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� ­­ ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ ¯à¥¤ë¤ãé¥© ¯ã¡«¨ª æ¨¨ [1], ¢ ª®â®à®© à §¢¨â ­¥-
®¡å®¤¨¬ë©  «£¥¡à ¨ç¥áª¨© ä®à¬ «¨§¬. �¥«ì íâ®© áâ âì¨ | ¯à¨¬¥­¥­¨¥ à §¢¨â®© â¥®à¨¨ ª
¯¥à¨®¤¨ç¥áª¨¬ § ¤ ç ¬ �®è¨ [2] ¤«ï í¢®«îæ¨®­­ëå á¨áâ¥¬, ¯®«ãç¥­¨¥ â¥®à¥¬ áãé¥áâ¢®¢ ­¨ï,
¢ â®¬ ç¨á«¥ à¥§ã«ìâ â®¢ â¨¯  â¥®à¥¬ �íè  ¨ �¨è¨¤ë [3], [4] ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨ï ¯®«­®©
­¥«¨­¥©­®© á¨áâ¥¬ë � ¢ì¥-�â®ªá  [5].

� [1] ¨§«®¦¥­ ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï | ª®¬¡¨­ â®à­®- «£¥¡à ¨ç¥áª¨©  ­ «¨§ ¢ ¯®«¨ «£¥¡à å
| ¤«ï á®¥¤¨­¥­¨ï ¯®¤å®¤®¢ �.�. �¢áï­­¨ª®¢  [6], �¨è¨¤ë ¨ �à¥¢  [7] ¢ à §¢¨â¨¥ à ¡®â �.�. �¨-
¤®à®¢  [2] ¨ ¥£® èª®«ë. � íâ®© ç áâ¨ à ¡®âë ­  ®á­®¢¥ ãâ®ç­¥­¨ï ¬¥â®¤  ¯®«ãç¥­ë ­®¢ë¥ â¥®à¥-
¬ë áãé¥áâ¢®¢ ­¨ï ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© í¢®«îæ¨®­­ëå á¨áâ¥¬, ¢ â®¬ ç¨á«¥ ¯¥à¨®¤¨ç¥áª®© ¯®
¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ § ¤ ç¨ �®è¨ ¤«ï ¯®«­®© á¨áâ¥¬ë � ¢ì¥{�â®ªá , ®¯¨áë¢ îé¥©
¤¢¨¦¥­¨ï á¦¨¬ ¥¬®£® ¢ï§ª®£® â¥¯«®¯à®¢®¤­®£® £ § .

� áá¬®âà¨¬ ãà ¢­¥­¨¥

ut =Mu+ L2[u; u] + L3[u; u; u] + : : : (1)

¢ ¯à®­¨«ì¯®â¥­â­®© ¯®«¨ «£¥¡à¥ A [1] íªá¯®­¥­æ¨ «ì­ëå àï¤®¢. � ª ¯à¨«®¦¥­¨¥ ¢ëè¥¨§«®-
¦¥­­®© â¥®à¨¨ à áá¬®âà¨¬ àï¤ë, á¯¥æ¨ «ì­ë¬ ®¡à §®¬ [8], [2] ®¡®¡é îé¨¥ àï¤ë �ãàì¥ [9], [10]
â ª, çâ®¡ë ã¤®¡­® ¡ë«® à¥è âì ­¥«¨­¥©­ë¥ § ¤ ç¨ [2], [11]{[13].

� áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥ ¢¨¤  (1) ®â­®á¨â¥«ì­® u(x; t) 2 Cm, £¤¥ x 2 Rn, t 2 [0;+1), ç¥à¥§
Lk[a1; : : : ; ak] ®¡®§­ ç¥­ë k-«¨­¥©­ë¥ ®â®¡à ¦¥­¨ï (­¥«¨­¥©­®áâ¨ k-© áâ¥¯¥­¨), â. ¥. ¬­®£®ç«¥­ë
áâ¥¯¥­¨ k ®â a1; : : : ; ak ¨ ¨å ¯à®¨§¢®¤­ëå ¯® x1; : : : ; xn ¯®àï¤ª  ­¥ ¢ëè¥ P > 1 (á ª®íää¨æ¨¥­â -
¬¨ |  ­ «¨â¨ç¥áª¨¬¨ ¯¥à¨®¤¨ç¥áª¨¬¨ ¢¥ªâ®à-äã­ªæ¨ï¬¨ ¯à®áâà ­áâ¢¥­­ëå  à£ã¬¥­â®¢, ¤«ï
¯à®áâ®âë | ª®­áâ ­â ¬¨ ¨§ Cm).

�®áâp®¥­¨¥ ¯¥p¨®¤¨ç¥áª®£® p¥è¥­¨ï u(x; t) ¯® ¯¥p¥¬¥­­ë¬ x1; : : : ; xn ¢ ¢¨¤¥ pï¤  [8], [2],
ª®â®àë© ¨­®£¤  ­ §ë¢ îâ ­®p¬ «ì­ë¬ pï¤®¬ �.�. �¥p­èâ¥©­  [14]

uj(x; t) =
1X

�1=0

� � �
1X

�n=0

1X
�1=0

� � �
1X

�n=0

gj�1:::�n�1:::�n(t)�
�1
1 � � � ��nn ��11 � � � ��nn ;

