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1. �®áâ ­®¢ª  § ¤ ç¨. �¬¥¥âáï n � 2 ­¥§ ¢¨á¨¬ëå à ¡®â, ¤«ï ¢ë¯®«­¥­¨ï ª®â®àëå âà¥-
¡ã¥âáï m � 1 â¨¯®¢ à¥áãàá®¢. �­â¥­á¨¢­®áâ¨ ¢ë¤¥«¥­¨ï à¥áãàá®¢ ¯®áâ®ï­­ë ¢® ¢à¥¬¥­¨ ¨
®£à ­¨ç¥­ë ¢¥«¨ç¨­ ¬¨ �j > 0, j 2 M = f1; : : : ;mg. �­â¥­á¨¢­®áâ¨ ¯®âà¥¡«¥­¨ï à¥áãàá®¢
à ¡®â ¬¨ â ª¦¥ ¯®áâ®ï­­ë. �§¢¥áâ­ë ¤«¨â¥«ì­®áâ¨ ai > 0, i 2 N = f1; : : : ; ng, ¢ë¯®«­¥­¨ï
à ¡®â ¨ à¥áãàá­ë¥ ¯®âà¥¡­®áâ¨ 0 � bij � �j , i 2 N , j 2 M . �à¥¡ã¥âáï á®áâ ¢¨âì à á¯¨á ­¨¥
¡¥§ ¯à¥àë¢ ­¨©, ¯® ¢®§¬®¦­®áâ¨ ¬¨­¨¬¨§¨àãîé¥¥ ¢à¥¬ï § ¢¥àè¥­¨ï ¢á¥å à ¡®â,   â ª¦¥ ­¥-
®¡å®¤¨¬®¥ ª®«¨ç¥áâ¢® ª ¦¤®£® à¥áãàá . � áá¬ âà¨¢ ¥¬ ï § ¤ ç  ï¢«ï¥âáï NP -âàã¤­®©, â. ª.
¨§¢¥áâ­ ï NP -¯®«­ ï ¯à®¡«¥¬  ã¯ ª®¢ª¨ ¢ ª®­â¥©­¥àë ([1], á. 20) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬
¡®«¥¥ ¯à®áâ®© (®¤­®à¥áãàá­®© ¨ ®¤­®ªà¨â¥à¨ «ì­®©) § ¤ ç¨, ®¯¨á ­­®© ¢ [2].

�ãáâì ti | ¬®¬¥­â § ¢¥àè¥­¨ï à ¡®âë i. �¢¥¤¥¬ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ I, á®¯®áâ ¢«ïî-
é¥¥ ª ¦¤®¬ã à á¯¨á ­¨î t 2 T1 = ft 2 Rn : t � ag á¨áâ¥¬ã fI1(t); : : : ; In(t)g ®âªàëâëå ¨­â¥à¢ -
«®¢ Ii(t) = (ti � ai; ti), i 2 N , ¢¥é¥áâ¢¥­­®© ®á¨. �¯à¥¤¥«¨¬ ¬­®¦¥áâ¢® ¯®¤¬­®¦¥áâ¢ ¨­¤¥ªá®¢
¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ «®¢ �(I(t)) = ( [

i2N
fig)

S
fe 2 2N : jej � 2; \

i2e
Ii(t) 6= ;g.

�ëà §¨¢ ¤«¨­ã à á¯¨á ­¨ï t ¨ ®¡é¨¥ à¥áãàá­ë¥ ¯®âà¥¡­®áâ¨ à ¡®â ¯à¨ à á¯¨á ­¨¨ t ¢ ¢¨¤¥
äã­ªæ¨©

f0(t) = max
i2N

ti; fj(t) = max
e2�(I(t))

vj(e); j 2M;

£¤¥ vj(e) =
P
i2e

bij , j 2M ; e 2 2n n ;, ¯®«ãç ¥¬ ­¥¢ë¯ãª«ãî ¢¥ªâ®à­ãî § ¤ çã

f(t) = (f0(t); : : : ; fm(t))! min; t 2 T2 = ft 2 T1 : fj(t) � �j ; j 2Mg; (1)

ª®â®à ï ¬®¦¥â ¨¬¥âì ¡¥áª®­¥ç­®¥ ¬­®¦¥áâ¢® íää¥ªâ¨¢­ëå (®¯â¨¬ «ì­ëå ¯® � à¥â®) à¥è¥­¨©
PT . �­®¦¥áâ¢® íää¥ªâ¨¢­ëå ®æ¥­®ª Pf § ¤ ç¨ (1), ª ª ¯®ª § ­® ­¨¦¥, ¢á¥£¤  ª®­¥ç­®.

