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1. �¢¥¤¥­¨¥

� â¥®à¨¨ ¢¥â¢ïé¨åáï ¯à®æ¥áá®¢ á ¤¨áªà¥â­ë¬ ¯à®áâà ­áâ¢®¬ á®áâ®ï­¨© ®á®¡®¥ ¬¥áâ® § ­¨-
¬ îâ ¤®ªà¨â¨ç¥áª¨¥ ¯à®æ¥ááë (¯® ¯®¢®¤ã â¥à¬¨­®«®£¨¨ ¨ ®á­®¢­ëå ®¯à¥¤¥«¥­¨© á¬., ­ ¯à., [1]).
� ®á®¡¥­­®áâï¬ íâ¨å ¯à®æ¥áá®¢ ¬®¦­® ®â­¥áâ¨ â®, çâ® ¢ ¯à¥¤¥«ì­ëå â¥®à¥¬ å ¢®§­¨ª îâ â ª-
¦¥ ¤¨áªà¥â­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë. �§ãç¥­¨î á¢®©áâ¢ ¯à¥¤¥«ì­ëå à á¯à¥¤¥«¥­¨© ¯®á¢ïé¥­®
¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â [2]. �¥¤ ¢­® [3] ¡ë«® ¯®ª § ­®, çâ® ¤«ï ¤®ªà¨â¨ç¥áª¨å ¢¥â¢ïé¨å-
áï ¯à®æ¥áá®¢ á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ ¯à¥¤¥«ì­ë¥ à á¯à¥¤¥«¥­¨ï ¤®¯ãáª îâ â®ç­®¥ ®¯¨á ­¨¥.
� ¤ ­­®© à ¡®â¥ ¯à¨¢®¤ïâáï  ­ «®£¨ç­ë¥ à ¡®â¥ [3] ¨áá«¥¤®¢ ­¨ï ¤®ªà¨â¨ç¥áª¨å ¢¥â¢ïé¨åáï
¯à®æ¥áá®¢ á ¨¬¬¨£à æ¨¥©.

�ãáâì �(t) (�(0) = 0) | ¢¥â¢ïé¨©áï ¯à®æ¥áá á ¨¬¬¨£à æ¨¥©; F (t; z) =
1P
k=0

Pk(t)zk | ¯à®¨§-

¢®¤ïé ï äã­ªæ¨ï íâ®£® ¯à®æ¥áá 
�
Pk(t) = pr(�(t) = k), Pk(t) � 0, k = 0; 1; : : : ,

1P
k=0

Pk(t) = 1
�
;

f(z) =
1P
k=0

pkz
k | ¨­ä¨­¨â¥§¨¬ «ì­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï í¢®«îæ¨¨ ç áâ¨æ

�
p1 < 0, pk � 0

¯à¨ k 6= 1,
1P
k=0

pk = 0
�
; g(z) =

1P
k=0

qkz
k | ¨­ä¨­¨â¥§¨¬ «ì­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¨¬¬¨-

£à æ¨¨ ç áâ¨æ
�
q0 < 0, qk � 0 ¯à¨ k 6= 0,

1P
k=0

qk = 0
�
. �ã­ªæ¨¨ F (t; z), f(z) ¨ g(z) á¢ï§ ­ë

ãà ¢­¥­¨ï¬¨ �®«¬®£®à®¢  ([1], á. 219).
�â¯à ¢­ë¬ ¯ã­ªâ®¬ ­ è¨å ¨áá«¥¤®¢ ­¨© ¡ã¤¥â á«¥¤ãîé ï ¯à¥¤¥«ì­ ï

�¥®à¥¬  A ([1], £«. VII, x 3, á. 222). �á«¨ f 0(1) < 0, g0(1) < 1, â® áãé¥áâ¢ãîâ ¯à¥¤¥«ë

lim
t!1

Pk(t) = Pk

�
Pk � 0 ¯à¨ k = 0; 1; 2; : : : ,

1P
k=0

Pk = 1
�
¨ ¯à®¨§¢®¤ïé ï äã­ªæ¨ï F (z) =

1P
k=0

Pkz
k

ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

F 0(z)f(z) + F (z)g(z) = 0: (1)

