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� ¤ ®© à ¡®â¥ ¨§ãç îâáï ¢®¯à®áë ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ãà ¢¥¨ï á à á¯à¥¤¥«¥ë¬

§ ¯ §¤ë¢ ¨¥¬

_x(t) + ax(t) + b

Z t��

t���h

x(s)ds = f(t); t 2 R+ ;

x(�) = 0; � < 0;
(1)

¢ ª®â®à®¬ ¯ à ¬¥âàë a, b, � ¨ h ¯à¥¤¯®« £ îâáï ¯®áâ®ïë¬¨.
�â¬¥â¨¬, çâ® ¢ ¡®«ìè¨áâ¢¥ à ¡®â, ¯®á¢ïé¥ëå ãáâ®©ç¨¢®áâ¨ «¨¥©ëå äãªæ¨® «ì®-

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (���), à áá¬ âà¨¢ «¨áì ãà ¢¥¨ï á á®áà¥¤®â®ç¥ë¬ § ¯ §-
¤ë¢ ¨¥¬, ¤«ï ª®â®àëå ¨ ¡ë«¨ ¯®«ãç¥ë íää¥ªâ¨¢ë¥ ¯à¨§ ª¨ ãáâ®©ç¨¢®áâ¨ (á¬. [1]{[7] ¨
¡¨¡«¨®£à ä¨î ª ¨¬). �«ï ãà ¢¥¨© ¢¨¤  (1) ¯à¨§ ª®¢ ãáâ®©ç¨¢®áâ¨ § ç¨â¥«ì® ¬¥ìè¥. �
à ¡®â¥ [8] ¤«ï ãà ¢¥¨ï (1) ¯à¨ a = 0 ¨ ¢¥é¥áâ¢¥®¬ b ¡ë« ¯®«ãç¥ (¯®-¢¨¤¨¬®¬ã, ¢¯¥à¢ë¥)
ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï. � [9]{[12] ¯à¨¢®¤ïâáï ¤®áâ â®çë¥ ¯à¨§ ª¨
ãáâ®©ç¨¢®áâ¨ ¤«ï ãà ¢¥¨© (1) á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨ a, b ¨ � = 0. �®¤áâ ®¢ª 
¯®áâ®ïëå ª®íää¨æ¨¥â®¢ ¢ ¨å â¥®à¥¬ë ¤ ¥â ¯à¨§ ª¨, ¢¥áì¬  ¤ «¥ª¨¥ ®â â®çëå.

�¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¯®«ãç¥¨¥ ªà¨â¥à¨¥¢  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥-
¨© ãà ¢¥¨ï (1) ¢ â¥à¬¨ å ª®íää¨æ¨¥â®¢ ¨áå®¤®© § ¤ ç¨.

�ãáâì N = f1; 2; : : : g, N0 = f0; 1; 2; : : : g, R = (�1;+1), R+ = [0;+1), C | ¯à®áâà áâ¢®
ª®¬¯«¥ªáëå ç¨á¥«.

�¯à¥¤¥«¥¨¥ 1. �¥è¥¨¥¬ ãà ¢¥¨ï (1)  §ë¢ ¥âáï äãªæ¨ï x : R+ ! C ,  ¡á®«îâ® ¥-
¯à¥àë¢ ï   «î¡®¬ ª®¥ç®¬ ®âà¥§ª¥ ¨ ã¤®¢«¥â¢®àïîé ï (1) ¯®çâ¨ ¢áî¤ã.

� ª ¨§¢¥áâ® ([1], á. 84, â¥®à¥¬  1.1), ãà ¢¥¨¥ (1) ®¤®§ ç® à §à¥è¨¬® ¨ ¥£® à¥è¥¨¥
¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

x(t) = C(t; 0)x(0) +
Z t

0

C(t; s)f(s)ds; (2)

£¤¥ äãªæ¨ï C(t; s)  §ë¢ ¥âáï äãªæ¨¥© �®è¨ ãà ¢¥¨ï (1) ([1], c. 84).
�ãªæ¨î x0 : R+ ! C , ï¢«ïîéãîáï à¥è¥¨¥¬ § ¤ ç¨

_x0(t) + ax0(t) + b

Z t��

t���h

x0(s)ds = 0; t 2 R+ ;

x0(0) = 1; x0(�) = 0; � < 0;
(3)

 §ë¢ îâ äã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ([1], á. 34).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ £à â  �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®-
¢ ¨© -�à « (¯à®¥ªâ ò 01-96069).
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� ¬¥â¨¬, çâ® ¢ á¨«ã ¥§ ¢¨á¨¬®áâ¨ a, b, � ¨ h ®â t äãªæ¨¨ x0(t) ¨ C(t; s) á¢ï§ ë á®®â®-
è¥¨¥¬

x0(t� s) = C(t; s): (4)

� ª á«¥¤ã¥â ¨§ (2) ¨ (4), à¥è¥¨¥ ãà ¢¥¨ï (1) ¯®«®áâìî ®¯à¥¤¥«ï¥âáï äã¤ ¬¥â «ìë¬
à¥è¥¨¥¬ x0(t). �®íâ®¬ã ¤ «ìè¥ ¡ã¤¥¬ ¨§ãç âì á¢®©áâ¢  äãªæ¨¨ x0(t), áà¥¤¨ ª®â®àëå  ¨¡®«¥¥
¢ ¦ë¬ ¤«ï  á ï¢«ï¥âáï á¢®©áâ¢® íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨.

