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�¥®à¨ï á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (����) á â®çª ¬¨ ¯®¢®à®-
â  ­ ç «  á¢®¥ ¡ãà­®¥ à §¢¨â¨¥ á ¨áá«¥¤®¢ ­¨© �.� ­£¥à  [1]{[4]. � ­ áâ®ïé¥¥ ¢à¥¬ï ®á­®¢­ë¥
à¥§ã«ìâ âë ¯® ¯®áâà®¥­¨î à ¢­®¬¥à­ëå  á¨¬¯â®â¨ª ¤«ï ãà ¢­¥­¨ï �¨ã¢¨««ï ¨ á¨áâ¥¬ ����
â¨¯  �¨ã¢¨««ï á â®çª®© ¯®¢®à®â  ã¦¥ ¯®«ãç¥­ë [1]{[14]. � à ªâ¥à­®© ç¥àâ®© ¡®«ìè¨­áâ¢  íâ¨å
à ¡®â ¡ë«® â®, çâ® ¢ëà®¦¤¥­­ë¥ ãà ¢­¥­¨ï ¡ë«¨  «£¥¡à ¨ç¥áª¨¬¨, â. ¥. â®çª  ¯®¢®à®â  ¡ë« 
 «£¥¡à ¨ç¥áª®©.

�¤­ ª® â¥®à¨ï ¨ ¯à ªâ¨ª  âà¥¡ãîâ ¨áá«¥¤®¢ ­¨© ����, ¤«ï ª®â®àëå ¢ëà®¦¤¥­­ë¥ ãà ¢­¥-
­¨ï ï¢«ïîâáï ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ¨ â®çª  ¯®¢®à®â  ­ å®¤¨âáï ¢ ¢¨¤¥ ¬­®¦¨â¥«ï ¯à¨ áâ àè¥©
¯à®¨§¢®¤­®© ¢ëà®¦¤¥­­®£® ãà ¢­¥­¨ï.

�« áá¨ç¥áª¨¬¨ ¯à¨¬¥à ¬¨ â ª¨å ãà ¢­¥­¨© ï¢«ïîâáï ãà ¢­¥­¨ï

L"y(x; ") � "3y000(x; ") + xea(x)y0(x; ") + b(x)y(x; ") = h(x); (0.1)

"y00(x; ") + xea(x)y0(x; ") + b(x)y(x; ") = h(x) (0.2)

¨ ãà ¢­¥­¨¥ �àà -�®¬¬¥àä¥«ì¤ 

"y(4)(x; ") + xea(x)y00(x; ") + b(x)y0(x; ") + c(x)y(x; ") = h(x): (0.3)

�¡é¥© ç¥àâ®© ¢á¥å íâ¨å âà¥å ª« áá¨ç¥áª¨å ãà ¢­¥­¨© ï¢«ï¥âáï â®, çâ® ¢á¥ ª®à­¨ á®®â¢¥âáâ¢ã-
îé¨å å à ªâ¥à¨áâ¨ç¥áª¨å ãà ¢­¥­¨© á®¢¯ ¤ îâ ¢ â®çª¥ x = 0, â. ¥. ¢ â®çª¥ ¯®¢®à®â . � â® ¦¥
¢à¥¬ï ª ¦¤®¥ ¨§ íâ¨å ãà ¢­¥­¨© ¨¬¥¥â áãé¥áâ¢¥­­ë¥ ®á®¡¥­­®áâ¨, ¯à¨áãé¨¥ â®«ìª® ¥¬ã. �á-
á«¥¤®¢ ­¨¥ ¨ ¯®áâà®¥­¨¥ à ¢­®¬¥à­ëå  á¨¬¯â®â¨ª à¥è¥­¨© íâ¨å ãà ¢­¥­¨© ï¢«ï¥âáï á«®¦­®©
§ ¤ ç¥©. �à®¡«¥¬  ¯®áâà®¥­¨ï à ¢­®¬¥à­ëå  á¨¬¯â®â¨ª à¥è¥­¨© â ª¨å ãà ¢­¥­¨© ­ áç¨âë¢ -
¥â ­¥áª®«ìª® ¤¥áïâ¨«¥â¨© (á¬. [4]; [13], á. 225{230). �é¥ ¢ 60-¥ £®¤ë �.�.�®¬®¢ ¯¥à¥¤ á¢®¨¬¨
ãç¥­¨ª ¬¨ ¯®áâ ¢¨« § ¤ çã ¯® ¨áá«¥¤®¢ ­¨î ãà ¢­¥­¨ï (0.2) (§ ¤ ç  �®à¤¥¥¢ ). �¤­ ª® äã­-
¤ ¬¥­â «ì­ëå à¥§ã«ìâ â®¢ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¤® ­ áâ®ïé¥£® ¢à¥¬¥­¨ â ª ¨ ­¥ ¯®«ãç¥­®. �¤¥áì
ã¬¥áâ­® ­ ¯®¬­¨âì, çâ® ¬¥â®¤®¬ á®£« á®¢ ­¨ï ¢ ([14], á. 52{63) ¯®áâà®¥­   á¨¬¯â®â¨ª  à¥è¥­¨ï
ãà ¢­¥­¨ï (0.2) ­  ®âà¥§ª¥ [0; 1].

�«ï ãà ¢­¥­¨© (0.1) ¨ (0.3) ¢ [2]{[4] â®¦¥ ¡ë«¨ ¯®«ãç¥­ë ®¯à¥¤¥«¥­­ë¥ à¥§ã«ìâ âë. �¤­ ª®
®­¨ ­®á¨«¨ ç áâ­ë© å à ªâ¥à, ¨ ¤ «ì­¥©è¨å ®¡®¡é¥­¨© íâ¨å à¥§ã«ìâ â®¢ ­¥ ¡ë«® ¯®«ãç¥­®.

�¥«ì ¤ ­­®© à ¡®âë ¡ã¤¥â á®áâ®ïâì ¢ ®¡®¡é¥­¨¨ ¬¥â®¤ , à §à ¡®â ­­®£® ¢ [7]{[12] ¤«ï ¨áá«¥-
¤®¢ ­¨ï áª «ïà­ëå ¨ ¢¥ªâ®à­ëå ãà ¢­¥­¨© á  «£¥¡à ¨ç¥áª®© â®çª®© ¯®¢®à®â  ­  ãà ¢­¥­¨ï á
¤¨ää¥à¥­æ¨ «ì­®© â®çª®© ¯®¢®à®â . �¥à¢ë¬ è £®¬ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¨ ¡ã¤¥â ¨áá«¥¤®¢ ­¨¥
á¨­£ã«ïà­® ¢®§¬ãé¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (0.1).

�à ¢­¥­¨¥ (0.1) ¨cá«¥¤ã¥âáï ¤«ï á«ãç ï, ª®£¤  ¢ë¯®«­ïîâáï
�á«®¢¨¥ 10. a(x); b(x); h(x) 2 C1[I], I = [0; 1];
�á«®¢¨¥ 20. a(x) = xea(x), ¯à¨ç¥¬ ea(x) > 0, b(x) < 0 ¯à¨ x 2 I.

3



1. �âàãªâãà  à¥è¥­¨ï ¢ëà®¦¤¥­­®£® ãà ¢­¥­¨ï

�á«®¢¨¥ 20 ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¤®áâ â®ç­® £« ¤ª®£® à¥è¥­¨ï ãà ¢­¥­¨ï

L0!(x) � xea(x)!0(x) + b(x)!(x) = h(x): (1.1)

�®áª®«ìªã à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¡ã¤¥â ¨£à âì ¢ ¦­ãî à®«ì ¢ ¯®áâà®¥­¨¨  á¨¬¯â®â¨ª¨ à¥-
è¥­¨ï ���� (0.1), â® ¨áá«¥¤ã¥¬ áâàãªâãàã íâ®£® à¥è¥­¨ï, ®á®¡¥­­® ¢ â®çª¥ ¯®¢®à®â .

� §« £ ï ¢ àï¤ � ª«®à¥­ , ¯®«ãç¨¬ à ¢¥­áâ¢ 

�
b(x)
xea(x) = �

x
+ �(x);

h(x)ea(x) = q + x
(x); (1.2)

£¤¥ �(x) ¨ 
(x) |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x = 0, ¯à¨ç¥¬ 
(0) 6= 0 ¨
� = �b(0)ea(0) > 0. � ãç¥â®¬ à ¢¥­áâ¢ (1.2) à¥è¥­¨¥ ¢ëà®¦¤¥­­®£® ãà ¢­¥­¨ï (1.1) § ¯¨è¥¬ ¢ ¢¨¤¥

!(x) = x��(x)
�
C +

Z x

1
[q + x
(x)]x���1��1(x)dx

�
; (1.3)

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,   �(x) = expf
xR
1

�(x)dxg.