2. �¢¥¤�¥­¨¥ ª âà ¥ªâ®à­®© § ¤ ç¥. �ãáâì U = f(i; j) : i; j 2 N; i < jg, a G | ¡¨¥ªæ¨ï ¨§
2U ­  ¬­®¦¥áâ¢® ¯à®áâëå n-¢¥àè¨­­ëå ­¥®à¨¥­â¨à®¢ ­­ëå £à ä®¢ (N;E), E 2 2U . � áá¬®âà¨¬
®â®¡à ¦¥­¨¥ 	, ª®â®à®¥ ª ¦¤®© á¨áâ¥¬¥ ¨­â¥à¢ «®¢ I(t) á®®â­®á¨â ¬­®¦¥áâ¢® ¯ à ¨­¤¥ªá®¢
¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ «®¢, â. ¥. 	(I(t)) = f(i; j) 2 U : Ii(t) \ Ij(t) 6= ;g. �®£¤  G � 	 � I
áîàê¥ªâ¨¢­® ®â®¡à ¦ ¥â ¬­®¦¥áâ¢® à á¯¨á ­¨© T1 ­  ¬­®¦¥áâ¢® n-¢¥àè¨­­ëå £à ä®¢, ¯à¥¤-
áâ ¢¨¬ëå ¨­â¥à¢ « ¬¨, ¤«¨­ë ª®â®àëå à ¢­ë ¤«¨â¥«ì­®áâï¬ ¢ë¯®«­¥­¨ï à ¡®â. �¡®§­ ç¨¬

0 = fE 2 2U : G(E) | £à ä ¨­â¥à¢ «®¢g, 
1 = 	(I(T1)) � 
0. �à¥¤áâ ¢¨¢ T (E) = (	 � I)�1(E)
¢ ¢¨¤¥ T (E) = X(E) \ Y (E), £¤¥

X(E) = ft 2 T1 : Ii(t) \ Ij(t) = ;; (i; j) 2 U n Eg; Y (E) = ft 2 Rn : Ii(t) \ Ij(t) 6= ;; (i; j) 2 Eg;

¯®«ãç¨¬ à §¡¨¥­¨¥ ¬­®¦¥áâ¢  à á¯¨á ­¨© T1 = [
E2
1

T (E).

�¡®§­ ç¨¬ ç¥à¥§ K(E) (H(E)) á¥¬¥©áâ¢® ª«¨ª®¢ëå (­¥§ ¢¨á¨¬ëå) ¬­®¦¥áâ¢ £à ä  G(E).
�ã¤¥¬ à áá¬ âà¨¢ âì ¢¥àè¨­­®-¢§¢¥è¥­­ë¥ £à äë, â. ¥. £à äë, i-© ¢¥àè¨­¥ ª®â®àëå ¯à¨¯¨á ­ë
ç¨á«  (ai; bi1; : : : ; bim). �  ¬­®¦¥áâ¢¥ 2U § ¤ ¤¨¬ äã­ªæ¨¨

F0(E) = max
e2H(E)

v0(e); Fj(E) = max
e2K(E)

vj(e); j 2M;
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£¤¥ v0(e) =
P
i2e

ai, e 2 2N n ;. �ã­ªæ¨ï F0 (Fj , j 6= 0)  ­â¨â®­­  (¨§®â®­­ ) ­  (2U ;�), â. ¥.

