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�¥«ì ¤ ®© à ¡®âë | ¨áá«¥¤®¢ ¨¥ à §à¥è¨¬®áâ¨ ¢ à¨ æ¨®ëå § ¤ ç £¥®¬¥âà¨ç¥áª¨ ¨
ä¨§¨ç¥áª¨ ¥«¨¥©®© â¥®à¨¨ â®ª¨å ¥¯®«®£¨å ®¡®«®ç¥ª ¥ã«¥¢®© £ ãáá®¢®© ªà¨¢¨§ë á ¦¥áâ-
ª® § ¤¥« ë¬ ªà ¥¬. �á®¡¥®áâìî áâ âì¨ ï¢«ï¥âáï â®,çâ® à §à¥è¨¬®áâì § ¤ ç ¤®ª §ë¢ ¥âáï
¢ äãªæ¨® «ì®¬ ¯à®áâà áâ¢¥, ®â«¨ç®¬ ®â ¯à®áâà áâ¢ ¯¥à¥¬¥é¥¨© ¨ ãá¨«¨©. �á«®¢¨ï
à §à¥è¨¬®áâ¨ § ¤ ç¨ ¯®«ãç¥ë ¡¥§ ª ª¨å-«¨¡® ¯à¥¤¯®«®¦¥¨© ® ¬ «®áâ¨ ª®¬¯®¥â ¢¥è¥©
 £àã§ª¨.

�®¤®¡ë¥ § ¤ ç¨ ¤«ï ¯®«®£¨å ®¡®«®ç¥ª à áá¬®âà¥ë ¢ [1]. �¨§¨ç¥áª¨ «¨¥©ë¥ § ¤ ç¨ ¤«ï
¥¯®«®£¨å ®¡®«®ç¥ª, áà¥¤¨®© ¯®¢¥àå®áâìî ª®â®àëå ï¢«ïîâáï ¯®¢¥àå®áâì ¢à é¥¨ï, ¢ë¯ã-
ª« ï à §¢¥àâë¢ îé ïáï ¯®¢¥àå®áâì, ¨§ãç¥ë ¢ [2], [3].

1. �®áâ ®¢ª  § ¤ ç¨

� ª ¨§¢¥áâ® (á¬.,  ¯à. [4], á. 94{95), ªà ¥¢ ï § ¤ ç  â¥®à¨¨ ®¡®«®ç¥ª ¬®¦¥â ¡ëâì áä®à¬ã-
«¨à®¢   ª ª § ¤ ç   å®¦¤¥¨ï ¬¨¨¬ã¬  äãªæ¨® «  � = U � A ¯®«®© í¥à£¨¨ á¨áâ¥¬ë
®¡®«®çª {¢¥è¨¥ á¨«ë, £¤¥

U =
ZZZ
V

�D�d�1d�2d�3 (1)

| ¯®â¥æ¨ «ì ï í¥à£¨ï,  ª®¯«¥ ï ¢® ¢á¥¬ ®¡ê¥¬¥ V ®¡®«®çª¨,

A =
ZZ



[Rjwj

��
j=1;3

�Liw3�i

��
i=1;2

]Dd�1d�2 (2)

| à ¡®â  ¢¥è¨å \¬¥àâ¢ëå" á¨« (¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ §¤¥áì ¨ ¤ «¥¥ ¢¥¤¥âáï áã¬¬¨-
à®¢ ¨¥). �¤¥áì � | ¯«®â®áâì ¯®â¥æ¨ «ì®© í¥à£¨¨ ¤¥ä®à¬ æ¨¨, ®¯à¥¤¥«¥ ï ä®à¬ã«®©
([4], á. 469)

� =

("11;"12;"22)Z
(0;0;0)

�11d"11 + 2�12d"12 + �22d"22; (3)

¢ ª®â®à®© ¨â¥£à « ¡¥à¥âáï ¢¤®«ì ¯ãâ¨  £àã¦¥¨ï ¨ ¥ § ¢¨á¨â ®â ¯ãâ¨ ¨â¥£à¨à®¢ ¨ï ([4],
á.470); ��� = ���("11; "12; "22) | ª®¬¯®¥âë â¥§®à   ¯àï¦¥¨ï;Rj , Li | ª®¬¯®¥âë ¢¥è¥©
 £àã§ª¨; wk, k = 1; 3, | ª®¬¯®¥âë ¢¥ªâ®à  ¯¥à¥¬¥é¥¨ï â®ç¥ª áà¥¤¨®© ¯®¢¥àå®áâ¨ S0
®¡®«®çª¨, ã¤®¢«¥â¢®àïîé¨¥ £à ¨çë¬ ãá«®¢¨ï¬

w1 = w2 = w3 =
@w3

@m
= 0   �; (4)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

¯à®¥ªâ ò99-01-00410, ¨ �ª ¤¥¬¨¨  ãª � â àáâ  .
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£¤¥ � | £à ¨çë© ª®âãà ¯«®áª®© ®¡« áâ¨ 
 ¯¥à¥¬¥ëå �1, �2 £®¬¥®¬®àä®© S0; m | ®à-
¬ «ì ª �; "�� = "0�� + �3"1��, "

