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� 1846 £. �.�¨ã¢¨««ì ¢¢¥« [1] ¨­â¥à¥á­ë© ª« áá à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥©, ­ §¢ ­­ëå ¢¯®-
á«¥¤áâ¢¨¨ ¥£® ¨¬¥­¥¬| ¯®¢¥àå­®áâ¨ �¨ã¢¨««ï. �å ¬¥âà¨ª  ¯à¨ ­ ¤«¥¦ é¥¬ ¢ë¡®à¥ ª®®à¤¨­ â
u1, u2 ¯à¨¢®¤¨âáï ª ¢¨¤ã ([2], á. 151)

ds2 = [X(u1) + Y (u2)] � [(du1)2 + (du2)2];

£¤¥X(u1), Y (u2) | ­¥ª®â®àë¥ äã­ªæ¨¨ ãª § ­­ëå ¯¥à¥¬¥­­ëå. �à ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å «¨­¨©
¯®¢¥àå­®áâ¥© �¨ã¢¨««ï ¤®¯ãáª îâ ¯¥à¢ë© (ª¢ ¤à â¨ç­ë©) ¨­â¥£à « ¢¨¤  aijdu

iduj = const
(i; j = 1; 2), £¤¥ a11 = (X+Y )Y , a22 = �(X+Y )X, a12 = 0, ¯à¨ç¥¬ ¢ á«ãç ¥ á®¡áâ¢¥­­® à¨¬ ­®¢ëå
(¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®© ¬¥âà¨ç¥áª®© ä®à¬ë) ¯®¢¥àå­®áâ¥© íâ® á¢®©áâ¢® å à ªâ¥à¨§ã¥â
¯®¢¥àå­®áâ¨ �¨ã¢¨««ï ([2], á. 192). � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

jaij � �gij j = 0; (1)

£¤¥ aij | ª®¬¯®­¥­âë â¥­§®à , ®¯à¥¤¥«ïîé¥£® ¯¥à¢ë© ¨­â¥£à « £¥®¤¥§¨ç¥áª¨å, ¨¬¥¥â ¤¢  ¤¥©-
áâ¢¨â¥«ì­ëå ­¥ à ¢­ëå ­ã«î ª®à­ï �1 = Y , �2 = �X.

�®§­¨ª ¥â ¥áâ¥áâ¢¥­­ë© ¢®¯à®á: áãé¥áâ¢ãîâ «¨ ¯®¢¥àå­®áâ¨, ®â«¨ç­ë¥ ®â ¯®¢¥àå­®áâ¥© �¨-
ã¢¨««ï, ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å «¨­¨© ª®â®àëå â ª¦¥ ¤®¯ãáª îâ ¯¥à¢ë© ª¢ ¤à â¨ç­ë© ¨­â¥-
£à «? � §ã¬¥¥âáï, ¥á«¨ â ª¨¥ ¯®¢¥àå­®áâ¨ ¥áâì, â® ¨áª âì ¨å á«¥¤ã¥â ®âª § ¢è¨áì ®â ¯®«®¦¨-
â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®á­®¢­®© ä®à¬ë ¯®¢¥àå­®áâ¨. �®­ïâ­®, çâ® ¯à¨ íâ®¬ å à ªâ¥à¨áâ¨ç¥-
áª®¥ ãà ¢­¥­¨¥ (1) ¬®¦¥â ¨¬¥âì ª ª ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¥ ª®à­¨, â ª ¨ ®¤¨­ ¤¥©áâ¢¨â¥«ì-
­ë©, ­®, à §ã¬¥¥âáï, ªà â­ë© ª®à¥­ì, ç¥£® ¢ á«ãç ¥ ¯®¢¥àå­®áâ¥© �¨ã¢¨««ï ¡ëâì ­¥ ¬®¦¥â.
�¥è¥­¨î íâ®£® ¢®¯à®á  ¨ ¯®á¢ïé¥­  ¤ ­­ ï à ¡®â . �®«ãç¥­­ë¥ ¯à¨ íâ®¬ à¥§ã«ìâ âë ®ª § -
«®áì ¢®§¬®¦­ë¬ ®¡®¡é¨âì ¨ ¯®áâà®¨âì ¯®¢¥àå­®áâ¨ �¥©«ï ([3], á. 153), ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å
«¨­¨© ª®â®àëå ¤®¯ãáª îâ ¢ ª ç¥áâ¢¥ ¯¥à¢®£® ¨­â¥£à «  ¤à®¡­®-ª¢ ¤à â¨ç­ë© [4].

1. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¯®¢¥àå­®áâ¨

�ãáâì V2 | ¯á¥¢¤®à¨¬ ­®¢  ¯®¢¥àå­®áâì ­¥®¯à¥¤¥«¥­­®©, ¢®®¡é¥ £®¢®àï, ¬¥âà¨ç¥áª®© ä®à-
¬ë, ®â­¥á¥­­ ï ª ª®®à¤¨­ â ¬ ui (i; j; k = 1; 2), ds2 = gij(uk)duiduj | ¥¥ «¨­¥©­ë© í«¥¬¥­â,
®¯à¥¤¥«ï¥¬ë© â¥­§®à®¬ gij . �à¥¤¯®«®¦¨¬, çâ® íâ  ¯®¢¥àå­®áâì ¤®¯ãáª ¥â áãé¥áâ¢®¢ ­¨¥ ­¥ª®-
â®à®© ­¥¢ëà®¦¤¥­­®© á¥â¨ «¨­¨© ([2], á. 65), ®¯à¥¤¥«ï¥¬®© (­¥¢ëà®¦¤¥­­ë¬) â¥­§®à®¬ aij , ¨
à áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) â¥­§®à  íâ®© á¥â¨. �à¥¦¤¥ ¢á¥£® ¢ëïá­¨¬, ¯à¨
ª ª¨å ãá«®¢¨ïå ª®à­¨ íâ®£® ãà ¢­¥­¨ï ¡ã¤ãâ ª®¬¯«¥ªá­® á®¯àï¦¥­ë. � ¬¥â¨¬, çâ® íâ¨ ª®à­¨
­¨ª®£¤  ­¥ à ¢­ë ­ã«î ¢ á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ â¥­§®à  á¥â¨.

� ª «¥£ª® ¢¨¤¥âì, ¥á«¨ �1;2 = U(uk)� iV (uk), i2 = �1, ï¢«ïîâáï ª®à­ï¬¨ ãà ¢­¥­¨ï (1), â®
äã­ªæ¨¨ U , V ¨ ª®®à¤¨­ âë â¥­§®à®¢ gij ¨ aij ¤®«¦­ë ã¤®¢«¥â¢®àïâì ¤¢ã¬ ãá«®¢¨ï¬:

a11a22 � a212 = (U 2 + V 2)(g11g22 � g212);

a11g22 � 2a12g12 + a22g11 = 2U(g11g22 � g212):
(2)
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�â¨ ãá«®¢¨ï ¬®¦­® § ¯¨á âì ¢ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥ á«¥¤ãîé¨¬ ®¡à §®¬. � ª ¨§¢¥áâ­® ([3], á. 300),
«î¡ ï à¨¬ ­®¢  ¯®¢¥àå­®áâì ï¢«ï¥âáï ª®­ä®à¬­®-¯«®áª®©, ¯®íâ®¬ã ¢ á¯¥æ¨ «ì­®© (¨§®â¥à¬¨-
ç¥áª®©) á¨áâ¥¬¥ ª®®à¤¨­ â ¥¥ «¨­¥©­ë© í«¥¬¥­â ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥

ds2 = g[(du1)2 + "(du2)2]; g = g(ui); " = �1:

� á«ãç ¥ á®¡áâ¢¥­­® à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ (" = +1) ¨áá«¥¤®¢ ­¨¥ ãà ¢­¥­¨© (2) ¤ ¥â
­ ¬, çâ® ª®¬¯®­¥­âë â¥­§®à  aij ï¢«ïîâáï, ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªá­ë¬¨, ­ ¯à¨¬¥à, a22 =
Ug �

p
�(a212 + V 2g2), çâ® ¨§ à áá¬®âà¥­¨ï ¬ë ¨áª«îç ¥¬. � ª¨¬ ®¡à §®¬, ¯®«ãç¥­ ¨§¢¥áâ­ë©

([5], á. 249) à¥§ã«ìâ â, á®áâ®ïé¨© ¢ â®¬, çâ® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) ¢ á®¡áâ¢¥­­® à¨-
¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ ­¥ ¨¬¥¥â ª®¬¯«¥ªá­ëå ª®à­¥©. � ¬¥â¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥
ãà ¢­¥­¨¥ (1) ¬®¦¥â ¨¬¥âì ¤¥©áâ¢¨â¥«ì­ë© ª®à¥­ì ªà â­®áâ¨ 2 (à ¢­®© à §¬¥à­®áâ¨ ¯®¢¥àå­®-
áâ¨), ­® ¯à¨ íâ®¬, ª ª «¥£ª® ¯à®¢¥à¨âì, â¥­§®àë aij ¨ gij ¯à®¯®àæ¨®­ «ì­ë.