E1 � E2 ) F0(E1) � F0(E2); Fj(E1) � Fj(E2), j 2 M . �«ï «î¡®£® E 2 
0 §­ ç¥­¨ï F0(E) ¨
Fj(E), j 2M , ¯®«¨­®¬¨ «ì­® ¢ëç¨á«ï¥¬ë [3], [4].

�ç¥¢¨¤­®, ¤«ï «î¡ëå E 2 
1, t 2 T (E) á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  fj(t) = Fj(E), j 2 M , ¨§
ª®â®àëå á«¥¤ã¥â à §«®¦¥­¨¥ ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå à á¯¨á ­¨© T2 = [

E2
1\
2
T (E), £¤¥ 
2 =

fE 2 2U : Fj(E) � �j ; j 2Mg.
T ª ª ª äã­ªæ¨¨ fj , j 2M , ¯®áâ®ï­­ë ­  ¬­®¦¥áâ¢¥ T (E), â® ¯ à¥â®-®¯â¨¬ «ì­ë¬¨ ¬®£ãâ

¡ëâì â®«ìª® â®çª¨ ¬¨­¨¬ã¬  äã­ªæ¨¨ f0 ­  T (E).
�ãáâì E 2 
1 ¨ t 2 T (E), â®£¤  ¤«ï «î¡®£® h(E) 2 H(E) ¨­â¥à¢ «ë Ij(t), j 2 h(E), ¯®-

¯ à­® ­¥ ¯¥à¥á¥ª îâáï. �«¥¤®¢ â¥«ì­®, f0(t) � F0(E), â. ¥. ¢¥àå­ïï ®æ¥­ª  äã­ªæ¨¨ f0 ­  T (E)
®¯à¥¤¥«ï¥âáï ­¥§ ¢¨á¨¬ë¬ ¬­®¦¥áâ¢®¬ ¬ ªá¨¬ «ì­®£® ¢¥á  £à ä  G(E).

�«ï ®¯¨á ­¨ï áâàãªâãàë ¬­®¦¥áâ¢  � à¥â® PT § ¤ ç¨ (1) ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ãî ¤¨á-
ªà¥â­ãî § ¤ çã:

F (E) = (F0(E); : : : ; Fm(E))! min; E 2 
3 = fE 2 
1 \
2 : T �(E) 6= ;g; (2)

£¤¥ T �(E) = ft 2 T (E) : f0(t) = F0(E)g.

�¥®à¥¬  1. �¯à ¢¥¤«¨¢® à §«®¦¥­¨¥

PT =
[

E2P


T �(E); (3)

£¤¥ P
 | ¬­®¦¥áâ¢® � à¥â® § ¤ ç¨ (2).

�«¥¤áâ¢¨¥ 1. � ¤ ç  (1) á¢®¤¨¬  ª § ¤ ç¥ (2).

�«¥¤áâ¢¨¥ 2. �á«¨ Q1; : : : ; Qq | ª« ááë íª¢¨¢ «¥­â­®áâ¨ ¬­®¦¥áâ¢  P
 ®â­®á¨â¥«ì­® ªà¨-
â¥à¨ï F , â® [

E2Q1

T �(E); : : : ; [
E2Qq

T �(E) | ª« ááë íª¢¨¢ «¥­â­®áâ¨ ¬­®¦¥áâ¢  PT ®â­®á¨â¥«ì­®

ªà¨â¥à¨ï f .

�«¥¤áâ¢¨¥ 3. �¯à ¢¥¤«¨¢  ¤®áâ¨¦¨¬ ï ®æ¥­ª  jPf j � 2n(n�1)=2, £¤¥ Pf = ff(t) : t 2 PT g.