�¨ªá¨àãï ¢¥à®ïâ­®áâ­ë© § ª®­ ¨¬¬¨£à æ¨¨ ç áâ¨æ, â. ¥. ¨­ä¨­¨â¥§¨¬ «ì­ãî ¯à®¨§¢®¤ï-
éãî äã­ªæ¨î g(z), ã¤ «®áì ¯®«ãç¨âì (á¬. â¥®à¥¬ã 1) â®ç­®¥ ®¯¨á ­¨¥ ¯à¥¤¥«ì­ëå ¢¥à®ïâ­®-
áâ¥© P0; P1; P2; : : : , ª®â®àë¥ ¢®§­¨ª îâ ¢ áä®à¬ã«¨à®¢ ­­®© ¢ëè¥ â¥®à¥¬¥. �à®¬¥ â®£®, ­ ©¤¥­ë
ãá«®¢¨ï ­  ç¨á«  d0; d1; : : : ; dn ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ¤«ï â®£®, çâ®¡ë áãé¥áâ¢®¢ « ¤®ªà¨-
â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá á ¨¬¬¨£à æ¨¥©, ã ª®â®à®£® ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥P0; P1; P2; : : :
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ Pi = di, i = 0; : : : ; n (á¬. â¥®à¥¬ë 2, 3).

�à®æ¥áá á âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨ ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨© �®«¬®£®à®¢  á § ¤ ­­®© ¯à -
¢®© ç áâìî ([1], á. 219). � ç áâ­®áâ¨, ¥á«¨ § ª®­ ¨¬¬¨£à æ¨¨ ®¯¨áë¢ ¥âáï £¥®¬¥âà¨ç¥áª¨¬ à á-
¯à¥¤¥«¥­¨¥¬ qk = bck�1, k = 1; 2; : : : , b > 0, 0 < c < 1, â® ¤«ï ­¥®âà¨æ â¥«ì­ëå ç¨á¥« P0, P1, P2,
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ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

P0 + P1 + P2 < 1; 0 < P0 < 1; 0 < P1 < 1;

¨
P 2
1

2P0

+
1
2
cP1 < P2 <

P 2
1

2P0

+
1
2
(c+ 1)P1;

­ ©¤¥âáï â ª®© ¤®ªà¨â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá á ¨¬¬¨£à æ¨¥© �(t), çâ®

Pk = lim
t!1

pr(�(t) = k); k = 0; 1; 2:

2. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

� ¯à¨­ïâëå ®¡®§­ ç¥­¨ïå ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

�¥®à¥¬  1. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë A. �«ï â®£® çâ®¡ë à á¯à¥¤¥«¥­¨¥ ¢¥à®-

ïâ­®áâ¥© P0; P1; P2; : : :
� 1P
n=1

nPn <1
�
ï¢«ï«®áì ¯à¥¤¥«ì­ë¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

¢ë¯®«­ï« áì á«¥¤ãîé ï á¨áâ¥¬  ­¥à ¢¥­áâ¢:

0 < P0 < 1; 0 < P1 < 1;
1
2
P 2
1

P0

+
1
2

�
q1
q0
+ 1

�
P1 < P2 < 1;

!2 = �
1
�

2X
k=0

qkP2�k + 2P2 � 3P3� � 0;

!n = �
1
�

nX
k=0

qkPn�k � (n+ 1)�Pn+1 + nPn �
1
P1

n�1X
k=2

(n� k + 1)!kPn�k+1 � 0; n = 3; 4; : : : ;

1X
n=2

n!n < P1;

£¤¥ � = � q0P0
�P1

, � = 1
P1

�
q0P1 + q1P0 �

2q0P0P2
P1

�
.

�«ï ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ 2, 3, ª ª ¨ ¢ à ¡®â¥ [3], ã¤®¡­® ¢¢¥áâ¨ ¯®­ïâ¨¥ ¯à¥¤¥«ì­®© ¨­â¥à-
¯®«ïæ¨®­­®© § ¤ ç¨.

�¯à¥¤¥«¥­¨¥. �ãáâì § ¤ ­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« fik : ik2N; k = 0; : : : ; n; il 6= im;

l 6= mg,
n
dk : dk � 0;

nP
k=0

dk � 1
o
¨ ¨­ä¨­¨â¥§¨¬ «ì­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¨¬¬¨£à æ¨¨

g(z). �ã¤¥¬ £®¢®à¨âì, çâ® ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  fi0; : : : ; in; g(z); d0; d1; : : : ; dng
­¥¯à¥àë¢­® à §à¥è¨¬ , ¥á«¨ ­ ©¤¥âáï â ª®© ¤®ªà¨â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá �(t) á ¨­ä¨-
­¨â¥§¨¬ «ì­®© ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© g(z), çâ®

dk = lim
t!1

pr(�(t) = ik); k = 0; 1; 2; : : : ; n:

�à®æ¥áá �(t), ã¤®¢«¥â¢®àïîé¨© íâ¨¬ ãá«®¢¨ï¬, ¡ã¤¥¬ ­ §ë¢ âì à¥è¥­¨¥¬ ¯®áâ ¢«¥­­®© ¯à¥-
¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨.