�á«¨ ¦¥ à áá¬ âà¨¢ ¥¬ ï ¯®¢¥àå­®áâì ¯á¥¢¤®à¨¬ ­®¢  (" = �1), â® à¥è¥­¨¥¬ (2) ï¢«ïîâáï
á«¥¤ãîé¨¥ äã­ªæ¨¨:

a11 = Ug �
q
U 2 + y2 � (U 2 + V 2)g2; a12 = y; a22 = �Ug �

q
U 2 + y2 � (U 2 + V 2)g2;

®¤­ ª® ¨áá«¥¤®¢ ­¨¥ íâ¨å à¥è¥­¨© ¢ë§ë¢ ¥â ®ç¥¢¨¤­ë¥ ­¥ã¤®¡áâ¢ . �â®¡ë ¨å ®¡®©â¨, ¯®áâã¯¨¬
â ª: ¢¢¥¤¥¬ ­  à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå­®áâ¨ ­®¢ãî á¨áâ¥¬ã ª®®à¤¨­ â x1, x2, ¯®«®¦¨¢ x1 = u1+
u2, x2 = u1 � u2. � íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â ®á­®¢­ ï ä®à¬  ¯®¢¥àå­®áâ¨ § ¯¨è¥âáï á«¥¤ãîé¨¬
®¡à §®¬:

ds2 = 2g12(x1; x2)dx1dx2; (3)

  â¥­§®à­®¥ ¯®«¥ aij , ª ª ¯®ª §ë¢ îâ (2), ¯à¨¬¥â ¢¨¤

a11 = a11(x
1; x2); a12 = Ug12; a22 = �

V 2

a11
g212: (4)

�â ª, ¥á«¨ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) ¯á¥¢¤®à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ¨¬¥¥â ª®¬¯«¥ªá-
­®-á®¯àï¦¥­­ë¥ ª®à­¨ � = U�iV , i2 = �1, â® ¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â ®á­®¢­ãî ä®à¬ã
¯®¢¥àå­®áâ¨ ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã (3),   ä®à¬ã, ®¯à¥¤¥«ïîéãî á¥âì «¨­¨©, | ª ¢¨¤ã

aijdx
idxj = a11(dx

1)2 + 2Ug12dx
1dx2 + a22(dx

2)2;

¯à¨ç¥¬ a11a22 = �V 2g212.
�®áâ â®ç­®áâì íâ®£® ãâ¢¥à¦¤¥­¨ï ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
� ¬¥â¨¬, çâ® ¥á«¨ V = 0 (â. ¥. ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¤¥©áâ¢¨â¥«ì­ë© ª®à¥­ì ªà â­®áâ¨ 2,

à ¢­®© à §¬¥à­®áâ¨ ¯®¢¥àå­®áâ¨), â® a11a22 = 0. �®áª®«ìªã ¯à¥¤¯®« £ ¥âáï, çâ® ®á­®¢­®© â¥­§®à
¯®¢¥àå­®áâ¨ ¨ â¥­§®à á¥â¨ ­¥ ¯à®¯®àæ¨®­ «ì­ë, â® à ¢­  ­ã«î â®«ìª® ®¤­  ¨§ ª®¬¯®­¥­â a11 ¨
a22.

2. �¥©«¥¢®-£¥®¤¥§¨ç¥áª ï á¥âì «¨­¨© ­  ¯®¢¥àå­®áâ¨

�® á¨å ¯®à ¬ë ­¥ ­ « £ «¨ ­¨ª ª¨å ãá«®¢¨© ­  £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  á¥â¨. �®¯ãáâ¨¬
¤ «¥¥, çâ® ¥¥ â¥­§®à ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬

r(kaij) =M(kaij) +R(kgij); (5)

£¤¥ rk | á¨¬¢®« ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ á¢ï§­®áâ¨, ®¯à¥¤¥«ï¥¬®© â¥­§®à®¬ gij ,
Mk, Rk | ­¥ª®â®àë¥ ¢¥ªâ®à­ë¥ ¯®«ï (¯®«ï \¤®¯®«­¨â¥«ì­ëå" ¢¥ªâ®à®¢), áª®¡ª¨ ®¡®§­ ç -
îâ á¨¬¬¥âà¨à®¢ ­¨¥ ¯® ¨­¤¥ªá ¬, á®¤¥à¦ é¨¬áï ¢ ­¨å. � ªãî á¥âì ¡ã¤¥¬ ­ §ë¢ âì ¢¥©«¥¢®-
£¥®¤¥§¨ç¥áª®©. �à¨ç¨­  ¯®¤®¡­®£® ­ §¢ ­¨ï ¡ã¤¥â ¯®ïá­¥­  ­¨¦¥ ¢ x 4.

�â¬¥â¨¬ §¤¥áì â ª¦¥ ¤¢  ®¡áâ®ïâ¥«ìáâ¢ , ª á îé¨¥áï ä®à¬ë ãá«®¢¨© (5). �®-¯¥à¢ëå, ®ç¥-
¢¨¤­®, çâ® â¥­§®à á¥â¨ ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®¦¨â¥«ï, ­® ä®à¬  ãà ¢-
­¥­¨© (5) ¯à¨ ­®à¬¨à®¢ ­¨¨ â¥­§®à  ­¥ ¬¥­ï¥âáï. �¥©áâ¢¨â¥«ì­®, ¯®« £ ï aij = �a�ij , ¨§ (5)
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¯®«ãç¨¬ r(ka
�

ij) = M�

(ka
�

ij) + R�

(kgij), £¤¥ M
�

k = Mk � @k ln�, R�

k = ��1Rk. �«¥¤®¢ â¥«ì­®, ¯à¨
£à ¤¨¥­â­®¬ ¢¥ªâ®à¥ Mk §  áç¥â ¢ë¡®à  ­®à¬¨à®¢ª¨ â¥­§®à  aij ãà ¢­¥­¨¥ (5) ¬®¦­® ¯à¨¢¥áâ¨
ª ¢¨¤ã r(ka

�

ij) = R�

(kgij).
�®-¢â®àëå, ä®à¬  ãá«®¢¨© (5) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© ([3],