�¥£ª® ¯à®¢¥à¨âì, çâ® ¯à¨ � > 0 à¥è¥­¨¥ (1.3) ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥© ¯à¨ ¢á¥å
x 2 [0; 1], ¯à¨ç¥¬ !(0) = ���1q <1.

�®¦­® ¡ë«® ¡ë ¢ë¯¨á âì ¨ ­ ç «ì­ë¥ §­ ç¥­¨ï !(s)(0), s = 1; 3, ®¤­ ª® ï¢­®© ­¥®¡å®¤¨¬®áâ¨
¢ íâ®¬ ­¥â. � ¬¥â¨¬ â®«ìª®, çâ® íâ¨ §­ ç¥­¨ï ã¦¥ § ¢¨áïâ ®â ¯à¨­¨¬ ¥¬ëå §­ ç¥­¨© ¯ à ¬¥âà 
�. �«ï ®¡¥á¯¥ç¥­¨ï ¯®áâà®¥­¨ï à ¢­®¬¥à­® ¯à¨£®¤­®©  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ���� (0.1) ­ 
¢á¥¬ ®âà¥§ª¥ I = [0; 1] á «î¡®© áâ¥¯¥­ìî â®ç­®áâ¨ ®â­®á¨â¥«ì­® ¬ «®£® ¯ à ¬¥âà  ­¥®¡å®¤¨¬®
¡ã¤¥â ¯®âà¥¡®¢ âì, çâ®¡ë � 2 N . �á«¨ ¦¥ � > 0 ¤®áâ â®ç­® ¡®«ìè®¥, ­¥ ï¢«ï¥âáï ­ âãà «ì­ë¬
ç¨á«®¬, â® «¥£ª® ¯à®áç¨â âì á ª ª®© áâ¥¯¥­ìî â®ç­®áâ¨ ¬®¦­® ¯®áâà®¨âì  á¨¬¯â®â¨ªã à¥è¥­¨ï
¨áá«¥¤ã¥¬®£® ���� (0.1).

2. � áè¨à¥­¨¥ ¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï

�á®¡ ï â®çª  " = 0 ¯®à®¦¤ ¥â ¢ à¥è¥­¨¨ ���� (0.1) ­¥ª®â®àë¥ áãé¥áâ¢¥­­® ®á®¡ë¥ äã­ª-
æ¨¨ (���). �á­®¢­ ï âàã¤­®áâì ¯®áâà®¥­¨ï  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ���� (0.1) á®áâ®¨â ¢ ®¯à¥¤¥-
«¥­¨¨ íâ¨å ���. � íâ®© æ¥«ìî ¯®áâ à ¥¬áï á®åà ­¨âì ¨ ¯à¨¬¥­¨âì ®¡é¨© ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï
���� á  «£¥¡à ¨ç¥áª®© â®çª®© ¯®¢®à®â , à §à ¡®â ­­ë© ¢ [7]{[12].

H àï¤ã á ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© x 2 I ¢¢¥¤¥¬ ­®¢ãî ¯¥à¥¬¥­­ãî t ¯® ä®à¬ã«¥

t = "�p'(x) � �(x; "); (2.1)

£¤¥ ¯®ª § â¥«ì p ¨ à¥£ã«ïà¨§ãîé ï äã­ªæ¨ï '(x) ¯®¤«¥¦aâ ®¯à¥¤¥«¥­¨î.
�ç¨âë¢ ï (2.1), á®£« á­® ¬¥â®¤ã à¥£ã«ïà¨§ æ¨¨ ¡ã¤¥¬ ¨áá«¥¤®¢ âì à áè¨à¥­­ãî äã­ªæ¨îey(x; t; "), ¤«ï ª®â®à®© ¤®«¦­® ¢ë¯®«­ïâìáï â®¦¤¥áâ¢®

ey(x; t; ")��
t="�p'(x)

� y(x; "): (2.2)

�¨ää¥à¥­æ¨àãï â®¦¤¥áâ¢® (2.2), ®¯à¥¤¥«¨¬ ¯®«­ë¥ ¯à®¨§¢®¤­ë¥ ¤® âà¥âì¥£® ¯®àï¤ª  ¨ ¯®¤áâ -
¢¨¬ §­ ç¥­¨ï íâ¨å ¯à®¨§¢®¤­ëå ¢ ���� (0.1). �®£¤  ¤«ï ®¯à¥¤¥«¥­¨ï à áè¨à¥­­®© äã­ªæ¨¨ey(x; t; ") ¯®«ãç¨¬ à áè¨à¥­­®¥ ãà ¢­¥­¨¥

eL"ey(x; t; ") = h(x); (2.3)
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¢ ª®â®à®¬ à áè¨à¥­­ë© ®¯¥à â®à eL" ¨¬¥¥â ¢¨¤

eL" � "3�3p'0
3(x)

@3

@t3
+ "3�2p

�
3'02(x)

@

@x
+ 3'0(x)'00(x)

�
@2

@t2
+ "3�p

�
3'0(x)

@2

@x2
+

+ 3'00(x)
@

@x
+ '000(x)

�
@

@t
+ a(x)

�
"�p'0(x)

@

@t
+

@

@x

�
+ "3

@3

@x3
+ b(x): (2.4)

�«ï ¤ «ì­¥©è¨å ¨áá«¥¤®¢ ­¨©, â. ¥. ¤«ï ®¯¨á ­¨ï ¯à®áâà ­áâ¢  ¡¥§à¥§®­ ­á­ëå à¥è¥­¨©
(���) ­¥®¡å®¤¨¬® ¢ë¤¥«¨âì ¢ à áè¨à¥­­®¬ ®¯¥à â®à¥ (2.4) ­¥ª®â®àë© ¬®¤¥«ì­ë© ®¯¥à â®à.
�«ï  «£¥¡à ¨ç¥áª¨å â®ç¥ª ¯®¢®à®â  ¬®¤¥«ì­ë¬¨ ®¯¥à â®à ¬¨ ¡ë«¨ ª« áá¨ç¥áª¨¥ ®¯¥à â®àë
�©à¨, â. ¥. ®¯¥à â®àë @2

@t2
� t, á¢®©áâ¢  ª®â®àëå ®¯¨á ­ë ¢ [5], [13].

�á«¨ ¤«ï ¨áá«¥¤®¢ ­¨ï à¥è¥­¨ï ���� (0.1) ¯à¨¬¥­¨âì ª« áá¨ç¥áª¨© ®¯¥à â®à �©à¨, â® ¢
¯à®æ¥áá¥ ¯®áâà®¥­¨ï ª®íää¨æ¨¥­â®¢  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
­¥­¨¥ á ¨àà¥£ã«ïà­®© ®á®¡®© â®çª®© x = 0. � íâ® ®§­ ç ¥â, çâ® ¯®áâà®¥­­ ï â ª¨¬ ®¡à §®¬
 á¨¬¯â®â¨ª  à¥è¥­¨ï ¡ã¤¥â ­¥®£à ­¨ç¥­­® ¢®§à áâ âì, ª®£¤  x ! +0, â. ¥. ­¥®£à ­¨ç¥­­® ¢®§-
à áâ ¥â ¢ ®ªà¥áâ­®áâ¨ â®çª¨ ¯®¢®à®â .

�«ï ¯®áâà®¥­¨ï  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï (0.1) ¢ [2]{[3] ¨á¯®«ì§®¢ ­®
¬®¤¥«ì­®¥ ãà ¢­¥­¨¥

@2�

@z2
+ �2z

@�

@z
+ 3��� = 0; (2.5)

£¤¥ j�j ! +1, � | ­¥ª®â®à®¥ ç¨á«®. � ª®£® ¦¥ â¨¯  ¬®¤¥«ì­ë© ®¯¥à â®à ¡ë« ¯à¨¬¥­¥­ ¢ ([14],
á. 55) ¯à¨ ¨áá«¥¤®¢ ­¨¨ ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (0.2).

�à®¢¥¤¥­­ë¥  ¢â®à®¬ ¨áá«¥¤®¢ ­¨ï ¯®ª § «¨, çâ® ¤«ï ¯®áâà®¥­¨ï à ¢­®¬¥à­®©  á¨¬¯â®â¨ª¨
à¥è¥­¨ï ���� (0.1) ¥áâì á¬ëá« ¨á¯®«ì§®¢ âì ¬®¤¥«ì­ë© ®¯¥à â®à

eT �
@3

@t3
+ t

@

@t
� T

@

@t
; (2.6)

ª®â®àë© ¡ã¤¥¬ ­ §ë¢ âì ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬ �©à¨{�®à®¤­¨æë­ .