�¥®à¥¬  2. �à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  f0; 1; 2; g(z);x0 ; x1; x2g à §à¥è¨¬  â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï á¨áâ¥¬  ­¥à ¢¥­áâ¢

0 < x0 < 1; 0 < x1 < 1;

1
2
x21
x0

+
1
2

�
q1
q0
+ 1

�
x1 < x2 <

1
2
x21
x0

+
1
2

�
q1
q0
+ 2

�
x1:
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� ç «ì­ë¥ ¢¥à®ïâ­®áâ¨ à á¯à¥¤¥«¥­¨ï ¤¨áªà¥â­®© á«ãç ©­®© ¢¥«¨ç¨­ë ¯à¥¤áâ ¢«ïîâ á®¡®©

¬­®¦¥áâ¢® ¢ Rm+1, ®¯¨áë¢ ¥¬®¥ ­¥à ¢¥­áâ¢ ¬¨
n
(P0; P1; : : : ; Pm) 2 Rm+1 : 0�Pi�1;

mP
i=0

Pi�1
o
.

�«¥¤ãîé¨© à¥§ã«ìâ â ¢ë¤¥«ï¥â ¢ íâ®¬ ¬­®¦¥áâ¢¥ â®çª¨ (P0; P1; : : : ; Pm), ¤«ï ª®â®àëå ­¥¯à¥-
àë¢­® à §à¥è¨¬  ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  f0; 1; 2; : : : ;m; g(z);P0; P1; : : : ; Pmg.

�¥®à¥¬  3. �à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  f0; 1; 2; : : : ;m; g(z);P0; P1; : : : ; Pmg,
m � 3, à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï á¨áâ¥¬  ­¥à ¢¥­áâ¢

0 < P0 < 1; 0 < P1 < 1;

1
2
P 2
1

P0

+
1
2

�
q1
q0
+ 1

�
P1 < P2 <

1
2
P 2
1

P0

+
1
2

�
q1
q0
+ 2

�
P1;

maxf0; (n+ 1)bn � ang � !n � bn; n = 2; : : : ;m� 1;

£¤¥ 0 < a2 < P1, b2 = P1(1� �),

an = a2 �
n�1X
k=2

k!k; bn = b2 �
n�1X
k=2

!k; n = 3; 4; : : : ;m;

  ç¨á«  �, !k, k = 2; 3; : : : ;m� 1, ®¯à¥¤¥«ïîâáï ç¥à¥§ P0; P1; : : : ; Pm â ª ¦¥, ª ª ¨ ¢ â¥®à¥¬¥ 1.

3. �®ª § â¥«ìáâ¢ 

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì �(t) | ¤®ªà¨â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá á § ¤ ­­®©
¨­ä¨­¨â¥§¨¬ «ì­®© ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© ¨¬¬¨£à æ¨¨ ç áâ¨æ g(z), ¤«ï ª®â®à®£® P0; P1; : : :
ï¢«ï¥âáï ¯à¥¤¥«ì­ë¬ à á¯à¥¤¥«¥­¨¥¬. �ã­ªæ¨ï f(z) ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¯à®¨§¢®¤ï-
é¥© äã­ªæ¨¥© í¢®«îæ¨¨ ç áâ¨æ ¤®ªà¨â¨ç¥áª®£® ¢¥â¢ïé¥£®áï ¯à®æ¥áá  â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®­  ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ (á¬. [4]) ¢ ¢¨¤¥

f(z) = �

�
1� z +

1X
n=2

�n
n
(zn � 1)

�
; (2)

£¤¥ � > 0, �n, n = 2; 3; : : : , | ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
1P
n=2

�n < 1.

