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� ¤ ®© à ¡®â¥ ¬¥â®¤ ¬¨ â¥®à¨¨ ãà ¢¥¨© ¢ á¢¥àâª å   ¯®«ã¡¥áª®¥ç®¬ ¨â¥à¢ «¥ [1],
[2] ¯®«ãç¥ ¥ª®â®àë©   «®£ â¥®à¥¬ë �¨ª à  ([3], c. 231{232) ¤«ï ãà ¢¥¨ï

Z b

0

k(x� t)u(t)dt = f(x); x 2 [d; c]; (1)

¯à¨ ãá«®¢¨ïå

k; k0 2 L1(d� b; c); k(c) 6= 0; k(d� b) 6= 0; b > 0; d < c; (2)

f; f 0 2 L1(d; c); f(c) = f(d) = 0: (3)

�®«®¦¨¬ k(t) := 0 ¯à¨ t =2 [d� b; c],

Fk(p) :=
Z 1

�1

eiptk(t)dt =
Z c

d�b

eiptk(t)dt | ¯à¥®¡à §®¢ ¨¥ �ãàì¥ äãªæ¨¨ k;

�+(p) := �ipe�ip(d�b)Fk(p); ��(p) := ipe�ipcFk(p):

�¥¬¬ . �ãáâì ï¤à® k ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (2). �®£¤  áãé¥áâ¢ãîâ ç¨á«  � > 0 ¨
� 2 (0; �) â ª¨¥, çâ®

�+(p) 6= 0; Im p � �; ��(p) 6= 0; j Im p� �j < �; ��(p) 6= 0; Im p � ��; (4)

  ¢ ¯®«®á¥ j Im pj < � ç¨á«® ã«¥© äãªæ¨¨ ��(p) ª®¥ç® ¨«¨ áç¥â®. �¤¨áâ¢¥ ï ¯à¥¤¥«ì ï
â®çª  íâ®£® ¬®¦¥áâ¢  | ¡¥áª®¥ç® ã¤ «¥ ï â®çª .

�¡®§ ç¨¬ ç¥à¥§ p1; p2; : : : ¢á¥ ã«¨ äãªæ¨¨ ��(p) ¢ ¯®«®á¥ j Im pj < �, ¯ãáâì �1; �2; : : : |
ªà â®áâì íâ¨å ã«¥© á®®â¢¥âáâ¢¥®. �®«®¦¨¬

ulj(t) := e�itpj tl�1; wlj(x) :=
Z b

0
k(x� t)ulj(t)dt;

S�(t; bc) := �X
j=1

�jX
l=1

bcljulj(t); S1(t; bc) := lim
�!1

S�(t; bc); (5)

£¤¥

1X
j=1

�jX
l=1

jbclj j <1: (6)

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-

¤®¢ ¨©, £à â ò 02-01-00296.
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�¥®à¥¬ . �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï (2), (3) ¨ cãé¥áâ¢ã¥â  âãà «ì®¥ n0 � 2 â ª®¥,
çâ®

jpj j
�(n0�1) = O(j��) ¯à¨ j !1, £¤¥ � > 1; (7)

¨ ¤«ï n = 2; : : : ; n0

@n

@tn
k(t) = k(n) 2 L1(d� b; d); f (n�1)(d+ 0) = 0: (8)

�®£¤  ¤«ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ãà ¢¥¨ï (1) ¢ L1(0; b) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë
¯à ¢ ï ç áâì ãà ¢¥¨ï (1) ¨¬¥«  ¢¨¤

f(x) = lim
�!1

�X
j=1

�jX
l=1

bcljwlj(x); x 2 [d; c]; (9)

£¤¥ bc = fbcljg, l = 1; : : : ; �j, j = 1; 2; : : : ; �, | ¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ¯®áâ®ïëå,
ã¤®¢«¥â¢®àïîé ï ¯à¨ � !1 ¥à ¢¥áâ¢ã (6).