£¤¥ �� = eix� , �� = e�ix� (� = 1; : : : ; n, j = 1; : : : ;m), ¯p¨¢®¤¨â ª p¥ªãàp¥­â­®© æ¥¯®çª¥ ®¡ëª-
­®¢¥­­ëå ¤¨ää¥p¥­æ¨ «ì­ëå ãp ¢­¥­¨© ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ íâ®£® pï¤ , ¥á«¨ ¯p -
¢ ï ç áâì p¥è ¥¬®© á¨áâ¥¬ë â®¦¤¥áâ¢¥­­® ®¡p é ¥âáï ¢ ­ã«ì ¯p¨ ¯p®¨§¢®«ì­ëå ¯®áâ®ï­­ëå
uj = cj = uj j�=�=0. �¤®¡­® ¨á¯®«ì§®¢ âì ¯à®­¨«ì¯®â¥­â­ë© ¨¤¥ « A = J1 á § ¬¥­®© ¨áª®¬ëå
äã­ªæ¨© u 7! v á¤¢¨£®¬ vj = uj � cj . �¥à¥®¡®§­ ç¨¢ v á­®¢  ç¥à¥§ u, áç¨â ¥¬, çâ® uj j�=�=0 = 0,
  ¢á¥ ª®­áâ ­âë c ¢å®¤ïâ ¢ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1).

�¢¥¤¥¬ ¬ã«ìâ¨¨­¤¥ªáë � = (�1; : : : ; �n), � = (�1; : : : ; �n), â®£¤  N = j�j + j�j = �1 + � � � +
�n+�1+ � � �+�n, ¨ ¯à®áâà ­áâ¢® JN=JN+1 [1] ¥áâì ¯àï¬ ï áã¬¬  ¢á¥å m-¬¥à­ëå ¯®¤¯à®áâà ­áâ¢

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò00-01-00370).
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VjN = V�� á j�j+ j�j = N . �ë¯¨á ­­ ï ¢ â¥®à¥¬ å ¯à¥¤ë¤ãé¥© áâ âì¨ [1] æ¥¯®çª  ãà ¢­¥­¨© ­ 
ª®íää¨æ¨¥­âë àï¤  ¯p¨­¨¬ ¥â ¢¨¤

d

dt
g�;�(t) =M�;�g�;�(t) + F�;�(: : : ; g�0;�0(t); : : : ); (2)

£¤¥ g�� = g�1:::�n�1:::�n = (g1�1;:::;�n ; : : : ; g
m
�1:::�n�1:::�n

)? | ¢¥ªâ®p ¨áª®¬ëå ª®íää¨æ¨¥­â®¢ á ¬ã«ìâ¨-
¨­¤¥ªá ¬¨ �; � 2 Nn

0 , ¯p¨ç¥¬ (�0; �0) < (�; �) ®â­®á¨â¥«ì­® ¯®ª®¬¯®­¥­â­®© áp ¢­¨¬®áâ¨; M��

| ¯®áâ®ï­­ ï ¬ âp¨æ , á®®â¢¥âáâ¢ãîé ï «¨­¥©­®¬ã ®¯¥à â®àã M ­  ¯à®áâà ­áâ¢¥ VjN = V��;
F�� | ®áâ îé ïáï ­¥«¨­¥©­®© ­¥®¤­®à®¤­®áâì, § ¢¨áïé ï ¢ á¨«ã ­¨«ì¯®â¥­â­®áâ¨ ¯® ¤®ª § ­-
­®¬ã ¢ëè¥ â®«ìª® ®â g�0;�0(t) á (�0; �0) < (�; �).

�p¨¬¥­¥­¨¥ ®¯¥p â®p  p¥è¥­¨ï «¨­¥©­®© á¨áâ¥¬ë ¯®§¢®«ï¥â ¯p®¢¥áâ¨ á¢¥¤¥­¨¥ ª § ¤ ç¥ ®
­¥¯®¤¢¨¦­®© â®çª¥ ¢ ¯®«¨ «£¥¡p¥, ®¯p¥¤¥«ï¥¬®© íâ¨¬¨ ­¥«¨­¥©­®áâï¬¨. �á¥ ­¥®¡å®¤¨¬ë¥ ¤«ï
íâ®£®  «£¥¡p ¨ç¥áª¨¥ á¢®©áâ¢  ¨¬¥îâ ¬¥áâ® [1].

�¢¥¤¥¬ ­  ¬ã«ìâ¨¨­¤¥ªá å �; � (j�j+ j�j > 0) ¯®«ã­®p¬ã s(�; �) ¢ëp ¦¥­¨¥¬

s(�; �)P = sP =
nX
i=1

(�i � �i)P ;

£¤¥ P | ¯®pï¤®ª p¥è ¥¬®© á¨áâ¥¬ë.
K®¬¯®­¥­âë ¬ âp¨æëM�� | ¬­®£®ç«¥­ë ®â (�i��i) (i = 1; : : : ; n) áâ¥¯¥­¨ ­¥ ¢ëè¥ P (P |

¯®àï¤®ª ¯à ¢®© ç áâ¨ à¥è ¥¬®£® ãà ¢­¥­¨ï (1)) ¨, á«¥¤®¢ â¥«ì­®, kM��k = O(sP ), £¤¥ ­®p¬ 
¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ¬ ªá¨¬ã¬  áã¬¬ ¬®¤ã«¥© í«¥¬¥­â®¢ áâ®«¡æ®¢ (­®à¬  II, á®£« á®¢ ­­ ï á
\®ªâ í¤à¨ç¥áª®©" ¢¥ªâ®à­®© ­®à¬®© | áã¬¬®© ¬®¤ã«¥© ¥£® ª®¬¯®­¥­â ([15], á. 409{411)), â®ç­¥¥,
kM��k � ���D (D > 0), £¤¥ ��� = 1 + s(�; �)P = 1 + sP . �¡á®«îâ­ ï áå®¤¨¬®áâì àï¤  ¤«ï uj