�¯à¥¤¥«¥¨¥ 2 ([1], á. 89{90). �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢¥¨¥ (1) íªá¯®¥æ¨ «ì® ãáâ®©-

ç¨¢®, ¥á«¨ ¯à¨ ¥ª®â®àëå ¯®«®¦¨â¥«ìëå N ¨  ¤«ï «î¡®£® ¯®«®¦¨â¥«ì®£® t á¯à ¢¥¤«¨¢ 
®æ¥ª 

jx0(t)j � Ne�t: (5)

� ¬¥â¨¬, çâ® ¢ á¨«ã à ¢¥áâ¢  (4) ¢ë¯®«¥¨¥ ãá«®¢¨ï (5) íª¢¨¢ «¥â®  «¨ç¨î íªá¯®¥-
æ¨ «ì®© ®æ¥ª¨ ã äãªæ¨¨ �®è¨, çâ® ¢ á¢®î ®ç¥à¥¤ì á®¢¯ ¤ ¥â á ãáâ®©ç¨¢®áâìî ãà ¢¥¨ï
(1) ¯® ¯à ¢®© ç áâ¨ ¨§ ¯à®áâà áâ¢ Lp (¯à¨ p > 1) ([2], â¥®à¥¬  3.3.1).

�à¨¬¥¨¢ ª § ¤ ç¥ (3) ¯à¥®¡à §®¢ ¨¥ � ¯« á , ¯®«ãç¨¬

X(p) = (g(p))�1;

g(p) = p+ a+
b

p
e�p� (1� e�ph): (6)

�®£« á® ä®à¬ã«¥ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï � ¯« á 

x0(t) =
1
2�i

lim
y!1

Z �+iy

��iy
ept
�
g(p)

��1
dp; (7)

£¤¥ ¨â¥£à « ¡¥à¥âáï ¢¤®«ì «î¡®© ¯àï¬®© � = Re p â ª, çâ®¡ë eptX(p) ¡ë«    «¨â¨ç¥áª®©
¢ ®¡« áâ¨ Re p > �. � ª ï ®¡« áâì  ©¤¥âáï ¢á«¥¤áâ¢¨¥ ®æ¥ª¨   äã¤ ¬¥â «ì®¥ à¥è¥¨¥
ãà ¢¥¨ï (1) ([2], á. 98, á¢®©áâ¢® 2)

jx0(t)j � e(jaj+jbjh)t:

� ¬¥â¨¬, çâ® äãªæ¨ï g(p) ¨¬¥¥â ãáâà ¨¬ãî ®á®¡¥®áâì ¯à¨ p = 0,   ¯à¨ p 6= 0 äãªæ¨ï
g(p) ï¢«ï¥âáï   «¨â¨ç¥áª®©. �«¥¤®¢ â¥«ì®, X(p) ¨¬¥¥â ®á®¡¥®áâ¨ (¯®«îáë) â®«ìª® ¢ â¥å
â®çª å, £¤¥ äãªæ¨ï g(p) = 0.

� ©¤¥¬ íää¥ªâ¨¢ë¥ ¯à¨§ ª¨ íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ ¤«ï ãà ¢¥¨ï (1), ¯®¤ç¨-
¨¢ ª®íää¨æ¨¥âë a ¨ b ¥ª®â®àë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬.

�«ãç © I. a = 0, b = �ei 2 C .

�®« £ ï ¢ à ¢¥áâ¢ å (1) ¨ (6) a = 0, ¯®«ãç¨¬
8><
>:
_x(t) + b

t��R
t���h

x(s)ds = f(t); t 2 R+ ;

x(�) = 0; � < 0;
(8)

g(p) = p+
b

p
e�p� (1� e�ph): (9)

�â¬¥â¨¬ ¤¢  ¯à®áâëå á¢®©áâ¢  ¨â¥£à «®¢ ®â äãªæ¨¨ ept

g(p)
. �«ï ¤®ª § â¥«ìáâ¢  íâ¨å á¢®©áâ¢

¤®áâ â®ç® ¯à®¢¥áâ¨ ®æ¥ªã ¨â¥£à «®¢ ¢¤®«ì ¯àï¬ëå, ¯ à ««¥«ìëå á®®â¢¥âáâ¢¥® ¬¨¬®©
¨ ¢¥é¥áâ¢¥®© ®á¨.
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�¥¬¬  1. �«ï «î¡®£® ¢¥é¥áâ¢¥®£® � á¯à ¢¥¤«¨¢  ®æ¥ª ����
Z �+i1