3. � å®¦¤¥­¨¥ íää¥ªâ¨¢­ëå à¥è¥­¨©. � ¤ ç  (2) ®â­®á¨âáï ª ª« ááã âà ¥ªâ®à­ëå [5]. �à -
¥ªâ®à¨ï¬¨ ï¢«ïîâáï ¬­®¦¥áâ¢  à¥¡¥à n-¢¥àè¨­­ëå, (m+1)-¢§¢¥è¥­­ëå ¨­â¥à¢ «ì­ëå £à ä®¢,
®¡« ¤ îé¨å ®¯à¥¤¥«¥­­ë¬¨ á¢®©áâ¢ ¬¨. �­®¦¥áâ¢® âà ¥ªâ®à¨© ¥áâì ­¨¦­ïï ¯®¤¯®«ãà¥è¥âª 
¡ã«¥¢®© à¥è¥âª¨ (2U ;�). � áâ­ë¥ ªà¨â¥à¨¨ ¬®­®â®­­ë ¨ ¨¬¥îâ â¨¯ MINMAXSUM.

�ää¥ªâ¨¢­ë¥ âà ¥ªâ®à¨¨ ¬®¦­® ¢ë¤¥«¨âì ª®¬¡¨­ â®à­ë¬¨  «£®à¨â¬ ¬¨, ªà âª¨© ®¡§®à
ª®â®àëå ¤ ­ ¢ ([6], á. 186). �â¨  «£®à¨â¬ë ®c­®¢ ­ë ­  ¯®£àã¦¥­¨¨ ¤®¯ãáâ¨¬®© ®¡« áâ¨ ¢ ¬­®-
¦¥áâ¢® ¯à®áâ®© áâàãªâãàë ¨ âà¥¡ãîâ ®¯¨á ­¨ï ¯à®æ¥¤ãà, ¯à®¢¥àïîé¨å ¤®¯ãáâ¨¬®áâì â®çª¨
(g-®à ªã«) ¨ ¢ëç¨á«ïîé¨å §­ ç¥­¨¥ ªà¨â¥à¨ï (F -®à ªã«). �®áª®«ìªã § ¤ ç  (2) ¨¬¥¥â ªà¨-
â¥à¨ «ì­ë¥ ®£à ­¨ç¥­¨ï, â® g-®à ªã« ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ F -®à ªã«®¬. � §®¢¥¬ ¥£® F; g-
®à ªã«®¬.

�«£®à¨â¬ 1 (F; g-®à ªã« § ¤ ç¨ (2))

1. � ­® E 2 2U . �á«¨ T (E) = ;, â® E =2 
3; ¯¥à¥©â¨ ­  ¯. 5.
2. �ëç¨á«¨âì F0(E). �á«¨ T �(E) = ;, â® E =2 
3; ¯¥à¥©â¨ ­  ¯. 5.
3. �à®¢¥à¨âì ãá«®¢¨ï Fj(E) � �j , j 2M . �á«¨ å®âì ®¤­® ¨§ ­¨å ­¥ ¢ë¯®«­ï¥âáï, â® E =2 
3;

¯¥à¥©â¨ ­  ¯. 5.
4. �®«ãç¨«¨ E 2 
3.
5. �®­¥æ.
�à¥¬¥­­� ï á«®¦­®áâì  «£®à¨â¬  ®¯à¥¤¥«ï¥âáï âàã¤®¥¬ª®áâìî ¯à®¢¥àª¨ ãá«®¢¨ï T �(E) = ;.

�­®¦¥áâ¢® T �(E) § ¤ ¥âáï á¨áâ¥¬®©, ¢ª«îç îé¥© ¤¨§êî­ªâ¨¢­ë¥ ­¥à ¢¥­áâ¢ , ®¯à¥¤¥«ïîé¨¥
X(E), áâà®£¨¥ «¨­¥©­ë¥ ­¥à ¢¥­áâ¢ , ®¯à¥¤¥«ïîé¨¥ Y (E), ¨ ãà ¢­¥­¨¥ f0(t) = F0(E). �ää¥ª-
â¨¢­ë¥  «£®à¨â¬ë à¥è¥­¨ï á¨áâ¥¬ â ª®£® â¨¯  ­¥ ¨§¢¥áâ­ë [7].
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� ¤ ç  ­¥áª®«ìª® ã¯à®é ¥âáï, ¥á«¨ ­ å®¤¨âì ­¥ ¢á¥ ¬­®¦¥áâ¢® PT ,   â®«ìª® ¯®«­®¥ ¬­®¦¥-
áâ¢®  «ìâ¥à­ â¨¢ P0