á ª®íää¨æ¨¥­â ¬¨, ã¬­®¦¥­­ë¬¨ ­  ���, £ à ­â¨àã¥â áãé¥áâ¢®¢ ­¨¥ uj ¨ ¢á¥å ¢å®¤ïé¨å ¢
à¥è ¥¬®¥ ãà ¢­¥­¨¥ ¯à®¨§¢®¤­ëå, â. ª. àï¤ ¤«ï @

@xl
uj ¯®«ãç ¥âáï ¨§ àï¤  ¤«ï uj ã¬­®¦¥­¨¥¬

ª®íää¨æ¨¥­â®¢ ­  i(�l � �l). �æ¥­ª  ­®à¬ë àï¤  á ª®íää¨æ¨¥­â ¬¨ ���g�� ¨ â¥®à¥¬ë ¨§ [1]
¯®§¢®«ïîâ ¯®«ãç¨âì ãâ¢¥à¦¤¥­¨ï ¤ ­­®© à ¡®âë.

�â ª, à áá¬ âà¨¢ îâáï á¨áâ¥¬ë í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¢¨¤ 

@

@t
uj = F j(u;

1
u; : : : ;

P
u)

®â­®á¨â¥«ì­® u(x; t) 2 Cm, £¤¥ x 2 Rn, t 2 [0;+1) (â ª çâ® u = (u1; : : : ; um)?, x = (x1; : : : ; xn)?),
¯à ¢ë¥ ç áâ¨ F j ª®â®àëå| ¬­®£®ç«¥­ë ®â ­¥¨§¢¥áâ­ëå äã­ªæ¨© ¨ ¨å ¯à®¨§¢®¤­ëå ¯® x1; : : : ; xn
¯®àï¤ª  ­¥ ¢ëè¥ P � 1.

�ãáâì ¯p ¢ ï ç áâì p¥è ¥¬®© á¨áâ¥¬ë ®¡p é ¥âáï ¢ ­ã«ì ¯p¨ ¯®áâ®ï­­ëå uj = cj . �¤¢¨£ ï
vj = uj � cj , ¬®¦­® áç¨â âì, çâ® íâ¨ ª®­áâ ­âë ¢®è«¨ ¢ «¨­¥©­ãî ç áâìM ãà ¢­¥­¨ï (1), â ª

çâ® F j(u;
1
u; : : : ;

P
u) =Mjv + eF j(v;

1
v; : : : ;

P
v), £¤¥ eF j ­¥ á®¤¥à¦¨â «¨­¥©­ëå ç«¥­®¢.

�à¥¤¯®«®¦¨¬, á«¥¤ãï ¯®¤å®¤ã [16], çâ® ¤«ï ª ¦¤®£® j áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  Pj ¨ Ql

(j; l 2 f1; : : : ;mg), çâ® ¤«ï ª ¦¤®£® l ¬­®£®ç«¥­ë eF l ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ áã¬¬ë ¢¨¤ 

eF l =
X

m1;:::;mn

@m1+���+mn

@xm1

1 � � � @xmn
n

H l
m1:::mn

;

£¤¥ 0 � m1 + � � �+mn � Ql, 0 � Pj ; Ql � P , ¨ ¢ H l
m1:::mn

¢å®¤ïâ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ vj ¨ ¨å
¯à®¨§¢®¤­ë¥ ¯®àï¤ª®¢ ­¥ ¢ëè¥ Pj � P .

�ã¤¥¬ áç¨â âì ¯®áâ®ï­­ë¥ cj ­ã«¥¢ë¬¨ ª®íää¨æ¨¥­â ¬¨ �ãàì¥ ¨áª®¬ëå äã­ªæ¨© uj , à §-
«®¦¥­­ëå ¯® £ à¬®­¨ª ¬ eik1x1 � � � eiknxn á ª®íää¨æ¨¥­â ¬¨ gjk1:::kn (â ª çâ® cj = gj0:::0); â®£¤ 
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ãª § ­­®© £ à¬®­¨ª¥ á®®â¢¥âáâ¢ã¥â ¬ âà¨æ  Mk1:::kn «¨­¥ à¨§ æ¨¨ á¨áâ¥¬ë (1) ­  íâ®© £ à¬®-
­¨ª¥; ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï

s = sk1:::kn =
� nX

i=1

jkijP
�1=P

; �j = �j
k1:::kn

= 1 + sPj :

O¯¥à â®àã ã¬­®¦¥­¨ï ª®íää¨æ¨¥­â®¢ �ãàì¥ ­  s = sk1:::kn ¯à¨ P = 2 ¬®¦­® ¯à¨¤ âì á¬ëá«
®¯¥à â®à 

p
�. �¢¥¤¥¬ â ª¦¥ ­®à¬ë

kvjkj(t) =
X

jk1j+���+jknj>0

�j
k1:::kn

gjk1:::kn(t); (3)

®æ¥­¨¢ îé¨¥ ¢¥«¨ç¨­ã ¯à®¨§¢®¤­ëå vj ¤® Pj-£® ¯®àï¤ª .
�ãáâì M = 0 ¯à¨ s = 0,   ¯à¨ s 6= 0 ¬ âp¨æ  Mk1:::kn ¨¬¥¥â m p §«¨ç­ëå á®¡áâ¢¥­­ëå