� «¥¥, ¯ãáâì F (z) =
1P
n=0

Pnz
n | ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¯à¥¤¥«ì­®£® à á¯à¥¤¥«¥­¨ï, â®£¤ 

¨§ (1) ¨¬¥¥¬

F 0(z)f(z) = �g(z)F (z): (3)

� ¯¨áë¢ ï íâ® à ¢¥­áâ¢® ¢ â¥à¬¨­ å áâ¥¯¥­­ëå àï¤®¢, ¯®«ãç ¥¬

�

� 1X
n=1

nPnz
n�1

��
� � z +

1X
n=2

�n
n
zn
�
= �

1X
n=0

qnz
n

1X
n=0

Pnz
n;

£¤¥ � = 1 �
1P
n=2

�n
n
. � ¢¥­áâ¢® ª®íää¨æ¨¥­â®¢ ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå z ¯à¨¢®¤¨â ª á¨áâ¥¬¥

ãà ¢­¥­¨©

�P1� = q0P0;

2�P2 = �
1
�
(q0P1 + q1P0) + P1; (4)

n�Pn = �
1
�

n�1X
k=0

qkPn�k�1 + (n� 1)Pn�1 �
n�1X
k=2

n� k

k
�kPn�k; n = 3; 4; : : :
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�¡®§­ ç¨¬ !n = P1
�n
n
, n = 2; 3; : : : �ëà ¦ ï �n ¨§ á¨áâ¥¬ë (4) ç¥à¥§ P0; P1; : : : , ¯®«ãç ¥¬

!2 = �
1
�

2X
k=0

qkP2�k + 2P2 � 3P3�;

!n = �
1
�

nX
k=0

qkPn�k � (n+ 1)�Pn+1 + nPn �
1
p1

n�1X
k=2

(n� k + 1)!kPn�k+1; n = 3; 4; : : :

�¨áâ¥¬  ­¥à ¢¥­áâ¢ � > 0, � > 0, �n � 0, n = 2; 3; : : : ,
1P
n=2

�n < 1 íª¢¨¢ «¥­â­  á¨áâ¥¬¥ ­¥-

à ¢¥­áâ¢, ¯à¨¢¥¤¥­­®© ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë, � ¨ � ®¯à¥¤¥«ï¥¬ ¨§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨©
á¨áâ¥¬ë (4). � ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥­¨¥ ¢ ®¤­ã áâ®à®­ã ¤®ª § ­®.

�à¥¤¯®«®¦¨¬, çâ® à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© P0; P1; : : : ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë.
�¯à¥¤¥«¨¬ äã­ªæ¨î f(z) áâ¥¯¥­­ë¬ à §«®¦¥­¨¥¬

f(z) = �

�
� � z +

1
P1

1X
n=2

!nz
n

�
:

�§ ®¯à¥¤¥«¥­¨ï ç¨á¥« !n ¨ ãá«®¢¨© !n � 0, n = 2; 3; : : : , ¯®«ãç ¥¬, çâ®

!n � nPn �
q0
�
Pn; n = 2; 3; : : : (5)

�¥à ¢¥­áâ¢  (5) ¢«¥ªãâ §  á®¡®© áå®¤¨¬®áâì àï¤ 
1P
n=2

!nz
n ¢ ¥¤¨­¨ç­®¬ ªàã£¥, á«¥¤®¢ â¥«ì­®,

f(z) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¢ ¥¤¨­¨ç­®¬ ªàã£¥.
�«ï �n = 1

P1
n!n, n = 2; 3; : : : , ª ª á«¥¤ã¥â ¨§ ãá«®¢¨© ­  !n, ¢ë¯®«­ï¥âáï á¨áâ¥¬  ãà ¢­¥­¨©

(4). �â® ®§­ ç ¥â, çâ® äã­ªæ¨¨ f(z) ¨ F (z) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î (3). �®« £ ï ¢ ­¥¬ z = x,
x 2 (0; 1) ¨ ®áãé¥áâ¢«ïï ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯à¨ x! 1, ¯®«ãç ¥¬

f(1) = 0: (6)

�® ¥áâì f(z) ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© ¢¥â¢ïé¥£®áï ¯à®æ¥áá  �(t).

