ­¥«ì§ï à¥è¨âì ­¥¯®áà¥¤-
áâ¢¥­­® ¯® â ª®© áå¥¬¥. �à¨¬¥à ¬¨ ï¢«ïîâáï ¯à®¡«¥¬  ¬®¬¥­â®¢ � ¬¡ãà£¥à  á ¡¥áª®­¥ç­ë¬
ç¨á«®¬ § ¤ ­­ëå ¬®¬¥­â®¢, § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­â¥à¯®-
«ïæ¨¨ ¨ ¨¬ ¯®¤®¡­ë¥ ¯à®¡«¥¬ë. �¬¥­­® ¯® íâ®© ¯à¨ç¨­¥ ¢ [1]{[4] ¤«ï ¤¨áªà¥â­®£® á«ãç ï
à áá¬ âà¨¢ «¨áì â®«ìª® ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ á ª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­â¥à¯®«ïæ¨¨.

� ª« áá¨ç¥áª®© â¥®à¨¨ ¤¨áªà¥â­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢
¨­â¥à¯®«ïæ¨¨ à¥è «¨áì ¯® á«¥¤ãîé¥© áå¥¬¥. �­ ç «  à¥è ¥âáï ãá¥ç¥­­ ï ¨­â¥à¯®«ïæ¨®­­ ï
§ ¤ ç , ¢ ª®â®à®© ¤®«¦­ë ¢ë¯®«­ïâìáï «¨èì ¯¥à¢ë¥ n ¨­â¥à¯®«ïæ¨®­­ëå ãá«®¢¨©. �®á«¥ íâ®-
£® ¯à¨ áâà¥¬«¥­¨¨ n ª ¡¥áª®­¥ç­®áâ¨ à áá¬ âà¨¢ ¥âáï ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç .
�à¨ íâ®¬ ã¤ ¥âáï ¢ëïá­¨âì ãá«®¢¨ï ­¥®¯à¥¤¥«¥­­®áâ¨ § ¤ ç¨ á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­-
â¥à¯®«ïæ¨¨ ¨ ¤ âì ®¯¨á ­¨¥ ¬­®¦¥áâ¢  ¢á¥å à¥è¥­¨© ¤«ï ­¥®¯à¥¤¥«¥­­®£® á«ãç ï. �¤­ ª® ª
­ áâ®ïé¥¬ã ¢à¥¬¥­¨ ­¥ ¡ë«¨ ¯à¥¤«®¦¥­ë ¤®áâ â®ç­® ®¡é¨¥ ¯®¤å®¤ë, ï¢«ïîé¨¥áï ®¡®¡é¥­¨¥¬
¨§«®¦¥­­®© ¨¤¥¨ à¥è¥­¨ï ¯à¥¤¥«ì­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¤«ï ­¥¢ ­«¨­­®¢áª¨å äã­ª-
æ¨©.
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� íâ®© áâ âì¥ ¢¢¥¤¥­ë ¯®­ïâ¨ï íª¢¨¢ «¥­â­®áâ¨ ¨ ã¯®àï¤®ç¥­­®áâ¨ ¤«ï ®¡®¡é¥­­ëå ¨­â¥à-
¯®«ïæ¨®­­ëå § ¤ ç. �  ®á­®¢¥ íâ¨å ¯®­ïâ¨© ¯à¥¤«®¦¥­ ®¡é¨© ¯®¤å®¤ ª ¨áá«¥¤®¢ ­¨î ¯à¥¤¥«ì-
­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¤«ï ­¥¢ ­«¨­­®¢áª¨å ®¯¥à â®à-äã­ªæ¨© (®.-ä.), ª®â®àë© á®¤¥à-
¦¨â ¢ á¥¡¥ ¢á¥ ®á­®¢­ë¥ ¨¤¥¨ ¬¥â®¤  ¯¥à¥å®¤  ®â ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ª ¯à¥-
¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥. �à¨ íâ®¬ ãá¥ç¥­­ë¥ § ¤ ç¨ ¬®£ãâ ¨¬¥âì ¢¥áì¬  á«®¦­ãî
áâàãªâãàã ¨ ¤¢¥ á®á¥¤­¨¥ § ¤ ç¨ ¬®£ãâ ®â«¨ç âìáï ¤àã£ ®â ¤àã£  ¯à®¨§¢®«ì­ë¬ ¬­®¦¥áâ¢®¬
¤®¯®«­¨â¥«ì­ëå ¨­â¥à¯®«ïæ¨®­­ëå ãá«®¢¨©. � áâ âì¥ ¨á¯®«ì§ãîâáï ¬­®£¨¥ ¨¤¥¨ ¨ ¬¥â®¤ë ¯®¤-
å®¤  �.�.�®â ¯®¢  ª à¥è¥­¨î ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç [5]{[8].

�¥à¥ç¨á«¨¬ ®á­®¢­ë¥ ­®¢ë¥ ¯®­ïâ¨ï ¨ à¥§ã«ìâ âë áâ âì¨.
� x 2 ¯à¨¢¥¤¥­  ­¥áª®«ìª® ¬®¤¨ä¨æ¨à®¢ ­­ ï ¯® áà ¢­¥­¨î á [1]{[4] ®¡®¡é¥­­ ï ¨­â¥à¯®«ï-

æ¨®­­ ï § ¤ ç  ­¥¢ ­«¨­­®¢áª®£® â¨¯ . � â ª®¬ ¢¨¤¥ ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  «ãçè¥ ¯à¨á¯®-
á®¡«¥­  ¤«ï ­ è¨å æ¥«¥©.

� x 3 ¢¢®¤¨âáï ¯®­ïâ¨¥ ã­¨â à­®© íª¢¨¢ «¥­â­®áâ¨ ¤¢ãå ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § -
¤ ç (®¯à¥¤¥«¥­¨¥ 4) ¨ ¤®ª § ­® á®¢¯ ¤¥­¨¥ ¬­®¦¥áâ¢ à¥è¥­¨© ã­¨â à­® íª¢¨¢ «¥­â­ëå § ¤ ç
(â¥®à¥¬  1). � «¥¥ ¢¢®¤¨âáï ¯®­ïâ¨¥ ã¯®àï¤®ç¥­­®áâ¨ ¤¢ãå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç (®¯à¥¤¥«¥-
­¨¥ 6) ¨ ¤®ª §ë¢ ¥âáï ¥áâ¥áâ¢¥­­ ï ã¯®àï¤®ç¥­­®áâì ¯® ¢ª«îç¥­¨î á®®â¢¥âáâ¢ãîé¨å ¬­®¦¥áâ¢
à¥è¥­¨© (â¥®à¥¬  2).

� x 5 ¢¢®¤ïâáï ¯®­ïâ¨ï ã¯®àï¤®ç¥­­®£® á¥¬¥©áâ¢  ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç,
¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ ¨ ¬­®¦¥áâ¢  ¥¥ à¥è¥­¨© (®¯à¥¤¥«¥­¨ï 8, 9).

� x 6 ¯®«ãç¥­ ªà¨â¥à¨© ¯®«­®© ­¥®¯à¥¤¥«¥­­®áâ¨ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (â¥-
®à¥¬  4). �â®â ªà¨â¥à¨© ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ª« áá¨ç¥áª®£® ªà¨â¥à¨ï � ­¦ã  (­ ¯à., [5], [8]).

� x 7 ¤ ¥âáï ®¯¨á ­¨¥ ¬­®¦¥áâ¢  ¢á¥å à¥è¥­¨© ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®© ¯à¥¤¥«ì­®© ¨­â¥à¯®-
«ïæ¨®­­®© § ¤ ç¨ ¨ à áá¬®âà¥­ë ¤¢  ¯à¨¬¥à : ®¯¥à â®à­ ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  ¨ ®¯¥-
à â®à­ ï ¯à®¡«¥¬  ¬®¬¥­â®¢ � ¬¡ãà£¥à . � ¯®¬®éìî â¥®à¥¬ë 4 ¤«ï ­¨å ¯®«ãç¥­ë ªà¨â¥à¨¨
¯®«­®© ­¥®¯à¥¤¥«¥­­®áâ¨ ¨ á ¯®¬®éìî â¥®à¥¬ë 7 ¤ ­® ®¯¨á ­¨¥ ¢á¥å à¥è¥­¨© á®®â¢¥âáâ¢ãîé¨å
¯à¥¤¥«ì­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥.

2. �¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨

�ãáâì C + = fz 2 C : Im z > 0g, C � = fz 2 C : Im z < 0g ¨ C � = fz 2 C : Im z 6= 0g;
G | á¥¯ à ¡¥«ì­®¥ ¨ H | ª®­¥ç­®¬¥à­®¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ . �¨¬¢®«®¬ fH;Gg ®¡®-
§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ®£à ­¨ç¥­­ëå «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¨§ H ¢ G, á¨¬¢®«®¬
fGg ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¢ G,   á¨¬¢®«®¬ fGgH | ¬­®¦¥áâ¢® ®£à -
­¨ç¥­­ëå íà¬¨â®¢ëå ®¯¥à â®à®¢ ¢ G. �¯¥à â®à A 2 fGgH ­ §ë¢ ¥âáï ­¥®âà¨æ â¥«ì­ë¬, ¥á«¨
(f;Af) � 0 8f 2 G. �­®¦¥áâ¢® ­¥®âà¨æ â¥«ì­ëå ®¯¥à â®à®¢ ¢ G ®¡®§­ ç¨¬ á¨¬¢®«®¬ fGg�.
�¥®âà¨æ â¥«ì­ë© ®¯¥à â®à A 2 fGg� ­ §ë¢ ¥âáï áâà®£® ¯®«®¦¨â¥«ì­ë¬, ¥á«¨ ®­ ®¡à â¨¬ ¨
A�1 2 fGg. �­®¦¥áâ¢® áâà®£® ¯®«®¦¨â¥«ì­ëå ®¯¥à â®à®¢ ¢ G ®¡®§­ ç¨¬ á¨¬¢®«®¬ fGg>. �ãáâì
®¯¥à â®àë A, B ¯à¨­ ¤«¥¦ â fGgH . �¥à ¢¥­áâ¢® A � B (A > B) ®§­ ç ¥â, çâ® A � B 2 fGg�
(A�B 2 fGg>).

�®¦¤¥áâ¢¥­­ë© ¨ ­ã«¥¢®© ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ­¥ª®â®à®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­-
áâ¢¥ G, ®¡®§­ ç¨¬ á¨¬¢®« ¬¨ IG ¨ 0G . �ã«¥¢®© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ £¨«ì¡¥àâ®¢  ¯à®-
áâà ­áâ¢  G1 ¢ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® G2, ®¡®§­ ç¨¬ á¨¬¢®«®¬ 0G1G2 .

�ãáâì § ¤ ­ë ®¯¥à â®àë K 2 fGg�, T 2 fGg, u; v 2 fH;Gg. � ¯ãáâì íâ¨ ®¯¥à â®àë ã¤®¢«¥-
â¢®àïîâ ��

TK �KT � = vu� � uv�: (1)

�¯à¥¤¥«¥­¨¥ 1. �¯®àï¤®ç¥­­ë© ­ ¡®à ®¯¥à â®à®¢

P = fK;T; u; vg; (2)

ã¤®¢«¥â¢®àïîé¨© �� (1), ­ §ë¢ ¥âáï ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥© ­¥¢ ­«¨­­®¢áª®£®

â¨¯ ,   ¯à®áâà ­áâ¢  G;H ­ §ë¢ îâáï ¬ áèâ ¡­ë¬¨ ¯à®áâà ­áâ¢ ¬¨.
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�ãáâì ®¯¥à â®à T â ª®¢, çâ® ®.-ä. RT (z) = (IG � zT )�1 ¬¥à®¬®àä­  ¢ C . �­®¦¥áâ¢® ®á®-
¡ëå â®ç¥ª ®.-ä. RT ®¡®§­ ç¨¬ á¨¬¢®«®¬ Z. �§ ¬¥à®¬®àä­®áâ¨ RT á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢® Z
¤¨áªà¥â­® ¢ C , â. ¥. ­¥ ¨¬¥¥â ¯à¥¤¥«ì­ëå â®ç¥ª ¢ C . �ãáâì Z = fz 2 C : z 2 Zg.

�¯à¥¤¥«¥­¨¥ 2. �.-ä. w : C + ! fHg ­ §ë¢ ¥âáï ­¥¢ ­«¨­­®¢áª®©, ¥á«¨ ®­  £®«®¬®àä­  ¢
C + ¨ fw(z) � w�(z)g=2i � 0H 8z 2 C + .

�« áá ¢á¥å â ª¨å ®.-ä. ®¡®§­ ç¨¬ R.

�¯à¥¤¥«¥­¨¥ 3. �.-ä. w 2 R ­ §ë¢ ¥âáï à¥è¥­¨¥¬ ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­®© § -
¤ ç¨ (2), ¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ®á­®¢­®¬ã ¬ âà¨ç­®¬ã ­¥à ¢¥­áâ¢ã (���)
�.�.�®â ¯®¢  �

K RT (z)fvw(z) � ug
� fw(z) � w�(z)g=fz � zg

�
� 0G�H; z 2 C + n Z: (3)

�­®¦¥áâ¢® ¢á¥å à¥è¥­¨© ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (2) ®¡®§­ ç¨¬ á¨¬¢®«®¬ F .
�®¦­® ¤®ª § âì [1]{[4], çâ® ¯à¨ ¤®áâ â®ç­® ®¡é¨å ãá«®¢¨ïå ¬­®¦¥áâ¢® F ­¥ ¯ãáâ®. �áî¤ã ¢
íâ®© áâ âì¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á®®â¢¥âáâ¢ãîé¨¥ ãá«®¢¨ï ¢ë¯®«­¥­ë ¨ ¬­®¦¥áâ¢® à¥è¥­¨©
§ ¤ ç¨ (2) ­¥ ¯ãáâ®.

3. �¯®àï¤®ç¥­­®áâì ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç

�¯à¥¤¥«¥­¨¥ 4. �ãáâì ¤ ­ë ¤¢¥ ®¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ P1 = fK1; T1; u1; v1g
¨ P2 = fK2; T2; u2; v2g á ¬ áèâ ¡­ë¬¨ ¯à®áâà ­áâ¢ ¬¨ G1, H ¨ G2, H á®®â¢¥âáâ¢¥­­®. � ¤ ç¨
P1 ¨ P2 ­ §ë¢ îâáï ã­¨â à­® íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ã­¨â à­ë© ®¯¥à â®à
U : G1 ! G2, çâ®

K1 = U�K2U ; T1 = U�T2 U ; u1 = U�u2; v1 = U�v2: (4)

�¥®à¥¬  1. �ãáâì ¤ ­ë ®¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ P1 ¨ P2 ¨ ¯ãáâì F1 ¨ F2

®¡®§­ ç îâ á®®â¢¥âáâ¢ãîé¨¥ ¬­®¦¥áâ¢  à¥è¥­¨©. �á«¨ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ P1 ¨ P2

ã­¨â à­® íª¢¨¢ «¥­â­ë, â® F1 = F2.

�®ª § â¥«ìáâ¢®. �ãáâì ®.-ä. w 2 F2. �®£¤  ¤«ï w ¬®¦¥¬ § ¯¨á âì ��� (3)�
K2 RT2(z)f v2w(z) � u2 g
� fw(z) � w�(z)g=fz � zg

�
� 0G2�H; z 2 C + n Z:

�¬­®¦¨¬ íâ® ­¥à ¢¥­áâ¢® á«¥¢  ¨ á¯à ¢  ­  ®¯¥à â®àë�
U� 0HG2
0G2H IH

�
2 fG2 �H; G1 �Hg;

�
U 0HG1

0G1H IH

�
2 fG1 �H; G2 �Hg:

� ãç¥â®¬ à ¢¥­áâ¢  UU� = IG2 ¯®«ãç¨¬�
U�K2 U U�RT2(z)UfU

�v2w(z) �U�u2 g
� fw(z) � w�(z)g=fz � zg

�
� 0G2�H; z 2 C + n Z:

�âáî¤  ¨ ¨§ (4) ¨¬¥¥¬�
K1 RT1(z)fv1w(z) � u1g
� fw(z) � w�(z)g=fz � zg

�
� 0G1�H; z 2 C + n Z:

�®íâ®¬ã w 2 F1. � ª¨¬ ®¡à §®¬, F2 � F1. �­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® F1 � F2.
�«¥¤®¢ â¥«ì­®, F1 = F2.
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�ãáâì ¤ ­  ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç 

P = fK;T; u; vg (5)

¨ ¯ãáâì ¥¥ ¬ áèâ ¡­®¥ ¯à®áâà ­áâ¢® G ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ®àâ®£®­ «ì­®© áã¬¬ë á¢®¨å ­¥âà¨-
¢¨ «ì­ëå ¯®¤¯à®áâà ­áâ¢

G = eG � bG: (6)

�â® à ¢¥­áâ¢® ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ¥áâ¥áâ¢¥­­®£® ¨§®¬®àä¨§¬  G ¨ eG � bG. � ¨¬¥­­®, ¯ãáâì eP
(á®®â¢¥âáâ¢¥­­® bP ) ®¡®§­ ç ¥â ®àâ®¯à®¥ªâ®à ­  ¯®¤¯à®áâà ­áâ¢® eG (á®®â¢¥âáâ¢¥­­® bG). �®£¤ 
¨§®¬®àä¨§¬ ¨¬¥¥â ¢¨¤

8f 2 G $ col[ ePf; bPf ] 2 eG � bG: (7)

�ãáâì ¯à¥¤áâ ¢«¥­¨¥ (6) â ª®¢®, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥

T � eP = ePT � eP : (8)

� á®®â¢¥âáâ¢¨¨ á (6), (7) ¨ ãç¨âë¢ ï (8), ¢¢¥¤¥¬ ¬ âà¨ç­ë¥ ®¡®§­ ç¥­¨ï ¤«ï ®¯¥à â®à®¢

K =

" fK B
B� C

#
; T =

24 eT 0bGeG
E bT

35 ; v =
� ev
�v

�
;

u =
� eu
�u

�
; eP =

"
IeG 0bGeG
0eGbG 0bG

#
; bP =

"
0eG 0bGeG
0eGbG IbG

#
: (9)

�âáî¤  ¨ ¨§ �� (1) á«¥¤ã¥â ¨­¤ãæ¨à®¢ ­­®¥ ��eTfK � fK eT � = eveu� � euev�:
�«¥¤®¢ â¥«ì­®, ®¯¥à â®àë

eP = ffK; eT ; eu; evg (10)

¨ ¬ áèâ ¡­ë¥ ¯à®áâà ­áâ¢  f eG; Hg § ¤ îâ ®¡®¡é¥­­ãî ¨­â¥à¯®«ïæ¨®­­ãî § ¤ çã ­¥¢ ­«¨­-
­®¢áª®£® â¨¯ .