0
�� ¨ "1�� | ª®¬¯®¥âë â £¥æ¨ «ì®© ¨ ¨§£¨¡®© ¤¥ä®à¬ æ¨¨

S0, ª®â®àë¥ ç¥à¥§ ¯¥à¥¬¥é¥¨ï ¢ëà ¦ îâáï ¯à¨ ¯®¬®é¨ á®®â®è¥¨©, ®â¥á¥ëå ª «¨¨ï¬
ªà¨¢¨§ë

"0jj � 0jj = wj�j �Gk
jjwk �Bjjw3 + !2

j=2; j = 1; 2;

2"012 � 012 = w1�2 + w2�1 � 2Gk
12wk + !1!2;

"1jj � 1jj = �!j�j +Gk
jj!k; j = 1; 2;

2"112 � 112 = �!1�2 � !2�1 + 2Gk
12!k;

(5)

£¤¥ !j = w3�j +Bj
jwj ; Bjj , B

j
j | á®áâ ¢«ïîé¨¥ â¥§®à  ªà¨¢¨§ë, Gk

ij | á¨¬¢®«ë �à¨áâ®ää¥«ï.
� ¤ «ì¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® £ ãáá®¢  ªà¨¢¨§ K = B1

1B
2
2 ¯®¢¥àå®áâ¨ S0 ®â«¨ç  ®â ã«ï.

�à¨ ¯®¬®é¨ ä®à¬ã«ë �¥©«®à  ¯¥à¢®£® ¯®àï¤ª  ª®¬¯®¥âë  ¯àï¦¥¨ï ¯à¥¤áâ ¢¨¬ ¢ ã¤®¡-
®¬ ¤«ï ¤ «ì¥©è¨å ¨áá«¥¤®¢ ¨© ¢¨¤¥

��� = B��qsqs � ���
�
� ���� � ���

�
;

§¤¥áì B��qs = @���=@qs
��
ij=0

, �� = 0�� + �31��, ¢ á®®â¢¥âáâ¢¨¨ á ª®â®àë¬ ¯«®â®áâì � ¯®-

â¥æ¨ «ì®© í¥à£¨¨ U ¯à¨¬¥â ¢¨¤ � = �� � ��, £¤¥ �� , �� ¤ îâáï ä®à¬ã«®© (3) á ���� , ���
�

á®®â¢¥âáâ¢¥®. �¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬  å®¤¨¬, çâ® �� = 1
2
B��qs��qs. � ãç¥â®¬ (1)

¨ â®ª®áâ¥®áâ¨ ®¡®«®çª¨ ¤«ï ¯®â¥æ¨ «ì®© í¥à£¨¨ U ¯®«ãç¨¬

U = U() =
1
2

ZZ



Qf; gDd�1d�2 � U�() � U�()� U�(); (6)

£¤¥ U� ¨¬¥¥â ¢¨¤ (1) á ¯«®â®áâìî ��,  = (11; 12; 22), Qf; g � Qfg = 2
hR
�h

��d�
3 | ª¢ ¤à -

â¨ç ï ä®à¬ , ¯®à®¦¤¥ ï ¡¨«¨¥©®© ä®à¬®© ¢¨¤ 

Qf1; 2g =
Z h

�h

B��qs1;��2;qsd�
3 = D��qs

p 01;��
0
2;qs +

+D��qs
�

(01;��
1
2;qs + 11;��

0
2;qs) +D��qs

u 11;��
1
2;qs �

� Qpf
0
1 ; 

0
2g+Q�f1; 2g+Quf

1
1 ; 

1
2g; (7)

2h = const | â®«é¨  ®¡®«®çª¨.
�à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«¥ë ãá«®¢¨ï

(i) j���j � c(j11j+ j12j+ j22j), c > 0, �; � = 1; 2,
(ii) � � c0(211 + 212 + 222) � c0

2,
(iii) c12 � �� � c2

2,

£¤¥ cj | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â ��. � ¬¥â¨¬, çâ® ¨§ ãá«®¢¨ï (iii) á«¥¤ã¥â,
çâ® Qfg, Qpf

0g, Quf
1g áãâì ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¥ ª¢ ¤à â¨çë¥ ä®à¬ë ¢ 
.

2. �ë¢®¤ ®á®¢ëå á®®â®è¥¨©

�¢¥¤¥¬ á«¥¤ãîé¨¥ «¨¥©ë¥ ¯à®áâà áâ¢ :
 )D!(
) | ¯à®áâà áâ¢® ¢¥ªâ®à-äãªæ¨© ! = (!1; !2; w3) ª« áá  !i, w3�i 2 C(
), !i�j ; w3�i�j 2

Lp(
), p > 2, ã¤®¢«¥â¢®àïîé¨å £à ¨çë¬ ãá«®¢¨ï¬

!1 = !2 = w3 = w3�1 = w3�2 = 0   �; (8)

íª¢¨¢ «¥âë¬ (4);
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¡) D"(
) | ¯à®áâà áâ¢® ¢¥ªâ®à-äãªæ¨© " = ("1; "2; "3) á ª®¬¯®¥â ¬¨

"1 = !1�1 � !2�2 ; "2 = !1�2 + !2�1 ; "3 = �w3�1�1 � w3�2�2 ; (9)