á. 160) á¢ï§­®áâ¨. �¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¤ îâ, çâ® ¢ á¢ï§­®áâ¨, ®¯à¥¤¥«ï¥¬®© â¥­§®à®¬egij = �2(xk)gij , ãà ¢­¥­¨ï (5) § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬: er(kaij) = fM(kaij) + eR(kegij),
£¤¥ erk | ®¯¥à â®à ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ®â­®á¨â¥«ì­® egij , fMk = Mk � 2@k ln�2,eRk = ��2Rk + akiegij@j ln�2. �®íâ®¬ã ¢ á«ãç ¥ £à ¤¨¥­â­®£® ¢¥ªâ®à  Rk ¢á¥£¤  ¬®¦­® ­ ©â¨ â -
ª®¥ eV2, ª®­ä®à¬­®¥ ¤ ­­®¬ã V2, ¢ ª®â®à®¬ á¥âì â¥­§®à  (5) ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®© ([2], á. 165).
� ¬¥â¨¬, çâ® «¨­¨¨ â ª®© á¥â¨ ï¢«ïîâáï £¥®¤¥§¨ç¥áª¨¬¨ «¨­¨ï¬¨ ¤ ­­®© á¢ï§­®áâ¨ ([2], c. 65).
�á«¨ ª â®¬ã ¦¥ ¢¥ªâ®à £¥®¤¥§¨ç¥áª®© á¥â¨ £à ¤¨¥­â¥­ (Mk = @k lnm2, m = m(xi), | ­¥ª®-
â®à ï äã­ªæ¨ï ª®®à¤¨­ â), â® ¤«ï â¥­§®à  bij = m�2aij ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  r(kbij) = 0,
®§­ ç îé¨¥ ([6], á. 158), çâ® á®®â­®è¥­¨ï bij

dxi

ds
dxj

ds
= const, ¢ ª®â®àëå xi à áá¬ âà¨¢ îâáï ª ª

â¥ªãé¨¥ ª®®à¤¨­ âë £¥®¤¥§¨ç¥áª®© «¨­¨¨, § ¢¨áïé¨¥ ®â  ää¨­­®£® ¯ à ¬¥âà  s, ï¢«ïîâáï
¯¥à¢ë¬ (ª¢ ¤à â¨ç­ë¬) ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© £¥®¤¥§¨ç¥áª¨å «¨­¨© ¤ ­-
­®© ¯®¢¥àå­®áâ¨. � â¥­§®à¥ aij ¢ íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® ®­ ¯®à®¦¤ ¥â íâ®â ¨­â¥£à «.

�à¥¤¯®« £ ï, çâ® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) â¥­§®à  ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®© á¥â¨ ¨¬¥-
¥â ¤¢  ª®¬¯«¥ªá­ëå ª®à­ï, ¢¢¥¤¥¬ á¨áâ¥¬ã ª®®à¤¨­ â x1, x2, ¢ ª®â®à®© ®á­®¢­®© â¥­§®à ¯®¢¥àå-
­®áâ¨ ¨ â¥­§®à ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®© á¥â¨ ¨¬¥îâ ¢¨¤ (3) ¨ (4) á®®â¢¥âáâ¢¥­­®. � íâ®© á¨áâ¥¬¥
ª®®à¤¨­ â (5) ¯¥à¥¯¨èãâáï â ª:

@iaii = (@i ln g212 +Mi)aii; @i �
@

@xi
; (6)

@iajj + 2@jaij � 2(@j ln g12 +Mj)aij �Miajj � 2Rjgij = 0; i 6= j:

�âªã¤ , ¨­â¥£à¨àãï, ¯®«ãç ¥¬

aii = (�1)i+1(mig12�ii)2 (a11a22 < 0 !); (7)

¨ ª â®¬ã ¦¥, ª ª ¤ îâ (4), a12 = Ug12. �à¨ íâ®¬

Mi = @i lnm2
i ; Ri = m2

i@i
U

m2
i

+
m2

j

2g12
@j
aii
m2

j

; i 6= j: (8)

�¤¥áì U , g12,m1,m2 | ­¥ª®â®àë¥ äã­ªæ¨¨ ¯¥à¥¬¥­­ëå x1, x2 (U | ¤¥©áâ¢¨â¥«ì­ ï ç áâì ª®à­ï

ãà ¢­¥­¨ï (1), ¬­¨¬ ï ¥£® ç áâì à ¢­ 
q
�a11a22g

�2
12 ), �ii ­¥ § ¢¨áïâ ®â ª®®à¤¨­ â x

j (i 6= j).
�¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® â¥­§®à­®¥ ¯®«¥ aij (4), (7) ¤¥©áâ¢¨â¥«ì­® ®¯à¥-

¤¥«ï¥â ¢¥©«¥¢®-£¥®¤¥§¨ç¥áªãî á¥âì á \¤®¯®«­¨â¥«ì­ë¬¨" ¢¥ªâ®à ¬¨ Mk, Rk (8), ¯à¨ç¥¬ å à ª-
â¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) íâ®£® ¯®«ï ¢ ¬¥âà¨ª¥ (3) ¨¬¥¥â ª®¬¯«¥ªá­®-á®¯àï¦¥­­ë¥ ª®à­¨

� = U � i
q
�a11a22g

�2
12 .

�á«¨ ¦¥ ª®à­¨ ãà ¢­¥­¨ï (1) ¤¥©áâ¢¨â¥«ì­ë, â® a11 ¨«¨ a22 ®¡à é îâáï ¢ ­ã«ì. �ã¤¥¬
áç¨â âì, çâ® a22 = 0. �®£¤  �22 = 0, ¨ ¨§ (6) ¯à¨ á®åà ­¥­¨¨ (7) ¨¬¥¥¬ M1 = @1 lnm2

1, M2 =
@2 ln[m1f(x1)]2, m2 = m1f(x1), £¤¥ f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¯¥à¥¬¥­­®© x1, Rk ¨¬¥¥â â®â ¦¥
¢¨¤ (8), £¤¥ ¯®«®¦¨¬ a22 à ¢­ë¬ ­ã«î.

�â¬¥â¨¬, çâ® âà¥â¨© ¢®§¬®¦­ë© á«ãç © | ª®à­¨ ãà ¢­¥­¨ï (1) ç¨áâ® ¬­¨¬ë¥ | ®¯¨áë¢ -
¥âáï ä®à¬ã« ¬¨ (7){(8) ¯à¨ U à ¢­®¬ ­ã«î.

�¡à â¨¬áï â¥¯¥àì ª á«ãç î ª¢ ¤à â¨ç­®£® ¨­â¥£à «  £¥®¤¥§¨ç¥áª¨å. �®«®¦¨¢ ¢ (5) Rk = 0
¨ áç¨â ï Mk = grad (­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¯à¨ íâ®¬ ¬®¦­® áç¨â âì, çâ® ¢ (8) m1 = m2 = m),
¨§ (8) ¡ã¤¥¬ ¨¬¥âì

@1
U

m2
= ��11@2(�11g12); @2

U

m2
= �22@1(�22g12): (9)

5



� ¯®¬­¨¬, çâ® §¤¥áì �ii (i = 1; 2) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨, ¨ �ii ­¥ § ¢¨áïâ ®â xi. �á«¨ ®¤­ 
¨§ ­¨å, ­ ¯à¨¬¥à, �22, ®¡à é ¥âáï ¢ ­ã«ì (íâ® ãá«®¢¨ï¬¨ § ¤ ç¨ ­¥ § ¯à¥é ¥âáï), â® ¨§ (4)
¯®«ãç ¥¬ V = 0,   ¢ á¨«ã (9) ¯®«ãç ¥¬ U = m2�(x1), £¤¥ � | â ª ï äã­ªæ¨ï ®â x1, ¤«ï ª®â®à®©
(ª ª âà¥¡ã¥â ¯¥à¢®¥ ãá«®¢¨¥ (9)) �0 = ��11@2(�11g12). �®á«¥¤­¥¥ ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì g12: â. ª.

@2(�11g12) = ��0(x1)

�11
, â® g12 = 1

�11

h
��0

Z
dx2

�11
+G

i
, £¤¥ G| ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¯¥à¥¬¥­­®© x1.

�â ª, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ (ª®à¥­ì ãà ¢­¥­¨ï (1) ¤¥©áâ¢¨â¥«ì­ë© ¨ ªà â­ë©) «¨-
­¥©­ë© í«¥¬¥­â (3) à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå­®áâ¨ ®¯à¥¤¥«ï¥âáï ª®¬¯®­¥­â®© g12 = 1

�11(x2)
�h

� �0(x1)
Z

dx2

�11
+ G(x1)

i
, £¤¥ �, G | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¯¥à¥¬¥­­®© x1, ª®®à¤¨­ âë â¥­-

§®à  á¥â¨ ¯à¨¢®¤ïâáï ª ¢¨¤ã a11 = m2
h
��0

Z
dx2

�11
+G

i2
, a12 = m2�g12, a22 = 0,   ¯¥à¢ë© ¨­â¥£à «

£¥®¤¥§¨ç¥áª¨å | ª ¢¨¤ã
1
m2

�
2a12

dx1

ds

dx2

ds
+ a11

�
dx1

ds

�2�
= const :

�ã­ªæ¨ï U = m2� ¯à¨ íâ®¬ ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­ë¬ ¨ ªà â­ë¬ ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®£®
ãà ¢­¥­¨ï (1).