�¯à¥¤¥«¥­¨¥ 5. �­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (10) ­ §ë¢ ¥âáï áã¦¥­¨¥¬ ¨­â¥à¯®«ïæ¨®­­®©
§ ¤ ç¨ (5) ­  ¯®¤¯à®áâà ­áâ¢® eG.

�¯à¥¤¥«¥­¨¥ 6. �ãáâì P1 ¨ P2 ¨§ ®¯à¥¤¥«¥­¨ï 4. �®¢®àïâ, çâ® § ¤ ç  P2 ï¢«ï¥âáï ¯à®¤®«-
¦¥­¨¥¬ § ¤ ç¨ P1, ¥á«¨ ¢ ¬ áèâ ¡­®¬ ¯à®áâà ­áâ¢¥ G2 áãé¥áâ¢ã¥â ¯®¤¯à®áâà ­áâ¢® eG2, ã¤®¢«¥-
â¢®àïîée¥ ãá«®¢¨î (8) ¨ â ª®¥, çâ® áã¦¥­¨¥ ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ P2 ­  ¯®¤¯à®áâà ­áâ¢®eG2, ®¡®§­ ç ¥¬®¥ á¨¬¢®«®¬ eP2, ã­¨â à­® íª¢¨¢ «¥­â­® ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥ P1.

�¥®à¥¬  2. �ãáâì ¤ ­ë ¤¢¥ ®¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ P1 ¨ P2 ¨ ¯ãáâì F1 ¨

F2 ®¡®§­ ç îâ á®®â¢¥âáâ¢ãîé¨¥ ¬­®¦¥áâ¢  à¥è¥­¨©.

�á«¨ § ¤ ç  P2 ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ § ¤ ç¨ P1, â® F2 � F1.

�®ª § â¥«ìáâ¢®. �ãáâì eG2 | ¯®¤¯à®áâà ­áâ¢® ¨§ ®¯à¥¤¥«¥­¨ï 6, eP2 | áã¦¥­¨¥ ¨­â¥à¯®-
«ïæ¨®­­®© § ¤ ç¨ P2 ­  ¯®¤¯à®áâà ­áâ¢® eG2 ¨ eF2 | ¬­®¦¥áâ¢® à¥è¥­¨© ¨­â¥à¯®«ïæ¨®­­®©
§ ¤ ç¨ eP2. �® â¥®à¥¬¥ 1 F1 = eF2. �®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¤®áâ â®ç­® ¤®ª § âì
¢ª«îç¥­¨¥ F2 � eF2.

�ãáâì ®.-ä. w 2 F2. �®£¤  ¤«ï w ¬®¦¥¬ § ¯¨á âì ��� (3)�
K2 RT2(z)fv2w(z) � u2g
� fw(z) � w�(z)g=fz � zg

�
� 0G2�H; z 2 C + n Z2:
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�ãáâì eP2 ®¡®§­ ç ¥â ®¯¥à â®à ®àâ®£®­ «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï ­  ¯®¤¯à®áâà ­áâ¢® eG2. �¬­®¦¨¬
¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á«¥¢  ¨ á¯à ¢  ­  ®¯¥à â®àë" eP2 0HG2

0G2H IH

#
2 fG2 �Hg;

" eP2 0HG2
0G2H IH

#�
2 fG2 �Hg:

� ãç¥â®¬ ¢ëâ¥ª îé¥£® ¨§ (8) à ¢¥­áâ¢  eP2RT2(z) = eP2RT2(z) eP2 ¨ à ¢¥­áâ¢  eP 2
2 = eP2 ¯®«ãç¨¬" eP2K2

eP2 eP2RT2(z) eP2f eP2v2w(z)� eP2u2g
� fw(z) � w�(z)g=fz � zg

#
� 0G2�H; z 2 C + n Z2:

�âáî¤  ¨ ¨§ ¯à¥¤áâ ¢«¥­¨© (9) ¨¬¥¥¬" fK2 ReT2(z)fev2w(z) � eu2g
� fw(z) � w�(z)g=fz � zg

#
� 0eG2�H; z 2 C + n Z2:

�®íâ®¬ã w 2 eF2. � ª¨¬ ®¡à §®¬, F2 � eF2.

4. �¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç 

�¯à¥¤¥«¥­¨¥ 7. �­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P = fK;T; u; vg á ¬ áèâ ¡­ë¬¨ ¯à®áâà ­áâ¢ -
¬¨ G ¨ H ­ §ë¢ ¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©, ¥á«¨

K 2 fGg>; vh = 0, h = 0; uh = 0, h = 0: (11)

� ª ¦¤®© ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®© ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥© á¢ï¦¥¬ ¥¥ à¥§®«ì-
¢¥­â­ãî ¬ âà¨æã

U(z) =
�
� �

 �

�
=
�
IH + zv�RT�(z)K�1u �zv�RT�(z)K�1v

u�RT�(z)K�1u IH � zu�RT�(z)K�1v

�
: (12)

�¤¥áì RT�(z) = (IG � zT �)�1. �á­®, çâ® U £®«®¬®àä­  ¢ C n Z ¨ U : C n Z ! H�H.
�¢¥¤¥¬ ¢ ¯à®áâà ­áâ¢¥ H�H ®¯¥à â®à

J =
�
0H �iIH
iIH 0H

�
2 fH �Hg:

�¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ (1) ¯®§¢®«ïîâ ã¡¥¤¨âìáï ¢ â®¬, çâ® J-ä®à¬ 
®.-ä. U ¨¬¥¥â ¢¨¤

J � U(z)JU�(�) = i(z � �)
�
v�

u�

�
RT�(z)K�1R�T�(�)[v; u]; z; � 2 C n Z: (13)

�¬­®¦¨¬ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® á¯à ¢  ­  J ¨ ¯®¤áâ ¢¨¬ ¢ ­¥£® z ¢¬¥áâ® �. �ç¨âë¢ ï à ¢¥­áâ¢®
J2 = IH�H, ¯à¨å®¤¨¬ ª ¯à¨­æ¨¯ã á¨¬¬¥âà¨¨

U�1(z) = JU�(z)J; z 2 C n fZ [ Zg:

�®¤áâ ¢¨¬ ¢ (13) z ¢¬¥áâ® z ¨ � ¨ § â¥¬ ã¬­®¦¨¬ (13) á«¥¢  ¨ á¯à ¢  ­  J . �§ ¯à¨­æ¨¯ 
á¨¬¬¥âà¨¨ ¨ ®ç¥¢¨¤­®£® à ¢¥­áâ¢  R�T�(z) = RT (z) á«¥¤ã¥â

J � U�1
�

(z)JU�1(z) = i(z � z)J
�
v�

u�

�
R�T (z)K

�1RT (z)[v; u]J: (14)

�¯à¥¤¥«¥­¨¥ 8. �ãáâì ®.-ä. p(z), q(z) ¬¥à®¬®àä­ë ¢ C + ¨ ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢ fHg. � à 
col[p(z); q(z)] ­ §ë¢ ¥âáï ­¥¢ ­«¨­­®¢áª®©, ¥á«¨ ¤«ï ­¥¥ áãé¥áâ¢ã¥â ¤¨áªà¥â­®¥ ¢ C + ¬­®¦¥áâ¢®
â®ç¥ª Dpq â ª®¥, çâ®

1. p�(z)p(z) + q�(z)q(z) > 0H 8z 2 C + n Dpq;

2. [p�(z)q�(z)] J

i(z�z)

h
p(z)
q(z)

i
� 0H 8z 2 C + n Dpq.
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�¥£ª® ¢¨¤¥âì, çâ® ¢áïª ï ­¥¢ ­«¨­­®¢áª ï ®.-ä. w 2 R ¯®à®¦¤ ¥â ­¥¢ ­«¨­­®¢áªãî ¯ àã
col[IH; w]. �¤­ ª® ­¥ ¢áïª ï ­¥¢ ­«¨­­®¢áª ï ¯ à  ¯à¥¤áâ ¢¨¬  ¢ â ª®¬ ¢¨¤¥. � ¯à¨¬¥à, ¯ à 
col [0H; IH] ï¢«ï¥âáï ­¥¢ ­«¨­­®¢áª®©, ­® ®­  ­¥ ¯®à®¦¤ ¥âáï ­¥¢ ­«¨­­®¢áª®© ®.-ä.