��i1

ept

g(p)
dp

���� � Ne�t:

�¥¬¬  2. �«ï «î¡ëå ¢¥é¥áâ¢¥ëå � ¨ � â ª¨å, çâ® � < � < 0, á¯à ¢¥¤«¨¢® á®®â®è¥¨¥����
Z �+iy

�+iy

ept

g(p)
dp

���� ����!
y!�1

0:

� ¨¡®«¥¥ ¢ ¦®¥ ¤«ï ¤ ®£® ¨áá«¥¤®¢ ¨ï á¢®©áâ¢® äãªæ¨¨ (9) ®âà ¦ ¥â

�¥¬¬  3. �«ï â®£® çâ®¡ë ¢á¥ ã«¨ äãªæ¨¨ (9) «¥¦ «¨ á«¥¢  ®â ¬¨¬®© ®á¨, ¥®¡å®¤¨¬®

¨ ¤®áâ â®ç®, çâ®¡ë  2 (��=2; �=2) ¨ ¢ë¯®«ï«®áì ¥à ¢¥áâ¢®

0 <
�h2

2
<

�
�=2� j j
2�=h+ 1

�2�
sin

�
�=2� j j
2�=h + 1

���1
: (10)

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì. �®á¯®«ì§ã¥¬áï ¯à¨æ¨¯®¬  à£ã¬¥â  ([13], á. 82). �ãáâì
p ¤¢¨¦¥âáï ¯® ª®âãàã KR ª®¬¯«¥ªá®© ¯«®áª®áâ¨, á®áâ®ïé¥¬ã ¨§ ¯®«ã®ªàã¦®áâ¨ CR : p =
Reiy, ��=2 � y � �=2, ¨ ®âà¥§ª  IR : p = �iy, �R � y � R, R!1. �áá«¥¤ã¥¬ Arg g(�iy), £¤¥

v(y) = �y + 2(�=y) sin(yh=2) sin( + y(� + h=2));

u(y) = 2(�=y) sin(yh=2) cos( + y(� + h=2)):
(11)

�à¨ ãá«®¢¨¨, çâ® £®¤®£à ä ¥ ¯à®å®¤¨â ç¥à¥§  ç «® ª®®à¤¨ â, ¤«ï ®âáãâáâ¢¨ï ã«¥© äãª-
æ¨¨ (9) á¯à ¢  ®â ¬¨¬®© ®á¨ ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë �Arg g(p) = 0. �ç¥¢¨¤®, çâ®
¯à¨ ¤®áâ â®ç® ¡®«ìè®¬ R ¯à¨ ¤¢¨¦¥¨¨ ¯® ¯®«ã®ªàã¦®áâ¨ �Arg g(p) = �.

� ¬¥â¨¬, çâ® �Arg g(0) =  ¨ ¤®ª ¦¥¬, çâ® ¨§ (10) á«¥¤ã¥â �Arg g(p) = � � �=2 ¯à¨ ¤¢¨-
¦¥¨¨ ¯¥à¥¬¥®© p ¯® ¬¨¬®© ¯®«ã®á¨ 0 � y <1. �¤¥áì ¨ ¤ «¥¥, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥,
¯à¨à é¥¨¥  à£ã¬¥â  äãªæ¨¨ áç¨â ¥âáï ¯à¨ ¨§¬¥¥¨¨ y ®â 0 ¤® 1.

�ãáâì (yj) | ¬®®â®® ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ã«¥© äãªæ¨¨ u: ¤«ï «î¡®£® j2N
u(yj) = 0, yj+1 > yj > 0; ¯ãáâì vj = v(yj). �¢¨¤ã â®£®, çâ® lim

y!+1
v(y) = �1 ¨ u | ®£à ¨ç¥ ï

äãªæ¨ï ®â y, ãâ¢¥à¦¤¥¨¥, çâ® vj < 0 ¯à¨ ¢á¥å j 2 N, ¢«¥ç¥â �Arg g(�iy) = ��=2.
� áá¬®âà¨¬ ¯à¥¤¥«ì®¥ ¯®«®¦¥¨¥ £®¤®£à ä  g(�iy), â. ¥. ¯®«®¦¥¨¥, ¯à¨ ª®â®à®¬ ¯¥à¢®¥

¯¥à¥á¥ç¥¨¥ £®¤®£à ä  á ¬¨¬®© ®áìî ¯à®¨áå®¤¨â ¢  ç «¥ ª®®à¤¨ â. �§ (11) á«¥¤ã¥â, çâ® ¢
íâ®¬ á«ãç ¥

y1 =
2
h

�
�=2� j j
2�=h+ 1

�
¨ � =

2
h2

�
�=2� j j
2�=h + 1

�2�
sin

�
�=2� j j
2�=h+ 1

���1
:

�®ª ¦¥¬, çâ® ¥á«¨ ¢ë¯®«ï¥âáï (10), â® vj < 0 ¯à¨ «î¡®¬ j 2 N. �¥à¥á¥ç¥¨ï £®¤®£à ä  á
¬¨¬®© ®áìî ¯à®¨áå®¤ïâ ¢ â®çª å ¢¨¤  y�n = �(1+2n)�2 

2�+h
, n 2 N0 ,   â ª¦¥ y��k = 2�k=h, k 2 N.