�«ãç © �11 = 0, �22 6= 0 ¯à¨­æ¨¯¨ «ì­® ­¨ç¥¬ ­¥ ®â«¨ç ¥âáï ®â à áá¬®âà¥­­®£®.
� «¥¥, à áá¬ âà¨¢ ï ãà ¢­¥­¨ï (9), ¡ã¤¥¬ áç¨â âì �11�22 6= 0. �â® ¯®§¢®«ï¥â ­ ¬ ¢¢¥áâ¨

­®¢ãî äã­ªæ¨î A(x1; x2), ¯®« £ ï A = �11�22g12, ¨ § ¯¨á âì «¨­¥©­ë© í«¥¬¥­â (3) à áá¬ âà¨-
¢ ¥¬®© ¯®¢¥àå­®áâ¨ ¢ ¢¨¤¥ ds2 = 2Adx1

�22

dx2

�11
. �à¨ íâ®¬ ãà ¢­¥­¨ï (9) ¯à¨¬ãâ ¢¨¤

@1
U

m2
= �

�11
�22

@2A; @2
U

m2
=
�22
�11

@1A;

  ãà ¢­¥­¨¥ £¥®¤¥§¨ç¥áª®© á¥â¨ | ¢¨¤

aijdx
idxj =

�
mA

dx1

�22(x1)

�2
+ 2UA

dx1

�22

dx2

�11
�

�
mA

dx2

�11(x2)

�2
= 0:

�«¥¤ã¥â ®â¬¥â¨âì, çâ® äã­ªæ¨¨ U
m2

¨ A ï¢«ïîâáï à¥è¥­¨ï¬¨ ®¤­®£® ¨ â®£® ¦¥ ãà ¢­¥­¨ï 2-£®
¯®àï¤ª  ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå

�222@1@1z + �211@2@2z +
1
2
[(�222)

0@1z + (�211)
0@2z] = 0; @i@i �

@2

@xi@xi
:

�¢¥¤¥¬ ­®¢ë¥ ª®®à¤¨­ âë y1, y2, ¯®« £ ï dy1 = dx1

�22
, dy2 = dx2

�11
. �¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï

¯®ª §ë¢ îâ, çâ® ¢ ­®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â

ds2 = 2Ady1dy2; aijdy
idyj = (mAdy1)2 + 2UAdy1dy2 � (mAdy2)2 (10)

(£¤¥, ­ ¯®¬­¨¬, A, m | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¯¥à¥¬¥­­ëå y1, y2 ¨, ¯®-¯à¥¦­¥¬ã, Mi =
@i lnm2),   ãà ¢­¥­¨ï (9), ®¡¥á¯¥ç¨¢ îé¨¥ ­ «¨ç¨¥ ¯¥à¢®£® ¨­â¥£à «  £¥®¤¥§¨ç¥áª¨å, ¯à¨­¨-
¬ îâ ¢¨¤ ãà ¢­¥­¨© �®è¨{�¨¬ ­  ¤«ï äã­ªæ¨© A ¨ U

m2

@A

@y1
=

@

@y2

�
U

m2

�
;

@A

@y2
= �

@

@y1

�
U

m2

�
:

�«¥¤®¢ â¥«ì­®, ¢® ¢¢¥¤¥­­ëå ª®®à¤¨­ â å �11 = �22 = 1,   äã­ªæ¨¨ A ¨ U
m2

ï¢«ïîâáï ¤¥©-
áâ¢¨â¥«ì­®© ¨ ¬­¨¬®© ç áâï¬¨  ­ «¨â¨ç¥áª®© äã­ªæ¨¨ f(z) ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® y1+ iy2

á®®â¢¥âáâ¢¥­­®.
�â ª, ¯®«ãç¥­® á«¥¤ãîé¥¥: ¥á«¨ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) â¥­§®à  ¢¥©«¥¢®-£¥®¤¥-

§¨ç¥áª®© á¥â¨, ¯®à®¦¤ îé¥© ¯¥à¢ë© ¨­â¥£à « £¥®¤¥§¨ç¥áª¨å ¯á¥¢¤®à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨,

¨¬¥¥â ¯ àã ª®¬¯«¥ªá­® á®¯àï¦¥­­ëå ª®à­¥© �1;2 = U(y1; y2) � iV (y1; y2) (i2 = �1, V 6= 0), â®
¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â ®á­®¢­ ï ä®à¬  íâ®© ¯®¢¥àå­®áâ¨ ¨ ä®à¬ , ®¯à¥¤¥«ï¥¬ ï

â¥­§®à®¬ á¥â¨, ¬®£ãâ ¡ëâì ¯à¨¢¥¤¥­ë ª ¢¨¤ã (10), £¤¥ A, U , m | ­¥ª®â®àë¥ äã­ªæ¨¨ ¯¥à¥-

¬¥­­ëå y1, y2 â ª¨¥, çâ® U | ¤¥©áâ¢¨â¥«ì­ ï ç áâì ª®à­ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
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(1), äã­ªæ¨¨ A ¨ U
m2

ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ¤¥©áâ¢¨â¥«ì­®© ¨ ¬­¨¬®© ç áâï¬¨  ­ «¨â¨-

ç¥áª®© äã­ªæ¨¨ ¯¥à¥¬¥­­®£® y1+ iy2, ¯à¨ íâ®¬ Mi = @i lnm2,   ¬­¨¬ ï ç áâì ª®à­ï ãà ¢­¥­¨ï

(1) ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î V 2 = (mA)2.
�¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ¯à¥¤áâ ¢«¥­¨¥ (10) ®á­®¢­®© ä®à¬ë V2 ¨ ­¥-

ª®â®à®£® â¥­§®à­®£® ¯®«ï aij ¤®áâ â®ç­ë ¤«ï â®£®, çâ®¡ë íâ® ¯®«¥ ®¯à¥¤¥«ï«® £¥®¤¥§¨ç¥áªãî

á¥âì ­  íâ®© ¯®¢¥àå­®áâ¨ á \¤®¯®«­¨â¥«ì­ë¬" ¢¥ªâ®à®¬ Mk = @k lnm2,   å à ªâ¥à¨áâ¨ç¥-

áª®¥ ãà ¢­¥­¨¥ (1) ¨¬¥«® ¯ àã ª®¬¯«¥ªá­®-á®¯àï¦¥­­ëå ª®à­¥©.

� íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â ¯¥à¢ë© ¨­â¥£à « £¥®¤¥§¨ç¥áª¨å «¨­¨© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

�
A
dy1

ds

�2

+ 2A
U

m2

dy1

ds

dy2

ds
�

�
A
dy2

ds

�2

= const = k:

�âáî¤  ¢ë¢®¤¨¬, çâ® ­ ¯à ¢«¥­¨¥ ª á â¥«ì­®£® ¢¥ªâ®à  £¥®¤¥§¨ç¥áª®© «¨­¨¨ § ¤ ¥âáï á«¥¤ã-
îé¨¬ ®¡à §®¬:

dy2

dy1
=

1
A

�
U

m2
� k

�
�

vuut 1
A2

�
U

m2
� k

�2

+ 1;

á«¥¤®¢ â¥«ì­®, ¤«ï ­ å®¦¤¥­¨ï ª®­¥ç­ëå ãà ¢­¥­¨© £¥®¤¥§¨ç¥áª¨å «¨­¨© ¤®áâ â®ç­®, ª ª ¨
¤«ï ¯®¢¥àå­®áâ¥© �¨ã¢¨««ï ([2], c. 152), ¢ë¯®«­¨âì ¤¢¥ ª¢ ¤à âãàë.

� ¬¥â¨¬, çâ® ¥á«¨ ª®à­¨ ãà ¢­¥­¨ï (1) ¢ íâ®¬ á«ãç ¥ ç¨áâ® ¬­¨¬ë¥, â® A = const.