�á«¨ ãá«®¢¨¥ (9) ¢ë¯®«¥®, â® à¥è¥¨¥¬ ãà ¢¥¨ï (1) ï¢«ï¥âáï

u(t) = S1(t; bc); t 2 [0; b]: (10)

�¥è¥¨¥ (10) ¥¤¨áâ¢¥® ¢ ª« áá¥ L1(0; b), ¥á«¨ ¯à¨ � !1 á¨áâ¥¬  äãªæ¨©

fwlj(x)g; l = 1; : : : ; �j ; j = 1; 2; : : : ; �;

ï¢«ï¥âáï «¨¥©® ¥§ ¢¨á¨¬®©   ¨â¥à¢ «¥ (d; c).

C«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï (2), (3). �á«¨ ç¨á«® ã«¥© äãªæ¨¨ ��(p) ¢ ¯®«®á¥
j Im pj < � ª®¥ç® ¨ à ¢® � � 0, â® â¥®à¥¬  â ª¦¥ ¢ë¯®«ï¥âáï.

� ¬¥â¨¬, çâ® ä®à¬ã«  ¤«ï ¢ëç¨á«¥¨ï ã«¥© æ¥«®© äãªæ¨¨ ( ��(p) ) ¨¬¥¥âáï ¢ [4].

�®ª § â¥«ìáâ¢® «¥¬¬ë. �® ä®à¬ã«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨¬¥¥¬

Fk(p) =
1
ip

�
eipck(c)� eip(d�b)k(d� b)

�
�

Z c

d�b

eiptk0(t)dt:

�®£¤  ¤«ï p = x+ iy ¯®«ãç¨¬ ¤¢   á¨¬¯â®â¨ç¥áª¨å á®®â®è¥¨ï:

�+(p) = k(d� b)� eipqk(c) +
Z q

0

eiptk0(t+ d� b)dt! k(d� b) 6= 0 ¯à¨ y !1;

��(p) = k(c) � e�ipqk(d� b)�
Z 0

�q

eiptk0(t+ c)dt! k(c) 6= 0 ¯à¨ y ! �1;

£¤¥ áå®¤¨¬®áâì à ¢®¬¥à ï ¯® x 2 R. C«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â �0 > 0 â ª®¥, çâ® ��(p) 6= 0
¯à¨ � Im p � �0. �®«®¦¨¬ �1 := � 1

q
ln jk(d � b)=k(c)j, â®£¤  ¨§ ¢â®à®£®  á¨¬â®â¨ç¥áª®£® á®®â®-

è¥¨ï ¨ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  ¨¬¥¥¬ ¥à ¢¥áâ¢®

j��(x+ iy)j � eyqjk(d� b)j � jk(c)j �
����
Z 0

�q

eixte�ytk0(t+ c)dt
����:

�§ ¥à ¢¥áâ¢  ¤«ï �2 � max(�0; �1), y > �2+�0, £¤¥ �0 > 0, ¯®«ãç¨¬ j��(x+iy)j � jk(c)j(e(y��1)q�
1) > jk(c)j(e�0 � 1) ¯à¨ jxj ! 1. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® y0 > �2 + �0 ¢á¥ ã«¨ äãªæ¨¨
��(x+ iy) ¢ ¯®«®á¥ �2+ �0 < Im p < y0 ®£à ¨ç¥ë ¯® ¬®¤ã«î. �®£¤  ¯® â¥®à¥¬¥ ¥¤¨áâ¢¥®áâ¨
¤«ï   «¨â¨ç¥áª¨å äãªæ¨© ç¨á«® ã«¥© ¢ íâ®© ¯®«®á¥ ª®¥ç®.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì à¥è¥¨¥ ãà ¢¥¨ï (1) áãé¥áâ¢ã¥â ¢ L1(0; b). �à®¤®«-
¦¨¬ u ¨ f ã«¥¬ ¢¥ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï. �®«®¦¨¬

v(x) :=
Z b

0

k(x� t)u(t)dt ¯à¨ x =2 [d; c]; v(x) := 0 ¯à¨ x 2 [d; c]: (11)

�®£¤  ãà ¢¥¨¥ (1) à á¯à®áâà ï¥âáï   ¢áî ¢¥é¥áâ¢¥ãî ¯àï¬ãî R á«¥¤ãîé¨¬ ®¡à §®¬ :Z 1