�¡®§ ç¨¬ v(y�n) = v�n, v(y
��
k ) = v��k . �ç¥¢¨¤®, v

��
k < 0 ¯à¨ «î¡ëå k 2 N, �, h ¨ � . �á«®¢¨¥ v�n < 0

à ¢®á¨«ì® ãá«®¢¨î

(�1)n sin
�
(�=2)(1 + 2n)�  

2�=h + 1

�
<
(�(1 + 2n)� 2 )2

2�(2� + h)2
; n 2 N0 : (12)

�ãáâì,  ¯à¨¬¥à, sin
� (�=2)(1+2n)� 

2�=h+1

�
> 0 (¯à®â¨¢®¯®«®¦®¥ ¥à ¢¥áâ¢® à áá¬ âà¨¢ ¥âáï   -

«®£¨ç®), â®£¤  ¯à¨ ¥ç¥âëå n ¥à ¢¥áâ¢® (12), ®ç¥¢¨¤®, ¢ë¯®«ï¥âáï. �á«¨ n = 0, â® á¯à -
¢¥¤«¨¢®áâì (12) á«¥¤ã¥â ¥¯®áà¥¤áâ¢¥® ¨§ ãá«®¢¨ï «¥¬¬ë 1. �à¨ n 6= 0, ¨á¯®«ì§ãï ãá«®¢¨ï
«¥¬¬ë, ¯®«ãç¨¬

� sin
�
(�=2)(1 + 2n)�  

2�=h + 1

�
<

4(�=2 � j j)2

2h2(2�=h + 1)2
sin

�
(�=2)(1+2n)� 

2�=h+1

�

sin
�
�=2�j j

2�=h+1

� = A:
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� á¨«ã ãá«®¢¨ï  2 (��=2; �=2) ¨¬¥¥¬ �=2�j j

2�=h+1
2 (0; �=2] ¨ (�=2)(1+2n)� 

2�=h+1
> �=2�j j

2�=h+1
¯à¨ «î¡ëå

h > 0, � > 0, n 2 N. C ¤àã£®© áâ®à®ë, ¥âàã¤® ¢¨¤¥âì, çâ® äãªæ¨ï sinx=x2 ã¡ë¢ ¥â ¯à¨
x 2 (0; 3�=2) ¨ sin �=�2 > sin �=�2 ¯à¨ � 2 (0; �=2) ¨ � 2 [�=2;1). �®íâ®¬ã

A <
2((�=2)(1 + 2n)�  )2

h2(2�=h + 1)2
:

� ç¨â, (12) ¢ë¯®«ï¥âáï ¯à¨ «î¡ëå n 2 N0 .
� ª¨¬ ®¡à §®¬, v�n < 0 ¯à¨ «î¡ëå n 2 N0 . �â ª, ¯à¨ ãá«®¢¨¨ (10) vj < 0 ¯à¨ «î¡®¬

j 2 N,   § ç¨â, �Arg g(�iy) = � � �=2 ¯à¨ ¨§¬¥¥¨¨  à£ã¬¥â  y ®â 0 ¤® 1. � «®£¨ç®
¤®ª §ë¢ ¥âáï, çâ® ¯à¨ ¨§¬¥¥¨¨ y ®â �1 ¤® 0 �Arg g(�iy) =  ��=2. �®íâ®¬ã ¯à¨ ¨§¬¥¥¨¨
y ®â �1 ¤® 1 ¨¬¥¥¬ �Arg g(�iy) = ��. �«¥¤®¢ â¥«ì®, ¯à¨ ¤¢¨¦¥¨¨ ¯® à áá¬ âà¨¢ ¥¬®¬ã
ª®âãàã �Arg g(p) = 0, ¨ ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ ¨   ¬¨¬®© ®á¨ äãªæ¨ï (9) ¥ ¨¬¥¥â ã«¥©.