� ¬¥ç ­¨¥ 1. �¬¥áâ® ¬®¤¥«ì­®£® ®¯¥à â®à  (2.6) ¬®¦­® ¡ë«® ¢§ïâì ®¯¥à â®à T � @3

@t3
� t @

@t
,

â. ¥. ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à �©à¨{� ­£¥à .

�¯¥à â®à (2.6) ¢ë¤¥«¨¬ ¢ à áè¨à¥­­®¬ ®¯¥à â®à¥ (2.4) á«¥¤ãîé¨¬ ®¡à §®¬:

"3�3p'0
3(x)

@3

@t3
+ "�p'0(x)a(x)

@

@t
� "3�3p'0

3(x)
�
@3

@t3
+

a(x)
'02(x)"3�2p

@

@t

�
� "3�3p'0

3(x)T;

£¤¥

a(x)
'02(x)"3�2p

� t
��
t="�p'(x)

� "�p'(x): (2.7)

�á¯®«ì§ãï (2.7), ®¯à¥¤¥«¨¬ ¯®ª § â¥«ì p = 1 ¨ ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï à¥£ã«ïà¨§ãîé¥© äã­ªæ¨¨:

['0(x)]2 '(x) = a(x) � xea(x): (2.8)

�¥è¥­¨¥¬ ãà ¢­¥­¨ï (2.8) ¯à¨ ­ ç «ì­®¬ ãá«®¢¨¨ '(0) = 0 ¡ã¤¥â äã­ªæ¨ï

'(x) =
�
3
2

Z x

0

q
xea(x)dx�2=3

:

� ¨áá«¥¤ã¥¬®¬ á«ãç ¥ '(x) � 0 ¯à¨ x 2 I, â. ¥. t � 0. �â® ãá«®¢¨¥ ¢ ¡ã¤ãé¥¬ ®¡¥á¯¥ç¨â ®£à -
­¨ç¥­­®áâì ��� W

(s)
k (t), k = 1; 2, s = 0; 1, (á¬. (3.2)), á®¤¥à¦ é¨åáï ¢ à¥è¥­¨¨ ãà ¢­¥­¨ï (0.1).
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�®çªã ¯®¢®à®â  x = 0, ¯®à®¦¤ îéãî ®£à ­¨ç¥­­®áâì ¢ëè¥ã¯®¬ï­ãâëå ���, ¡ã¤¥¬ ­ §ë¢ âì
áâ ¡¨«ì­®© â®çª®© ¯®¢®à®â .

�á«¨ ¦¥ ea(0) < 0, x 2 I, â® ��� U2(t) ¨ ¢á¥ ¥£® ¯à®¨§¢®¤­ë¥ ­¥®£à ­¨ç¥­­® ¢®§à áâ îâ
¯à¨ t ! +1. �à®¢¥¤¥­­ë¥ ¨áá«¥¤®¢ ­¨ï ¯®ª § «¨, çâ® ¢ íâ®¬ á«ãç ¥  á¨¬¯â®â¨ª  à¥è¥­¨ï ¨
®á®¡¥­­® ®æ¥­ª  ®áâ â®ç­®£® ç«¥­   á¨¬¯â®â¨ª¨ à¥è¥­¨ï ¢ ®¯à¥¤¥«¥­­®© áâ¥¯¥­¨ ®â«¨ç îâáï
®â ¨áá«¥¤ã¥¬®£® á«ãç ï, â. ¥. ª®£¤  ea(0) > 0. � íâ®¬ á«ãç ¥ â®çªã ¯®¢®à®â  x = 0 ¡ã¤¥¬ ­ §ë-
¢ âì ­¥áâ ¡¨«ì­®© â®çª®© ¯®¢®à®â . �«ãç ©  «£¥¡à ¨ç¥áª®© ­¥áâ ¡¨«ì­®© â®çª¨ ¯®¢®à®â  â®¦¥
¨áá«¥¤®¢ ­  ¢â®à®¬ (á¬. [10] ¨ ¤àã£¨¥ à ¡®âë  ¢â®à ).

� ¬¥ç ­¨¥ 2. �«ãç ¨, ª®£¤  ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (0.1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬, ®â-
«¨ç­ë¬ ®â ãá«®¢¨ï 20, ¡ã¤ãâ ¯à¥¤¬¥â®¬ ¯®á«¥¤ãîé¨å ¨áá«¥¤®¢ ­¨©.

� ãç¥â®¬ â®¦¤¥áâ¢  (2.6) ¨ ®¯à¥¤¥«¥­­®¬ ¯®ª § â¥«¥ p = 1 à áè¨à¥­­ë© ®¯¥à â®à (2.4)
§ ¯¨è¥¬ ¢ ¢¨¤¥

eL" � '0
3(x)eT+ L0 + "d

@2

@t2
+ "2m

@

@t
+ "3

@3

@x3
; (2.9)

£¤¥

L0 � a(x)
@

@x
+ b(x);

d � 3'02(x)
@

@x
+ 3'0(x)'00(x); m � 3'0(x)

@2

@x2
+ 3'00(x)

@

@x
+ '000(x):

3. �à®áâà ­áâ¢  ¡¥§à¥§®­ ­á­ëå à¥è¥­¨©

� à áè¨à¥­¨¥¬ ¨ ¢¢¥¤¥­¨¥¬ ¬®¤¥«ì­®£® ®¯¥à â®à  eT ¡ë« ¢ §­ ç¨â¥«ì­®© áâ¥¯¥­¨ ®¯à¥¤¥«¥­
å à ªâ¥à  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ¨áá«¥¤ã¥¬®£® ���� (0.1). �«ï ¯®«­®© ïá­®áâ¨ ¢ íâ®¬ ¢®¯à®á¥
­¥®¡å®¤¨¬® ¥é¥ ®¯¨á âì ¨ ¨áá«¥¤®¢ âì ���, ¢ ª®â®àëå ¡ã¤¥¬ áâà®¨âì  á¨¬¯â®â¨ªã à¥è¥­¨ï
ãà ¢­¥­¨ï (0.1).

�­ ç «  ¨áá«¥¤ã¥¬ ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥

eTW (t) = 0: (3.1)

�¢ã¬ï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ íâ®£® ãà ¢­¥­¨ï ¡ã¤ãâ äã­ªæ¨¨

Wk(t) �
Z t

1

Uk(�)d�; k = 1; 2; (3.2)

£¤¥ Uk(t) | äã­ªæ¨¨ �©à¨{�®à®¤­¨æë­ , â. ¥. ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëx à¥è¥­¨ï ¬®¤¥«ì­®£®
ãà ¢­¥­¨ï U 00(t) + tU(t) = 0. �â¨ à¥è¥­¨ï ã¤®¢«¥â¢®àïîâ ­ ç «ì­ë¬ ãá«®¢¨ï¬

W1(0) = �3�1=3�(2=3); W 0

1(0) = 1; W 00

1(0) = 0; W2(0) = �31=3�(4=3);

W 0

2(0) = 0; W 00

2(0) = 1: (3.3)

�à¥âì¨¬ «¨­¥©­® ­¥§ ¢¨á¨¬ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3.1) ¡ã¤¥â äã­ªæ¨ï U3(t) = 1.
�®áª®«ìªã W

(s)
k (t) = U

(s�1)
k (t), â®  á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  ¯à®¨§¢®¤­ëå äã­ªæ¨© (3.2) ¨§-

¢¥áâ­ë [5]. � íâ®¬ ¨ á®áâ®¨â ®¤­® ¨§ ¯à¥¨¬ãé¥áâ¢ ¨á¯®«ì§®¢ ­¨ï ¬®¤¥«ì­®£® ãà ¢­¥­¨ï (3.1) ¯®
áà ¢­¥­¨î á ¬®¤¥«ì­ë¬ ãà ¢­¥­¨¥¬ (2.5). �«ï ¯®«ãç¥­¨ï  á¨¬¯â®â¨ç¥áª¨å ä®à¬ã« ¤«ï á ¬¨å
äã­ªæ¨© (3.2) ¯à¨ t ! +1 ¯®áâã¯¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �®¤áâ ¢¨¬ ¢ (3.2) á®®â¢¥âáâ¢ãîé¨¥
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ä®à¬ã«ë ¤«ï äã­ªæ¨© �©à¨ ¨ ¯à®¨­â¥£à¨à¨àã¥¬ ¯® ç áâï¬. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á«¥¤ãîé¨¥
 á¨¬¯â®â¨ç¥áª¨¥ à ¢¥­áâ¢  ¯à¨ t! +1:

W1(t) = At�3=4
�
sin�[1 +O

�
t�3=2

�
]�

41
48
t�3=2 cos�[1 +O

�
t�3=2

�
]
�
;

W2(t) = B t�3=4
�
cos�[1 +O

�
t�3=2

�
] +

41
48
t�3=2 sin�[1 +O

�
t�3=2

�
]
�
;

£¤¥ A = ��1=2 31=6 �
�
2
3

�
, B = ��1=2 3�1=6 �

�
1
3

�
, � = 2

3
t3=2 � �

12
, � = 2

3
t3=2 + �

12
.