�1

k(x� t)u(t)dt = f(x) + v(x); x 2 R: (12)

�ãªæ¨¨ u ¨ v ¢ (12) ¡ã¤¥¬ ¨áª âì á ¯®¬®éìî § ¤ ç¨ �¨¬   ([1], á. 30).
�§ (11) á®£« á® á¢®©áâ¢ã á¢¥àâª¨ ¨â¥£à¨àã¥¬ëå äãªæ¨© ¨¬¥¥¬

v(t) 2 L1(R); v(x) = 0 ¯à¨ x =2 (d� b; d)
[
(c; c + b):

�®«®¦¨¬ v1(x) := v(x)�[d�b;d](x), v2(x) := v(x)�[c;c+b](x), £¤¥ �[a;b](x) | x à ªâ¥à¨áâ¨ç¥áª ï
äãªæ¨ï ®âà¥§ª  [a; b]. �®£¤ , ¯à¨¬¥¨¢ ª ãà ¢¥¨î (12) ¯à¥®¡à §®¢ ¨¥ �ãàì¥, ¯®«ãç¨¬

Fk(p)Fu(p) = Ff(p) + Fv1(p) + Fv2(p); p 2 R:

�§ «¥¬¬ë (c®®â®è¥¨ï (4)) ¤«ï ¢á¥å x 2 R ¨¬¥¥¬

�+(x+ i�) 6= 0; ��(x+ i�) 6= 0; (x+ i�)Fk(x + i�) 6= 0: (13)

�«ï p = x+ i� ¯®«®¦¨¬

V1(x) := ie�ipc
pFv1(p)
��(p)

; V2(x) := �ie�ip(d�b)
pFv2(p)
�+(p)

; (14)

H1(x) :=
Ff(x+ i�)

(x+ i�)Fk(x + i�)
¯à¨ d > 0; H1(x) := 0 ¯à¨ d � 0: (15)

�§ â¥®à¥¬ë �¨¥à  ([2], c. 4) ¨ �í«¨{�¨¥à  ([1], c. 23) ¨§ (15) á ãç¥â®¬ ¯®á«¥¤¥£® ¥à ¢¥áâ¢ 
¢ (13) á«¥¤ã¥â cãé¥áâ¢®¢ ¨¥ äãªæ¨¨ h1 2 L1(R) â ª®©, çâ®

h1(x) := F�1H1(t) = 0 ¯à¨ t < b; h1; h
0

1 2 L1(R): (16)

�§ (16) ¯® ä®à¬ã«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ á ãç¥â®¬ à ¢¥áâ¢  h1(b) = 0 ¯®«ãç¨¬

H1(x) =
Z 1

b

eipth1(t)dt =
i

x

Z 1

b

eipth01(t)dt; p = x+ i�: (17)

�¥à¥¬áï ª ãà ¢¥¨î (13). � §¤¥«¨¢ ¥£®   Fk, á®£« á® (14) ¯®«ãç¨¬

Fu(x+ i�) = (x+ i�)H1(x) + V1(x) + V2(x); x 2 R: (18)

�à¨¢¥¤¥¬ ãà ¢¥¨¥ (18) ª ¯à®áâ¥©è¥© ªà ¥¢®© § ¤ ç¥ �¨¬     R. �®«®¦¨¢

F+(x) := Fu(x+ i�)� (x+ i�)H1(x)� V2(x); x 2 R; (19)

F�(x) := V1(x); x 2 R; (20)

¯®«ãç¨¬ ¨áª®¬®¥ ªà ¥¢®¥ ãá«®¢¨¥

F+(x) = F�(x); x 2 R: (21)

�§ ä¨¨â®áâ¨ ï¤à , ãá«®¢¨ï (3) ¨ á®®â®è¥¨© ¢ (12) ¨¬¥¥¬ v(d) = v(d�b) = v(á) = v(c+b) = 0.
�® ä®à¬ã«¥ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¯®«ãç¨¬Z q+b

q

eiptv2(t+ d� b)dt = �
1
ip

Z q+b

q

eiptv02(t+ d� b)dt; (22)