¢¥ªâ®à®¢-áâ®«¡æ®¢, ®¡à §ãîé¨å ¬ âà¨æã T0, ¯à¨ç¥¬ í«¥¬¥­âë �jl ¨ �
(�1)
jl (j; l 2 f1; : : : ;mg) ¬ -

âà¨æ T0 ¨ T
�1
0 à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¯® k1 : : : kn; ¯ãáâì á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

� ¨¬¥îâ ®âà¨æ â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨ ¯à¨ s 6= 0 ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬: � = 0 ¯à¨
s = 0,

j��1j j � cjs
��j (�j � 0) ¯p¨ s 6= 0; cj = const :

�ãáâì ­ ç «ì­ë¥ ¤ ­­ë¥ (¯à¨ t = 0)  ­ «¨â¨ç­ë. �§ â¥®à¥¬ 1, 2 ¨§ [1] ¨ ®æ¥­®ª, ¯®«ãç¥­­ëå
¤®¬­®¦¥­¨¥¬ (2) ­  �j

��, ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  1. �á«¨

j� (�1)jl jsPl+Ql � cjls
�j ; cjl = const; (4)

¤«ï ¢á¥å â ª¨å j; l 2 f1; : : : ;mg, çâ® Pl +Ql > 1, â® ¯p¨ ¤®áâ â®ç­® ¬ «ëå ¢ ­ ç «ì­ë©

¬®¬¥­â ¢à¥¬¥­¨ t = 0 ­®à¬ å (3) p¥è¥­¨¥ u(x; t) ¡ã¤¥â  ­ «¨â¨ç­ë¬ ¯à¨ ¢á¥å ¤®áâ â®ç­®

¬ «ëå t � 0.

�¥®à¥¬  2. �á«¨ ­¥à ¢¥­áâ¢® (4) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å j; l 2 f1; : : : ;mg, â® ¯p¨ ¤®áâ â®ç­®
¬ «ëå ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = 0 ­®à¬ å (3) p¥è¥­¨¥ u(x; t) ¡ã¤¥â  ­ «¨â¨ç­ë¬ ¯p¨

¢á¥å t � 0, ¯à¨ç¥¬ v ! 0 ¯à¨ t! +1 (â. ¥. uj ! cj).

�â¬¥â¨¬, çâ® â¥®à¥¬  1 ¥áâì  ­ «®£ â¥®à¥¬ë �.�. �¢áï­­¨ª®¢  [6]. � áá¬ âà¨¢ ï ¨­â¥à¯®-
«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦  [15] ¤«ï íªá¯®­¥­âë ¬ âà¨æë [1], ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �¥®à¥¬  2 ¨¬¥¥â ¬¥áâ®, ¥á«¨ Pj +Qj = P , �j = P , j�0��00j�1 � cs�P ¯à¨ �0 6= �00,
c = const.

�à¨¬¥à. �ãáâì ­ ç «ì­ë¥ ¤ ­­ë¥ ' ¤«ï ãà ¢­¥­¨ï ­¥«¨­¥©­®© â¥¯«®¯à®¢®¤­®áâ¨

ut = �(u2) + !(ru)2 (! = const; ' = ujt=0)
¨¬¥îâ ¢¨¤  ­ «¨â¨ç¥áª®£® ¯¥à¨®¤¨ç¥áª®£® ¯® ¯à®áâà ­áâ¢¥­­ë¬ ª®®à¤¨­ â ¬ (x, y, z) ¢®§¬ãé¥-
­¨ï ¯®áâ®ï­­®£® à¥è¥­¨ï u = 1, àï¤ �ãàì¥ ª®â®àëå á®¤¥à¦¨â â®«ìª® ­¥¯®áâ®ï­­ë¥ £ à¬®­¨ª¨.
�®£¤  ¥á«¨ ­®à¬  íâ¨å ¢®§¬ãé¥­¨© ¤®áâ â®ç­® ¬ «  (¢ á¬ëá«¥ áã¬¬ë ¬®¤ã«¥© ª®íää¨æ¨¥­-
â®¢ �ãàì¥ äã­ªæ¨¨ ' ¯à¨ ! = 0 ¨ ¢ á¬ëá«¥ áã¬¬ë ¬®¤ã«¥© ª®íää¨æ¨¥­â®¢ �ãàì¥ äã­ªæ¨¨
(1 + �)' ¯à¨ ! 6= 0), â® à¥è¥­¨¥ ¡ã¤¥â  ­ «¨â¨ç¥áª®© ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¥© ¯à¨ ¢á¥å t > 0,
®­® áâà¥¬¨âáï ª ä®­®¢®¬ã à¥è¥­¨î u = 1 ¯à¨ t ! +1 (¯à¨¬¥­ï¥¬ á«¥¤áâ¢¨¥ â¥®à¥¬ë 2 ¯à¨
P1 = 0, Q1 = 2, ¥á«¨ ! = 0, ¨ P1 = 2, Q1 = 0, ¥á«¨ ! 6= 0) [17].