�¥®¡å®¤¨¬®áâì. �®§ì¬¥¬ ª®âãà KR, ®¯¨á ë© ¢ ¤®ª § â¥«ìáâ¢¥ ¤®áâ â®ç®áâ¨. �§¢¥áâ-
®, çâ® ¢ãâà¨ ¥£® ¥â ã«¥© äãªæ¨¨ g(p), § ç¨â, �Arg g(p) = 0. �ç¥¢¨¤®, çâ® ¯à¨ ¤®áâ -
â®ç® ¡®«ìè®¬ R ¯à¨ ¤¢¨¦¥¨¨ ¯® ¯®«ã®ªàã¦®áâ¨ �Arg g(p) = �. �®íâ®¬ã ¯à¨ ¤¢¨¦¥¨¨
¯® ®âà¥§ªã IR ¨¬¥¥¬ �Arg g(�iy) = ��, çâ® ¢®§¬®¦® «¨èì ¯à¨ á¯à ¢¥¤«¨¢®áâ¨ ãá«®¢¨ï (10).
� íâ®¬ ¬®¦® ã¡¥¤¨âìáï, ¯à®¢¥¤ï à ááã¦¤¥¨ï ¨§ ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç®áâ¨ ¢ ®¡à âãî
áâ®à®ã.

�¥¬¬  4. �à ¢¥¨¥ (8) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ã«¨

äãªæ¨¨ (9) «¥¦ â á«¥¢  ®â ¬¨¬®© ®á¨, ¯à¨ íâ®¬ áãé¥áâ¢ã¥â â ª®¥ � < 0, çâ® á¯à ¢¥¤«¨¢ 
®æ¥ª 

jx0(t)� F (t)j � Ne�t;

F (t) =
s1X
k=1

Mke
Re zkt +

s2X
l=1

(Alt+Bl)e
Re zlt +

s3X
m=1

(Cmt
2 +Dmt+Em)e

Re zmt; (13)

£¤¥ Mk, Al, Bl, Cm, Dm, Em, N | ¥ª®â®àë¥ ª®áâ âë, zk | ¯à®áâë¥ ¯®«îáë, zl | ¯®«îáë

¢â®à®£® ¯®àï¤ª , zm | ¯®«îáë âà¥âì¥£® ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì.�à¥¤¯®«®¦¨¬, çâ® ãà ¢¥¨¥ (8) íªá¯®¥æ¨ «ì® ãáâ®©-
ç¨¢®. �®£¤  ¤«ï x0(t) á¯à ¢¥¤«¨¢  ®æ¥ª  (5),   § ç¨â, ¥¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  X(p) ï¢«ï-
¥âáï   «¨â¨ç¥áª®© äãªæ¨¥© ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨, ¢ª«îç ï ¬¨¬ãî ®áì. �«¥¤®¢ â¥«ì®,
®á®¡ë¥ â®çª¨ X(p), â. ¥. ã«¨ äãªæ¨¨ (9), «¥¦ â â®«ìª® á«¥¢  ®â ¬¨¬®© ®á¨.

�®áâ â®ç®áâì. �à¥¤¯®«®¦¨¬, çâ® ¢á¥ ã«¨ äãªæ¨¨ (9) «¥¦ â á«¥¢  ®â ¬¨¬®© ®á¨. �¢¥-
¤¥¬ ¯àï¬®ã£®«ì¨ª ABCD, á®¤¥à¦ é¨© ¢ á¥¡¥ ¯¥à¢ë¥ s ã«¥© (9) á ®¤¨ ª®¢®©  ¨¡®«ìè¥©
¤¥©áâ¢¨â¥«ì®© ç áâìî. �â®à®  AB § ¤ ¥âáï ãà ¢¥¨¥¬ Re p = � < 0 ¨ ¯à®¢®¤¨âáï â ª, çâ®-
¡ë íâ¨ ã«¨ ®ª § «¨áì á«¥¢  ®â ¥¥ (íâ® ¢®§¬®¦® ¢ á¨«ã [3], á. 446, â¥®à¥¬  12.8), A  å®¤¨âáï
¨¦¥ ¤¥©áâ¢¨â¥«ì®© ®á¨. �â®à®  CD § ¤ ¥âáï ãà ¢¥¨¥¬ Re p = � < �.

� §®¡ì¥¬ ¨â¥£à «
R

ABCD

X(p)eptdp   ç¥âëà¥ ¨â¥£à « :

I1 =
Z
AB

X(p)eptdp; I2 =
Z
BC

X(p)eptdp; I3 =
Z
CD

X(p)eptdp; I4 =
Z
DA

X(p)eptdp:

�à¨¬¥¨¢ «¥¬¬ã 2 ª I2 ¨ I4, ¯®«ãç¨¬ jI2j ����!
y!+1

0 ¨ jI4j ����!
y!�1

0. �«ï ¨â¥£à «  I3 á¯à ¢¥¤-

«¨¢  «¥¬¬  1. �® â¥®à¥¬¥ ® ¢ëç¥â å ([13], á. 79) ¬®¦® § ¯¨á âì
Z
ABCD

eptX(p)dp = 2�i
sX

n=1

res zne
ztX(z);