Z �(c�d)

�q

eiptv1(t+ c)dt = �
1
ip

Z �(c�d)

�q

eiptv01(t+ c)dt: (23)
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�®£¤  ¨§ (19), (17) ¨ (14), (22) á«¥¤ã¥â, çâ® äãªæ¨ï F+(z),   «¨â¨ç¥áª ï ¢ ¯®«ã¯«®áª®áâ¨
Im z > 0, ¥¯à¥àë¢ , ¢ª«îç ï £à ¨æã, ¨ ¨áç¥§ ¥â   ¡¥áª®¥ç®áâ¨ ¢ íâ®© ¯®«ã¯«®áª®áâ¨.
�§ (20) ¨ (14), (23) á«¥¤ã¥â, çâ® äãªæ¨ï F�(z),   «¨â¨ç¥áª ï ¢ ¯®«ã¯«®áª®áâ¨ Im z < 0 § 
¨áª«îç¥¨¥¬ ¯®«îá®¢ ¢ â®çª å z1; z2; : : : (zj = pj � i�, j = 1; 2; : : : ), ¥¯à¥àë¢® ¯à®¤®«¦¨¬   
£à ¨æã ¨ ¨áç¥§ ¥â   ¡¥áª®¥ç®áâ¨ ¢ íâ®© ¯®«ã¯«®áª®áâ¨.

�«ï ¯à®áâ®âë à ááã¦¤¥¨© ¡ã¤¥¬ áç¨â âì á ç « , çâ® ç¨á«® ã«¥© äãªæ¨¨ ��(p) ¢ ¯®«®á¥
j Im pj < � ª®¥ç® ¨ à ¢® � � 0. �®£¤  ¨§ ªà ¥¢®£® ãá«®¢¨ï (21) ¯® â¥®à¥¬¥ ®¡   «¨â¨ç¥áª®¬
¯à®¤®«¦¥¨¨ ¨ ®¡®¡é¥®© â¥®à¥¬¥ �¨ã¢¨««ï ([1], c. 29{30) ¨¬¥¥¬

F+(x) = F�(x) = bS�(x+ i�; C); (24)

£¤¥

bS�(x+ i�; C) :=
�X

j=1

�jX
l=1

clj(x+ i� � pj)
�l;

C = fcljg (l = 1; : : : ; �j , j = 1; 2; : : : ; �) | ¯à®¨§¢®«ì ï ¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ç¨á¥«.
�§ (24) ¨ (19), (20) ¤«ï p = x+ i� ¨¬¥¥¬ á®®â¢¥âáâ¢¥®

Fu(p)� pH1(p� i�)� V2(p� i�) = bS�(p;C); V1(p� i�) = bS�(p;C): (25)

�®£¤  ¨§ (25) ¯®«ãç¨¬

Fu(p) � pH1(p� i�) +
ip

�+(p)

Z q+b

q

eiptv2(t+ d� b)dt = bS�(p;C);

ip

��(p)

Z �(c�d)

�q

eiptv1(t+ c)dt = bS�(p;C):

(26)

� áá¬®âà¨¬ ãà ¢¥¨¥ (26). �¬®¦¨¬ ¥£®   e�ipb ¨, ¯®«®¦¨¢

bS�� (x;�) := 1
2�i

Z 1

�1

e�ib(t+i�) bS�(t+ i�; C)
dt

t� (x� i0)
; (27)

H+
2 (x) := e�ib(x+i�)H1(x);

F�1 (p) := e�ipbFu(p) + bS�� (p� i�; C); Im p � �; (28)

F+
1 (p) := �i

p

�+(p)

Z q

q�b

eiptv2(t+ d)dt+ pH+
2 (p� i�) + bS+

� (p� i�; C); Im p � �; (29)

¯®«ãç¨¬ ªà ¥¢®¥ ãá«®¢¨¥
F+
1 (x+ i�) = F�1 (x+ i�); x 2 R:

�¬¥¥¬ ([1], c. 29{30)

F+
1 (p) = F�1 (p) = 0; p = x+ i�; x 2 R: (30)

�§ (30), ãç¨âë¢ ï (28), (29), ¯®«ãç¨¬

e�ipbFu(p) = � bS�� (p� i�; C); Im p � �; (31)

�i
p

�+(p)

Z q

q�b

eiptv2(t+ d)dt+ pH+
2 (p� i�) + bS+

� (p� i�; C) = 0; Im p � �:

�§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ bS� á«¥¤ã¥â

bS�(p;C) =
�X

j=1

�jX
l=1

bclj
Z 1

0
eiptulj(t)dt; £¤¥ cclj = i�l

clj
(l � 1)!