3. �¥ª®â®àë¥ ç áâ­ë¥ á«ãç ¨

� áá¬®âà¨¬ ­  ¯®¢¥àå­®áâ¨ á äã­¤ ¬¥­â «ì­®© ä®à¬®© (3) á¥âì, ®¯à¥¤¥«ï¥¬ãî ­¥¢ëà®¦¤¥­-
­ë¬ â¥­§®à­ë¬ ¯®«¥¬ aij , ã¤®¢«¥â¢®àïîé¨¬ á«¥¤ãîé¨¬ ¡®«¥¥ á¨«ì­ë¬ ãá«®¢¨ï¬:

rkaij = Hiakj +Hjaik +Mkaij + Figkj + Fjgik +Rkgij ; (11)

£¤¥ Hk, Mk, Fk, Rk | ­¥ª®â®àë¥ ¢¥ªâ®à­ë¥ ¯®«ï.
�â¬¥â¨¬, ª ª ¨ ¤«ï ãá«®¢¨ï (5), â¥ ¦¥ ¤¢  ®¡áâ®ïâ¥«ìáâ¢ , ª á îé¨¥áï ä®à¬ë ãà ¢­¥­¨©

(11). �å ä®à¬  ­¥ § ¢¨á¨â ®â ­®à¬¨à®¢ ­¨ï â¥­§®à­®£® ¯®«ï aij ¨ ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­®
ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© á¢ï§­®áâ¨, ¤®¯ãáª îé¨å íâ¨ ¯®«ï.

�à¨ ­®¢®¬ ­®à¬¨à®¢ ­¨¨ â¥­§®à  á¥â¨ aij = �(xk)a�ij ä®à¬  ãà ¢­¥­¨© (11), ª ª «¥£ª® ¢¨-
¤¥âì, ­¥ ¬¥­ï¥âáï, \¤®¯®«­¨â¥«ì­ë¥" ¢¥ªâ®àë ¯à¥®¡à §ãîâáï á«¥¤ãîé¨¬ ®¡à §®¬: H�

k = Hk,
M�

k =Mk � @k ln�, F �

k = ��1Fk, R�

k = ��1Rk,   ¢ á¢ï§­®áâ¨, ª®­ä®à¬­®© ¤ ­­®© (egij = �2(xk)gij)
¯à¨ â®© ¦¥ ä®à¬¥ ãà ¢­¥­¨© (11) íâ¨ ¢¥ªâ®àë ¨¬¥îâ ¢¨¤ H�

j = Hj � @j ln�, fMk =Mk � @k ln�2,eRk = ��2Rk, eFk = ��2Fk � akiegij@j ln�, ¯®íâ®¬ã ¢ á«ãç ¥, ª®£¤  Mk = 2Hk | £à ¤¨¥­â (á«ã-
ç © ¨­â¥à¥á­ë© á¢®¨¬¨ ¯à¨«®¦¥­¨ï¬¨) ¢ á¢ï§­®áâ¨, ª®­ä®à¬­®© ¤ ­­®©, ãà ¢­¥­¨ï ¯®«ï (11)
¯à¨¢®¤ïâáï ª ¢¨¤ã erkaij = eFiegkj + eFjegik + eRkegij .

�ç¥¢¨¤­®, çâ® à áá¬ âà¨¢ ¥¬ ï á¥âì ï¢«ï¥âáï ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®© á¥âìî á \¤®¯®«­¨â¥«ì-

­ë¬¨" ¢¥ªâ®à ¬¨
�

Mk = 2Hk +Mk,
�

Rk = 2Fk +Rk, ¯®íâ®¬ã ¢ â®¬ á«ãç ¥, ª®£¤  å à ªâ¥à¨áâ¨ç¥-
áª®¥ ãà ¢­¥­¨¥ â¥­§®à  aij ¨¬¥¥â ª®¬¯«¥ªá­®-á®¯àï¦¥­­ë¥ ª®à­¨, ¤«ï ª®¬¯®­¥­â íâ®£® â¥­§®à 

¨ ¤«ï ¢¥ªâ®à®¢
�

M k,
�

Rk ¢ á¯¥æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â (á¬. x 2) ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥­¨ï
(7) ¨ (8) á®®â¢¥âáâ¢¥­­®. �«¥¤®¢ â¥«ì­®, ¤«ï ®¯à¥¤¥«¥­¨ï â¥­§®à­®£® ¯®«ï aij ®áâ ¥âáï ­ ©â¨
«¨èì \¤®¯®«­¨â¥«ì­ë¥" ¢¥ªâ®àë íâ®© á¥â¨ ¨ ª®­ªà¥â¨§¨à®¢ âì ¢¨¤ äã­ªæ¨© mi, �ii, ¢å®¤ïé¨å
¢ íâ¨ ¯à¥¤áâ ¢«¥­¨ï.

� áá¬®âà¨¬ (11), áç¨â ï, çâ® ª®à­¨ ãà ¢­¥­¨ï (1) ª®¬¯«¥ªá­®-á®¯àï¦¥­ë (a11a22 6= 0), ¢ á¯¥-
æ¨ «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â, ¢¢¥¤¥­­®© ¢ x 2. �à¨ i = j ¨§ (11) ¯®«ãç ¥¬ @iaii = @i ln(g12mi)2aii,

@kaii = Hkaii + 2(UHi + Fi)gik; i 6= k;

7



£¤¥, ­ ¯®¬­¨¬, @i lnm2
i =

�

M i = 2Hi +Mi. �¢¥¤¥¬ ç¥âëà¥ ¢¥ªâ®à­ëå ¯®«ï Aij ¨ Bij (i; j = 1; 2,
¢â®à®© ¨­¤¥ªá ®¡®§­ ç ¥â ­®¬¥à ¯®«ï), ¯®«®¦¨¢ Aii = @i ln(g12mi)2, Aki = Mk (i 6= k), Bii = 0,
Bki = 2(UHi + Fi)gik (i 6= k), ¨ á ¨å ¯®¬®éìî § ¯¨è¥¬ ¯à¥¤ë¤ãéãî á¨áâ¥¬ã ãà ¢­¥­¨© â ª:

@kaii = Akiaii +Bki; i; k = 1; 2: (12)

�á«®¢¨ï ¥¥ ¨­â¥£à¨àã¥¬®áâ¨ âà¥¡ãîâ, çâ®¡ë ¯®«ï Ai1 ¨ Ai2 ¡ë«¨ £à ¤¨¥­â­ë¬¨ ¢¥ªâ®à­ë¬¨
¯®«ï¬¨. � á¨«ã ¨å áâà®¥­¨ï ¯®«ãç ¥¬ Mi = @i ln(g12mj�j)2 (i 6= j, �j ­¥ § ¢¨áïâ ®â \á¢®¨å"
¯¥à¥¬¥­­ëå xj),   â. ª. 2Hi +Mi = @i lnm2

i , â® Hi = @i ln mi

mj�jg12
, i 6= j. �§ á ¬¨å ãà ¢­¥­¨© (12)

¢ íâ®¬ á«ãç ¥ á«¥¤ã¥â, çâ® Bki = @kaii � Akiaii = (g12mi�i)2@k aii
(g12mi�i)2

. �®áª®«ìªã Bii = 0,  
Bki = 2(UHi + Fi)g12 (k 6= i), â® (12) § ¯¨è¥âáï ¢ ¢¨¤¥

(g12mi�i)2@i
aii

(g12mi�i)2
= 0;

(g12mi�i)
2@k

aii
(g12mi�i)2

= 2(UHi + Fi)g12; i 6= k;

®âáî¤  aii = (�1)i+1(g12mi�i�ii)2, £¤¥ �ii ­¥ § ¢¨áïâ ®â \á¢®¨å" ª®®à¤¨­ â xi, Fi = aii
g12
(ln�ii)0 �

UHi.
�áâ ¢è¨¥áï ãà ¢­¥­¨ï (11) ¯à¨ i 6= j ¯à¨¢®¤ïâáï ª ¢¨¤ã

@ia12 = (@i ln g12 +Hi +Mi)a12 +Hjaii + (Fi +Ri)g12; i 6= j;

¨ ¯®§¢®«ïîâ ®¯à¥¤¥«¨âì ¯®«¥ Rk. �âáî¤ , ãç¨âë¢ ï, çâ® a12 = Ug12, ¯®«ãç ¥¬

Ri = (mimj�i�jg12)@i
U

mimj�i�jg12
�
aii
g12

Hj � Fi (i; j = 1; 2; i 6= j):