�  ¬­®¦¥áâ¢¥ ­¥¢ ­«¨­­®¢áª¨å ¯ à ¢¢¥¤¥¬ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨: ¯ àë col[p1(z); q1(z)]
¨ col[p2(z); q2(z)] ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â ®.-ä. Q(z), ¯à¨­¨¬ îé ï §­ -
ç¥­¨ï ¢ fHg ¨ â ª ï, çâ® ¢ C + ¬¥à®¬®àä­ë ®¡¥ ®.-ä.: Q(z), (Q(z))�1 ¨ p1(z) = p2(z)Q(z),
q1(z) = q2(z)Q(z). �­®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ­¥¢ ­«¨­­®¢áª¨å ¯ à ®¡®§­ ç¨¬ ç¥à¥§
R1.

� [2] ¤®ª § ­®, çâ® ��� (3) ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥ íª¢¨¢ «¥­â­® ä ªâ®à¨§®¢ ­-
­®¬ã ��� �.�.�®â ¯®¢ 

[IH w�(z)]
U�1

�

(z)JU�1(z)
i(z � z)

�
IH
w(z)

�
� 0H; z 2 C + n Z: (15)

�­®¦¥áâ¢® F ¢á¥å à¥è¥­¨© ®¡®¡é¥­­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (2) ¬®¦­® ®¯¨á âì ¨ ¢
â¥à¬¨­ å ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© [2]. �¬¥­­®, ä®à¬ã« 

w(z) = f
(z)p(z) + �(z)q(z)gf�(z)p(z) + �(z)q(z)g�1

ãáâ ­ ¢«¨¢ ¥â ¡¨¥ªâ¨¢­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã F ¨ R1. �®íää¨æ¨¥­âë �, �, 
, � ®¯à¥¤¥«¥­ë
¢ (12).

�ãáâì ­¥ª®â®à ï â®çª  z0 2 C + n fZ [ Zg. � áá¬®âà¨¬ ¬­®¦¥áâ¢® ¬ âà¨æ fw(z0) : w 2 Fg.
�á¯®«ì§ãï ä ªâ®à¨§®¢ ­­®¥ ��� (15) ¨ å®à®è® ¨§¢¥áâ­ë¥ à ááã¦¤¥­¨ï ([9], c. 44{52), ¯à¨å®¤¨¬
ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã. �«ï «î¡®£® ®¯¥à â®à  w(z0) áãé¥áâ¢ã¥â â ª®© ®¯¥à â®à V 2 fHg,
çâ®

w(z0) = c(z0) + r(z0)V �(z0); V �V � IH: (16)

�¤¥áì

c(z0) = [i(z0 � z0)v�R�T (z0)K
�1RT (z0)v]�1[i(z0 � z0)u�R�T (z0)K

�1RT (z0)v � iI]�;

r(z0) = [i(z0 � z0)v�R�T (z0)K
�1RT (z0)v]�

1

2 ; (17)

�(z0) = [i(z0 � z0)v�R�T (z0)K
�1RT (z0)v]�

1

2 :

� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï á®®â­®è¥­¨¥ (16) ®§­ ç ¥â, çâ® ®¯¥à â®à w(z0) ¯à¨­ ¤«¥¦¨â
®¯¥à â®à­®¬ã ªàã£ã á æ¥­âà®¬ ¢ â®çª¥ c(z0), «¥¢ë¬ à ¤¨ãá®¬ r(z0) ¨ ¯à ¢ë¬ à ¤¨ãá®¬ �(z0).
� ª®© ªàã£ ®¡®§­ ç¨¬ á¨¬¢®«®¬ K(z0) ¨ ¡ã¤¥¬ ­ §ë¢ âì ªàã£®¬ �¥©«ï ¢ â®çª¥ z0.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¨§¢¥áâ­ë¬ á¢®©áâ¢®¬ áâà®£® ¯®«®¦¨â¥«ì­ëå ®¯¥à â®à®¢
¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥. �¬¥­­®, ¯ãáâì ¤ ­ë ¤¢  £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢  eG ¨ bG. �®£¤ " fK B

B� C

#
2 f eG � bGg> =)

"fK B
B� C

#�1
�

"fK�1 0bGeG
0eGbG 0bG

#
: (18)

�¥®à¥¬  3. �ãáâì ¤ ­ë ¤¢¥ ®¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ P1 ¨ P2, ¯à¨ç¥¬ § ¤ ç 

P2 ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ § ¤ ç¨ P1. �ãáâì Uk ®¡®§­ ç ¥â à¥§®«ì¢¥­â­ãî ¬ âà¨æã ¨­â¥à-

¯®«ïæ¨®­­®© § ¤ ç¨ Pk, k = 1; 2.
�®£¤  ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

J � U2(z)JU�2 (z)
i(z � z)

�
J � U1(z)JU�1 (z)

i(z � z)
; z 2 C � : (19)

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® ¬ áèâ ¡­®¥ ¯à®áâà ­áâ¢® G2 ¨­â¥à¯®-
«ïæ¨®­­®© § ¤ ç¨ P2 ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ G2 = eG2 � bG2, ¯à¨ç¥¬ ¢ë¯®«­¥­® ãá«®¢¨¥ (8) ¨ áã¦¥-
­¨¥ ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ P2 ­  ¯®¤¯à®áâà ­áâ¢o eG2, ®¡®§­ ç ¥¬®¥ á¨¬¢®«®¬ eP2, ã­¨â à­®
íª¢¨¢ «¥­â­® ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥ P1. �ãáâì eU2 ®¡®§­ ç ¥â à¥§®«ì¢¥­â­ãî ¬ âà¨æã ¨­-
â¥à¯®«ïæ¨®­­®© § ¤ ç¨ eP2.
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� «¥¥ ¨¬¥¥¬ (¤«ï ã¯à®é¥­¨ï ­¨¦¥á«¥¤ãîé¨å ¢ëà ¦¥­¨© ®â®¦¤¥áâ¢«ï¥¬ § ¯¨áì ®¯¥à â®à®¢
¢ ¯à®áâà ­áâ¢¥ G2 á ¨å ¬ âà¨ç­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨ ª ª ®¯¥à â®à®¢ ¢ ¯à®áâà ­áâ¢¥ eG2 � bG2)

J � U2(z)JU�2 (z)
i(z � z)

=
�
v�2
u�2

�
RT�

2
(z)K�1

2 R�T�

2

(z)[v2; u2] �

�

�
v�2
u�2

�
RT�

2
(z)

"fK�1
2 0bG2eG2

0eG2bG2 0bG2
#
R�T�

2

(z)[v2; u2] =

=
�
v�2
u�2

� "
IeG2 0bG2eG2
0eG2bG2 0bG2

#
RT�

2
(z)

"
IeG2 0bG2eG2
0eG2bG2 0bG2

# "fK�1
2 0bG2eG2

0eG2bG2 0bG2
#
�

�

"
IeG2 0bG2eG2
0eG2bG2 0bG2

#
R�T�

2

(z)

"
IeG2 0bG2eG2
0eG2bG2 0bG2

#
[v2; u2] =

=
�ev�2eu�2

�
ReT�

2

(z)fK�1
2 R�eT�

2

(z)[ev2; eu2] = J � eU2(z)J eU�2 (z)
i(z � z)

=
J � U1(z)JU�1 (z)

i(z � z)
:

� íâ®© æ¥¯®çª¥ ¯¥à¢®¥ à ¢¥­áâ¢o á«¥¤ã¥â ¨§ (13), ­¥à ¢¥­áâ¢® | ¨§ (18), ¢â®à®¥ ¨ âà¥âì¥ à ¢¥­-
áâ¢  | ¨§ (9), ç¥â¢¥àâ®¥ à ¢¥­áâ¢® | ¨§ ®¯à¥¤¥«¥­¨ï ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ eP(2), ¯ïâ®¥ | ¨§
â®£® ®ç¥¢¨¤­®£® ä ªâ , çâ® à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë ã­¨â à­® íª¢¨¢ «¥­â­ëå § ¤ ç á®¢¯ ¤ îâ,eU2(z) = U1(z).

