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� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  ª« áá¨ä¨ª æ¨¨ ¤®¯ãáâ¨¬ëå ¬£­®¢¥­­ëå ã¯à ¢«¥-
­¨© ¤«ï ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¯ à ¡®«¨ç¥áª®£® â¨¯ . �à¨â¥à¨¥¬ ª« áá¨ä¨ª æ¨¨ ï¢«ï¥âáï
§­ ª ¯à®¨§¢®¤­®© ¢à¥¬¥­¨ ¡ëáâà®¤¥©áâ¢¨ï ¢ ­ ¯à ¢«¥­¨¨ «®ª «ì­®£® á¤¢¨£  á¨áâ¥¬ë, á®®â¢¥â-
áâ¢ãîé¥£® ¤ ­­®¬ã ¯®áâ®ï­­®¬ã ã¯à ¢«¥­¨î. � ¤ ç¨ ¯®¤®¡­®£® â¨¯  ¨áá«¥¤ãîâáï ¢ à ¬ª å
â¥®à¨¨ çã¢áâ¢¨â¥«ì­®áâ¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¨ ¯ à ¬¥âà¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ ([1]).

�ãáâì ã¯à ¢«ï¥¬ë© ¯à®æ¥áá ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

@v

@t
(t; x) =

@2v

@x2
(t; x) + u(t; x); t 2 � = [0; T0]; x 2 
 = (0; l);

v(0; x) = v0(x); x 2 
; v0 2 L2(
); (1)

v(t; 0) = v(t; l) = 0; t 2 �:

� ª ç¥áâ¢¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¨á¯®«ì§ãîâáï äã­ªæ¨¨ u(t; x) ¨§ ¬­®¦¥áâ¢  U = fu(�; �) 2
L2(� � 
) : u(t; �) 2 U ¯®çâ¨ ¤«ï ¢á¥å t 2 �g, £¤¥ U = ff 2 L2(
) : jf(x)j � 1 ¯®çâ¨ ¤«ï
¢á¥å x 2 
g, çâ® á®®â¢¥âáâ¢ã¥â ¯®â®ç¥ç­®¬ã ®£à ­¨ç¥­¨î ­  ã¯à ¢«¥­¨¥. �®§¬®¦¥­ ¨ ¤àã£®©
¢ë¡®à ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨©, á®®â¢¥âáâ¢ãîé¨© ¨­â¥£à «ì­®¬ã ®£à ­¨ç¥­¨î U� =
fu(�; �) 2 L2(��
) : u(t; �) 2 U� ¯®çâ¨ ¤«ï ¢á¥å t 2 �g, £¤¥ U� = ff 2 L2(
) : kf(�)kL2(
) � 1g. �â®â
á«ãç © à áá¬®âà¥­ ¢ § ¬¥ç ­¨¨ ¢ ª®­æ¥ áâ âì¨.

�ã¤¥¬ ¯®«ì§®¢ âìáï ®¡ëç­ë¬¨ ®¡®§­ ç¥­¨ï¬¨ ¨ ¯®­ïâ¨ï¬¨ (á¬., ­ ¯à., [2]). � ç áâ­®áâ¨,
ç¥à¥§ H1(
) ®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® �®¡®«¥¢  W 1;2(
),   ç¥à¥§ H1

0 (
) | § ¬ëª ­¨¥ ¢ ¬¥-
âà¨ª¥ ¯à®áâà ­áâ¢  H1(
) ¬­®¦¥áâ¢  £« ¤ª¨å äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  
 ¨ à ¢­ëå ­ã«î ­ 
@
. �á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï H = L2(
), V = H1

0 (
), jhj = khkH . �à®áâà ­áâ¢® H ¬®¦­®
®â®¦¤¥áâ¢¨âì á® á¢®¨¬ á®¯àï¦¥­­ë¬ H = H�, ¯®íâ®¬ã á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥ V � H � V �.
� ª ®¡ëç­®, ç¥à¥§ hw; vi ®¡®§­ ç ¥âáï §­ ç¥­¨¥ äã­ªæ¨®­ «  w 2 V � ­  í«¥¬¥­â¥ v 2 V .

�ãáâì A|®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ V ¢ V � ¯® ¯à ¢¨«ã hAv;wi = �
lR
0

v0(x)w0(x)dx 8v; w 2 V .