£¤¥ zn | ®á®¡ë¥ â®çª¨ (ã«¨ äãªæ¨¨ (9)), «¥¦ é¨¥ ¢ãâà¨ ABCD.
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�¥¯®áà¥¤áâ¢¥ë¬ ¯®¤áç¥â®¬ ã¡¥¦¤ ¥¬áï, çâ® ã«¨ äãªæ¨¨ (9) zn ¥ ¢ëè¥ âà¥âì¥£® ¯®-
àï¤ª . �á¯®«ì§ãï ä®à¬ã«ë ¢ëç¨á«¥¨ï ¢ëç¥â®¢ á ãç¥â®¬ ªà â®áâ¨ ¯®«îá®¢ ([13], c. 78), ¨¬¥¥¬

I1 + I2 + I3 + I4 = F (t): (14)

�§ (7) ¢¨¤®, çâ® x0(t) = 1
2�i

lim
y!1

I1. �ç¨âë¢ ï ®æ¥ªã ¤«ï I3, ¨§ (14) ¯®«ãç¨¬

jx0(t)� F (t)j � Ne�t + jI2j+ jI4j:

� ª®¥æ, ãáâà¥¬«ïï y ª ¡¥áª®¥ç®áâ¨, ¯®«ãç¨¬ ®æ¥ªã (13).

�§ «¥¬¬ 3, 4 ¨ à ¢¥áâ¢  (4) ¢ëâ¥ª ¥â

�¥®à¥¬  1. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

a) ãà ¢¥¨¥ (8) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢®;
b) áãé¥áâ¢ãîâ N > 0 ¨  > 0 â ª¨¥, çâ® ¯à¨ ¢á¥å t ¨ s, ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã

t � s � 0, ¤«ï äãªæ¨¨ �®è¨ ãà ¢¥¨ï (1) á¯à ¢¥¤«¨¢  ®æ¥ª 

jC(t; s)j � Ne�(t�s);

á) ¤«ï ª®íää¨æ¨¥â  b = �ei ¢ë¯®«¥ë ¥à ¢¥áâ¢  ��=2 <  < �=2 ¨ (10).

�  à¨á. 1 ¨§®¡à ¦¥  ¢ ¯ à ¬¥âà å bh2, � ®¡« áâì íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ ãà ¢¥¨ï
(8). �¨¤®, çâ® ®  á¨¬¬¥âà¨ç  ®â®á¨â¥«ì® ¤¥©áâ¢¨â¥«ì®© ®á¨ ¨ ¥¥ £à ¨æ  £« ¤ª ï § 
¨áª«îç¥¨¥¬ â®ç¥ª, ¯à¨ ¤«¥¦ é¨å ®¡« áâ¨ ¯à¨  = 0, ® bh2 6= 0.

�¨á. 1

�¥®à¥¬ã 1 ¥âàã¤® ®¡®¡é¨âì   á«ãç © á¨áâ¥¬ë «¨¥©ëå  ¢â®®¬ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© á à á¯à¥¤¥«¥ë¬ § ¯ §¤ë¢ ¨¥¬

_x(t) +B

Z t��

t���h

x(s)ds = 0; t 2 R+ ;

x(�) = 0; � < 0:
(15)

�¥®à¥¬  2 ([14]). �¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (15) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® á®¡áâ¢¥®£® ç¨á«  � = j�jei ¬ âà¨æë B ¢ë¯®«¥ë

¥à ¢¥áâ¢  ��=2 <  < �=2 ¨ (10) ¯à¨ � = j�j.
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�à ¢¨¬ ªà¨â¥à¨©, ¯®«ãç¥ë© ¢ â¥®à¥¬¥ 1, á ¨§¢¥áâë¬¨ à¥§ã«ìâ â ¬¨. �¥à¥¯¨è¥¬ ãà ¢-
¥¨¥ (8), ¯®«®¦¨¢ b = "=h ¨ f(t) � 0,

_x(t) +
"

h

Z t��

t���h
x(s)ds = 0; t 2 R+ : (16)

�á«¨ " | ¢¥é¥áâ¢¥®¥ ç¨á«®, â® ¨§ â¥®à¥¬ë 1 ¯®«ãç ¥âáï ¨§¢¥áâë© ªà¨â¥à¨©  á¨¬¯â®â¨-
ç¥áª®© ãáâ®©ç¨¢®áâ¨ áª «ïà®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á à á¯à¥¤¥«¥ë¬ § ¯ §¤ë¢ -
¨¥¬.

�«¥¤áâ¢¨¥ 1 ([8]). �à ¢¥¨¥ (16) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

0 < " < �2h
.�

2(2� + h)2 sin
�h

2(2� + h)

�
:

�á«¨ ¢ (16) ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ h ! 0, â® â¥®à¥¬  1 ¯¥à¥å®¤¨â ¢ ¤àã£®© ¨§¢¥áâë© ªà¨-
â¥à¨© íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ «¨¥©®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á ¯®áâ®ïë¬
á®áà¥¤®â®ç¥ë¬ § ¯ §¤ë¢ ¨¥¬.