5. �à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç 

�¯à¥¤¥«¥­¨¥ 9. �®¢®àïâ, çâ® § ¤ ­  ã¯®àï¤®ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨­â¥à¯®«ïæ¨®­-
­ëå § ¤ ç ­¥¢ ­«¨­­®¢áª®£® â¨¯ , ¥á«¨ ª ¦¤®¬ã ­ âãà «ì­®¬ã l 2 N ¯®áâ ¢«¥­  ¢ á®®â¢¥âáâ¢¨¥
®¡®¡é¥­­ ï ¨­â¥à¯®«ïæ¨o­­ ï § ¤ ç  ­¥¢ ­«¨­­®¢áª®£® â¨¯  Pl â ª, çâ® ¤«ï «î¡ëå ­ âãà «ì-
­ëå ç¨á¥« l1 � l2 ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  Pl2 ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ ¨­â¥à¯®«ïæ¨®­­®©
§ ¤ ç¨ Pl1 .

�¯®àï¤®ç¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç ®¡®§­ ç¨¬ á¨¬¢®«®¬ fPlgl2N.
O¡®¡é¥­­ë¥ ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ Pl ­ §ë¢ îâáï ãá¥ç¥­­ë¬¨ ¨­â¥à¯®«ïæ¨®­­ë¬¨ § ¤ -

ç ¬¨. �«ï ¨áá«¥¤®¢ ­¨ï ¨å á¢®©áâ¢ ¯à¨ ¨§¬¥­ïîé¨åáï l ¢¢¥¤¥¬ ­¨¦­¨© ¨­¤¥ªá l, ª®â®àë©
¡ã¤¥â ãª §ë¢ âì, çâ® á®®â¢¥âáâ¢ãîé¨¥ ªàã£¨ �¥©«ï, à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë ¨ â. ¤. á¢ï§ ­ë á
l-© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥©.

�¯à¥¤¥«¥­¨¥ 10. �ãáâì ¤ ­® ã¯®àï¤®ç¥­­®¥ á¥¬¥©áâ¢® ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç fPlgl2N ¨
¯ãáâì Fl ®¡®§­ ç ¥â ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ Pl. �.-ä. w 2 R ­ §ë-
¢ ¥âáï à¥è¥­¨¥¬ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨, ¥á«¨ w 2 Fl 8l 2 N.

�­®¦¥áâ¢® à¥è¥­¨© ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ ®¡®§­ ç¨¬ á¨¬¢®«®¬ F1,   á ¬ã
¯à¥¤¥«ì­ãî ¨­â¥à¯®«ïæ¨®­­ãî § ¤ çã | á¨¬¢®«®¬ P1.

� ¯®¬­¨¬, çâ® Zl ®¡®§­ ç ¥â ¬­®¦¥áâ¢® ®á®¡ëå â®ç¥ª ®.-ä. RTl
. �ãáâì Z1 = [

l2N
Zl,  

Z1 = [
l2N
Z l. �ã¤¥¬ áç¨â âì, ®â¡à áë¢ ï ¢ëà®¦¤¥­­ë¥ á«ãç ¨, çâ® ¬­®¦¥áâ¢  Z1 ¨ Z1 ­¥

¨¬¥îâ ¯à¥¤¥«ì­ëå â®ç¥ª ¢ C � .
� ä¨ªá¨àã¥¬ ­¥ª®â®àãî â®çªã z0 2 C + n fZ1 [ Z1g ¨ à áá¬®âà¨¬ ªàã£¨ �¥©«ï Kl(z0) ([9],

c. 44{52). � à®áâ®¬ l ªàã£¨ �¥©«ï ¢ª« ¤ë¢ îâáï ¤àã£ ¢ ¤àã£  ¨ ¨å ¯¥à¥á¥ç¥­¨¥ ï¢«ï¥âáï á­®¢ 
®¯¥à â®à­ë¬ ªàã£®¬ �¥©«ï K1(z0), ª®â®àë© ­ §ë¢ ¥âáï ¯à¥¤¥«ì­ë¬ ªàã£®¬ �¥©«ï ¢ â®çª¥ z0.
�¥­âà ¨ à ¤¨ãáë ¯à¥¤¥«ì­®£® ªàã£  �¥©«ï § ¤ îâáï ä®à¬ã« ¬¨

c1(z0) := lim
l!1

cl(z0); r1(z0) := lim
l!1

rl(z0); �1(z0) := lim
l!1

�l(z0):

�â¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ¤¢ãå ¯®á«¥¤­¨å ¯à¥¤¥«ì­ëå ¯¥à¥å®¤ å ï¢«ïîâáï ¬®­®â®­­®
ã¡ë¢ îé¨¬¨ ¨ r1(z0) � 0H, �1(z0) � 0H.
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� ä¨ªá¨àã¥¬ ¤¢¥ ¯à®¨§¢®«ì­ë¥ â®çª¨ z1; z2 2 C + n fZ1 [Z1g. �® â¥®à¥¬¥ �.�. �à«®¢  [7]

m = rank r1(z1) = rank r1(z2); n = rank �1(z1) = rank�1(z2):

�¨á«  m ¨ n á«ã¦ â ¬¥à®© ¢ëà®¦¤¥­­®áâ¨ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨.

�¯à¥¤¥«¥­¨¥ 11. �á«¨ m = n = dimH, â® ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P1 ­ §ë-
¢ ¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©.

�®¦­® ¤®ª § âì, çâ® ¥á«¨ å®âï ¡ë ¢ ®¤­®© â®çª¥ z0 2 C + n fZ1 [ Z1g à ­£ å®âï ¡ë ®¤-
­®£® ¨§ à ¤¨ãá®¢ ¯à¥¤¥«ì­®£® ªàã£  �¥©«ï à ¢¥­ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  H, â® ¯à¥¤¥«ì­ ï
¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P1 ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©.

6. �¡®¡é¥­­ë© ªà¨â¥à¨© � ­¦ã 

�ãáâì ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P1 ¯®à®¦¤ ¥âáï ã¯®àï¤®ç¥­­®© ¯®á«¥¤®¢ -
â¥«ì­®áâìî ®¡®¡é¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç fPlgl2N ¨ ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì à¥§®«ì¢¥­â­ëå ¬ âà¨æ ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç
fUlgl2N.

�¨¬¢®«®¬ W ®¡®§­ ç¨¬ ª« áá ¢á¥å ¬¥à®¬®àä­ëå ®.-ä. U : C ! fH�Hg â ª¨å, çâ®

J � U(z)JU�(z)

8><>:
� 0; z 2 C + ;
= 0; z 2 R;
� 0; z 2 C � :

�§ (11) ¨ (13) á«¥¤ã¥â, çâ® à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç Ul ¯à¨-
­ ¤«¥¦ â W. �§ ­¥à ¢¥­áâ¢ (19) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â [5], çâ® Ul(z) = Ul�1(z)bl(z), bl 2W.
�à®¤®«¦ ï â ª¨¬ ®¡à §®¬, ¯®«ãç¨¬

Ul(z) = b1(z) � � � bl�1(z)bl(z); bj 2W; j = 1; : : : ; l: (20)

�¯¥à â®à U 2 fH �Hg ­ §ë¢ ¥âáï J-à áâï£¨¢ îé¨¬ (á®®â¢¥âáâ¢¥­­® J-ã­¨â à­ë¬), ¥á«¨

J � UJU� � 0H�H; J � UJU� = 0H�H:

�áïª¨© ­¥¢ëà®¦¤¥­­ë© J-à áâï£¨¢ îé¨© ®¯¥à â®à U ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ([9], c. 26{44;
[10])

U = exp(H)U ; HJ � 0H�H; J � UJU� = 0H�H: (21)

�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ à¥§®«ì¢¥­â­ãî ¬ âà¨æã Ul ã¬­®¦¨âì á¯à ¢  ­  ¯à®¨§¢®«ì­ë© J-
ã­¨â à­ë© ®¯¥à â®à, â® ¯®«ãç¨¢è ïáï ¢ à¥§ã«ìâ â¥ ®.-ä. á­®¢  ¡ã¤¥â à¥§®«ì¢¥­â­®© ¬ âà¨-
æ¥©. � ª¨¬ ®¡à §®¬, à¥§®«ì¢¥­â­ ï ¬ âà¨æ  ®¯à¥¤¥«¥­  á â®ç­®áâìî ¤® ã¬­®¦¥­¨ï á¯à ¢  ­ 
¯à®¨§¢®«ì­ë© J-ã­¨â à­ë© ®¯¥à â®à. �ã¤¥¬ á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ­®à¬¨à®¢ âì à¥§®«ì¢¥­â­ë¥
¬ âà¨æë ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç.