�§ à ¢¥­áâ¢  (6), ¯¥à¥¯¨á ­­®£® ¢ ¢¨¤¥ �
h
� � 1 + 1

P1

1P
n=2

!n

i
= 0, ¯®«ãç ¥¬, çâ® � = 1� 1

P1

1P
n=2

!n

¨

f(z) = �

�
1� z �

1
P1

1X
n=2

!n(1� zn)
�
:

�ãáâì z = x, x 2 (0; 1), â®£¤ 

f(x)
x� 1

=
�(x� 1)

h
� 1 + 1

P1

1P
n=2

!n

n�1P
k=0

xk
i

x� 1
= �

�
� 1 +

1
P1

1X
n=2

!n

n�1X
k=0

xk
�
: (7)

�à ¢ ï ç áâì à ¢¥­áâ¢  (7) ­¥ ã¡ë¢ ¥â ¯® x 2 (0; 1) ¨ áãé¥áâ¢ã¥â ¯à¥¤¥« lim
x!1

f(x)

x�1
= f 0(1).

�§ à ¢¥­áâ¢  (3) ¯®«ãç ¥¬ f(x) = �g(x)F (x)=F 0(x) ¨

lim
x!1

f(x)
x� 1

= lim
x!1

�g(x)F (x)
F 0(x)(x� 1)

= lim
x!1

g(x)F (x)
F 0(x)(1� x)

= � lim
x!1

� 1P
n=1

qn
n�1P
k=0

xk
� 1P

n=0
Pnx

n

1P
n=1

nPnxn�1
< 0:

�«¥¤®¢ â¥«ì­®, f(z) | ¨­ä¨­¨â¥§¨¬ «ì­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¤®ªà¨â¨ç¥áª®£® ¢¥â¢ïé¥-
£®áï ¯à®æ¥áá  �(t) á § ¤ ­­®© ¨¬¬¨£à æ¨¥© g(z). �§ ¥¤¨­áâ¢¥­­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï f(z) (á¬.
[4]) ¢ ¢¨¤¥ (2) ¨ â®£®, çâ® ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ ®¯à¥¤¥«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî ç¨á¥«
�n � 0, n = 2; 3; : : : , ¨§ ¯à¥¤áâ ¢«¥­¨ï f(z) ¨ § ¤ ­­®© ¨¬¬¨£à æ¨¨ g(z) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥
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® á®¢¯ ¤¥­¨¨ ¯à¥¤¥«ì­®£® à á¯à¥¤¥«¥­¨ï ¯à®æ¥áá  �(t) á ¤ ­­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¢¥à®ïâ­®áâ¥©
P0; P1; P2; : : : �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �à¥¤¯®«®¦¨¬, çâ® ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç 
f0; 1; 2; g(z);x0 ; x1; x2g à §à¥è¨¬ , â. ¥. áãé¥áâ¢ã¥â ¤®ªà¨â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá á ¨¬¬¨-
£à æ¨¥© �(t), ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ ª®â®à®£® ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ P0 = x0, P1 = x1,
P2 = x2. � §à¥è ï ¯¥à¢ë¥ ¤¢  à ¢¥­áâ¢  ¢ (4) ®â­®á¨â¥«ì­® P0, P1, P2, ¯®«ãç¨¬

x1 = �
q0x0
��

; x2 =
� 1

�
(q0P1 + q1P0) + P1

2�
:

�§ ®¯à¥¤¥«¥­¨ï � ¨ ãá«®¢¨© ­  �, �2; �3; : : : á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

� > 0;
1
2
< � < 1: (8)

�¥à¥¯¨áë¢ ï ­¥à ¢¥­áâ¢  (8) ¢ â¥à¬¨­ å x0, x1, x2, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  ¨§ ä®à¬ã«¨à®¢ª¨
â¥®à¥¬ë. � ª¨¬ ®¡à §®¬, ¢ ®¤­ã áâ®à®­ã ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®.

�¡à â­®, ¯ãáâì x0, x1, x2 ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë. �¯à¥¤¥«¨¬

� =
1
x1

�
q0x1 + q1x0 �

2q0x0x2
x1

�
; � = �

x0q0
x1�

;

â®£¤  ¤«ï � ¨ � ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  (8) ¨ ­ ©¤¥âáï â ª®¥ k 2 N , k � 2, çâ® k(1 � �) < 1.
�®«®¦¨¬ �k = k(1 � �), �n = 0 ¯à¨ n 6= k. �¯à¥¤¥«¥­­ë¥ â ª¨¬ ®¡à §®¬ �n ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬

�n � 0; n = 2; 3; : : : ; ¨
1X
n=2

�n
n

=
�k
k
=

k(1 � �)
k

= 1� �;
1X
n=2

�n < 1:

�®¤áâ ¢«ïï ®¯à¥¤¥«¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì �n, n � 2, ¢ (2), ¯®«ãç¨¬ f(z) = �[� � z +
(1 � �)zk] | ¨­ä¨­¨â¥§¨¬ «ì­ãî ¯à®¨§¢®¤ïéãî äã­ªæ¨î í¢®«îæ¨¨ ç áâ¨æ ¤®ªà¨â¨ç¥áª®£®
¢¥â¢ïé¥£®áï ¯à®æ¥áá  �(t) á § ¤ ­­®© ¨¬¬¨£à æ¨¥© g(z), ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®-
áâ¥© P0; P1; P2; : : : ª®â®à®£® á¢ï§ ­® á ç¨á« ¬¨ �n, n � 2, á¨áâ¥¬®© ãà ¢­¥­¨© (4). �§ ¯¥à¢ëå
¤¢ãå ãà ¢­¥­¨© íâ®© á¨áâ¥¬ë ¯®«ãç ¥¬

P0 = x0; P1 = x1; P2 = x2: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ãáâì ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  f0; 1; 2; : : : ;m;
g(z);P0; P1; P2; : : : ; Pmg, m � 3, à §à¥è¨¬  ¨ �(t) | ¤®ªà¨â¨ç¥áª¨© ¢¥â¢ïé¨©áï ¯à®æ¥áá á § -
¤ ­­®© ¨¬¬¨£à æ¨¥© g(z), ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ P0; P1; P2; : : : ª®â®à®£® ¨¬¥¥â ¯¥à¢ë¥ m+1
¢¥à®ïâ­®áâ¥© ¨§ ãá«®¢¨ï § ¤ ç¨. �­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢-
­¥­¨© (4), ª®â®à ï á¢ï§ë¢ ¥â ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ P0; P1; : : : ¨ ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«

�n, �n � 0, n = 2; 3; : : : ,
1P
n=2

�n < 1,   â ª¦¥ � > 0 ¨§ ¯à¥¤áâ ¢«¥­¨ï f(z) ¢ ¢¨¤¥ (2). �¥è ï

¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï á¨áâ¥¬ë, ¯®«ãç¨¬ ¢ëà ¦¥­¨ï ¤«ï � ¨ �, ¯à¨¢¥¤¥­­ë¥ ¢ ä®à¬ã«¨à®¢ª¥
â¥®à¥¬ë 1.

�¯à¥¤¥«¨¬

!n = P1

�n
n
; an =

1X
k=n

k!k; bn =
1X
k=n

!k; n = 2; 3; 4; : : :

�®£¤  0 < a2 < P1, b2 = P1(1 � �),   !n, n � 2, ®¯à¥¤¥«ïîâáï ç¥à¥§ ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥
¢¥à®ïâ­®áâ¥© P0; P1; : : : â ª ¦¥, ª ª ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1.

�§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ¢ë¯®«­¥­ë ¯¥à¢ë¥ âà¨ ­¥à ¢¥­áâ¢  ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 3.
�®ª ¦¥¬, çâ® ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

maxf0; (n+ 1)bn � ang � !n � bn; n = 2; 3; : : : ;m� 1: (9)
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� ª ª ª �n � 0 ¯à¨ n � 2, â® !n � bn ¯à¨ n � 2. �á«¨ !k = �k = 0 ¯à¨ ¢á¥å k > n, â® !n = bn ¨
an = nbn. � ®¡é¥¬ á«ãç ¥ ¯®«ãç ¥¬

bn+1 =
1X

k=n+1

!k = bn � !n; an+1 =
1X

k=n+1

k!k = an � n!n;

an � n!n � (n+ 1)bn+1 = (n+ 1)(bn � !n):

�âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢® !n � (n+1)bn�an. � ª ª ª ç¨á«  !n � 0 ¯à¨ n � 2, â® á¯à ¢¥¤«¨¢ 
á¨áâ¥¬  ­¥à ¢¥­áâ¢ (9). � ®¤­ã áâ®à®­ã ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®.