£¤¥ ! 2 D!(
). �á®, çâ® "j 2 Lp(
), p > 2, j = 1; 3.
�à¨ ¯®¬®é¨ ª®¬¯«¥ªáëå äãªæ¨© W1 = �w3�1 + iw3�2 , W2 = !1 + i!2 á®®â®è¥¨ï (9)

¬®¦® § ¯¨á âì ¢ ª®¬¯«¥ªá®© ä®à¬¥

Wjz = fj=2; j = 1; 2; (10)

£¤¥ f1 = "3, f2 � "0 = "1 + i"2, Wjz = (Wj�1 + iWj�2)=2, z = �1 + i�2. �á¯®«ì§ãï ä®à¬ã«ã (6.10)
¨§ ([5], á.42), ¤«ï äãªæ¨© Wj(z) á ãç¥â®¬ (10) ¨ Wj(z) = 0, z 2 �, ¡ã¤¥¬ ¨¬¥âì á«¥¤ãîé¨¥
á®®â®è¥¨ï ç¥à¥§ " 2 D"(
):

Wj(z) = (Tfj)(z)=2 j = 1; 2; (11)

£¤¥

Tf = �
1
�

ZZ



f(�)=(� � z)d� d�; � = � + i�:

�§¢¥áâ® ([5], cá. 39, 46), çâ® Tf | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¨§ Lp(
) ¢ Lq(
), 1 � q �
2p=(2 � p), ¥á«¨ 1 � p � 2 ¨ ¨§ Lp(
) ¢ C p�2

p
(
), ¥á«¨ p > 2. �à®¬¥ â®£®, ¬®¦® ¯®ª § âì, çâ®

Tf | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¨§ Lp(
), 1 < p � 2, ¢ L(�), 1 <  < p=(2 � p). �§¢¥áâ®
â ª¦¥ ([5], cc. 34, 36), çâ® áãé¥áâ¢ãîâ ®¡®¡é¥ë¥ ¯à®¨§¢®¤ë¥

@Tf

@z
= f;

@Tf

@z
� Sf = �

1
�

ZZ



f(�)=(� � z)2d� d�; (12)

£¤¥ ¨â¥£à « á«¥¤ã¥â ¯®¨¬ âì ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨. �â¬¥â¨¬ ([5], á. 67), çâ®
Sf | «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à ¢ Lp(
), p > 1.

�á¯®«ì§ãï ä®à¬ã«ë (11) ¨ (6.10) ¨§ ([5], á. 42), ãç¨âë¢ ï ¯à¨ íâ®¬ @w3=@z = (�1=4)T"3, ¤«ï
ª®¬¯®¥â ¢¥ªâ®à  ! 2 D!(
) ¯®«ãç ¥¬

!1 =
1
2
ReT"0; !2 =

1
2
ImT"0; w3 = �

1
4
TT"3 �

1
2
eT"3: (13)

�®¬¯®¥âë ¤¥ä®à¬ æ¨¨ â ª¦¥ ¢ëà §¨¬ ç¥à¥§ " 2 D"(
). � íâ®© æ¥«ìî ¯à¨ ¯®¬®é¨ ä®à¬ã«
(12)  ©¤¥¬ ¯à®¨§¢®¤ë¥ ¯® z, z äãªæ¨© Wj(z), ®¯à¥¤¥«¥ëå ä®à¬ã« ¬¨ (11), § â¥¬ ç¥à¥§
¨å !i�j , w3�i�j ¨ ¯®¤áâ ¢¨¬ ¨å ¢¬¥áâ¥ á (11), (13) ¢ á®®â®è¥¨ï (5), ¢ ª®â®àëå

wk = bk(!k � w3�k); bk = 1=Bk
k ; k = 1; 2: (14)

�®£¤  ¤«ï ª®¬¯®¥â ¤¥ä®à¬ æ¨¨ ¯®«ãç¨¬ á«¥¤ãîé¨¥ ä®à¬ã«ë:

k�� � k��(") = tk��(") + �k��(") + {
k
��(") (15)

(¢ ¢¥ªâ®à®© ä®à¬¥  = t+ � + {), k = 0; 1, �; � = 1; 2, £¤¥

t0jj =
1
2
bj("3 � (�1)j ReS"3 +ReS"0 � (�1)j"1); j = 1; 2;

t012 =
1
2
[b1("2 � ImS"0) + b2("2 + ImS"0)� (b1 + b2) ImS"3];

t1jj = �
1
2
(ReS"0 � (�1)j"1); j = 1; 2; t112 = �"2;

(16)
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� 0ij = Re(�0ijT"3 + �0ijT"3)�
1
2
Bij

eT"3;
� 1ij = Re(�1ijT"0); i; j = 1; 2;

(17)

{
0
jj =

1
2
!2
j ("0); j = 1; 2; {

0
12 = !1("0)!2("0);

{
1
ij � 0; i; j = 1; 2;

(18)

�kij | ¨§¢¥áâë¥ ª®¬¯«¥ªáë¥ äãªæ¨¨, § ¢¨áïé¨¥ ®â Gk
ij , bj , bj�k .