�ë¯®«­¥­¨¥ ãá«®¢¨©
�

Mk = 2Hk +Mk,
�

Rk = 2Fk +Rk ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
� ª¨¬ ®¡à §®¬, ¥á«¨ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) â¥­§®à­®£® ¯®«ï aij ¢ (11) ¨¬¥-

¥â ª®¬¯«¥ªá­®-á®¯àï¦¥­­ë¥ ª®à­¨ �1;2 = U � iV , ¯à¨ç¥¬ V 6= 0, â® ¢ á¯¥æ¨ «ì­®© á¨áâ¥-

¬¥ ª®®à¤¨­ â ®á­®¢­ ï ä®à¬  ¯®¢¥àå­®áâ¨ ¯à¨¢®¤¨âáï ª ¢¨¤ã (3) á ¯à®¨§¢®«ì­®© ª®¬¯®­¥­-

â®© g12(x1; x2), â¥­§®à ¯®«ï á¥â¨ ¨¬¥¥â ¢¨¤ (7), £¤¥ mi(x1; x2) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨,  

\¯®áâ®ï­­ë¥ ¨­â¥£à¨à®¢ ­¨ï" ¢ (7) ï¢«ïîâáï ¯à®¨§¢¥¤¥­¨¥¬ ¤¢ãå äã­ªæ¨©, ª ¦¤ ï ¨§ ª®â®-

àëå ­¥ § ¢¨á¨â ®â \á¢®¥©" ª®®à¤¨­ âë aii = (�1)i+1(g12mi�i�ii)2, \¤®¯®«­¨â¥«ì­ë¥" ¢¥ªâ®-

àë ¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â ¯à¨¢®¤ïâáï ª ¢¨¤ã Mk = @k ln(g12mj�j)2, Hk = @k ln mk

mj�jg12
,

Rk = (mkmj�k�jg12) � @k U
mkmj�k�jg12

� akk
g12

Hj � Fk, k 6= j, Fk = akk
g12

(ln�kk)0 � UHk.
�®áâ â®ç­®áâì íâ¨å ãá«®¢¨© ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
� ¬¥â¨¬, çâ® à áá¬®âà¥­­ë© á«ãç © ¢ª«îç ¥â ¢ á¥¡ï ¨ â®â, ¯à¨ ª®â®à®¬ ª®à­¨ ãà ¢­¥­¨ï

(1) ï¢«ïîâáï ç¨áâ® ¬­¨¬ë¬¨. �«ï ¥£® ®¯¨á ­¨ï ­ ¤® §¤¥áì ¢áî¤ã ¯®«®¦¨âì U = 0.
� áá¬®âà¨¬ ®áâ ¢è¨©áï á«ãç © V = 0. � ª ª ª a11a22 = �(V g12)2 ¨ a211 + a222 6= 0, â® ¤«ï

®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® a22 = 0. � íâ®¬ á«ãç ¥ ¨§ (11) ¯à¨ i = j = 1 ¯®«ãç ¥¬

@1a11 = (@1 ln g
2
12 + 2H1 +M1)a11; @2a11 =M2a11 + 2(H1a12 + F1g12);

®âªã¤  a11 = [m1(x1; x2)�1(x1)�11(x2)g12]2, M2 = @2 ln(m1�1g12)2, 2H1 + M1 = @1 lnm2
1, F1 =

a11
g12
(ln�11)0 � UH1.
�à¨ i = j = 2 ãà ¢­¥­¨ï (11) ¤ îâ 0 = 2(UH2 + F2)g12, á«¥¤®¢ â¥«ì­®, F2 = �UH2.
�, ­ ª®­¥æ, ¯à¨ i = 1, j = 2 ¨§ (11) ¢ë¢®¤¨¬

@1a12 = (@1 ln g12 +H1 +M1)a12 +H2a11 + (F1 +R1)g12;

@2a12 = (@2 ln g12 +H2 +M2)a12 + (F2 +R2)g12:
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�âáî¤ , ãç¨âë¢ ï ã¦¥ ®¯à¥¤¥«¥­­®¥ ¨ â®, çâ® a12 = Ug12, ¯®«ãç ¥¬ M1 = @1 ln
�
A
m1

�2
, H1 =

@1 ln
m2

1

A
, H2 = @2 ln A

(m1�1g12)2
, R1 = A@1

U
A
� H2

a11
g12

� F1, R2 = A@2
U
A
� F2, £¤¥ A(x1; x2) | ¯à®¨§-

¢®«ì­ ï äã­ªæ¨ï ¯¥à¥¬¥­­ëå x1, x2,   F1 = a11
g12
(ln�11)0 � UH1.

� ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç­®áâì ¯®«ãç¥­­ëå ãá«®¢¨© ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
� «¥¥ à áá¬®âà¨¬ ­¥ª®â®àë¥ á¯¥æ¨ «ì­ë¥ á«ãç ¨ ãà ¢­¥­¨© (11).
1�. �ãáâì rkaij = Mkaij (Hk = Fk = Rk = 0). � ª «¥£ª® â¥¯¥àì ¯à®¢¥à¨âì, @k ln mk

mj�jg12
= 0,

@k
U

mkmj�k�jg12
= 0 (k 6= j) ¯à¨ V 6= 0. � á¨«ã ¯¥à¢®£® ¨§ íâ¨å ãá«®¢¨© m1 = �(x1)G(x2)m2,

£¤¥ �(x1), G(x2) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ãª § ­­ëå ¯¥à¥¬¥­­ëå. �®«ãç¥­­®¥ ¦¥, ª ª «¥£ª®
¯à®¢¥à¨âì, ¯à¨¢®¤¨â ª £à ¤¨¥­â­®áâ¨ ¯®«ï Mk. � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª ¨áá«¥¤®¢ ­­®¬ã
á«ãç î, ª®£¤  £¥®¤¥§¨ç¥áª¨¥ «¨­¨¨ ¨áá«¥¤ã¥¬®© ¯®¢¥àå­®áâ¨ ¤®¯ãáª îâ ¯¥à¢ë© ª¢ ¤à â¨ç­ë©
¨­â¥£à «, ®¯à¥¤¥«ï¥¬ë© ¯®«¥¬ bij = [g12m2�1�2G(x2)]�2aij .

�á«¨ ¦¥ V = 0, â®, áç¨â ï ¯®-¯à¥¦­¥¬ã a22 = 0, ¨§ ãá«®¢¨© Hk = 0 ¯®«ãç ¥¬ �1g12 =
�(x1)G(x2), £¤¥ �(x1), G(x2) | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¯¥à¥¬¥­­ëå x1, x2 á®®â¢¥âáâ¢¥­­®, çâ®
®¯ïâì-â ª¨ ¯à¨¢®¤¨â ª £à ¤¨¥­â­®áâ¨ ¢¥ªâ®à  Mk ¨ á­®¢  ¯à¨å®¤¨¬ ª ¨áá«¥¤®¢ ­­®¬ã á«ãç î
ª¢ ¤à â¨ç­®£® ¨­â¥£à «  £¥®¤¥§¨ç¥áª¨å.

2�. � á¢ï§¨ á ¯à¨«®¦¥­¨ï¬¨ ([7], £«. VIII, cá. 322, 349) ®á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ïîâ ãà ¢­¥-
­¨ï (11) á«¥¤ãîé¨å ¤¢ãå â¨¯®¢:

a) Mk = 2Hk; Fk = Rk = 0; ¡) Mk = Hk = 0; Rk = 2Fk:

�¤­ ª® ®¤­® «¨èì âà¥¡®¢ ­¨¥ Mk = 2Hk áà §ã ¯à¨¢®¤¨â, ª ª «¥£ª® ¯à®¢¥à¨âì, ª £à ¤¨¥­â­®áâ¨
íâ¨å ¢¥ªâ®à­ëå ¯®«¥©. �®íâ®¬ã, ª ª ã¦¥ ®â¬¥ç «®áì, ¬®¦­® ãª § âì á¢ï§­®áâì, ª®­ä®à¬­ãî
à áá¬ âà¨¢ ¥¬®©, ¯à¨ ª®â®à®© Hk =Mk = 0.