�à¥¤áâ ¢¨¬ à¥è¥­¨ï (3.2) ¢ ®ªà¥áâ­®áâ¨ â®çª¨ t = 0 ¢ ¢¨¤¥ áâ¥¯¥­­ëå àï¤®¢ ¯® ¯¥à¥¬¥­­®©
t ¨ ¯®âà¥¡ã¥¬, çâ®¡ë ®­¨ ã¤®¢«¥â¢®àï«¨ ­ ç «ì­ë¬ ãá«®¢¨ï¬ (3.3). �®£¤  ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥-
­¨ï

W1(t) � �3�1=3 �
�
2
3

�
+ t�

t4

4 � 3 � 2
+

4
7 � 6 � 5

�
1

4 � 3 � 2
t7 +O(t10);

W2(x; t) � �3�1=3 �
�
4
3

�
+
1
2

�
t2 �

2t5

5 � 4 � 3
+

5
8 � 7 � 6

�
2

5 � 4 � 3
t8 +O(t11)

�
:

�§ãç¨¢ á¢®©áâ¢  ��� (3.2), ¯¥à¥©¤¥¬ ª ®¯¨á ­¨î ���.
�á¯®«ì§ãï (3.2), ¢¢¥¤¥¬ ¬­®¦¥áâ¢  (¯®¤¯à®áâà ­áâ¢ ) äã­ªæ¨©

Yrk = fVrk(x)Wk(t) +Qrk(x)Uk(t) +Mrk(x)U
0

k(t)g; k = 1; 2; Xr = f!r(x)g; (3.4)

£¤¥ Vrk(x), Qrk(x), Mrk(x), !r(x) 2 C1[I]. �§ ¯®¤¯à®áâà ­áâ¢ (3.4) á®áâ ¢¨¬ ­®¢®¥ ¯à®áâà ­áâ¢®

Yr =
2M

k=1

Yrk
M

Xr; (3.5)

ª®â®à®¥ á®£« á­® ¯à¨­ïâ®© â¥à¬¨­®«®£¨¨ (á¬. [6], á. 42), ¡ã¤¥¬ ­ §ë¢ âì ���. �«¥¬¥­â ���
(3.5) ¨¬¥¥â ¢¨¤

yr(x; t) =
2X

k=1

�
Vrk(x)Wk(t) +Qrk(x)Uk(t) +Mrk(x)U

0

k(t)
�
+ !r(x) �

2X
k=1

yrk(x; t) + !r(x): (3.6)

�®£« á­® à §à ¡®â ­­®¬ã ®¡é¥¬ã ¬¥â®¤ã (á¬. [6]{[12]) ­¥®¡å®¤¨¬® ¨§ãç¨âì ¤¥©áâ¢¨¥ à áè¨-
à¥­­®£® ®¯¥à â®à  eL" (á¬. (2.9)) ­  í«¥¬¥­â ��� (3.5), â.¥. ­  í«¥¬¥­â (3.6).

�á«¨ ��� (3.5) ®¯¨á ­® ¯à ¢¨«ì­®, â. ¥. ¥á«¨ ¢ íâ®¬ ¯à®áâà ­áâ¢¥ ¯à ¢¨«ì­® ¢ë¤¥«¥­ë ¨
á®åà ­¥­ë ª ª ¥¤¨­ë¥ æ¥«ë¥ ¢á¥ ���, á®¤¥à¦ é¨¥áï ¢ à¥è¥­¨¨ ���� (0.1), â® ¢ ��� à áè¨-
à¥­­®¥ ãà ¢­¥­¨¥ ã¦¥ ¤®«¦­® ¡ëâì à¥£ã«ïà­® § ¢¨áïé¨¬ ®â ¬ «®£® ¯ à ¬¥âà  " > 0.

�á¯®«ì§ãï ¬®¤¥«ì­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à (2.6), «¥£ª® ¯®«ãç¨âì â®¦¤¥áâ¢ 

W 000

k (t) � �tW 0

k(t)
��
t="�1'(x)

� �"�1'(x)W 0

k(t) � �"�1'(x)Uk(t);

W (4)
k (t) � �W 0

k(t)� tW 00

k (t)
��
t="�1'(x)

� �Uk(t)� "�1'(x)U 0k(t); (3.7)

W
(5)
k (t) � �2W 00

k (t) + t2W 0

k(t)
��
t="�1'(x)

� �2U 0k(t) + "�2'2(x)Uk(t);

eTWk(t) � 0; eTW 0

k(t) � �W 0

k(t) � �Uk(t); eTW 00

k (t) � �2W 00

k(t) � �2U 0k(t): (3.8)

� ¬¥â¨¬, çâ® ç áâ¨ç­®¥ áã¦¥­¨¥, ¯à®¢¥¤¥­­®¥ ¢ â®¦¤¥áâ¢ å (3.7), ¢ ¡ã¤ãé¥¬ ®¡¥á¯¥ç¨â ®âáãâ-
áâ¢¨¥ à¥§®­ ­á­ëå ¬­®¦¨â¥«¥© t ¢ ¯®áâà®¥­­®¬  á¨¬¯â®â¨ç¥áª®¬ à¥è¥­¨¨ ���� (0.1), â. ¥.
¡ã¤¥â ¯®«ãç¥­ à¥£ã«ïà¨§®¢ ­­ë©  á¨¬¯â®â¨ç¥áª¨© àï¤ à¥è¥­¨ï (á¬. [6], á. 39).
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� ãç¥â®¬ â®¦¤¥áâ¢ (3.7) ¨ (3.8) ¯®«ãç¨¬ à¥§ã«ìâ â ¤¥©áâ¢¨ï à áè¨à¥­­®£® ®¯¥à â®à  eL" (á¬.
(2.9)) ­  í«¥¬¥­â yr(x; t) 2 Yr, ¯à¥¤áâ ¢¨¬ë© ¢ ¢¨¤¥ â®¦¤¥áâ¢ 

eL"yr(x; t) �
3X

s=0

"sRsyr(x; t) �
3X

s=0

"s
2X

k=1

Rskyrk(x; t) + eL"!s(x); (3.9)

£¤¥

R0yr(x; t) �
2X

k=1

�
L0Vrk(x)Wk(t) +D1Qrk(x)Uk(t) +D2Mrk(x)U

0

k(t)
�
+ L0!r(x); (3.10)

R1yr(x; t) �
2X

k=1

�
�
�
d+m'(x)

�
Mrk(x)Uk(t) + dVrk(x)Uk

0(t)
�
�

2X
k=1

R1kyrk(x; t); (3.11)

R2yr(x; t) �
2X

k=1

�
mVrk(x)Uk(t) +mQrk(x)Uk

0(t)
�
; R3yr(x; t) �

@3yr(x; t)
@x3

; (3.12)

D1 � L0 � ['0(x)]3 � '(x)d � �2a(x)
@

@x
+ b1(x); (3.13)

D2 � L0 � 2['0(x)]3 � '(x)d � �2a(x)
@

@x
+ b2(x); (3.14)

b1(x) � b(x)� '0
3(x)� 3'(x)'0(x)'00(x); b2(x) � b(x)� 2'03(x)� 3'(x)'0(x)'00(x):

�§ ¯®«ãç¥­­ëå â®¦¤¥áâ¢ (3.9){(3.14) ¬®¦­® á¤¥« âì á«¥¤ãîé¨¥ ¢ë¢®¤ë.
1. �à®áâà ­áâ¢  ¡¥§à¥§®­ ­á­ëå à¥è¥­¨© (3.5) ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ®¯¥à â®à®¢ Rs,

s = 0; 3,   á«¥¤®¢ â¥«ì­®, ¨ ®â­®á¨â¥«ì­® à áè¨à¥­­®£® ®¯¥à â®à  eL", ¯à¥¤áâ ¢¨¬®£® ¢ ¢¨¤¥
â®¦¤¥áâ¢  (3.9).