T .
�ãáâì (N;U n E) | ®à£à ä, ¯®«ãç¥­­ë© ¨§ £à ä  (N;U n E), ®¡à â­®£® ª ¨­â¥à¢ «ì­®¬ã, á

¯®¬®éìî ­¥ª®â®à®© âà ­§¨â¨¢­®© ®à¨¥­â æ¨¨. �¡®§­ ç¨¬ ç¥à¥§ t(E) à á¯¨á ­¨¥, ®¯à¥¤¥«¥­­®¥
á®®â­®è¥­¨ï¬¨

ti(E) = max
e2Li(UnE)

v0(e); i 2 N;

£¤¥ Li(U n E) | ¬­®¦¥áâ¢® ¯ãâ¥© ®à£à ä  (N;U nE), ¤«ï ª®â®àëå ¢¥àè¨­  i ï¢«ï¥âáï ª®­¥ç­®©.
�ãâ¨ § ¤ ­ë á¯¨áª ¬¨ ¢¥àè¨­ (¤«ï ¢¥àè¨­ á ­ã«¥¢®© ¯®«ãáâ¥¯¥­ìî § å®¤  Li(U nE) = fig).

�¥®à¥¬  2. �ãáâì P0

 = fE1; : : : ; Epg | ¯®«­®¥ ¬­®¦¥áâ¢®  «ìâ¥à­ â¨¢ § ¤ ç¨

F (E) = (F0(E); : : : ; Fm(E))! min; E 2 
4 = 
0 \
2: (4)

�®£¤  P0
T = ft(E1); : : : ; t(Ep)g.

�«£®à¨â¬ 2 (F; g-®à ªã« § ¤ ç¨ (4))
1. � ­® E 2 2U . �á«¨ G(E) | ­¥ ¨­â¥à¢ «ì­ë© £à ä, â® E =2 
4; ¯¥à¥©â¨ ­  ¯. 4.
2. �à®¢¥à¨âì ãá«®¢¨ï Fj(E) � �j , j 2M . �á«¨ å®âì ®¤­® ¨§ ­¨å ­¥ ¢ë¯®«­ï¥âáï, â® E =2 
4;

¯¥à¥©â¨ ­  ¯. 4.
3. �®«ãç¨«¨ E 2 
4. �ëç¨á«¨âì F0(E).
4. �®­¥æ.
�­â¥à¢ «ì­®áâì £à ä  ¯à®¢¥àï¥âáï íää¥ªâ¨¢­® [8], ¯®íâ®¬ã à¥« ªá¨à®¢ ­­ ï (®â­®á¨â¥«ì-

­® (2)) § ¤ ç  (4) ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî ®à ªã«ì­ãî á«®¦­®áâì. � å®¦¤¥­¨¥ íää¥ªâ¨¢­ëå
à á¯¨á ­¨©, á®®â¢¥âáâ¢ãîé¨å íää¥ªâ¨¢­ë¬ âà ¥ªâ®à¨ï¬, á¢®¤¨âáï ª ¯®áâà®¥­¨î ¬ ªá¨¬ «ì-
­ëå ¯ãâ¥© âà ­§¨â¨¢­®£® ®à£à ä .

�®¦­® ¤®ª § âì, çâ® PT = [
E2P0




X�(E), £¤¥ P0

 | ¬­®¦¥áâ¢® � à¥â® § ¤ ç¨ (4), X�(E) =

ft 2 X(E) : f0(t) = F0(E)g 6= ;. �®, ¢ ®â«¨ç¨¥ ®â (3), á¨áâ¥¬  ¬­®¦¥áâ¢ X�(E), E 2 P0

, ï¢«ï¥âáï

¯®ªàëâ¨¥¬ ¬­®¦¥áâ¢  PT , â. ª. ¯®¤¬­®¦¥áâ¢ , á®®â¢¥âáâ¢ãîé¨¥ à §­ë¬ âà ¥ªâ®à¨ï¬, ¬®£ãâ
¯¥à¥á¥ª âìáï.
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