�â®à®© á«ãç © (Mk = Hk = 0, Rk = 2Fk) â ª¦¥ ¯à¨¢®¤¨â ª £à ¤¨¥­â­®áâ¨ ¯®«¥© Rk ¨ Fk.

4. �¥â¨ ­  ¯®¢¥àå­®áâïå �¥©«ï

�  ¯®¢¥àå­®áâ¨ �¥©«ï W2 á ®á­®¢­ë¬ â¥­§®à®¬ gij ¨ ¤®¯®«­¨â¥«ì­ë¬ ¢¥ªâ®à®¬ !k (
w

rkgij =

2!kgij , £¤¥ i; j; k = 1; 2,
w

rk | á¨¬¢®« ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ W2) à áá¬®âà¨¬
á¥âì, ¯®à®¦¤¥­­ãî ­¥¢ëà®¦¤¥­­ë¬ â¥­§®à­ë¬ ¯®«¥¬ aij , £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ª®â®à®£®
§ ¤ îâáï ãá«®¢¨ï¬¨

w

r(kaij) = P(kaij) +Q(kgij); (13)

£¤¥ Pk, Qk | ­¥ª®â®àë¥ ¢¥ªâ®àë.
� ¬¥â¨¬, çâ® íâ  á¥âì ¯à¨ Qk = 0 ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®© ([3], á. 186). �á«¨ ª â®¬ã ¦¥ à §-

­®áâì ¢¥ªâ®à®¢ Pk ¨ 2!k £à ¤¨¥­â­  (Pk � 2!k = @k�), â® â¥­§®à­®¥ ¯®«¥ bij = e��aij ã¤®¢«¥â¢®-

àï¥â, ª ª «¥£ª® ¯à®¢¥à¨âì, ãá«®¢¨ï¬
w

r(kbij) = 2!(kbij), ª®â®àë¥ ¯®ª §ë¢ îâ [4], çâ® á®®â­®è¥­¨¥
gijdx

idxj=bijdx
idxj = const ï¢«ï¥âáï ¯¥à¢ë¬ (¤à®¡­®-ª¢ ¤à â¨ç­ë¬) ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨-

 «ì­ëå ãà ¢­¥­¨© £¥®¤¥§¨ç¥áª¨å «¨­¨© à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå­®áâ¨ �¥©«ï.
�®à¬  ãà ¢­¥­¨© (13) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ª®­ä®à¬­ëå ®â®¡à ¦¥­¨© ([3], c. 160) ¯®-

¢¥àå­®áâ¨ �¥©«ï. � á ¬®¬ ¤¥«¥, ¢ á¢ï§­®áâ¨ �¥©«ï W �

2 á ®á­®¢­ë¬ â¥­§®à®¬ g�ij = gij ¨ ¤®-
¯®«­¨â¥«ì­ë¬ ¢¥ªâ®à®¬ !�

k = !k + pk (pk | ¢¥ªâ®à ª®­ä®à¬­®£® ¯à¥®¡à §®¢ ­¨ï) ãá«®¢¨ï (13)
¯à¨­¨¬ îâ ¢¨¤ r�

(kaij) = P �

(kaij)+Q
�

(kg
�

ij), £¤¥ P
�

k = Pk+4pk, Q�

k = Qk�2pmglmalk. �®«¥¥ â®£®, ¥á«¨
¯®¢¥àå­®áâì W �

2 à¨¬ ­®¢  (pk = �!k), â® ¢ ¥¥ á¢ï§­®áâ¨ á¥âì, ®¯à¥¤¥«ï¥¬ ï â¥­§®à­ë¬ ¯®«¥¬
aij , ï¢«ï¥âáï ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®© (á¬. (5)) á \¤®¯®«­¨â¥«ì­ë¬¨" ¢¥ªâ®à ¬¨ Mk = Pk � 4!k,
Rk = Qk + 2!lglmamk. �®áª®«ìªã à¨¬ ­®¢  ¯®¢¥àå­®áâì V2 ï¢«ï¥âáï ¢¥©«¥¢®© ¯®¢¥àå­®áâìî
(á ­ã«¥¢ë¬ ¤®¯®«­¨â¥«ì­ë¬ ¢¥ªâ®à®¬), â®, ¢ á¢®î ®ç¥à¥¤ì, V2 ¬®¦¥¬ ª®­ä®à¬­® ®â®¡à §¨âì
­  ­¥ª®â®àãî ¯®¢¥àå­®áâì �¥©«ï W2 (gij = gij , !k = pk), ¯à¨ç¥¬, ¥á«¨ ¨áå®¤­ ï V2 ¤®¯ãáª -
«  ¢¥©«¥¢®-£¥®¤¥§¨ç¥áªãî á¥âì, ®¯¨áë¢ ¥¬ãî ãà ¢­¥­¨ï¬¨ (5), â® ¢ ¯®áâà®¥­­®¬ W2 £¥®¬¥âà¨ï
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íâ®© á¥â¨ ¡ã¤¥â ®¯¨áë¢ âìáï ãà ¢­¥­¨ï¬¨ (13) ¯à¨ Pk =Mk+4pk, Qk = Rk�2pmglmalk. �® ãà ¢-
­¥­¨ï Rk� 2pmglmalk = 0 à §à¥è¨¬ë ®â­®á¨â¥«ì­® 2!k: 2!k = gkia

ijRj , ¯®íâ®¬ã, ®â¯à ¢«ïïáì ®â
à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨, ¤®¯ãáª îé¥© ¢¥©«¥¢®-£¥®¤¥§¨ç¥áªãî á¥âì, ¢á¥£¤  ¬®¦¥¬ ¯®áâà®¨âì ¯®-
¢¥àå­®áâì �¥©«ï, ¢ ª®â®à®© ãª § ­­ ï á¥âì ¡ã¤¥â £¥®¤¥§¨ç¥áª®©. �â® ®¡áâ®ïâ¥«ìáâ¢® ¨ ï¢«ï¥âáï
¯à¨ç¨­®©, ¯® ª®â®à®© á¥âì, ®¯¨áë¢ ¥¬ ï ãà ¢­¥­¨ï¬¨ (5), ¡ë«  ­ §¢ ­  ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®©.

�«ï ¯®áâà®¥­¨ï á¢ï§­®áâ¨ �¥©«ï W2, ¢ ª®â®à®© à §à¥è¨¬ë ãà ¢­¥­¨ï (13), § ä¨ªá¨àã¥¬
­®à¬¨à®¢ ­¨¥ ®á­®¢­®£® â¥­§®à  ¯®¢¥àå­®áâ¨ ¨ à áá¬®âà¨¬ à¨¬ ­®¢ã ¯®¢¥àå­®áâì V2, ¬¥âà¨ç¥-
áª¨© â¥­§®à ª®â®à®© á®¢¯ ¤ ¥â á ®á­®¢­ë¬ â¥­§®à®¬ ¯®¢¥àå­®áâ¨ �¥©«ï. � á¢ï§­®áâ¨ V2 ãà ¢-
­¥­¨ï (13) § ¯¨èãâáï ¢ ¢¨¤¥ (5) ¯à¨ Mk = Pk � 4!k, Rk = Qk + 2!jgijaik.