� ä¨ªá¨àã¥¬ â®çªã z0 2 C + n fZ1 [Z1g. �¯¥à â®à bl(z0) ¨§ (20) ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­ë¬
J-à áâï£¨¢ îé¨¬ ®¯¥à â®à®¬ ¨, á«¥¤®¢ â¥«ì­®, ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢¨¤  (21)

bl(z0) = exp(Hl(z0))Ul(z0); Hl(z0)J � 0H�H:

�¤¥áì Ul(z0) | J-ã­¨â à­ë© ®¯¥à â®à. � áá¬®âà¨¬ á«¥¤ãîéãî ®.-ä. eUl(z) = Ul(z)JU�l (z0)J .
�¯¥à â®à JU�l (z0)J ï¢«ï¥âáï J -ã­¨â à­ë¬ ¨ ®¡à â­ë¬ ª ®¯¥à â®àã Ul(z0). �®íâ®¬ã ®.-ä. eUl

á­®¢  ¡ã¤¥â à¥§®«ì¢¥­â­®© ¬ âà¨æ¥© ¤«ï ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ Pl ¨ ¯à ¢ë© á®¬­®¦¨â¥«ì
¢ ¥¥ ¯à¥¤áâ ¢«¥­¨¨ ¢¨¤  (20) ¡ã¤¥â ¨¬¥âì ­®à¬¨à®¢ªã

ebl(z0) = exp(Hl(z0)); Hl(z0)J � 0H�H;
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ª®â®à ï ­ §ë¢ ¥âáï ­®à¬¨à®¢ª®© ­  J-¬®¤ã«ì ¢ â®çª¥ z0. �à®¤®«¦ ï â ª¨¬ ®¡à §®¬, ¯®«ãç¨¬
à¥§®«ì¢¥­â­ãî ¬ âà¨æã ¤«ï ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ Pl, ¢ ª®â®à®© ¢á¥ á®¬­®¦¨â¥«¨ ¢ ¯à¥¤-
áâ ¢«¥­¨¨ ¢¨¤  (20) ¡ã¤ãâ ­®à¬¨à®¢ ­ë ­  J-¬®¤ã«ì ¢ â®çª¥ z0. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨-
¢ âì â®«ìª® â ª¨¥ à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë ¤«ï ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç Pl, á®åà ­ïï ¤«ï ­¨å
¯à¥¦­¨¥ ®¡®§­ ç¥­¨ï Ul. �­ ç¨â, à áá¬ âà¨¢ ¥¬ë¥ ­ ¬¨ à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë Ul ãá¥ç¥­­ëå
¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç Pl ¢ â®çª¥ z0 ï¢«ïîâáï ¯à®¨§¢¥¤¥­¨ï¬¨ J-¬®¤ã«¥© (Hj(z0)J � 0H�H)

Ul(z0) = exp(H1(z0)) exp(H2(z0)) � � � exp(Hl(z0)): (22)

�¥®à¥¬  4 (o¡®¡é¥­­ë© ªà¨â¥à¨© � ­¦ã ). �«ï â®£® çâ®¡ë ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­-

­ ï § ¤ ç  P1 ¡ë«  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áå®¤¨«áï àï¤

1X
j=1

Hj(z0)J: (23)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ (14)
¨ (17) ¯à¨¢®¤ïâ ª ä®à¬ã« ¬

U�1
�

l (z0)JU
�1
l (z0) =

�
IH �c�l (z0)
0H IH

� �
r2l (z0) 0H
0H ���2l (z0)

� �
IH 0H

�cl(z0) IH

�
:

�­ «®£¨ç­ë¥ ¢ëç¨á«¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ (13) ¨ (17) ¯à¨¢®¤ïâ ª ä®à¬ã« ¬

Ul(z0)JU�l (z0) =
�
IH 0H

cl(z0) IH

� �
r�2l (z0) 0H
0H ��2l (z0)

� �
IH c�l (z0)
0H IH

�
: (24)

�§ íâ¨å ¯à¥¤áâ ¢«¥­¨© á«¥¤ã¥â, çâ® ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥ ¯à¨ l ! 1 J-ä®à¬ë
J�U�1

�

l (z0)JU
�1
l (z0) ¨ J�Ul(z0)JU�l (z0) áâà¥¬ïâáï ª ª®­¥ç­ë¬ ¯à¥¤¥« ¬. �® â®£¤  áãé¥áâ¢ãîâ

â ª¨¥ ª®­áâ ­âë C1 ¨ C2, çâ®

kJ � U�1
�

l (z0)JU
�1
l (z0)k � C1; kJ � Ul(z0)JU

�
l (z0)k � C2 8l 2 N:

�âáî¤  ¨ ¨§ (22) á«¥¤ã¥â [10], çâ® áå®¤¨âáï àï¤
1P
j=1

Hj(z0). �® â®£¤ , ®ç¥¢¨¤­®, áå®¤¨âáï ¨ àï¤

(23).

�®áâ â®ç­®áâì. �§ áå®¤¨¬®áâ¨ àï¤  (23) á«¥¤ã¥â áå®¤¨¬®áâì àï¤ 
1P
j=1
kHj(z0)k. �âáî¤ 

á«¥¤ã¥â [10] áå®¤¨¬®áâì ª ­¥®á®¡¥­­®¬ã ®¯¥à â®àã ¯à®¨§¢¥¤¥­¨ï ¢ ¯à ¢®© ç áâ¨ (22). � ª¨¬
®¡à §®¬, áãé¥áâ¢ã¥â ­¥®á®¡¥­­ë© ¯à¥¤¥«

U1(z0) = lim
l!1

Ul(z0):

�¥¯¥àì, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ l!1 ¢ ®¡¥¨å ç áâïå (24), ¯®«ãç¨¬

U1(z0)JU�1(z0) =
�

IH 0H
á1(z0) IH

� �
r�21 (z0) 0H
0H �21(z0)

� �
IH á�1(z0)
0H IH

�
:

�¥¢ ï ç áâì íâ®£® à ¢¥­áâ¢  ­¥¢ëà®¦¤¥­ . �® â®£¤  ­¥¢ëà®¦¤¥­ ¨ ¯à ¢ë© à ¤¨ãá ¯à¥¤¥«ì­®£®
ªàã£  �¥©«ï �1(z0). �âáî¤  á«¥¤ã¥â ¯®«­ ï ­¥®¯à¥¤¥«¥­­®áâì ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®©
§ ¤ ç¨ P1.
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7. �¥è¥­¨¥ ­¥®¯à¥¤¥«¥­­®© ¯à¥¤¥«ì­®© § ¤ ç¨

�¥®à¥¬  5. �ãáâì ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P1 ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­-
­®© ¨ à¥§®«ì¢¥­â­ë¥ ¬ âà¨æë Ul ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç Pl ­®à¬¨à®¢ ­ë ª ¬®¤ã-

«î ¢ ­¥ª®â®à®© â®çª¥ z0 2 C + n fZ1 [ Z1g.
�®£¤  ­  ª®¬¯ ªâ å K � C + n fZ1 [ Z1g áãé¥áâ¢ãîâ à ¢­®¬¥à­ë¥ ¯à¥¤¥«ë

U1(z) := lim
l!1

Ul(z); z 2 C + n fZ1 [Z1g; (25)

¨ ®.-ä. U1 ¬¥à®¬®àä­  ¨ ¬¥à®¬®àä­® ®¡à â¨¬  ¢ C + n fZ1 [ Z1g.

�®ª § â¥«ìáâ¢®. �§ ­¥à ¢¥­áâ¢ (19) á«¥¤ã¥â

Ul2(z)JU
�
l2
(z)� J � Ul1(z)JU

�
l1
(z) � J; l1 � l2; z 2 C + n fZ1 [ Z1g:

�§ íâ®© ¬®­®â®­­®áâ¨ ¨ ¨§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¯¥à â®à®¢ Ul(z0) ¢ëâ¥ª ¥â ãâ¢¥à-
¦¤¥­¨¥ «¥¬¬ë [11].