�®®â®è¥¨ï (13) ¨ (15) á®áâ ¢«ïîâ ®á®¢ã ¯à¥¤«®¦¥®£® ¬¥â®¤  ¨áá«¥¤®¢ ¨ï § ¤ ç¨ ¨
¨£à îâ âã ¦¥ à®«ì, çâ® ¨ ä®à¬ã«ë (5) ¯à¨ à¥è¥¨¨ § ¤ ç ¢ ¯¥à¥¬¥é¥¨ïå. �®¤áâ ¢«ïï (13){
(15) ¢ (6), (2), ¤«ï äãªæ¨® «  � ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥¨¥ ç¥à¥§ í«¥¬¥âë ¯à®áâà áâ¢  D"(
):
� � �(") = U(")�A("), ¢ ª®â®à®¬

U(") � U((")) =
1
2

ZZ



[Qft(")g +

+Qf�(") + {("); (") + t(")g]Dd�1d�2 � U�(") � U� (")� U�("); (19)

A � A(") = Re
ZZ



K(R;L; ")Dd�1d�2; (20)

K(R;L; ") =
1
2
[(b1R

1 � ib2R
2)T"0 +R3 eT"3 + (L1 + b1R

1 + i(L2 + b2R
2))T"3]:

3. �®áâà®¥¨¥ ®á®¢®£® ¯à®áâà áâ¢ 

� ¦¤®© ¯ à¥ í«¥¬¥â®¢ "j 2 D"(
), j = 1; 2, ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ç¨á«®

("1; "2)H =
ZZ



Qft("1); t("2)gDd�1d�2; (21)

£¤¥ ¡¨«¨¥© ï ä®à¬  Q ¤ ¥âáï ä®à¬ã«®© (7). �®ª ¦¥¬, çâ® (21) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬
áª «ïà®£® ¯à®¨§¢¥¤¥¨ï. �ãáâì ("; ")H = 0. �§ ¯®«®¦¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨ ª¢ ¤à â¨ç®©
ä®à¬ë Qftg á«¥¤ã¥â, çâ® tk��(") = 0, k = 0; 1; �; � = 1; 2. �®£¤ , ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ ä®à¬ã-
«ë (16), «¥£ª® ¯®«ãç ¥¬ " = 0 ¢ 
. �ë¯®«¥¨¥ ®áâ «ìëå ãá«®¢¨© áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
®ç¥¢¨¤®. � ¬ëª ¨¥ D"(
) ¢ ®à¬¥ k"kH = ("; ")1=2H ®¡®§ ç¨¬ ç¥à¥§ H(
). �áá«¥¤ã¥¬ á¢®©áâ¢ 
í«¥¬¥â®¢ ¯à®áâà áâ¢  H(
).

�¥®à¥¬  1. �ãáâì D��qs
p;�;u, B

j
j , j = 1; 2, ®£à ¨ç¥ë ¢ 
. �®£¤  m1k"k

2
L2
� k"k2H � m2k"k

2
L2
,

£¤¥ mj > 0 | ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â ".

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® á®®â®è¥¨ï (16), ¢ëà ¦ îé¨¥ tk�� ç¥à¥§ ¯¥à¥¬¥ë¥ "3,
ReS"3, t012, ReS"0, "1, "2, ¯à¥¤áâ ¢«ïîâ á®¡®© ¥¢ëà®¦¤¥ë¥ ¯à¥®¡à §®¢ ¨ï ¯¥à¥¬¥ëå. �®-
íâ®¬ã ª¢ ¤à â¨ç ï ä®à¬  Q ®â®á¨â¥«ì® íâ¨å ®¢ëå ¯¥à¥¬¥ëå â ª¦¥ ï¢«ï¥âáï ¯®«®¦¨-
â¥«ì® ®¯à¥¤¥«¥®©, ®âªã¤  á«¥¤ã¥â ¨¦ïï ®æ¥ª . �¥àåïï ®æ¥ª  ®ç¥¢¨¤ .

�  ®á®¢ ¨¨ â¥®à¥¬ë 1 § ª«îç ¥¬, çâ® H(
) | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. �¯à ¢¥¤«¨¢ 

�¥¬¬  1. �ãáâì " 2 H(
). �®£¤  ¯à ¢ë¥ ç áâ¨ ä®à¬ã« (11) ®¯à¥¤¥«ïîâ äãªæ¨¨ Wj(z) 2
Lq(
), q � 1, ¯®çâ¨ ¢áî¤ã ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (9) ¨ £à ¨çë¬ ãá«®¢¨ï¬ (8).

�®ª § â¥«ìáâ¢®. �ãáâì "2H(
) ¨ ¯®á«¥¤®¢ â¥«ì®áâì "n2D"(
) â ª ï, çâ® k"n � "kH !
0, n ! 1. �ãªæ¨¨ W n

j = Tfnj =2, n = 1; 2; : : : , ¯® ä®à¬ã« ¬ (13) ®¯à¥¤¥«ïîâ !n 2 D!(
).
�á¯®«ì§ãï á¢®©áâ¢  ®¯¥à â®à  Tf , ¯®«ãç ¥¬ kWj �W n

j kL2(�) ! 0, kw3 � wn
3 kL2(�) ! 0, n ! 1,

®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.
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�¥¬¬  2. �ãáâì Gk
ij, B

j
j�k ®£à ¨ç¥ë ¢ 
. �®£¤  1) tk��(") áãâì «¨¥©ë¥ ®£à ¨ç¥ë¥

®¯¥à â®àë ¨§ H(
) ¢ L2(
) ¨ ktk��(")kL2
� ck"kH ; 2) �k��(") ¨ {

k
��(") áãâì ¢¯®«¥ ¥¯à¥àë¢ë¥

á®®â¢¥âáâ¢¥® «¨¥©ë¥ ¨ ¥«¨¥©ë¥ ®¯¥à â®àë ¨§ H(
) ¢ Lq(
), q � 1, ¨ k�k��(")kLq
�

ck"kH , k{
k
��(")kLq

� ck"k2H , k = 0; 1, �; � = 1; 2.