�áá«¥¤®¢ ­¨¥ ¯®«ãç¥­­ëå ãà ¢­¥­¨© ã¦¥ ¯à®¢¥¤¥­® ¢ x 2, ¯®íâ®¬ã ¢ë¤¥«¨¬ «¨èì â®â á«ã-
ç ©, ª®£¤  ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å «¨­¨© W2 ¤®¯ãáª îâ ¯¥à¢ë© ¤à®¡­®-ª¢ ¤à â¨ç­ë© ¨­â¥-
£à «,   å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) ¯®«ï aij ¨¬¥¥â ¯ àã ª®¬¯«¥ªá­®-á®¯àï¦¥­­ëå ª®à­¥©.
� ª á«¥¤ã¥â ¨§ ¯à¥¤ë¤ãé¨å à ááã¦¤¥­¨© (á¬. x 2), ¯à¨ íâ®¬ (Qk = 0 !)

gijdx
idxj = 2g12dx

1dx2; aii = (�1)i+1(mi�iig12)
2; a12 = Ug12;

Mk = Pk � 4!k = @k lnm2
k; Rk = 2!igijajk = m2

k@k
U

m2
k

+
m2

j

2g12
@j
akk
m2

j

;

k 6= j, £¤¥ g12, U ,m1,m2 | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¯¥à¥¬¥­­ëå x1, x2, �ii ­¥ § ¢¨áïâ ®â xj (i 6= j),

2!k = Rja
ijgjk, Pk = @k lnm2

k + 4!k. �á«¨ ª â®¬ã ¦¥ Pk � 2!k = @k ln�2, â® 2!k = @k ln
�

�
mk

�2
, ¨

¯¥à¢ë© ¨­â¥£à « £¥®¤¥§¨ç¥áª¨å § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

(2�g12dx1dx2) � [(m1�11g12dx
1)2 + 2Ug12dx1dx2 � (m2�22g12dx

2)2]�1 = const :

�®áâ â®ç­®áâì ¯®«ãç¥­­®£® ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
�á«¨ ãà ¢­¥­¨¥ (1) ¤®¯ãáª ¥â ¤¥©áâ¢¨â¥«ì­ë© ªà â­ë© ª®à¥­ì (V = 0 §  áç¥â ®¡à é¥­¨ï

¢ ­ã«ì a22), â® �22 = 0, a12 = Ug12, a11 = [m1g12�11(x2)]2, Mk = Pk � 4!k = @k ln[m1f(x2)]2 (â. ¥.

m2 = m1f(x2), çâ® ¢¥¤¥â ª £à ¤¨¥­â­®áâ¨ ¢¥ªâ®à  Mk) ¨ Rk = m2
k@k

U
m2

k

+
m2

j

2g12
@j

akk
m2

j

(j 6= k).

� íâ®¬ ¦¥ á«ãç ¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¯¥à¢®£® ¨­â¥£à «  Pk � 4!k = @k ln�2 ¯à¨¢®¤¨â ª
£à ¤¨¥­â­®áâ¨ ¤®¯®«­¨â¥«ì­®£® ¢¥ªâ®à  á¢ï§­®áâ¨ �¥©«ï 2!k = @k ln

�
�

m1f(x2)

�2
.

� § ª«îç¥­¨¥ ¢ëïá­¨¬ ¢®¯à®á: ¬®£ãâ «¨ £¥®¤¥§¨ç¥áª¨¥ «¨­¨¨ ­¥ª®â®à®© W2 ¤®¯ãáª âì ¯¥à-
¢ë© ª¢ ¤à â¨ç­ë© ¨­â¥£à «?

� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¤«ï íâ®£® ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ ¤ ­­®© á¢ï§­®áâ¨

�¥©«ï ¡ë«¨ à §à¥è¨¬ë ãà ¢­¥­¨ï
w

r(kaij) = 0, ª®â®àë¥ ¢ á®®â¢¥âáâ¢ãîé¥© V2 ¨¬¥îâ ¢¨¤ (5) ¯à¨
Mk = 4pk, Rk = �2pigijajk. �¥§ã«ìâ âë x 2 ¤ îâ á«¥¤ãîé¥¥: ¥á«¨ V 6= 0, â®Mk = �4!k = @k lnm2

k,

Rk = 2!igijajk = m2
k@k

U
m2

k

+
m2

j

2g12
@j

akk
m2

j

, k 6= j. �¥à¢®¥ ¨§ íâ¨å ãá«®¢¨© ¤ ¥â 2!k = �@k lnmk

(§ ¬¥â¨¬, çâ® !k £à ¤¨¥­â¥­, ¥á«¨ ª®à¥­ì ãà ¢­¥­¨ï (1) ¤¥©áâ¢¨â¥«ì­ë© ¨ ªà â­ë©, â. ª. ¯à¨
íâ®¬ m2 = m1f(x2)). �â®à®¥ ¦¥ ãá«®¢¨¥ ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

@1U = U@1 lnm1 +
1

2g12

�
m2

2@2
a22 � a11

m2
2

� @2a22

�
; @2U = U@2 lnm2 +

1
2g12

�
m2

1@1
a11 � a22

m2
1

� @1a11

�
:

�á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ íâ®© á¨áâ¥¬ë âà¥¡ãîâ, çâ®¡ë m1 = m2G�, £¤¥ �(x1) ¨ G(x2) | ¯à®-
¨§¢®«ì­ë¥ äã­ªæ¨¨ ãª § ­­ëå  à£ã¬¥­â®¢. � ª «¥£ª® ¯à®¢¥à¨âì, ¯à¨ íâ®¬ ¤®¯®«­¨â¥«ì­ë©
¢¥ªâ®à à áá¬ âà¨¢ ¥¬®© á¢ï§­®áâ¨ �¥©«ï £à ¤¨¥­â¥­.

�áâ «®áì à áá¬®âà¥âì ¢ íâ®© á¢ï§¨ á«ãç ©, ¢®®¡é¥ £®¢®àï, ¨áª«îç¥­­ë© ¨§ à áá¬®âà¥­¨ï
¢ ¤ ­­®© à ¡®â¥, ¯à¨ ª®â®à®¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¤¢  ¤¥©áâ¢¨â¥«ì­ëå ­¥
à ¢­ëå ­ã«î ¨ ¤àã£ ¤àã£ã ª®à­ï. �à¨ íâ®¬ ®á­®¢­®© â¥­§®à W2 ¨ â¥­§®à á¥â¨, ®¯à¥¤¥«ïîé¥©
ª¢ ¤à â¨ç­ë© ¨­â¥£à «, ¬®¦­® (á¬. x 1) ¯à¨¢¥áâ¨ á®®â¢¥âáâ¢¥­­® ª ¢¨¤ã g11 = g22 = g(x1; x2),
aii = �ig, i = 1; 2, �i | ª®à­¨ ãà ¢­¥­¨ï (1), a12 = g12 = 0. �  á®®â¢¥âáâ¢ãîé¥© à áá¬ âà¨¢ ¥¬®©
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W2 à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ V2 ãà ¢­¥­¨ï
w

r(kaij) = 0, ®¯à¥¤¥«ïîé¨¥ ­ «¨ç¨¥ ¯¥à¢®£® ª¢ ¤à -
â¨ç­®£® ¨­â¥£à «  £¥®¤¥§¨ç¥áª¨å «¨­¨© á¢ï§­®áâ¨ �¥©«ï, ¯à¨­¨¬ îâ ¢¨¤ (5) ¯à¨ Mk = �4!k,
Rk = 2!igijajk ¨ ¢® ¢¢¥¤¥­­ëå ª®®à¤¨­ â å ¯à¨¢®¤ïâáï ª ¢¨¤ã

2!i = �@i ln�i; (�i � �j)@ig + g@i�j = 2!ig(�i � 2�j); i 6= j; i = 1; 2:

�¡®§­ ç¨¢ z = �2
�1
, ¯®á«¥¤­îî ¯ àã ãà ¢­¥­¨© ¬®¦­® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

@1 ln g = 2!1 �
@1z

1� z
; @2 ln g = 2!2 �

@2z

z(1� z)
:

�á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ íâ®© á¨áâ¥¬ë âà¥¡ãîâ, çâ®¡ë z = �(x1)G(x2), £¤¥ �, G | ¯à®¨§¢®«ì-
­ë¥ äã­ªæ¨¨ ãª § ­­ëå ¯¥à¥¬¥­­ëå. �â® á­®¢  ¯à¨¢®¤¨â ª £à ¤¨¥­â­®áâ¨ ¤®¯®«­¨â¥«ì­®£®
¢¥ªâ®à  á¢ï§­®áâ¨ �¥©«ï.

�â ª, ¤®ª § ­®, çâ® ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å «¨­¨© á¢ï§­®áâ¨ �¥©«ï W2 ­¥ ¤®¯ãáª îâ ¢
ª ç¥áâ¢¥ ¯¥à¢®£® ¨­â¥£à «  ª¢ ¤à â¨ç­ë©.
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