�¥®à¥¬  6. �ãáâì ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  P1 ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­-

­®©, á¨¬¢®« F1 ®¡®§­ ç ¥â ¬­®¦¥áâ¢® à¥è¥­¨© P1 ¨ U1 ®¯à¥¤¥«¥­  ¢ (25).
�.-ä. w 2 F1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ã¤®¢«¥â¢®àï¥â ��� �.�.�®â ¯®¢ 

[IH w�(z)]
U�1

�

1 (z)JU�11 (z)
i(z � z)

�
IH
w(z)

�
� 0H; z 2 C + n fZ1 [ Z1g: (26)

�®ª § â¥«ìáâ¢®. �ãáâì w 2 F1. �®£¤  w 2 Fl 8l 2 N. �«¥¤®¢ â¥«ì­®, ¢ë¯®«­ïîâáï ­¥à -
¢¥­áâ¢ 

[IH w�(z)]
U�1

�

l (z)JU�1l (z)
i(z � z)

�
IH
w(z)

�
� 0H; z 2 C + n fZ1 [Z1g: (27)

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ l!1, ¯®«ãç¨¬ (26).
� ®¡®à®â, ¯ãáâì w 2 R ¨ ã¤®¢«¥â¢®àï¥â ��� (26). �§ (19) á«¥¤ã¥â

J � Ul2(z)JU
�
l2
(z)

i(z � z)
�

J � Ul1(z)JU
�
l1
(z)

i(z � z)
; z 2 C � n fZ1 [ Z1g; l2 > l1:

�®¤áâ ¢¨¬ ¢ íâ® ­¥à ¢¥­áâ¢® z ¢¬¥áâ® z ¨ ã¬­®¦¨¬ ¥£® á«¥¢  ¨ á¯à ¢  ­  J . �®«ãç¨¬ (â. ª.
i(z � z) > 0, z 2 C +)

J � JUl2(z)JJJU
�
l2
(z)J � J � JUl1(z)JJJU

�
l1
(z)J; z 2 C + n fZ1 [ Z1g:

�®á¯®«ì§®¢ ¢è¨áì ¯à¨­æ¨¯®¬ á¨¬¬¥âà¨¨, ¯®«ãç¨¬

U�1
�

l2
(z)JU�1l2

(z) � U�1
�

l1
(z)JU�1l1

(z); z 2 C + n fZ1 [ Z1g; l2 > l1:

�¥à¥å®¤ï ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ l2 !1, ¯®«ãç¨¬

U�1
�

1 (z)JU�11 (z) � U�1
�

l1
(z)JU�1l1

(z); z 2 C + n fZ1 [ Z1g 8l1 2 N:

�âáî¤  á«¥¤ã¥â, çâ® ¢áïª®¥ à¥è¥­¨¥ w 2 R ­¥à ¢¥­áâ¢  (26) ï¢«ï¥âáï à¥è¥­¨¥¬ ­¥à ¢¥­áâ¢ 
(27) ¯à¨ ¢á¥å l 2 N. � ª¨¬ ®¡à §®¬, w 2 Fl 8l 2 N. � íâ® ¨ ®§­ ç ¥â, çâ® w 2 F1.

�.-ä. U1 ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¢ fH �Hg. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¢¢¥¤¥¬ ¬ âà¨ç­ë¥ ®¡®§­ -
ç¥­¨ï ¤«ï ¥¥ í«¥¬¥­â®¢

U1(z) =
�
�1(z) �1(z)

1(z) �1(z)

�
:

�§ ��� (26) ¢ëâ¥ª ¥â á«¥¤ãîé ï â¥®à¥¬ , ª®â®à ï ¤ ¥â ®¯¨á ­¨¥ à¥è¥­¨© ¯à¥¤¥«ì­®©
¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨.
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�¥®à¥¬  7. �®à¬ã« 

w(z) = f
1(z)p(z) + �1(z)q(z)gf�1(z)p(z) + �1(z)q(z)g�1 (28)

ãáâ ­ ¢«¨¢ ¥â ¡¨¥ªâ¨¢­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã F1 ¨ R1.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢®¤¨âáï ¯®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ á®®â¢¥âáâ¢ãîé¥£®
ãâ¢¥à¦¤¥­¨ï ¢ [2].

�à¨¬¥à 1 (§ ¤ ç  �¥¢ ­«¨­­ë{�¨ª ). � ¤ ­  ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¯ à­®
à §«¨ç­ëå ª®¬¯«¥ªá­ëå ç¨á¥« ¨§ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ z1; z2; : : : ; zk; : : : ¨ ¡¥áª®­¥ç­ ï ¯®á«¥-
¤®¢ â¥«ì­®áâì ®¯¥à â®à®¢ w1; w2; : : : ; wk; : : : , ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà ­áâ¢¥ H. �à¥¡ã¥âáï ®¯¨á âì
¬­®¦¥áâ¢® â ª¨å ®.-ä. w : C + ! fHg, çâ®

w(zl) = wl 8l 2 N; w 2 R: (29)

� á ¡ã¤¥â ¨­â¥à¥á®¢ âì ­¥®¯à¥¤¥«¥­­ë© á«ãç ©, ª®£¤  § ¤ ç  (29) ¨¬¥¥â ¡¥áª®­¥ç­® ¬­®£®
à¥è¥­¨©. �®íâ®¬ã áç¨â ¥¬, çâ® ¢ë¯®«­¥­® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ­¥®¯à¥¤¥«¥­­®áâ¨ | ¯à¥¤¥«ì-
­ë¥ â®çª¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fzlgl2N ¯à¨­ ¤«¥¦ â R [ f1g.

�¬¥áâ¥ á § ¤ ç¥© (29) á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­â¥à¯®«ïæ¨¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨
ãá¥ç¥­­ë¥ § ¤ ç¨ �¥¢ ­«¨­­ë{�¨ª . � â ª¨å § ¤ ç å ä¨ªá¨àã¥âáï ç¨á«® l 2 N ¨ âà¥¡ã¥âáï
®¯¨á âì ¬­®¦¥áâ¢® â ª¨å ®.-ä. w : C + ! fHg, çâ®

w(zj) = wj ; 1 � j � l; w 2 R: (30)

�®ª ¦¥¬, çâ® ãá¥ç¥­­ãî § ¤ çã (30) ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥­­ãî ¨­â¥à¯®«ïæ¨®­-
­ãî § ¤ çã ­¥¢ ­«¨­­®¢áª®£® â¨¯ . � ª ç¥áâ¢¥ ¬ áèâ ¡­ëå ¯à®áâà ­áâ¢ ¢ë¡¥à¥¬ ¯à®áâà ­áâ¢ 

Gl = H�H� � � � � H| {z }
l á« £ ¥¬ëå

; H:

�¯¥à â®àë Kl, Tl, vl, ul, ãç áâ¢ãîé¨¥ ¢ § ¤ ç¥ (2), § ¤ ¤¨¬ ¥áâ¥áâ¢¥­­ë¬¨ ¬ âà¨ç­ë¬¨ ¯à¥¤-
áâ ¢«¥­¨ï¬¨

Tl = diagfz�11 IH; : : : ; z
�1
l IHg 2 fGlg;

Kl = T�1l

�
si � s�j
zi � zj

�
i;j=1;:::;l

T�1
�

l 2 fGlg;

vl = colfIH; : : : ; IHg 2 fH;Glg;

ul = colfw1; : : : ; wlg 2 fH;Glg:

�ç¥¢¨¤­®, çâ® ¢ë¯®«­¥­® �� (1). � [5] ¯®ª § ­®, çâ® ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬
à §à¥è¨¬®áâ¨ § ¤ ç¨ (30) ï¢«ïîâáï ­¥à ¢¥­áâ¢  Kl � 0Gl

. �®«¥¥ â®£® [5], ®.-ä. w 2 R ï¢«ï¥âáï
à¥è¥­¨¥¬ ãá¥ç¥­­®© § ¤ ç¨ (30) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ã¤®¢«¥â¢®àï¥â ��� (3). � ª¨¬
®¡à §®¬, ¬­®¦¥áâ¢® à¥è¥­¨© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (30) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ à¥è¥­¨©
¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ ­¥¢ ­«¨­­®¢áª®£® â¨¯ 

Pl = fKl; Tl; ul; vlg:

�á«®¢¨¥¬ ¯®«­®© ­¥®¯à¥¤¥«¥­­®áâ¨ § ¤ ç¨ (30) ï¢«ï¥âáï ãá«®¢¨¥ Kl > 0Gl
. �¥£ª® ¢¨¤¥âì, çâ®

¯à¨ íâ®¬ ¢á¥ ®áâ «ì­ë¥ ãá«®¢¨ï ¢ (11)  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­¥­ë, â. ¥. § ¤ ç  (30) ï¢«ï¥âáï
¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®© ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï 7.

�ãáâì ¯à¨ ¢á¥å l 2 N ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ (30) ï¢«ïîâáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ë¬¨.
�®ª ¦¥¬, çâ® ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨ (30) ï¢«ïîâáï ã¯®àï¤®ç¥­­ë¬ á¥¬¥©áâ¢®¬. �¥©áâ¢¨-
â¥«ì­®, ¯ãáâì k ¨ l| ¯à®¨§¢®«ì­ë¥ ­ âãà «ì­ë¥ ç¨á«  ¨ ¯ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ k > l. �®£¤ 
¯à®áâà ­áâ¢  Gk ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ®àâ®£®­ «ì­®© áã¬¬ë Gk = eGk � bGk, £¤¥eGk = H� � � � � H| {z }

l

� 0� � � � � 0| {z }
(k�l)

; bGk = 0� � � � � 0| {z }
l

�H� � � � �)H| {z }
(k�l)

:
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�¥£ª® ¢¨¤¥âì, çâ® ¢ ¥áâ¥áâ¢¥­­ëå ¬ âà¨ç­ëå ¯à¥¤áâ ¢«¥­¨ïå ®¯¥à â®à ePk ¨¬¥¥â ¢¨¤ePk = diagfIH; : : : ; IH| {z }
l

0H; : : : ; 0H| {z }
k�l

g 2 fG
(k)
1 g:

�âáî¤  á¤¥¤ã¥â, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï (8). � áá¬®âà¨¬ ¨­â¥à¯®«ïæ¨®­­ãî § ¤ çã ePk, ª®â®-
à ï ï¢«ï¥âáï áã¦¥­¨¥¬ ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ Pk ­  ¯®¤¯à®áâà ­áâ¢  eGk. �¥£ª® ¢¨¤¥âì, çâ®
¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  Pl ã­¨â à­® íª¢¨¢ «¥­â­  ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¥ ePk. � ª¨¬ ®¡à -
§®¬, á¥¬¥©áâ¢® ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç (30) ã¯®àï¤®ç¥­®. �®íâ®¬ã â¥®à¥¬  4 § ¤ ¥â ªà¨â¥à¨©
­¥®¯à¥¤¥«¥­­®áâ¨ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (29),   ä®à¬ã«  (28) ¤ ¥â ®¯¨á ­¨¥ ¢á¥å
à¥è¥­¨© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (29) ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥.