�¨áâ¥¬  ãp ¢­¥­¨© � ¢ì¥-�â®ªá  ¢ á«ãç ¥ â¥p¬®¤¨­ ¬¨ç¥áª¨ á®¢¥pè¥­­®£® á¦¨¬ ¥¬®£® £ -
§  á ãp ¢­¥­¨ï¬¨ á®áâ®ï­¨ï p = R�T , e = cv0T , (R; cv0 = const > 0) á®¤¥à¦¨â ¯ïâì ãà ¢­¥­¨© |
ãp ¢­¥­¨¥ ­¥p §pë¢­®áâ¨, ãp ¢­¥­¨¥ í­¥p£¨¨ ¨ âà¨ ª®¬¯®­¥­âë ãp ¢­¥­¨ï ¨¬¯ã«ìá  [5], [18].
B¢®¤ï ¢ íâ®© á¨áâ¥¬¥ ¢¬¥áâ® ¯«®â­®áâ¨ � ¨ â¥¬¯¥p âãpë T ¤pã£ãî â¥p¬®¤¨­ ¬¨ç¥áªãî ¯ pã
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¯ p ¬¥âp®¢ � = 1=� | ã¤¥«ì­ë© ®¡ì¥¬ ¨ ¤ ¢«¥­¨¥ p = R�T , R | ã­¨¢¥àá «ì­ ï £ §®¢ ï ¯®-
áâ®ï­­ ï (£ § áç¨â ¥âáï â¥à¬®¤¨­ ¬¨ç¥áª¨ á®¢¥àè¥­­ë¬), ¯p¨å®¤¨¬ ª í¢®«îæ¨®­­®© á¨áâ¥¬¥
¢¨¤  (1)

�t = (ux + vy + wz)� � u�x � v�y � w�z;0
B@utvt
wt

1
CA = �

0
B@ uux + vuy + wuz
uvx + vvy + wvz
uwx + vwy +wwz

1
CA� 1



�

0
B@pxpy
pz

1
CA+

+
(ux + vy + wz)�

Re

0
B@(�

0
� � 2

3
��)�x + (�0p � 2

3
�p)px

(�0� � 2
3
��)�y + (�0p � 2

3
�p)py

(�0� � 2
3
��)�z + (�0p � 2

3
�p)pz

1
CA+

+
�

Re

0
B@ 2ux uy + ux uz + wx

uy + vx 2vy vz + wy

uz + wx vz + wy 2wz

1
CA
0
B@���x + �ppx
���y + �ppy
���z + �ppz

1
CA+

+
�(�0 + 1

3
�)

Re

0
B@uxx + vxy + wxz

uyx + vyy + wyz

uzx + vzy + wzz

1
CA+

��

Re

0
B@ uxx + uyy + uzz
vxx + vyy + vzz
wxx +wyy + wzz

1
CA ;

pt + upx + vpy + wpz + 
p(ux + vy + wz) =

(
 � 1)
PrReR

f�[(�p)xx + (�p)yy + (�p)zz ] +

+��[�x(�p)x + �y(�p)y + �z(�p)z ] + �p[px(�p)x + py(�p)y + pz(�p)z]g+ 
(
 � 1)2

ReR
f�0(ux + vy + wz)

2 +

+ 2
3
�[(ux � vy)

2 + (ux � wz)
2 + (vy � wz)

2] + �[(uy + vx)
2 + (uz + wx)

2 + (vz + wy)
2]g;

£¤¥ 
 | ¯®ª § â¥«ì  ¤¨ ¡ âë £ § , Pr | ç¨á«® �p ­¤â«ï, Re | ç¨á«® �¥©­®«ì¤á , t | ¢à¥¬ï,
x, y, z | ¯à®áâà ­áâ¢¥­­ë¥ ª®®à¤¨­ âë, u, v, w | ª®¬¯®­¥­âë ¢¥ªâ®à  áª®à®áâ¨, � = �(�; p)
| ª®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨, � = �(�; p), �0 = �0(�; p) | ¯¥à¢ë© ¨ ¢â®à®© ª®íää¨æ¨¥­âë
¢ï§ª®áâ¨, ¡¥§p §¬¥p­®¥ ç¨á«® � å  M áç¨â ¥¬ à ¢­ë¬ ¥¤¨­¨æ¥. �á«¨ �, �0, � | ¬­®£®ç«¥­ë
®â �, p (­ ¯à., ¬­®£®ç«¥­ë ®â â¥¬¯¥à âãàë T ), â® ¢ë¯¨á ­­ ï á¨áâ¥¬  ¥áâì á¨áâ¥¬  í¢®«îæ¨®­-
­ëå ãà ¢­¥­¨© á ¯®«¨­®¬¨ «ì­ë¬¨ ­¥«¨­¥©­®áâï¬¨. � íâ®© á¨áâ¥¬¥ ãp ¢­¥­¨© ª¢ ¤p â¨ç­ë¥
ç«¥­ë â ª¨¥ ¦¥, ª ª ¨ ¢ ãp ¢­¥­¨ïå £ §®¢®© ¤¨­ ¬¨ª¨ [19]; ãç¥â ¢ï§ª®áâ¨ ¨ â¥¯«®¯p®¢®¤­®áâ¨
¤®¡ ¢«ï¥â «¨èì ç«¥­ë á ¢ëáè¨¬¨ ­¥«¨­¥©­®áâï¬¨. � ª¨¬ ®¡p §®¬, á¨áâ¥¬  � ¢ì¥{�â®ªá  ¢
¯¥p¥¬¥­­ëå �, p, ~v ®â­®á¨âáï ª ãp ¢­¥­¨ï¬ à áá¬®âà¥­­®£® ¢ [1] ¢¨¤  | ª ª ¤¨ää¥p¥­æ¨ «ì­®¥
ãp ¢­¥­¨¥ ¢ ¯®«¨ «£¥¡p¥ [1]