�¯à ¢¥¤«¨¢®áâì «¥¬¬ë 2 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ä®à¬ã« (16){(18) á ãç¥â®¬ ¢ëè¥ãª -
§ ëå á¢®©áâ¢ ®¯¥à â®à®¢ Tf , Sf ¨ â¥®à¥¬ë 1.

4. �áá«¥¤®¢ ¨¥ äãªæ¨® «  �(") ¢ H(
)

�à¨ ¨áá«¥¤®¢ ¨¨ äãªæ¨® «  �(")   ¬¨¨¬ã¬ ¡ã¤¥¬ ®¯¨à âìáï   â¥®à¥¬ã 9.5 ¨§ ([6],
á. 119), á®£« á® ª®â®à®© ¥á«¨ 1) �(") | á« ¡® ¯®«ã¥¯à¥àë¢ë© á¨§ã äãªæ¨® « ¢ H(
),
2) �(") | ¢®§à áâ îé¨© äãªæ¨® « ¢ H(
), â. ¥. �(") ! +1 ¯à¨ k"kH ! 1, â® �(") ¨¬¥¥â
â®çªã  ¡á®«îâ®£® ¬¨¨¬ã¬    H(
).

�®ª ¦¥¬ àï¤ ãâ¢¥à¦¤¥¨©.

�¥®à¥¬  2. �ãªæ¨® « U : L3
2(V ) ! R, ®¯à¥¤¥«¥ë© ä®à¬ã«®© (1), ¤¨ää¥à¥æ¨àã¥¬ ¢

«î¡®© â®çª¥  = (11; 12; 22) ¯à®áâà áâ¢  L3
2(V ) ¤¥ä®à¬ æ¨© ¨ gradU = D�(�11; �12; �22).

�®ª § â¥«ìáâ¢®. �ãáâì ; e 2 L3
2(V ). � áá¬®âà¨¬

U( + e)� U() =
ZZZ
V

D�d�1d�2d�3
Z 1

0

d

dt
�( + te)dt:

�âªã¤  á ãç¥â®¬ @�=@�� = ��� ¯®á«¥ ¥ª®â®àëå ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬

U( + e)� U() = (D����(); e��)L3

2
+  (; e); (22)

£¤¥

 (; e) = ZZZ
V

D�d�1d�2d�3
Z 1

0

[���( + te)� ���()]e��dt:
� á¨«ã ãá«®¢¨ï (i) ®¯¥à â®àë ���() ¤¥©áâ¢ãîâ ¢ L3

2(V ). �®£¤  ¥âàã¤® ¢¨¤¥âì, çâ®
j j=kekL2

! 0 ¯à¨ kekL2
! 0. � íâ¨å ãá«®¢¨ïå (22) ®§ ç ¥â ([7], á. 79), çâ® äãªæ¨® « U()

¤¨ää¥à¥æ¨àã¥¬ ¢ â®çª¥  2 L3
2(V ) ¨ gradU = D�(�11; �12; �22).

�¥®à¥¬  3. �ãáâì ¤«ï «î¡ëå ; b 2 L3
2(V ) ¢ë¯®«¥® ãá«®¢¨¥ZZZ

V

[���()� ���(b)](�� � b��)D�d�1d�2d�3 � 0: (23)

�®£¤  äãªæ¨® « U() á« ¡® ¯®«ã¥¯à¥àë¢¥ á¨§ã ¢ L3
2(V ), â. ¥. U(

0) � lim
n!1

U(n) ¤«ï «î¡®©

á« ¡® áå®¤ïé¥©áï ¢ L3
2(V ) ¯®á«¥¤®¢ â¥«ì®áâ¨ n ! 0 (§¤¥áì ¨ ¤ «¥¥ ®¤®© áâà¥«ª®© ¡ã¤¥¬

®¡®§ ç âì á« ¡ãî áå®¤¨¬®áâì).

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï (23) gradU() ï¢«ï¥âáï ¬®®â®ë¬ ®¯¥à â®à®¬ ¢ L3
2(V ).

�«¥¤®¢ â¥«ì® ([6], á. 102), U() á« ¡® ¯®«ã¥¯à¥àë¢¥ á¨§ã ¢ L3
2(V ).

�«¥¤áâ¢¨¥. U | á« ¡® ¯®«ã¥¯à¥àë¢ë© á¨§ã äãªæ¨® « ¢ H(
).

�¯à ¢¥¤«¨¢®áâì á«¥¤áâ¢¨ï á«¥¤ã¥â ¨§ â®£®, çâ® ¥á«¨ "n ! "0 ¢ H(
), n ! 1, â® ¢ á¨«ã
«¥¬¬ë 2 ("n)! ("0) ¢ L3

2(V ), n!1.