�à¨¬¥à 2 (¯à®¡«¥¬  ¬®¬¥­â®¢ � ¬¡ãà£¥à ). �® § ¤ ­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¯¥à â®à®¢
s0; : : : ; sk; : : : 2 fHgH âà¥¡ã¥âáï ®¯¨á âì ¬­®¦¥áâ¢® â ª¨å ¬®­®â®­­® ¢®§à áâ îé¨å ®.-ä. � : R !
fHgH , çâ®

sj =
Z +1

�1

tjd�(t) 8j 2 N [ f0g: (31)

�®¦¥¬ áç¨â âì, ­¥ ¨§¬¥­ïï §­ ç¥­¨© ¨­â¥£à «®¢, çâ® ®.-ä. � ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®-
¢¨ï¬ ­®à¬¨à®¢ª¨: �(t) ­¥¯à¥àë¢­  á«¥¢  ¯à¨ ¢á¥å t ¨ �(t) ! 0H ¯à¨ t ! �1. �­®¦¥áâ¢® ­®à-
¬¨à®¢ ­­ëå à¥è¥­¨© � ¯à®¡«¥¬ë ¬®¬¥­â®¢ (31) ®¡®§­ ç¨¬ á¨¬¢®«®¬ M1. � ª ¦¤®© � 2 M1

á¢ï¦¥¬ ®.-ä.

w(z) =
Z +1

�1

d�(t)
t� z

: (32)

O.-ä. w ®¯à¥¤¥«¥­  ¨ £®«®¬®àä­  ¢ C + ¨ ­ §ë¢ ¥âáï  áá®æ¨¨à®¢ ­­®© á ¯à®¡«¥¬®© ¬®¬¥­â®¢
(31). �­®¦¥áâ¢® ®.-ä. w,  áá®æ¨¨à®¢ ­­ëå c ¯à®¡«¥¬®© (31), ®¡®§­ ç¨¬ á¨¬¢®«®¬ F1. �§ ä®à-
¬ã«ë ®¡à é¥­¨ï �â¨«âì¥á  á«¥¤ã¥â, çâ® á®®â¢¥âáâ¢¨¥, ãáâ ­ ¢«¨¢ ¥¬®¥ ¬¥¦¤ã F1 ¨M1 ä®à-
¬ã«®© (32), ï¢«ï¥âáï ¢§ ¨¬­® ®¤­®§­ ç­ë¬. �®íâ®¬ã ¢¬¥áâ® ®¯¨á ­¨ï ¬­®¦¥áâ¢  M1 ¬®¦¥¬
®£à ­¨ç¨âìáï ®¯¨á ­¨¥¬ ¬­®¦¥áâ¢  F1.

�¬¥áâ¥ á ¡¥áª®­¥ç­®© ¯à®¡«¥¬®© ¬®¬¥­â®¢ (31) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¨ ãá¥ç¥­­ë¥ ¯à®¡«¥¬ë
¬®¬¥­â®¢. � â ª¨å ¯à®¡«¥¬ å ä¨ªá¨àã¥âáï ç¨á«® n 2 N ¨ âà¥¡ã¥âáï ®¯¨á âì ¢á¥ ­®à¬¨à®¢ ­­ë¥
¬®­®â®­­® ¢®§à áâ îé¨¥ ®.-ä. � : R ! fHgH ¨ ®¯¥à â®àë M 2 fHg� â ª¨¥, çâ®

sj =
Z +1

�1

tjd�(t); 0 � j � 2n� 1; s2n =
Z +1

�1

t2nd�(t) +M: (33)

�à®¡«¥¬  ¬®¬¥­â®¢ (33) ­ §ë¢ ¥âáï n-®© ãá¥ç¥­­®© ¯à®¡«¥¬®© ¬®¬¥­â®¢,   ¬­®¦¥áâ¢® ¥¥
à¥è¥­¨© � ®¡®§­ ç ¥âáï á¨¬¢®«®¬ Mn. � ª ¨ ¢ á«ãç ¥ ¯à®¡«¥¬ë ¬®¬¥­â®¢ (31), á ª ¦¤®©
� 2 Mn á¢ï¦¥¬  áá®æ¨¨à®¢ ­­ãî ®.-ä. w ¢¨¤  (32). �­®¦¥áâ¢® ¢á¥å ®.-ä. w,  áá®æ¨¨à®¢ ­­ëå
c ¯à®¡«¥¬®© (33), ®¡®§­ ç¨¬ á¨¬¢®«®¬ Fn.

�®ª ¦¥¬, çâ® § ¤ çã ®¯¨á ­¨ï  áá®æ¨¨à®¢ ­­ëå ®.-ä. ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥­-
­ãî ¨­â¥à¯®«ïæ¨®­­ãî § ¤ çã ­¥¢ ­«¨­­®¢áª®£® â¨¯ . � ª ç¥áâ¢¥ ¬ áèâ ¡­ëå ¯à®áâà ­áâ¢
¢ë¡¥à¥¬ ¯à®áâà ­áâ¢  Gn = H�H� � � � � H| {z }

n+1

; H. �¯¥à â®àë Kn, Tn, vn, un, ãç áâ¢ãîé¨¥ ¢ § -

¤ ç¥ (2), § ¤ ¤¨¬ ¥áâ¥áâ¢¥­­ë¬¨ ¬ âà¨ç­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨

Kn =

26664
s0 : : : sn�1 sn
s1 : : : sn sn+1
...

. . .
...

...
sn : : : s2n�1 s2n

37775 ; Tn =

26664
0H : : : 0H 0H
IH : : : 0H 0H
...

. . .
...

...
0H : : : IH 0H

37775 ; vn =

26664
IH
0H
...
0H

37775 ; un = �

2666664
0H
s0
s1
...

sn�1

3777775 :
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�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥¬, çâ® ®¯à¥¤¥«¥­­ë¥ ¢ëè¥ ®¯¥à â®àë ã¤®¢«¥â¢®àïîâ �� (1). � [8]
¯®ª § ­®, çâ® ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ à §à¥è¨¬®áâ¨ § ¤ ç¨ (33) ï¢«ï¥âáï ­¥à -
¢¥­áâ¢® Kn � 0H. �®«¥¥ â®£® [8], ®.-ä. w 2 Fn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ã¤®¢«¥â¢®àï¥â
��� (3). � ª¨¬ ®¡à §®¬, ¬­®¦¥áâ¢® Fn á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ à¥è¥­¨© ®¡®¡é¥­­®© ¨­â¥à-
¯®«ïæ¨®­­®© § ¤ ç¨

Pn = fKn; Tn; un; vng: (34)

�á«®¢¨¥¬ ¯®«­®© ­¥®¯à¥¤¥«¥­­®áâ¨ ï¢«ï¥âáï ãá«®¢¨¥ Kn > 0H. �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ íâ®¬ ¢á¥
®áâ «ì­ë¥ ãá«®¢¨ï ¢ (11)  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­¥­ë, â. ¥. § ¤ ç  (34) ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥-
¤¥«¥­­®© ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï 7. �ã¤¥¬ áç¨â âì, çâ® § ¤ ç¨ (34) ï¢«ïîâáï ¢¯®«­¥ ­¥®¯à¥¤¥-
«¥­­ë¬¨ ¯à¨ ¢á¥å n.

� ª ¨ ¢ á«ãç ¥ § ¤ ç¨ �¥¢ ­«¨­­ë{�¨ª , ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ¨­â¥à¯®«ïæ¨®­­ë¥ § ¤ ç¨
(34) ï¢«ïîâáï ã¯®àï¤®ç¥­­ë¬ á¥¬¥©áâ¢®¬. �®íâ®¬ã â¥®à¥¬  4 § ¤ ¥â ªà¨â¥à¨© ­¥®¯à¥¤¥«¥­-
­®áâ¨ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (31),   ä®à¬ã«  (28) ¤ ¥â ®¯¨á ­¨¥ ¢á¥å à¥è¥­¨©
¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ (31) ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥.
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