	t = L2(	;	) + L3(	;	;	) + � � � ;
£¤¥ 	 = (�; p; u; v; w)? | ¢¥ªâ®p ¨áª®¬ëå äã­ªæ¨©. �¥ªâ®p 	0 = (1; 1; U; 0; 0)? ï¢«ï¥âáï  ­-
­ã«ïâ®p®¬ ¯p ¢®© ç áâ¨ íâ®£® ãp ¢­¥­¨ï, â. ¥. áâ æ¨®­ p­ë¬ ¥£® p¥è¥­¨¥¬. � ¯®«¨ «£¥¡p¥ á
¡ §¨á®¬ ¢¥ªâ®p®¢ ¢¨¤ 

ei(k1x+l1y+m1z)e�i(k2x+l2y+m2z);

m = (k1; l1;m1), n = (k2; l2;m2) (ki; li;mi 2 N0), íâ® ®á­®¢­®¥ â¥ç¥­¨¥ 	0 ¥áâì ¬¨­¨¬ «ì­ë© í«¥-
¬¥­â £p ¤ã¨p®¢ ­­®© ¯®«¨ «£¥¡pë, ¢ ª®â®p®© ª®íää¨æ¨¥­âë p¥è¥­¨ï ­ å®¤ïâáï ¨§ p¥ªãpp¥­â-
­®© æ¥¯®çª¨ «¨­¥©­ëå á¨áâ¥¬ ¯ïâ¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥p¥­æ¨ «ì­ëå ãp ¢­¥­¨© ¯¥à¢®£® ¯®-
àï¤ª .

�®áâ ¢¨¬ ¤«ï íâ®© á¨áâ¥¬ë § ¤ çã �®è¨, áç¨â ï ­ ç «ì­ë¥ ¤ ­­ë¥ �jt=0, pjt=0, ujt=0, vjt=0,
wjt=0  ­ «¨â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ¯¥à¨®¤  2�, à §«®¦¥­­ë¬¨ ¢ àï¤ �ãàì¥ á® á¢®¡®¤­ë¬¨ ç«¥-
­ ¬¨ á®®â¢¥âáâ¢¥­­® �0 = 1, p0 = 1, u0 = U , v0 = V , w0 =W .

�ãáâì Mklm | ¬ âà¨æ  «¨­¥ p¨§ æ¨¨ ãp ¢­¥­¨© � ¢ì¥{�â®ªá  ­  íâ®¬ ä®­®¢®¬ p¥è¥­¨¨,
®â¢¥ç îé ï £ à¬®­¨ª ¬ eikxeilyeimz. �ëç¨á«ïï å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , ¢ëïá­ï¥¬, çâ® íâ 
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á¨áâ¥¬  ¢á¥£¤  ãáâ®©ç¨¢ , â. ¥. á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æëMklm ¨¬¥îâ ®âà¨æ â¥«ì­ë¥ ¤¥©áâ¢¨-
â¥«ì­ë¥ ç áâ¨ (á¬. â ª¦¥ [20]). �®«¥¥ â®£®, ¯à¨ s ! 1 ¯®«ãç ¥¬ ¢ ®¡é¥¬ á«ãç ¥ á«¥¤ãîé¨¥
 á¨¬¯â®â¨ª¨ ¤«ï ª®à­¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï: ®¤­® (áª ¦¥¬, ¯¥à¢®¥) á®¡áâ¢¥­­®¥
ç¨á«® �1 = O(1) + i(Uk + V l +Wm), ®áâ «ì­ë¥ � = O(s2). �«¥¤®¢ â¥«ì­®, �2 = � � � = �5 = 2, ¨
¢ ®¡é¥¬ á«ãç ¥ �1 = 0. �§ ¢¨¤  á¨áâ¥¬ë ïá­®, çâ® ¬®¦­® ¢§ïâì P1 = 1, Q1 = 0 (¤«ï ã¤¥«ì­®£®
®¡ê¥¬  �), P2 = 1 = Q1 (¤«ï ¤ ¢«¥­¨ï p) ¨ P3 = P4 = P5 = 2, Q3 = Q4 = Q5 = 0 ¤«ï ª®¬¯®­¥­â
¢¥ªâ®à  áª®à®áâ¨. � å®¤ï á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë, ¯®«ãç¨¬ ®£à ­¨ç¥­­ë¥ ¯à¨ s!1 ¬ âà¨æë T0,
T�1
0 ¯à¥®¡à §®¢ ­¨©Mklm ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã: �Mklm � (Uk + V l +Wm)iE = Aklm,

Aklm =

0
BBBBB@

0 0 �ik �il �im
�s2 �s2 
ik 
il 
im
0 1


M2
ik �k2 + �s2 �kl �km

0 1

M2

il �kl �l2 + �s2 �lm

0 1

M2

im �km �lm �m2 + �s2

1
CCCCCA ;

£¤¥ k = k1 � k2, l = l1 � l2, m = m1 �m2, s2 = k2 + l2 +m2, i2 = �1, 
, M = 1 | ª®­áâ ­âë,
¢¢¥¤¥­­ë¥ ¢ëè¥, �0 = 0,

� =

(
 � 1)�(�0; p0)

PrReR
; � =

1
3
�(�0; p0)
ReR

; �0 = 1; p0 = 1;

E | ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à®¬ 5� 5; ïá­®, çâ®

expMklmt = e�(Uk+V l+Wm)it expAklmt: (5)

�¡®§­ ç ï ç¥à¥§ � å à ªâ¥à¨áâ¨ç¥áª¨¥ (á®¡áâ¢¥­­ë¥) ç¨á«  ¬ âà¨æë Aklm, ¯®«ãç¨¬ ¤«ï ­¨å
å à ªâ¥à¨áâ¨ç¥áª®¥ (¢¥ª®¢®¥) ãà ¢­¥­¨¥