2. �¯¥à â®à R0 ï¢«ï¥âáï £« ¢­ë¬ ®¯¥à â®à®¬ à áè¨à¥­­®£® ®¯¥à â®à  eL" ¢ ��� (3.5).
3. � ¦¤®¥ ¨§ ¯®¤¯à®áâà ­áâ¢ Yr1, Yr2 ¨ Xr ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® à áè¨à¥­­®£® ®¯¥à -

â®à  eL".
4. � áè¨à¥­­®¥ ãà ¢­¥­¨¥ (2.3) ï¢«ï¥âáï à¥£ã«ïà­® ¢®§¬ãé¥­­ë¬ ®â­®á¨â¥«ì­® ¬ «®£® ¯ -

à ¬¥âà  " > 0 ¢ ��� Yr.
�«¥¤®¢ â¥«ì­®, §¤¥áì ¯à®¢¥¤¥­  à¥£ã«ïà¨§ æ¨ï ���� (0.1). �â® ®¤¨­ ¨§ ®á­®¢­ëå ¯ã­ªâ®¢

¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ áãé¥áâ¢¥­­® ®á®¡ëå äã­ªæ¨© (¬¥â®¤ ����).

4. �®à¬ «¨§¬ ¯®áâà®¥­¨ï àï¤  à¥è¥­¨© à áè¨à¥­­®£® ãà ¢­¥­¨ï

�  ®á­®¢ ­¨¨ á¤¥« ­­ëå ¢ë¢®¤®¢  á¨¬¯â®â¨ªã à¥è¥­¨ï à áè¨à¥­­®£® ãà ¢­¥­¨ï (2.3) áâà®-
¨¬ ¢ ¢¨¤¥ àï¤ 

y(x; t; ") =
+1X
r=0

"ryr(x; t) �
+1X
r=0

"r
� 2X
k=1

yrk(x; t) + !r(x)
�
; yr(x; t) 2 Yr: (4.1)

�«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ àï¤  (4.1) ¯®«ãç¨¬ á«¥¤ãîéãî à¥ªãàà¥­â­ãî á¨áâ¥¬ã
ãà ¢­¥­¨©:

R0y0(x; t) = h(x); (4.2)

R0y1(x; t) = �R1y0(x; t); (4.3)

R0y2(x; t) = �R1y1(x; t)�R2y0(x; t);

R0yr(x; t) = �R1yr�1(x; t)�R2yr�2(x; t)�R3yr�3(x; t); r � 3: (4.4)
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5. �®áâà®¥­¨¥ ®¡é¥£® à¥è¥­¨ï à áè¨à¥­­®£® ãà ¢­¥­¨ï

�®ª ¦¥¬, çâ®
1) á¥à¨ï à¥ªãàà¥­â­ëå ãà ¢­¥­¨© (4.2){(4.4)  á¨¬¯â®â¨ç¥áª¨ ª®àà¥ªâ­  ¢ ���, â. ¥. ª ¦¤®¥

¨§ íâ¨å ãà ¢­¥­¨© ¨¬¥¥â à¥è¥­¨¥ ¢ ��� (3.5) ¯à¨ ¯®á«¥¤®¢ â¥«ì­®¬ à¥è¥­¨¨ ¢á¥å ¯à¥¤ë¤ãé¨å
ãà ¢­¥­¨©;

2) à¥è¥­¨¥ ª ¦¤®£® ãà ¢­¥­¨ï (4.2){(4.4) ï¢«ï¥âáï ¤®áâ â®ç­® £« ¤ª¨¬ ­  ¢á¥¬ ®âà¥§ª¥
I = [0; 1], â. ¥. ¨ ¢ â®çª¥ ¯®¢®à®â  x = 0;

3) ª ¦¤®¥ à¥è¥­¨¥ yr(x; t) á®¤¥à¦¨â ¯® âà¨ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�à¨áâã¯¨¬ ª ¨áá«¥¤®¢ ­¨î à¥è¥­¨ï ¯¥à¢®£® ¨â¥à æ¨®­­®£® ãà ¢­¥­¨ï (4.2) ¢ ��� Y0. � á¨«ã

«¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ ��� Wk(t) ¨ ¨å ¯à®¨§¢®¤­ëå ¢ ��� Y0 ãà ¢­¥­¨¥ (4.2) à á¯ ¤ ¥âáï ­ 
á«¥¤ãîé¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï (r = 0):

L0Vrk(x) = 0; k = 1; 2; L0!r(x) = h(x); (5.1)

D1Qrk(x) = 0; D2Mrk(x) = 0; k = 1; 2: (5.2)

�§ ¯. 1 (á¬. (1.1){(1.3)) á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ¤®áâ â®ç­® £« ¤ª¨¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨© (5:1) ­  ¢á¥¬ ®âà¥§ª¥ [0:1], ¯à¥¤áâ ¢¨¬ë¥ ¯à¨ r = 0 ¢ ¢¨¤¥

Vrk(x) = Crkx
��(x) + eVrk(x) � Crkx

� exp
�Z x

1
�(x)dx

�
+ eVrk(x); (5.3)

!r(x) = x��(x)
�
Cr3 +

Z x

1

�
q + x
(x)

�
x��1��1(x)dx

�
� Cr3x

�b(x) + e!r(x) + e!�r(x); (5.4)

£¤¥ C0s, s = 1; 3, | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   e!�r(x) | ç áâ­ë¥ à¥è¥­¨ï, ¯®«ãç¥­ë §  áç¥â ­¥-
®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (5:1), ¯à¨ç¥¬ ®­¨ ¡ã¤ãâ â®¦¤¥áâ¢¥­­ë¬¨ ­ã«ï¬¨ ¢
á«ãç ¥, ª®£¤  h(x) � 0. �« £ ¥¬ë¥ eVrk(x) ¨ e!r(x) ¢®§­¨ª îâ §  áç¥â ¨­â¥£à¨à®¢ ­¨ï ­¥®¤­®à®¤-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯à ¢ë¬¨ ç áâï¬¨, á®¤¥à¦ é¨¬¨ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­-
­ë¥ ®â ¯à¥¤ë¤ãé¨å à¥è¥­¨©. �®íâ®¬ã íâ¨ äã­ªæ¨¨ ¢ ®â«¨ç¨e ®â e!�r (x) ãç áâ¢ãîâ ¢ ¯®áâà®¥­¨¨
«¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ���� (0.1).

�®«ãç¥­­ë¥ à¥è¥­¨ï (5.3) ¨ (5.4) ã¦¥ á®¤¥à¦ â âà¨ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ C0s, s = 1; 3.
�®íâ®¬ã ¤«ï ¯®áâà®¥­¨ï ®¡é¥£® à¥è¥­¨ï à áè¨à¥­­®£® ãà ¢­¥­¨ï (2.3),   á«¥¤®¢ â¥«ì­®, ¨
���� (0.1), ¤®áâ â®ç­® áâà®¨âì â®«ìª® ç áâ­ë¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (5:2).
�¯¥à â®àë Di, i = 1; 2, ¨¬¥îâ ®á®¡¥­­®áâ¨ ¯à¨ ¯à®¨§¢®¤­ëå. �®íâ®¬ã £« ¤ª¨¬¨ à¥è¥­¨ï¬¨
®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (5:2) ¯à¨ ãá«®¢¨ïå jQ0k(0)j < 1 ¨ jM0k(0)j < 1
¡ã¤ãâ â®¦¤¥áâ¢¥­­ë¥ ­ã«¨.

�¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì äã­ªæ¨¨ Wk(t), k = 1; 2, ¢ ¤ «ì­¥©è¥¬ ®¡¥á¯¥ç¨¢ ¥â «¨­¥©­ãî
­¥§ ¢¨á¨¬®áâì ç áâ­ëå à¥è¥­¨© yk(x;�(x; "); "), k = 1; 2, ¨áá«¥¤ã¥¬®£® ãà ¢­¥­¨ï (0.1).

� ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® £« ¤ª¨¬ à¥è¥­¨¥¬ ­  ¢á¥¬ ®âà¥§ª¥ [0; 1] ­¥®¤­®à®¤­®£® ãà ¢­¥-
­¨ï (4.2) ¢ ��� Yr ¡ã¤¥â äã­ªæ¨ï

y0(x; t) =
� 2X
k=1

C0kWk(t) + C03

�
x��(x) + e!�r(x) �

3X
s=1

Y0s(x; t) + e!�r(x): (5.5)

�¥à¥å®¤¨¬ ª à¥è¥­¨î ¨â¥à æ¨®­­®£® ãà ¢­¥­¨ï (4.3). �­ ç «  ¢ëç¨á«¨¬ ¯à ¢ãî ç áâì íâ®£®

ãà ¢­¥­¨ï. �á¯®«ì§ãï â®¦¤¥áâ¢® (3.11), ¨¬¥¥¬ �R1y0(x; t) = �
2P

k=1
dV0k(x)U 0k(t). �®  ­ «®£¨¨ á

¯à¥¤ë¤ãé¨¬ ¤«ï ®¯à¥¤¥«¥­¨ï ª®íää¨æ¨¥­â®¢ à¥è¥­¨ï y1(x; t) ¯®«ãç¨¬ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï
(5.1) ¯à¨ r = 1 ¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

D1Q1k(x) = 0; D2M1k(x) = �dV0k(x); k = 1; 2: (5:21)
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�­®¢  ¯®«ãç¨¬ Q1k(x) � 0. �â®à®¥ ãà ¢­¥­¨¥ (5:21) ã¦¥ ­¥®¤­®à®¤­®¥. �®íâ®¬ã áãé¥áâ¢ã¥â ­¥
à ¢­®¥ â®¦¤¥áâ¢¥­­® ­ã«î ¤®áâ â®ç­® £« ¤ª®¥ ­  [0; 1] à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï. �«¥¤®¢ â¥«ì-
­®, ®¡é¨¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®£® ¨â¥à æ¨®­®£® ãà ¢­¥­¨ï (4.3) ¡ã¤¥â

y1(x; t) =
� 2X
k=1

C1kWk(t) + C13

�
x��(x) +

2X
k=1

M1k(x)Uk
0(t) �

3X
k=1

Y1k(x; t):

�à®¤®«¦¨¬ ¤ «¥¥ à¥è âì ¨â¥à æ¨®­­ë¥ ãà ¢­¥­¨ï (4.4). � ¯à®æ¥á¥ ¯®áâ¥¯¥­­®£® à¥è¥­¨ï
íâ¨å ãà ¢­¥­¨© ¡ã¤ãâ ®¯à¥¤¥«¥­ë äã­ªæ¨¨

yr(x; t) =
2X

k=1

Yrk(x; t) + Yr3(x) + e!�r(x);
£¤¥ e!�r(x) | ç áâ­ë¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¯®«ãç¥­­ë¥ ®â ¨­â¥£à¨à®¢ ­¨ï
­¥®¤­®à®¤­®£® ���� (0.1), â. ¥. e!�r(x) � 0 ¯à¨ h(x) � 0.

� ¬¥ç ­¨¥ 3. �á«®¢¨e 20,   ¨¬¥­­®, ¯à®â¨¢®¯®«®¦­®áâì §­ ª®¢ äã­ªæ¨© ea(x) > 0 ¨
b(x) < 0 ¯à¨ x 2 I, ¯®§¢®«¨«® ¯®«ãç¨âì £« ¤ª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1.1), ¯à¨ç¥¬ § ¢¨áï-
é¥¥ ®â ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®©. � ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à å D1 ¨ D2 (á¬. (3.13){(3.14))
¢ ®¡é¥¬ á«ãç ¥ íâ® ãá«®¢¨¥ ã¦¥ ­¥ á®åà ­ï¥âáï. �á«¨ ¡ë íâ® á¢®©áâ¢® á®åà ­ï«®áì ¨ ¤«ï ®¯¥-
à â®à®¢ D1 ¨ D2, â® ¤«ï ¯®áâà®¥­¨ï à ¢­®¬¥à­®©  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ���� (0.1) ¤®áâ â®ç­®
¢§ïâì â®«ìª® ç áâ­ë¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (5.2).

�à®¢¥¤¥­­ë¥ ¨áá«¥¤®¢ ­¨ï ¯®ª § «¨, çâ® âà¨ à¥è¥­¨ï ®¤­®à®¤­®£® à áè¨à¥­­®£® ãà ¢­¥­¨ï
(2.3) ¬®¦­® ¯®áâà®¨âì ¢ ¢¨¤¥ ä®à¬ «ì­ëå àï¤®¢

Yk(x; t; ") =
1X
r=0

"r
�
Vrk(x)Wk(t) +Qrk(x)Uk(t) +Mrk(x)Uk

0(t)
�
�

1X
r=0

"rYrk(x; t); k = 1; 2; (5.6)

á®®â¢¥âáâ¢ãîé¨å ª®à­ï¬ k1;2 = � i
p
xea(x) ¨

Y3(x; ") � Y3(x; t; ") �
1X
r=0

"rYr3(x) �
2X

r=0

"rCr3x
��(x) +

1X
r=3

"rYr3(x): (5.7)

�à®¢¥¤¥¬ áã¦¥­¨¥ ¢ à¥è¥­¨ïå (5.6) ¯à¨ t = �(x; ") ¨ ãçâ¥¬ à ¢¥­áâ¢  (3.2). �®£¤  ¯¥à¢ë¥
¤¢  à¥è¥­¨ï ���� (0.1) ¡ã¤ãâ ¨¬¥âì á«¥¤ãîéãî áâàãªâãàã:

Yk(x;�(x; "); ") = Vk(x; ")

�(x;")Z
1

Uk(�)d� +Qk(x; ")Uk(�(x; ")) +Mk(x; ")
dUk(�(x; "))
d(�(x; "))

;

£¤¥ ¬­®¦¨â¥«¨ ¯à¨ ��� ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ¬ «®£® ¯ à ¬¥âà  " > 0 ¨
¤®áâ â®ç­® £« ¤ª¨¥ ¤«ï ¢á¥å x 2 [0; 1]. �®áª®«ìªã â®çª  x = 0 ï¢«ï¥âáï áâ ¡¨«ì­®© â®çª®©
¯®¢®à®â , â® äã­ªæ¨¨ �©à¨ Uk(t) ï¢«ïîâáï ®£à ­¨ç¥­­ë¬¨ äã­ªæ¨ï¬¨ ¤«ï ¢á¥å t � 0.

�«¥¤®¢ â¥«ì­®, ��� á®¤¥à¦ é¨¥áï ¢ à¥è¥­¨ïå ���� (0.1), ï¢«ïîâáï ®£à ­¨ç¥­­ë¬¨äã­ª-
æ¨ï¬¨ ¤«ï ¢á¥å x 2

�
0; '(1)

"

�
, ªà®¬¥ ��� W 00

k (t) � U 0k(t), k = 1; 2.

6. �æ¥­ª  ®áâ â®ç­ëå ç«¥­®¢

� ¯¨è¥¬ ¯®áâà®¥­­ë¥ à¥è¥­¨ï (5.6) ¨ (5.7) ¢ ¢¨¤¥

Yk(x; t; ") = Y �

p k(x; t; ") + "p+1�(p+1)k(x; t; "); k = 1; 3; (6.1)
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£¤¥

Y �

p k(x; t; ") =
pX

r=0

"rYr k(x; t); k = 1; 2; Y �

p 3(x; ") =
pX

r=0

"rYr 3(x) (6.2)

| ç áâ¨ç­ë¥ p-áã¬¬ë, a "p+1�(p+1)k(x; t; ") | ®áâ â®ç­ë¥ ç«¥­ë á®®â¢¥âáâ¢ãîé¨å àï¤®¢. �¥£ª®
¯à®¢¥à¨âì, çâ® ç áâ¨ç­ë¥ áã¬¬ë (6.2) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

eL"Y
�

p k(x; t; ") = �"p+1e�(p+1)k(x; t; "); k = 1; 2; eL"Y
�

p 3(x; ") = h(x)� "p+1e�(p+1)3(x; "): (6.3)

�§ãç¨¬ áâàãªâãàã ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (6.3). � ãç¥â®¬ à¥§ã«ìâ â®¢ ¤¥©áâ¢¨ï ®¯¥à â®-
à®¢ Rk ­  í«¥¬¥­âë ��� (3.5) ¨¬¥¥¬

e�(p+1)k(x; t; ") � A(p+1)k
�(x; ")Wk(t) +B(p+1)k

�(x; ")Uk(t) +D(p+1)k
�(x; ")Uk

0(x; t; "); k = 1; 2;
(6.4)

e�(p+1)3(x; t; ") � e�(p+1)3(x; ") � 2X
s=0

"s !(p�2+s)
000(x); (6.5)