�«¥¤áâ¢¨¥ 2 ([15]). �à ¢¥¨¥ _x(t)+"x(t��) = 0 íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¤«ï ª®íää¨æ¨¥â  " = j"jei á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

��=2 <  < �=2; 0 < j"j� < �=2� j j:

�«ãç © II. a 2 R, b = �ei 2 C .

�®¢¥àå®áâì

�1 =

8<
:
ah = 2�

2�=h+1
ctg( � �);

�h2 = � 2�2

(2�=h+1)2 sin( �
2�=h+1) sin( ��)

; � 2 R;

à §¡¨¢ ¥â ¯à®áâà áâ¢® ¯ à ¬¥âà®¢ ah, bh2, �=h   ®â¤¥«ìë¥ ®âªàëâë¥ ¬®¦¥áâ¢ . �®¦¥áâ¢®,
á®¤¥à¦ é¥¥ ¢ á¥¡¥ ®¡« áâì íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (8), ®¡®§ ç¨¬
D1 (¥ á®¤¥à¦¨â �1). �à¨ � = 0   à¨á. 2 ¨§®¡à ¦¥® ¬®¦¥áâ¢® D1, ¯à¨ íâ®¬ § ªà è¥ 
®¡« áâì íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (8) (¯à¨ � > 0 ¢¨¤ ªà¨¢®«¨¥©®£®
ª®ãá  D1 áãé¥áâ¢¥® ¥ ¨§¬¥¨âáï: ¥£® ¢¥àè¨  á¤¢¨£ ¥âáï ¢¢¥àå,   á ¬ ª®ãá ¥¯à¥àë¢®
¤¥ä®à¬¨àã¥âáï).

�¨á. 2
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�¥¬¬  5. �«ï â®£® çâ®¡ë ¢á¥ ã«¨ äãªæ¨¨ g(p) «¥¦ «¨ á«¥¢  ®â ¬¨¬®© ®á¨, ¥®¡å®¤¨¬®

¨ ¤®áâ â®ç®, çâ®¡ë â®çª  á ª®®à¤¨ â ¬¨ fah; bh2; �=hg ¯à¨ ¤«¥¦ «  D1.

�®ª § â¥«ìáâ¢®. �®¢  ¢®á¯®«ì§ã¥¬áï ¯à¨æ¨¯®¬  à£ã¬¥â . � ¤ ®¬ á«ãç ¥

v(y) = �y + 2(�=y) sin(yh=2) sin( + y(� + h=2));

u(y) = a+ 2(�=y) sin(yh=2) cos( + y(� + h=2)):

� ¬¥â¨¬, çâ® v = 0 ¨ u = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®¢®ªã¯®áâì ¯ à ¬¥âà®¢ ah, bh2,
�=h ¯à¨ ¤«¥¦¨â �1.

�®¯ãáâ¨¬, çâ® ¯à¨ ¥ª®â®àëå ¯ à ¬¥âà å ah, bh2, �=h (¨§ D1) äãªæ¨ï g(p) ¨¬¥¥â å®âï ¡ë
®¤¨ ã«ì á¯à ¢  ®â ¬¨¬®© ®á¨. � ª ª ª g(p) ¥¯à¥àë¢  ¨ D1 á®¤¥à¦¨â ®¡« áâì íªá¯®¥-
æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (8) (¤«ï íâ®© ®¡« áâ¨ ã«¨ «¨èì á«¥¢  ®â ¬¨¬®©
®á¨), â®  ©¤ãâáï ah, bh2, �=h (¨§ D1), ¤«ï ª®â®àëå ã«¨ äãªæ¨¨ g(p) (v = 0, u = 0) «¥¦ â  
¬¨¬®© ®á¨, â. ¥. â®çª  á ª®®à¤¨ â ¬¨ fah; bh2; �=hg ¯à¨ ¤«¥¦¨â �1. �® �1 ¥ á®¤¥à¦¨âáï ¢
D1, § ç¨â, ¤®¯ãé¥¨¥ ¥¢¥à®.

�«ï ¤ ®£® á«ãç ï ¥âàã¤® ãáâ ®¢¨âì á¯à ¢¥¤«¨¢®áâì   «®£®¢ «¥¬¬ 1,2 ¨ 4. �®íâ®¬ã á
ãç¥â®¬ «¥¬¬ë 5 ¨ à ¢¥áâ¢  (4) ¯®«ãç ¥âáï

�¥®à¥¬  3. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

a) ãà ¢¥¨¥ (1) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢®;
b) áãé¥áâ¢ãîâ N > 0 ¨  > 0 â ª¨¥, çâ® ¯à¨ ¢á¥å t ¨ s, ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã

t � s � 0, ¤«ï äãªæ¨¨ �®è¨ ãà ¢¥¨ï (1) á¯à ¢¥¤«¨¢  ®æ¥ª 

jC(t; s)j � Ne�(t�s);

c) ¯ à ¬¥âàë a, b, h, � ãà ¢¥¨ï (1) â ª®¢ë, çâ® fah; bh2; �=hg 2 D1.