�(�) := (�+ 3�s2)2
�
�3 + (� + �)s2�2 +

�
4��s2 +

1
M 2

�
s2�+

�


M 2
s4
�
= 0: (6)

�¡®§­ ç¨¬ �� = �3�s2 | ¤¢ãªà â­ë© ª®à¥­ì. �à¨ s ! 1 ¯®«ãç ¥¬ ¢ ®¡é¥¬ á«ãç ¥ (â. ¥. ¯à¨

 6= 1,
 6=1 ¨ � 6= 4
�) âà¨  á¨¬¯â®â¨ª¨ ¤«ï ª®à­¥© ãà ¢­¥­¨ï (6), ®â«¨ç­ëå ®â ��: ¯à¨ s!1
«¨¡® �=s2 = ��+O(1=s2), «¨¡® �=s2 = �4�+O(1=s2), «¨¡® �=s2 = +O(1=s2). � ¯®á«¥¤­¥¬ á«ãç ¥
¨¬¥¥¬

� = � 1
4
�M 2

+O(1=s2)

¯à¨ s2 !1. �¨ªá¨àãï âà¨ ª®à­ï �1, �2, �3 ãà ¢­¥­¨ï (6), ªà®¬¥ �� = �3�s2, áª ¦¥¬, �1 = �0(s),
�2 = �+(s), �3 = ��(s), ¢ á«ãç ¥ ®¡é¥£® ¯®«®¦¥­¨ï ­ ©¤¥¬ ¯ïâì á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ¬ âà¨-
æë Aklm. � ª, ¯à¨ k 6= 0 ¬ âà¨æ¥© á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢-áâ®«¡æ®¢, ®â¢¥ç îé¨å á®¡áâ¢¥­­ë¬
§­ ç¥­¨ï¬ �1, �2, �3, ��, ��, ¡ã¤¥â ¬ âà¨æ 

T =

0
BBBBB@

is2

�1

is2

�2

is2

�3
0 0

F (�1 + 4�s2) F (�2 + 4�s2) F (�3 + 4�s2) 0 0
k k k l m
l l l �k 0
m m m 0 �k

1
CCCCCA

(£¤¥ F = i
M 2) á ®¯à¥¤¥«¨â¥«¥¬

detT = �
M 2ks4
(�2 � �3)(�1 � �3)(�1 � �2)

�1�2�3
= O(s7):
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�¥à¢ë¥ ¤¢  áâ®«¡æ  ¬ âà¨æë (detT )T�1 à ¢­ë2
666664

i
M 2ks2(�2 � �3)
�i
M 2ks2(�1 � �3)
i
M 2ks2(�1 � �2)

0
0

3
777775 ;

2
6666664

iks4 (�2��3)
�2�3

iks4 (�1��3)
�1�3

iks4 (�1��2)
�1�2

0
0

3
7777775
;

  ¯®á«¥¤­¨¥ âà¨ ¥¥ áâ®«¡æ  | 2
6666664


M 2k2s2 (�2��3)(�2+�3+4�s
2)

�2�3

�
M 2k2s2 (�1��3)(�1+�3+4�s
2)

�1�3


M 2k2s2 (�1��2)(�1+�2+4�s
2)

�1�2
l
s2
detT

m
s2
detT

3
7777775
;

2
6666664


M 2kls2 (�2��3)(�2+�3+4�s
2)

�2�3

�
M 2kls2 (�1��3)(�1+�3+4�s
2)

�1�3


M 2kls2 (�1��2)(�1+�2+4�s
2)

�1�2

�k2+m2

ks2
det T

lm
ks2

det T

3
7777775
;

2
6666664


M 2kms2 (�2��3)(�2+�3+4�s
2)

�2�3

�
M 2kms2 (�1��3)(�1+�3+4�s
2)

�1�3


M 2kms2 (�1��2)(�1+�2+4�s
2)

�1�2
lm
ks2

detT
�k2+l2

ks2
detT

3
7777775
:

�¡®§­ ç¨¬ ç¥à¥§  (t) à¥§ã«ìâ â ¯à¨¬¥­¥­¨ï ®¯¥à â®à  expAklm(t) ª ¢¥ªâ®àã  = const =
(�; p; u; v; w)? , â ª çâ®  (t) =  = (�; p; u; v; w)?,  = T diagfe�1t; : : : ; e��tgT�1 . �®¬¯®­¥­âë ¢¥ª-
â®à   ¢ë¯¨áë¢ îâáï ¢ ï¢­®¬ ¢¨¤¥. �á«¨ ¢¥ªâ®à Find = (Dind; Pind; Uind; Vind;Wind)? ã¦¥ ¨§¢¥áâ¥­,
â® à¥è¥­¨¥¬ ãà ¢­¥­¨ï _ ï¢«ï¥âáï ¢¥ªâ®à

 ind(t) = T diagfe�Uikte�1t; : : : ; e��tgT�1 ind(0) +

+
Z t

0

T diagfe(�1�Uik)(��t); : : : ; e(���Uik)(��t)gT�1Find(�)d�:

�¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì ï¢­ë© ¢¨¤ ä®à¬ã« ¤«ï ª®íää¨æ¨¥­â®¢ ¢¢¨¤ã ¨å £à®¬®§¤ª®áâ¨. �®¬­®-
¦ ï áâ®«¡æë ¢ë¯¨á ­­®© ¬ âà¨æë T ­  s�2, s�1, s�2, s�1, s�1 ¨ áâà®ª¨ ¬ âà¨æë T�1 | ­ 
®¡à â­ë¥ ¢¥«¨ç¨­ë, ¯®«ãç¨¬ ®£à ­¨ç¥­­ë¥ ¯à¨ s!1 ¬ âà¨æë ¯à¥®¡à §®¢ ­¨© T0, T

�1
0 .