£¤¥ ª®íää¨æ¨¥­âë ¯à¨ ��� ¢ (6.4) ¨ !(p+1)
�(x; ") ï¢«ïîâáï ¤®áâ â®ç­® £« ¤ª¨¬¨ äã­ªæ¨ï¬¨

¯à¨ x 2 [0; 1] ¨ ¬­®£®ç«¥­ ¬¨ ­¥ ¢ëè¥ ¢â®à®© áâ¥¯¥­¨ ®â­®á¨â¥«ì­® ¬ «®£® ¯ à ¬¥âà  " > 0.
�®áª®«ìªã ¢ëà ¦¥­¨ï (6.4) ¨ (6.5) ®£à ­¨ç¥­ë ¢ ��� Yr, â® ¯®áâà®¥­­ë¥ à¥è¥­¨ï (5.6)

¨ (5.7) ï¢«ïîâáï ä®à¬ «ì­ë¬¨  á¨¬¯â®â¨ç¥áª¨¬¨ àï¤ ¬¨ à¥è¥­¨© à áè¨à¥­­®£® ãà ¢­¥­¨ï
(2.3),   ¨å áã¦¥­¨ï | ä®à¬ «ì­ë¬¨  á¨¬¯â®â¨ç¥áª¨¬¨ àï¤ ¬¨ à¥è¥­¨© ���� (0.1) ([6], á. 52;
[14], á. 10).

�®¤áâ ¢¨¢ (6.1) ¢ (2.3), ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© �(p+1)k(x; t; ") ¯®«ãç¨¬ à áè¨à¥­­ë¥ ãà ¢-
­¥­¨ï

eL"�(p+1)k(x; t; ") = e�(p+1)k(x; t; "); k = 1; 3: (6.6)

�«ï â®£® çâ®¡ë ¯®«ãç¨âì á®®â¢¥âáâ¢ãîé¨¥ ®æ¥­ª¨ ¤«ï ®áâ â®ç­ëå ç«¥­®¢ à¥è¥­¨© (6.1),
¯à¨¬¥­¨¬ á«¥¤ãîéãî ¬¥â®¤¨ªã. �à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (6.6) ¯à¨­ ¤«¥¦ â á®®â¢¥âáâ¢¥­­®
¯®¤¯à®áâà ­áâ¢ ¬ Yrk, k = 1; 2, ¨ Xr, ¨ íâ¨ ¯à®áâà ­áâ¢  ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® à áè¨à¥­-
­®£® ®¯¥à â®à  eL". �®íâ®¬ã à¥è¥­¨ï ãà ¢­¥­¨© (6.6) â®¦¥ ¨é¥¬ á®®â¢¥âáâ¢¥­­® ¢ íâ¨å ¯®¤¯à®-
áâà ­áâ¢ å, â. ¥. ¢ ¢¨¤¥

�(p+1)k(x; t; ") � V(p+1)k
�(x; ")Wk(t) +Q(p+1)k

�(x; ")Uk(t) +M(p+1)k
�(x; ")Uk

0(x; t; "); k = 1; 2;
(6.7)

�(p+1)3(x; t; ") � �(p+1)3(x; ") � !(p+1)
�(x; "): (6.8)

�¯¨á ­­ ï ¯à®æ¥¤ãà  ®¯à¥¤¥«¥­¨ï à¥è¥­¨© ãà ¢­¥­¨© (6.6) ¢ ¢¨¤¥ (6.7) ¨ (6.8) ï¢«ï¥âáï
®¡®¡é¥­¨¥¬ ª« áá¨ç¥áª®£® ¬¥â®¤  ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢ ¯à¨ à¥è¥­¨¨ ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©. �®íâ®¬ã íâ®â ¬¥â®¤ ¡ã¤¥¬ ­ §ë¢ âì ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå äã­ªæ¨©. �®¤-
áâ ¢¨¬ (6.7) ¨ (6.8) ¢ (6.6). �®£¤  ¤«ï ®¯à¥¤¥«¥­¨ï ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ íâ¨å à¥è¥­¨©
¯®«ãç¨¬ á¥à¨¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (á¬. (3.9){(3.12))�

L0 + "3
d3

dx3

�
V(p+1)k

�(x; ") = A(p+1)k
�(x; ");

�
L0 + "3

d3

dx3

�
!(p+1)3

�(x; ") = �(p+1)
�(x; "); (6.9)

D1Q(p+1)k
�(x; ")� "[d+ '(x)m]M(p+1)k

�(x; ") + "3
dQ(p+1)k

�(x; ")
dx3

= F(p+1)kQ
�(x; ");

D2M(p+1)k
�(x; ") + "2mQ(p+1)k

�(x; ") + "3
dM(p+1)k

�(x; ")
dx3

= F(p+1)kM
�(x; "); (6.10)

¢ ª®â®àëå ¯à ¢ë¥ ç áâ¨ ï¢«ïîâáï ¨§¢¥áâ­ë¬¨, ¤®áâ â®ç­® £« ¤ª¨¬¨ äã­ªæ¨ï¬¨ ¤«ï ¢á¥å x 2
[0; 1] ¨  ­ «¨â¨ç¥áª¨¬¨ ®â­®á¨â¥«ì­® ¬ «®£® ¯ à ¬¥âà  " > 0.
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�ãáâì Xr" | ¯à®áâà ­áâ¢  ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ¯® ¯¥à¥¬¥­­®© x 2 [0; 1]
¨  ­ «¨â¨ç¥áª¨ § ¢¨áïé¨å ®â ¬ «®£® ¯ à ¬¥âà  " > 0.

� ãà ¢­¥­¨ïå (6.9) ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¯® ä®à¬¥ á®¢¯ ¤ ¥â á ¤¨ää¥à¥­æ¨ «ì­ë¬
®¯¥à â®à®¬ ãà ¢­¥­¨ï (0.1), â. ¥. ¤«ï ¯®«ãç¥­¨ï ®æ¥­ª¨ ®áâ â®ç­®£® ç«¥­  ¨¬¥¥¬ áâ ­¤ àâ­ãî
á¨âã æ¨î ([6], á. 63, ä®à¬ã«  (2.85)). �¤­ ª® ¯¥à¥¤ ­ ¬¨ á¥©ç á áâ®¨â § ¤ ç , ®â«¨ç îé ïáï ®â
­ ç «ì­®© ¯®áâ ­®¢ª¨ à¥è¥­¨ï ãà ¢­¥­¨ï (0.1), ª®â®à ï á®áâ®¨â ¢ á«¥¤ãîé¥¬. �  íâ®¬ íâ ¯¥
­¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì â®«ìª® à¥£ã«ïà­ë¥ ç áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (0.1), â. ¥. ­ ©â¨ à¥è¥­¨ï
íâ¨å ãà ¢­¥­¨© ¢ ¯à®áâà ­áâ¢¥ Xr". �áá«¥¤ã¥¬ ãà ¢­¥­¨ï (6.9), (6.10) ¢ íâ®¬ ¯à®áâà ­áâ¢¥.

1. �¡« áâì ®¯à¥¤¥«¥­¨ï ¢á¥å ¢®§¬ãé¥­­ëå ¨ ¢ëà®¦¤¥­­ëå ®¯¥à â®à®¢ íâ¨å ãà ¢­¥­¨© á®-
¢¯ ¤ eâ á ¯à®áâà ­áâ¢®¬ Xr".

2. � ¦¤ë© ¢ëà®¦¤¥­­ë© ®¯¥à â®à ¨¬¥¥â ®¡à â­ë© ®¯¥à â®à ¤«ï ¢á¥å x 2 [0; 1] ¢ ­ã¦­®¬
­ ¬ ¯®¤¯à®áâà ­áâ¢¥. �¤¥áì ¨¬¥¥âáï ¢ ¢¨¤ã âà¥¡®¢ ­¨¥ áãé¥áâ¢®¢ ­¨ï â®«ìª® ç áâ­ëå à¥è¥­¨©
­¥ª®â®àëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨§ (6.9), (6.10).

�«¥¤®¢ â¥«ì­®, ª à¥è¥­¨ï¬ ãà ¢­¥­¨© (6.9) ¨ (6.10) ¯à¨¬¥­¨¬ ¬¥â®¤ ¬ «®£® ¯ à ¬¥âà 
�ã ­ª à¥{�ï¯ã­®¢ . �®áª®«ìªã ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (6.9) ¨ (6.10) ï¢«ïîâáï äã­ªæ¨ï¬¨
¯®àï¤ª  O(1) "�1=4 ®â­®á¨â¥«ì­® ¬ «®£® ¯ à ¬¥âà , â® ¨ ¢á¥ à¥è¥­¨ï íâ¨å ãà ¢­¥­¨© â®¦¥ ¡ã-
¤ãâ â®£® ¦¥ ¯®àï¤ª  ¤«ï ¢á¥å x 2 [0; 1].