�à®¢¥¤¥¬ áà ¢¥¨¥ á ¨§¢¥áâë¬¨ à¥§ã«ìâ â ¬¨. � ãà ¢¥¨¨ (1) á®¢  ¯®«®¦¨¬ b = "=h ¨
f(t) � 0:

_x(t) + ax(t) +
"

h

Z t��

t���h

x(s)ds = 0; t 2 R+ : (17)

�á«¨ "| ¢¥é¥áâ¢¥®¥ ç¨á«®, â® ¯¥à¥©¤ï ¢ (17) ª ¯à¥¤¥«ã ¯à¨ h! 0, ¨§ â¥®à¥¬ë 3 ¯®«ãç¨¬
¨§¢¥áâë© ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ áª «ïà®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
á á®áà¥¤®â®ç¥ë¬ § ¯ §¤ë¢ ¨¥¬.

�«¥¤áâ¢¨¥ 3 ([5], á. 57; [16]). �à ¢¥¨¥ _x(t) + ax(t) + "x(t� �) = 0 íªá¯®¥æ¨ «ì® ãáâ®©-
ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯ à ¬¥âàë a, ", � â ª®¢ë, çâ® fa�; "�g 2 D, £¤¥ D | ®¡« áâì,
á®¤¥à¦ é ï ¯®«®¦¨â¥«ìãî ¯®«ã®áì a� ¨ ®£à ¨ç¥ ï «¨¨ï¬¨ a + " = 0 ¨ a� = �� ctg �,
"� = �= sin � (0 � � < �).

�«ãç © III. a = �ei' 2 C , b 2 R.

�®¢¥àå®áâì

�2 =

8<
:
�h = � 2�

2�=h+1
cos �

sin('+�)
;

bh2 = 2�2 cos'

(2�=h+2)2 sin( �
2�=h+1) sin('+�)

; � 2 R;

à §¡¨¢ ¥â ¯à®áâà áâ¢® ¯ à ¬¥âà®¢ ah, bh2, �=h   ®â¤¥«ìë¥ ®âªàëâë¥ ¬®¦¥áâ¢ . �®¦¥-
áâ¢®, á®¤¥à¦ é¥¥ ¢ á¥¡¥ ®¡« áâì íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï § ¤ ç¨ (8) ¯à¨ b 2 R,
  â ª¦¥ ®¡« áâì íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®-
£® ãà ¢¥¨ï (b = 0), ®¡®§ ç¨¬ D2 (¥ á®¤¥à¦¨â �2). �  à¨á. 3 ¨§®¡à ¦¥  ®¡« áâì D2 ¯à¨
ä¨ªá¨à®¢ ëå bh2.
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�¨á. 3.

�®¢â®à¨¢ à ááã¦¤¥¨ï, ¯à®¢¥¤¥ë¥ ¢ «¥¬¬¥ 5, ¨ ¤®ª § ¢   «®£¨ «¥¬¬ 1, 2 ¨ 4, ¯®«ãç¨¬
¨â®£®¢ë© à¥§ã«ìâ â.

�¥®à¥¬  4. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

a) ãà ¢¥¨¥ (1) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢®;
b) ¯à¨ ¥ª®â®àëå ¯®«®¦¨â¥«ìëå N ¨  ¤«ï «î¡ëå t ¨ s â ª¨å, çâ® t � s � 0, á¯à ¢¥¤«¨¢ 
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®æ¥ª    äãªæ¨î �®è¨

jC(t; s)j � Ne�(t�s);

c) ¯ à ¬¥âàë a, b, h, � ãà ¢¥¨ï (1) â ª®¢ë, çâ® fah; bh2; �=hg 2 D2.

� à ¡®â¥ ([4], á. 92, á«¥¤áâ¢¨¥ 3.4) ¡ë« ¯®«ãç¥ ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨
ãà ¢¥¨ï _x(t) + ax(t) + "x(t� �) = 0, t 2 R+ , á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ a ¨ ", ª®â®à®¥,
ª ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ ãà ¢¥¨ï (17) ¯à¥¤¥«ìë¬ ¯¥à¥å®¤®¬ ¯à¨
h! 0. �â®â ªà¨â¥à¨© á®¢¯ ¤ ¥â á ¯à¨§ ª ¬¨ ãáâ®©ç¨¢®áâ¨, ª®â®àë¥ ¤ îâ â¥®à¥¬ë 3 ¨ 4, ¥á«¨
¯®«®¦¨âì ¢ ¨å b = "=h ¨ ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ h! 0.
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