�¥®à¥¬  4. �ãáâì R;L 2 L2(
). �®£¤  äãªæ¨® « A("), ®¯à¥¤¥«¥ë© ä®à¬ã«®© (20),
ï¢«ï¥âáï á« ¡® ¥¯à¥àë¢ë¬ ¢ H(
).
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�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 4 á«¥¤ã¥â ¨§ ¢¯®«¥ ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  Tf ¨ â¥®à¥¬ë 1.
� ª¨¬ ®¡à §®¬, äãªæ¨® « �(") á« ¡® ¯®«ã¥¯à¥àë¢¥ á¨§ã ¢ H(
).
� áá¬®âà¨¬ á¨áâ¥¬ã ¥«¨¥©ëå ¨â¥£à «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® "1, "2, "3

e0jj � 1
2
bj("3 � (�1)j ReS"3) + Re(�0jjT"3)�

1
2
Bjj

eT"3 + 1
2
!2
j ("0) = 0; j = 1; 2;

e012 � �
1
2
(b1 + b2) ImS"3 +Re(�012T"3) + !1("0)!2("0) = 0;

(24)

£¤¥ !j("0) ®¯à¥¤¥«¥ë ä®à¬ã« ¬¨ (13). �§ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (24) ¨áª«îç¨¬
ReS"3. �®«ãç¨¬

"3 �K1"3 =
1
2
(b eT"3 + e!("0)); (25)

£¤¥ K1"3 = �Re(Bj
j�

0
jjT"3), e!("0) = �Bj

j!
2
j ("0), b = Bj

jBjj . � ¬¥â¨¬, çâ® ®¯¥à â®à K1"3 ¢¯®«¥
¥¯à¥àë¢¥ ¢ Lp(
), p � 1. � (25) ä¨ªá¨àã¥¬ "1, "2 ¨ ¨áá«¥¤ã¥¬ à §à¥è¨¬®áâì ãà ¢¥¨ï (25)
®â®á¨â¥«ì® "3 ¢ L1(
). �ãáâì "�3 2 L1(
) | ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï

"3 �K1"3 = 0: (26)

�¥âàã¤® ¢¨¤¥âì, çâ® "�3 2 Lp(
), p > 2. �¢¥¤¥¬ äãªæ¨î v(z) = (T"3)(z). �§ á¢®©áâ¢ ®¯¥à â®à 
Tf á«¥¤ã¥â, çâ® v 2 C p�2

p
(
) ¨ @v=@z = "3. �®¤áâ ¢«ïï ¢á¥ íâ® ¢ (26), ¯à¨å®¤¨¬ ª â®¬ã, çâ® v(z)

¥áâì ®¡®¡é¥ ï   «¨â¨ç¥áª ï äãªæ¨ï ([5], £«. 3) ¢ 
. �à®¬¥ â®£®, v(z) ¥¯à¥àë¢® ¯à®¤®«¦ -
¥âáï   ¢áî ¯«®áª®áâì ¯¥à¥¬¥ëå �1, �2, ¯à¨ç¥¬ ®  £®«®¬®àä  ¢¥ 
 ¨ ®¡à é ¥âáï ¢ ã«ì  
¡¥áª®¥ç®áâ¨. �®£¤  ¢ á¨«ã ®¡®¡é¥®© â¥®à¥¬ë �¨ã¢¨««ï ([5], á. 128) v(z) � 0, ®âªã¤  "3 � 0
¢ 
. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ®¡à âë© ®¯¥à â®à (I �K1)�1 (I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à),
®£à ¨ç¥ë© ¢ L1(
), ¨ ãà ¢¥¨¥ (25) § ¯¨è¥âáï ¢ ¢¨¤¥

"3 �K2"3 =
1
2
(I �K1)

�1e!("0); (27)

£¤¥ K2"3 = 1
2
(I �K1)�1(b eT"3). �«ï ®à¬ë ®¯¥à â®à  K2"3 ¨¬¥¥¬ ®æ¥ªã

kK2"3kL1
� q1k"3kL1

;

£¤¥

q1 =
1
4�2

k(I �K1)
�1kL1

sup
z2


� ZZ



dt1dt2
jt� zj

ZZ



jbjd� d�

j� � tj

�
; t = t1 + it2:

�ãáâì ¢ë¯®«¥® ãá«®¢¨¥

q1 < 1: (28)

�®£¤  K2"3 ï¢«ï¥âáï á¦¨¬ îé¨¬ ®¯¥à â®à®¬. �à¨¬¥ïï (I �K2)�1 ª ®¡¥¨¬ ç áâï¬ ãà ¢¥¨ï
(27), ¯®«ãç ¥¬

"3 =
1
2
(I �K2)

�1(I �K1)
�1e!("0);

®âªã¤ 

k"3kL1
�
1
2
k(I �K2)�1kL1

k(I �K1)�1kL1
k jBj

j j!
2
j ("0)kL1

: (29)

�ãáâì "0 = ("01; "
0
2; "

0
3) 2 H(
) | à¥è¥¨¥ á¨áâ¥¬ë (24). �®¤áâ ¢¨¬ ¥£® ¢ (24), ¯®á«¥ íâ®£®

¯¥à¢®¥ â®¦¤¥áâ¢® ã¬®¦¨¬   jB1
1 j, ¢â®à®¥ |   jB2

2 j. �ª« ¤ë¢ ï ¨å ¨ ¨â¥£à¨àãï ¯® ®¡« áâ¨

, ¯®á«¥ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬ZZ




jBj
j j!