�®§¢à é ïáì ª äã­ªæ¨ï¬ (6.7), (6.8) ¨ ãç¨âë¢ ï á¢®©áâ¢  ��� Wk(t) ¨ ¨å ¯à®¨§¢®¤­ëå,
¯®«ãç¨¬  á¨¬¯â®â¨ç¥áª¨¥ ­¥à ¢¥­áâ¢ 

k�(p+1)k(x; t; ")k � A(p+1)"
�1

4 ; p � 1; k�(p+1)3(x; ")k � A(p+1); k = 1; 2; p � 0; (6.11)

£¤¥ ¯®áâ®ï­­ ï A(p+1) ­¥ § ¢¨á¨â ®â x 2 [0; 1] ¨ ¬ «®£® ¯ à ¬¥âà  " > 0.
� æ¥«ìî ¨áá«¥¤®¢ ­¨ï ¯à¥¤¥«  ¯®«ãç¥­­®£® à¥è¥­¨ï ¯à¨ "! +0 ­¥®¡å®¤¨¬® ¡®«¥¥ ª®­ªà¥â-

­® ¨áá«¥¤®¢ âì ¯®«ãç¥­­ë¥ ®æ¥­ª¨ ¯à¨ p = 0. �®áª®«ìªã M0k(x) � 0, â. ¥. ®âáãâáâ¢ãîâ ���
Uk

0(t), â® ¯à¨ p = 0 ¡ã¤ãâ ¨¬¥âì ¬¥áâ® ã«ãçè¥­­ë¥ ®æ¥­ª¨

k�1k(x; t; ")k � A1; k = 1; 2; k�13(x; ")k � A1: (6.12)

�à®¢¥¤¥¬ áã¦¥­¨¥ ¢ ¯®áâà®¥­­ëå à¥è¥­¨ïå ¨ á®®â¢¥âáâ¢ãîé¨å ®æ¥­ª å ¯à¨ t = �(x; ").
�®£¤  ¯®«ãç¨¬ ä®à¬ã«ë

Yk(x;�(x; "); ") = Y �

pk(x;�(x; "); ") + "p+1�(p+1)k(x;�(x; "); "); k = 1; 2; (6:1k)

Y3(x; ") = Y �

p3(x; ") + "p+1�(p+1)3(x; ") (6:13)

¨ ®æ¥­ª¨

k�(p+1)k(x;�(x; "); ")k � Ap+1"
�1

4 ; k = 1; 2; k�(p+1)3(x; ")k � Ap+1; p � 1; (6:110)

k�1k(x;�(x; "); ")k � A1; k = 1; 2; k�13(x; ")k � A1; p = 0; (6:120)

£¤¥ ¯®áâ®ï­­ë¥ Ap+1 ¨ A1 ­¥ § ¢¨áïâ ®â x 2 [0; 1] ¨ ¬ «®£® ¯ à ¬¥âà  " > 0.
� ãç¥â®¬ ¯®«ãç¥­­ëå ®æ¥­®ª á«¥¤ã¥â, çâ® ¯®áâà®¥­­ë¥ à¥è¥­¨ï (5.6) ¨ (5.7) ï¢«ïîâáï  á¨¬-

¯â®â¨ç¥áª¨¬¨ àï¤ ¬¨ à¥è¥­¨© à áè¨à¥­­®£® ãà ¢­¥­¨ï (2.3),   ¨å áã¦¥­¨ï|  á¨¬¯â®â¨ç¥áª¨¥
àï¤ë à¥è¥­¨© ���� (0.1).

� ¬¥ç ­¨¥ 4. � ¬¨ ¯à®¢¥¤¥­  ®æ¥­ª  ®áâ â®ç­ëå ç«¥­®¢  á¨¬¯â®â¨ª¨ à¥è¥­¨ï ¤«ï ®¤­®-
à®¤­®£® ���� (0.1). �á«¨ ãà ¢­¥­¨¥ (0.1) ­¥®¤­®à®¤­®¥, â® ¢ à¥è¥­¨¨ y3(x; ") (á¬. (5.7)) ¯®ï¢«ï-
¥âáï ¥é¥ ®¤­® á« £ ¥¬®¥, § ¢¨áïé¥¥ â®«ìª® ®â ¯¥à¥¬¥­­®© x ¨ ­¥ § ¢¨áïé¥¥ ®â ¯à®¨§¢®«ì­ëå
¯®áâ®ï­­ëå. � íâ®¬ á«ãç ¥ ®æ¥­ª  ¯®«ãç¥­­®£® à¥è¥­¨ï y3(x; ") ¯® ä®à¬¥ ®áâ ¥âáï ¯à¥¦­¥©,
â. ¥. â ª¦¥ ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ (6.11), (6.12) ¨ (6:120).
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�¤­¨¬ ¨§ ªà¨â¥à¨¥¢ ¯à ¢¨«ì­®áâ¨ ¯®«ãç¥­­®£® à¥§ã«ìâ â  ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ¯à¥¤¥« 
¯®áâà®¥­­®£® à¥è¥­¨ï ¯à¨ áâà¥¬«¥­¨¨ ¬ «®£® ¯ à ¬¥âà  ª ­ã«î. �á¯®«ì§ãï á¢®©áâ¢  ���
­  ¡¥áª®­¥ç­®áâ¨ ¨ ®æ¥­ª¨ (6:120), «¥£ª® ãáâ ­®¢¨âì, çâ® ­  «î¡®¬ ª®¬¯ ªâ¥ ®âà¥§ª  I, ­¥
á®¤¥à¦ é¥¬ â®çª¨ x = 0, ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì­®¥ à ¢¥­áâ¢®

lim
"!0

Y (x;�(x; "); ") = lim
"!0

� 2X
i=1

Yi(x;�(x; "); ") + y3(x; ")
�
= y30(x) = !0(x); (6.13)

£¤¥ !0(x) | à¥è¥­¨¥ ¢ëà®¦¤¥­­®£® ãà ¢­¥­¨ï L0!0(x) = h(x), x 2 (0; 1].
�ä®à¬ã«¨àã¥¬ ¢ ¢¨¤¥ â¥®à¥¬ë ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë.

�¥®à¥¬ . �ãáâì ¤«ï ���� (0:1): a) ¨¬¥îâ ¬¥áâ® ãá«®¢¨ï 10 ¨ 20; b) � b(x)

a(x)
= �

x
+�(x), £¤¥

� 2 N . �®£¤  ¯à¨ ¤®áâ â®ç­® ¬ «ëå §­ ç¥­¨ïå ¯ à ¬¥âà  " > 0
1) ®¯¨á ­­ë¬ ¬¥â®¤®¬ ¬®¦­® ¯®áâà®¨âì âà¨ à¥è¥­¨ï à áè¨à¥­­®£® ãà ¢­¥­¨ï (2:3), ¯à¥¤-

áâ ¢¨¬ë¥ ¢ ¢¨¤¥  á¨¬¯â®â¨ç¥áª¨å àï¤®¢ (5:6), (5:7);
2) áã¦¥­¨¥ íâ¨å à¥è¥­¨© ¯à¨ t = �(x; "), â. ¥. àï¤ë (6:1k), (6:13) áãâì  á¨¬¯â®â¨ç¥áª¨¥

àï¤ë à¥è¥­¨© ���� (0:1);
3) ¤«ï ®áâ â®ç­ëå ç«¥­®¢  á¨¬¯â®â¨ç¥áª¨å àï¤®¢ à¥è¥­¨© (6:1), k = 1; 3, ¨¬¥îâ ¬¥áâ®

®æ¥­ª¨ (6:11), (6:12), (6:110), (6:120);
4) ­  «î¡®¬ ª®¬¯ ªâ¥ ®âà¥§ª  I, ­¥ á®¤¥à¦ é¥¬ â®çª¨ x = 0, ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì­®¥

à ¢¥­áâ¢® (6:13).

� ¬¥ç ­¨¥ 5. �á«¨ ¦¥ äã­ªæ¨¨ ea(x) ¨ b(x) ¨¬¥îâ ®¤¨­ ¨ â®â ¦¥ §­ ª ¯à¨ x 2 I, â® ¯®«ã-
ç¥­­ë¥ à¥§ã«ìâ âë ¢ ®¡é¥¬ á«ãç ¥ ã¦¥ ­¥ ¨¬¥îâ ¬¥áâ .
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