:
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�®£¤  ¨§ (27) ¯® ¨â¥£à «ì®© ä®à¬ã«¥ �®è¨ ¯®«ãç¨¬

bS�� (x;C) = e�ipb
�X

j=1

�jX
l=1

bclj
Z b

0

eiptulj(t)dt: (32)

�§ (32) ¨ (5) á«¥¤ã¥â

F�1fei(x+i�)b bS�� (x;C)g(t) = S�(t; bc)�[0;b](t); t 2 R: (33)

�®£¤  ¨§ (31) ¨ (33) ¨¬¥¥¬

u(t) = S�(t; bc); t 2 [0; b]: (34)

�§ (34) ¨ (1) ¯®«ãç¨¬ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï

f(x) =
�X

j=1

�jX
l=1

bcljwlj(x); x 2 [d; c]: (35)

�§ (35) ¯à¨ f = 0 ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ãá«®¢¨¥   ¥¤¨áâ¢¥®áâì à¥è¥¨ï. �¥®à¥¬  ¤®ª §  
¤«ï á«ãç ï � <1, â¥¬ á ¬ë¬ ¤®ª § ® á«¥¤áâ¢¨¥.

�ãáâì â¥¯¥àì � =1. �à®¨â¥£à¨àã¥¬ ªà ¥¢®¥ ãá«®¢¨¥ (21) ¯® x ®â �1 ¤®1 á ¢¥á®¬ (x�z)�1,
£¤¥ Im z > 0. �® ¨â¥£à «ì®© ä®à¬ã«¥ �®è¨ á ãç¥â®¬ â¥®à¨¨ ¢ëç¥â®¢ ¯®«ãç¨¬

F+(x) =
1X
j=1

Res
F�(zj)
zj � x

=
1X
j=1

�jX
l=1

clj(x� zj)�l; x 2 R: (36)

�®ª ¦¥¬, çâ® ¢ (36) ¤«ï «î¡®£® l

clj = o(jzj j�(n0�1)) ¯à¨ j !1: (37)

�§ (12) ¨ ãá«®¢¨ï (8) á«¥¤ã¥â, çâ® v
(n)
1 (d + 0) = v

(n)
1 (d � b � 0) = 0, n = 1; : : : ; n0 � 1. �®£¤  ¨§

ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨¬¥¥¬Z d

d�b

eixtv01(t)dt = o(jxj�(n0�1)) ¯à¨ jxj ! 1: (38)

�§ (22), (23) ¨ (38) ¯®«ãç¨¬ V1(x) = o(jxj�(n0�1)) ¯à¨ jxj ! 1. �§ à ¢¥áâ¢ (20) ¨ (36) ¢ëâ¥ª îâ
á®®â®è¥¨ï (37). �«¥¤®¢ â¥«ì®, àï¤ ¢ ¯à ¢®© ç áâ¨ (36) à ¢®¬¥à® áå®¤¨âáï ¤«ï ¢á¥å x 2 R
¢¢¨¤ã á®®â®è¥¨ï (8) ¨ ¥à ¢¥áâ¢  jx � zj j > � ¤«ï ¢á¥å j. � ª¨¬ ®¡à §®¬, ¢á¥ ¢ëª« ¤ª¨
¢ëè¥¯à¨¢¥¤¥®£® ¤®ª § â¥«ìáâ¢ ,  ç¨ ï á æ¥¯®çª¨ (24), â ª¦¥ ¡ã¤ãâ ¢¥àë ¨ ¤«ï � !1.
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