� ª ª ª ¯¥à¢ ï áâà®ª  ¬ âà¨æë T�1
0 ¨¬¥¥â ¢¨¤

(O(1); O(s�2); O(s�1); O(s�1); O(s�1)) (s!1); (7)

  ãà ¢­¥­¨¥ ­¥à §àë¢­®áâ¨ ­¥ á®¤¥à¦¨â ¢â®àëå ¯à®¨§¢®¤­ëå, â. ¥. á®®â¢¥âáâ¢ãîé¨¬ ¢¥ªâ®à®¬
[1] ï¢«ï¥âáï

(O(s); O(s2); O(s2); O(s2); O(s2))? (s!1);

¯à¨ç¥¬ á®¡áâ¢¥­­ë¥ ç¨á«  ­¥ ®¡à é îâáï ¢ ­ã«ì ¯à¨ s 6= 0,   ¢ ãà ¢­¥­¨ï � ¢ì¥-�â®ªá  ï¢­®
­¥ ¢å®¤ïâ ¯à®áâà ­áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥ x, y, z, â® ¨¬¥¥â ¬¥áâ® [1] â¥®à¥¬  1, â. ¥. á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �ãáâì ­ ç «ì­ë¥ ¤ ­­ë¥ ¤«ï ¯®«­®© á¨áâ¥¬ë � ¢ì¥{�â®ªá  ¨¬¥îâ ¢¨¤  ­ -

«¨â¨ç¥áª®£® ¯¥à¨®¤¨ç¥áª®£® ¯® ¯à®áâà ­áâ¢¥­­ë¬ ª®®à¤¨­ â ¬ (x, y, z) ¢®§¬ãé¥­¨ï ¯®áâ®-

ï­­®£® ¯®â®ª  � = 1, p = 1, ~v = (U; V;W )? = const, àï¤ë �ãàì¥ ª®â®à®£® á®¤¥à¦ â â®«ìª®

­¥¯®áâ®ï­­ë¥ £ à¬®­¨ª¨. �®£¤  ¥á«¨ ­®à¬  íâ®£® ¢®§¬ãé¥­¨ï ¤®áâ â®ç­® ¬ «  ¢ á¬ëá«¥ áã¬-

¬ë ¬®¤ã«¥© ª®íää¨æ¨¥­â®¢ �ãàì¥ äã­ªæ¨©

� � 1 + (1 +
p
�)�; p� 1 + (1 +

p
�)p;

~v � (U; V;W )? + (1 +�)~v;
(8)
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â® à¥è¥­¨¥ ¡ã¤¥â  ­ «¨â¨ç¥áª®© ¯¥à¨®¤¨ç¥áª®© ¢¥ªâ®à-äã­ªæ¨¥© ¯à¨ ¬ «ëå t > 0.

�á¨«¥­¨¥ íâ®£® ãâ¢¥à¦¤¥­¨ï ¯ãâ¥¬ ¯à¨¬¥­¥­¨ï â¥®à¥¬ë 2 ¢®§¬®¦­® ¢¢¨¤ã (5), (7), ¥á«¨
§­ ç¥­¨¥ �1 ¢®§à áâ ¥â ¤® ¥¤¨­¨æë «¨¡®, ¥á«¨ ­¥®£à ­¨ç¥­­ë¥ ç«¥­ë ®¡à é îâáï ¢ ­ã«ì ¢
á¨«ã ­¥ª®â®à®© ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨ [21], ­ ¯à¨¬¥à, a) ¢ ®¤­®¬¥à­®¬ á«ãç ¥ (v = w = 0)
¯à¨ U 6= 0 ¨«¨ ¡) ¢ ­¥á¦¨¬ ¥¬®¬ á«ãç ¥ ¯à¨ � � 1.

B íâ¨å ¯à¥¤¯®«®¦¥­¨ïå á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �ãáâì ¢ë¯®«­ï¥âáï ãá«®¢¨¥ a) ¨«¨ ãá«®¢¨¥ ¡). �®£¤  ¥á«¨ ­®à¬  (8) ­ ç «ì­ëå
¤ ­­ëå ¤®áâ â®ç­® ¬ « , â® à¥è¥­¨¥ ¯®«­®© á¨áâ¥¬ë � ¢ì¥{�â®ªá  ¡ã¤¥â  ­ «¨â¨ç¥áª®©

¯¥à¨®¤¨ç¥áª®© ¢¥ªâ®à-äã­ªæ¨¥© ¯à¨ ¢á¥å t > 0, à ¢­®¬¥à­® áâà¥¬ïé¥©áï ª ä®­®¢®¬ã ¯®áâ®ï­-
­®¬ã ¯®â®ªã ¯à¨ t! +1.

�¢â®p ¡« £®¤ p¨â �.�.�¢áï­­¨ª®¢ , �.�.�¨¤®p®¢  ¨ �.�.� á¨­  §  ¢­¨¬ ­¨¥ ª p ¡®â¥,
�.�. � «ª¨­  ¨ �. � ªãà ¨ §  ¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï,   â ª¦¥ �.�.� ãâ¨­ , �.�.�®à§ã­¨­  ¨
�.�.�¨«¨¬®­®¢  §  ¯®¤¤¥à¦ªã.
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