�¡à â­®, ¯ãáâì ¤«ï ç¨á¥« P0; P1; : : : ; Pm ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë ¨ �, �, !n, an, bn, n � 2,
®¯à¥¤¥«¥­ë ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë. �à¥¤¯®«®¦¨¬, çâ®

!m�1 = bm�1; (10)

â®£¤ 

m�2X
k=2

!k + bm�1 =
m�2X
k=2

!k + b2 �
m�2X
k=2

!k = b2 = P1(1� �): (11)

� ª¦¥ ¨§ (10) á«¥¤ã¥â, çâ® am�1 = (m� 1)bm�1. �â® à ¢¥­áâ¢® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

am�1 = a2 �
m�2X
k=2

k!k = (m� 1)bm�1:

�«¥¤®¢ â¥«ì­®,

a2 =
m�1X
k=2

k!k < P1: (12)

�®«®¦¨¬ �n = 1
P1
n!n, n = 2; 3; : : : ;m� 1, �n = 0 ¯à¨ n � m, ¨ ®¯à¥¤¥«¨¬ f(z) ¯® ä®à¬ã«¥ (2).

�®®â­®è¥­¨ï (11) ¨ (12) ¯¥à¥¯¨áë¢ îâáï ¢ â¥à¬¨­ å �n ¢ ¢¨¤¥

1X
n=2

�n < 1; 1�
1X
n=2

�n
n

= �:

�«¥¤®¢ â¥«ì­®, ¢¥â¢ïé¨©áï ¯à®æ¥áá �(t) á § ¤ ­­®© ¨¬¬¨£à æ¨¥© g(z) ¨ ¨­ä¨­¨â¥§¨¬ «ì-
­®© ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© í¢®«îæ¨¨ ç áâ¨æ f(z) ¯à¨¢®¤¨â ª ¯à¥¤¥«ì­®¬ã à á¯à¥¤¥«¥­¨î
P0; P1; : : : , ¢ ª®â®à®¬ ­ ç «ì­ë¥ ¢¥à®ïâ­®áâ¨ P0; P1; : : : ; Pm á®¢¯ ¤ îâ ¢ á¨«ã á¨áâ¥¬ë ãà ¢­¥-
­¨© (4) á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ¯à¥¤¥«ì­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨.

�à¥¤¯®«®¦¨¬, çâ® !m�1 < bm�1. �®£¤  an > 0 ¨ bn > 0, ¨ áãé¥áâ¢ã¥â â ª®¥ k 2 N , k � m,
çâ® ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

kbm � am � (k + 1)bm:

�¯à¥¤¥«¨¬ á¨áâ¥¬ã ç¨á¥« �n, n � 2, á«¥¤ãîé¨¬ ®¡à §®¬:

�n =
1
P1

n!n; n = 2; 3; : : : ;m� 1;

�k =
k

P1

[(k + 1)bm � am]; �k+1 =
k + 1
P1

(am � kbm); k � m;

�n = 0 ¤«ï ®áâ «ì­ëå n.
�§ ®¯à¥¤¥«¥­¨ï �n ¨ á¢®©áâ¢ !n á«¥¤ã¥â, çâ® �n � 0, n = 2; 3; : : : , ¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

1X
n=2

�n =
m�1X
n=2

n!n

P1

+
k + 1
P1

(am � kbm) +
k

P1

((k + 1)bm � am) =
m�1X
n=2

n!n

P1

+
am
P1

=
1
P1

a2 < 1
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¨
1X
n=2

�n
n

=
m�1X
n=2

!n +
am � kbm

P1

+
(k + 1)bm � am

P1

=
1X
n=2

!n

P1

=
1
P1

b2 = 1� �:

�«¥¤®¢ â¥«ì­®, ¬®¦­® ®¯à¥¤¥«¨âì ¨­ä¨­¨â¥§¨¬ «ì­ãî ¯à®¨§¢®¤ïéãî äã­ªæ¨î f(z) ­¥ª®â®-
à®£® ¤®ªà¨â¨ç¥áª®£® ¢¥â¢ïé¥£®áï ¯à®æ¥áá  �(t) á § ¤ ­­®© ¨¬¬¨£à æ¨¥© g(z) ¢ ¢¨¤¥ (2). �§
á¨áâ¥¬ë ãà ¢­¥­¨© (4) ¨ á¢ï§¨ �n ¨ !n ¯à¨ n = 2; 3; : : : ;m � 1 á«¥¤ã¥â, çâ® ¯à¥¤¥«ì­®¥ à á-
¯à¥¤¥«¥­¨¥ P0; P1; P2; : : : ¯à®æ¥áá  �(t) ¨¬¥¥â ¢ ª ç¥áâ¢¥ ­ ç «ì­ëå ¢¥à®ïâ­®áâ¥© P0; P1; : : : ; Pm

âà¥¡ã¥¬ë¥ §­ ç¥­¨ï. �
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