2
j ("

0
0)d�

1d�2 = �

ZZ



( 1
2
TTg1 +Re Tg2)"

0
3d�

1d�2; (30)
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£¤¥

g1 = jBj
j jBjj ; g2 = (jB1

1 j�1 + jB
j
j jG

1
jj)=B

1
1 + i(jB2

2 j�2 + jBj
j jG

2
jj)=B

2
2 :

�ç¨âë¢ ï, çâ® ¤«ï à¥è¥¨ï "0 á¨áâ¥¬ë (24) á¯à ¢¥¤«¨¢  ®æ¥ª  (29), ¨§ (30) ¡ã¤¥¬ ¨¬¥âì

k jBj
j j!

2
j ("

0
0)kL1

�
1
2
k(I �K1)

�1kL1
k(I �K2)

�1kL1
k 1
2
TTg1 +ReTg2kCk jB

j
j j!

2
j ("

0
0)kL1

�

� qk jBj
j j!

2
j ("

0
0)kL1

:

�âáî¤  ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï

q < 1 (31)

¯®«ãç ¥¬ !j("00) = 0, j = 1; 2, á«¥¤®¢ â¥«ì®, "00 = 0 ¨ ¨§ (29) "03 = 0. � ª¨¬ ®¡à §®¬, ¤®ª §  

�¥¬¬  3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï (28), (31). �®£¤  ¥á«¨ "0 2 H(
) | à¥è¥¨¥ á¨áâ¥¬ë

(24), â® "0 = 0 ¢ 
.

�¥®à¥¬  5. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ 2, 3 ¨ ®¡« áâì 
 ï¢«ï¥âáï á®¡®«¥¢áª®© ª« áá 

(2; 2; 2). �®£¤  �(") | ¢®§à áâ îé¨© äãªæ¨® « ¢ H(
).

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨© (ii), (iii) ¨¬¥¥¬

�(") �
c0
c2
U�(") � jA(")j � ��("); (32)

£¤¥ U� , A ®¯à¥¤¥«¥ë ä®à¬ã« ¬¨ (19), (20). �®«ãç¨¬ ®æ¥ªã á¨§ã ¤«ï ��(")   í««¨¯á®¨¤¥
E(R; 0) ¯à®áâà áâ¢  L2(
), § ¤ ®¬ ¯à¨ ¯®¬®é¨ á®®â®è¥¨© "j = R"�j , j = 1; 2, "3 = R2"�3,
k"�kL2

= 1, "� = ("�1; "
�

2; "
�

3). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï áå¥¬®©, ¯à¥¤«®¦¥®© ¢ ([8], x 16) ¤«ï
®æ¥ª¨ ¯®¤®¡ëå äãªæ¨® «®¢. � ãç¥â®¬ (7) äãªæ¨® « ��(") ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

��(") = �4(") + e�("); �4(") =
c0
2c2

ZZ



Qpfe0gDd�1d�2; (33)

£¤¥ ¢¥ªâ®à e0 = (e011; e012; e022) ®¯à¥¤¥«¥ ¢ (24). �4(")   E(R; 0) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¤®à®¤-
ãî ¯® R ç¥â¢¥àâ®© áâ¥¯¥¨ ç áâì äãªæ¨® «  �� ,   e� ¨¬¥¥â ¯® R áâ¥¯¥ì ¥ ¢ëè¥ âà¥âì¥©.
�ãáâì e�4("3) | ç áâì �4("), § ¢¨áïé ï â®«ìª® ®â "3. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¯®«®¦¨â¥«ìãî
®¯à¥¤¥«¥®áâì ª¢ ¤à â¨ç®© ä®à¬ë Qp ¨ ¨á¯®«ì§ãï â¥®à¥¬ã 10.8 ¨§ ([8], á. 81), ¯®«ãç ¥¬

e�4("3) � m3k"3k
2
L2
; (34)

£¤¥ ¯®áâ®ï ï m3 > 0 ¥ § ¢¨á¨â ®â "3.
� áá¬®âà¨¬ ¬®¦¥áâ¢® E1(R; 0) = f" 2 E(R; 0) j k"0kL2

� �0Rg, £¤¥ 0 < �0 < 1 | ¯à®¨§¢®«ì®
ä¨ªá¨à®¢  ï ¯®áâ®ï ï. �  E1(R; 0) á ãç¥â®¬ (34) ¥âàã¤® ¯®«ãç¨âì ®æ¥ªã

�4(") � (m3(1� �0)
2 � c�20)R

4; c > 0:

�®áâ®ïãî �0 ¢ë¡¥à¥¬ â ª, çâ®¡ë

�4(") � m4R
4; (35)

£¤¥ m4 > 0 | ¢¯®«¥ ®¯à¥¤¥«¥ ï ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â R. �á¯®«ì§ãï (35), ¨§ (33)
¯®«ãç ¥¬ ��(") � m4R

4 � c(R3 +R2 +R), ®âªã¤  ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å R

��(") �
1
2
m4R

4: (36)
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�¥¯¥àì ��(") ®æ¥¨¬ á¨§ã   ®áâ «ì®© ç áâ¨ í««¨¯á®¨¤  E2(R; 0) = E(R; 0) n E1(R; 0). �à¨
¯®¬®é¨ à ááã¦¤¥¨©,   «®£¨çëå ¯à¨¬¥¥ë¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¯®«ãç ¥¬

c0
2c2

ZZ



Quf
1gDd�1d�2 � m5k"0k

2
L2
; (37)

£¤¥ m5 > 0 ¥ § ¢¨á¨â ®â "0, 1 = (111; 
1
12; 

1
22).

�ãáâì E2(R; 0) = E02(R; 0) [ E002 (R; 0), £¤¥ E
0

2(R; 0) | ¬®¦¥áâ¢® í«¥¬¥â®¢ " 2 E2(R; 0),
ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã

J("3) �
ZZ



jR3 eT"3 + (L1 + b1R
1 + i(L2 + b2R

2))T"3jDd�1d�2 > m5�
2
0R

2; (38)

¯®áâ®ïë¥ �0, m5 > 0 ä¨ªá¨à®¢ ë á ¯®¬®éìî (35), (37). �  E002 (R; 0), á«¥¤®¢ â¥«ì®, ¢ë¯®«-
ï¥âáï ãá«®¢¨¥

J("3) � m5�
2
0R

2: (39)

�ãáâì E02(R; 0) | á« ¡®¥ § ¬ëª ¨¥ E02(R; 0). �¡¥¤¨¬áï, çâ® ¬®¦¥áâ¢® E2(R; 0) ¥ á®¤¥à¦¨â
ã«ï. �¥©áâ¢¨â¥«ì®, ¯ãáâì "n = ("n1 ; "

n
2 ; "

n
3 ) 2 E02(R; 0) ¨ "n ! 0 ¢ L2(
), n ! 1. � á¨«ã

ãá¨«¥®© ¥¯à¥àë¢®áâ¨ «¨¥©ëå ¢¯®«¥ ¥¯à¥àë¢ëå ®¯¥à â®à®¢ Tf , eTf ¢ L2(
) ¯®«ãç ¥¬
J("n3 ) ! 0, n ! 1, â. ¥.  ç¨ ï á ¥ª®â®à®£® ®¬¥à  n0 ¤«ï ¢á¥å "n (n > n0) ¥à ¢¥áâ¢® (38)
áâ ®¢¨âáï ¥¢®§¬®¦ë¬. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥.

�  E02(R; 0) á¯à ¢¥¤«¨¢  ®æ¥ª 

�4(") � m6R
4; m6 > 0: (40)

�¥©áâ¢¨â¥«ì®, ¥á«¨ (40) ¥ ¢ë¯®«ï¥âáï, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì "n 2 E02(R; 0) â -
ª ï, çâ® �4("n) ! 0, n ! 1. �ãáâì "n ! "0 ¢ H(
), n ! 1, "0 2 E02(R; 0). �¥âàã¤® § ¬¥â¨âì,
çâ® äãªæ¨® « �4(") á« ¡® ¯®«ã¥¯à¥àë¢¥ á¨§ã ¢ H(
). �«¥¤®¢ â¥«ì®, �4("0) = 0, ®âªã¤ e0("0) = 0, â. ¥. "0 ¥áâì à¥è¥¨¥ á¨áâ¥¬ë (24). � á¨«ã «¥¬¬ë 3 "0 = 0. �â® ¯à®â¨¢®à¥ç¨â â®¬ã,
çâ® E02(R; 0) ¥ á®¤¥à¦¨â ã«ï.

�á¯®«ì§ãï (40), ¨§ (33) ¡ã¤¥¬ ¨¬¥âì

��(") � m6R
4 � c(R3 +R2 +R);

®âªã¤  ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å R

��(") �
1
2
m6R

4; m6 > 0: (41)

�à¥¤¯®«®¦¨¬, çâ® ¤«ï «î¡®£® " 2 E002 (R; 0) ¢ë¯®«ï¥âáï ãá«®¢¨¥ZZ



[Qpf
0g+Q�fg]Dd�1d�2 � 0;

ª®â®à®¥, ¢ ç áâ®áâ¨, ¨¬¥¥â ¬¥áâ® ¤«ï ®¡®«®ç¥ª á á¨¬¬¥âà¨ç®© áâàãªâãà®© ¯® ®á¨ �3 (â. ª.
D��qs
�

� 0). �®£¤  ¨§ (32) á ãç¥â®¬ (37), (39) ¯®«ãç ¥¬ ��(") � 1
2
m5�

2
0R

2 � cR, ®âªã¤ 

��(") �
1
4
m5�

2
0R

2; (42)

¥á«¨ R ¤®áâ â®ç® ¢¥«¨ª®. �§ ®æ¥®ª (36), (41), (42) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 5.

� ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 9.5 ¨§ ([6], á. 119) ¢ë¯®«¥ë. �«¥¤®¢ â¥«ì®, äãªæ¨-
® « �(") ¨¬¥¥â â®çªã  ¡á®«îâ®£® ¬¨¨¬ã¬    H(
).

�¢â®à ¢ëà ¦ ¥â á¢®î ¯à¨§ â¥«ì®áâì ¯à®ä¥áá®àã �.�.�¥à¥£ã«®¢ã §  ¯®«¥§ë¥ ®¡áã¦¤¥-
¨ï.
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