�®£¤  ãà ¢­¥­¨¥ (1) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

_v(t) = Av(t) + u(t); t 2 �; v(0) = v0 2 H; (2)

£¤¥ _v(�) | ¯à®¨§¢®¤­ ï ®â v(�) ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨© ([3], c. 43). � ª ¯®ª § ­® ¢ ([2], c. 115),
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï v(�) = v(�;u(�); v0), ã¤®¢«¥â¢®àïîé ï á®®â­®è¥­¨ï¬ (2) ¨
ãá«®¢¨î v(�); @v

@x
(�) 2 L2(� � 
). �à¨ íâ®¬ äã­ªæ¨ï v(t) ­¥¯à¥àë¢­  ¢ ¯à®áâà ­áâ¢¥ H.

�ãáâì s 2 V , s > 0, As 2 H ¨ c � (s; v0). �¤¥áì ¨ ¤ «¥¥ ç¥à¥§ (h1; h2) ®¡®§­ ç ¥âáï áª «ïà­®¥
¯à®¨§¢¥¤¥­¨¥ í«¥¬¥­â®¢ h1, h2 ¢ ¯à®áâà ­áâ¢¥ H. � ¬¥â¨¬, çâ® äã­ªæ¨ï t ! (s; v(t;u(�); v0))
­¥¯à¥àë¢­  ­  ¯à®¬¥¦ãâª¥ � ¤«ï «î¡ëå v0 2 H, u(�) 2 L2(�;H). �ãáâì T (v0) 2 � | ­ ¨¬¥­ìè¨©
¬®¬¥­â ¢à¥¬¥­¨ â ª®©, çâ® (s; v(T (v0);u(�); v0)) � c ¤«ï ­¥ª®â®à®£® u(�) 2 U . �á«¨ ¤«ï ¤ ­­®£®

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­â ò97-01-
01060) ¨ �¥¦¤ã­ à®¤­®©  áá®æ¨ æ¨¨ ¯® á®¤¥©áâ¢¨î á®âàã¤­¨ç¥áâ¢ã á ãç¥­ë¬¨ ­¥§ ¢¨á¨¬ëå £®áã¤ àáâ¢
¡ë¢è¥£® �®¢¥âáª®£® �®î§  (INTAS-96-0816).
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v0 â ª®£® ¬®¬¥­â  ­¥ áãé¥áâ¢ã¥â, ¯®«®¦¨¬ T (v0) = +1. � ª¨¬ ®¡à §®¬, ¯®«ãç¨¬ äã­ªæ¨î
T : H ! [0;+1].

� «¥¥, à áá¬®âà¨¬ ¤«ï ¯à®¨§¢®«ì­ëå v0; w0 2 H äã­ªæ¨î

�(�; v0; w0) = [T (v(�;w(�); v0))� T (v0)]=�;

£¤¥ w(t) = w0 ¤«ï ¢á¥å t � 0. �á«¨ ¯à¥¤¥« lim
�!0

�(�; v0; w0) áãé¥áâ¢ã¥â, ®¡®§­ ç¨¬ ¥£® T 0(v0; w0).

�¥«¨ç¨­  T 0(v0; w0) ï¢«ï¥âáï ¯à®¨§¢®¤­®© ¢à¥¬¥­¨ ¡ëáâà®¤¥©áâ¢¨ï ¢ ­ ¯à ¢«¥­¨¨ «®ª «ì­®-
£® á¤¢¨£  á¨áâ¥¬ë (1), á®®â¢¥âáâ¢ãîé¥£® ¯®áâ®ï­­®¬ã ã¯à ¢«¥­¨î w0. �à¥¡ã¥âáï ¨áá«¥¤®¢ âì
¬­®¦¥áâ¢ 

U+(v0) = fu 2 U : T 0(v0; u) > 0g;

U0(v0) = fu 2 U : T 0(v0; u) = 0g;

U�(v0) = fu 2 U : T 0(v0; u) < 0g:

�¥«ì íâ®© à ¡®âë | ¯®«ãç¨âì ï¢­ë¥ ä®à¬ã«ë ¤«ï ®¯¨á ­¨ï ¬­®¦¥áâ¢ U+(v), U0(v) ¨ U�(v).
�«ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¢®§¬®¦­  á«¥¤ãîé ï ¨­â¥à¯à¥â æ¨ï. �ãáâì äã­ªæ¨ï v(t; x) ®¯¨-

áë¢ ¥â à á¯à¥¤¥«¥­¨¥ ­¥ª®â®à®£® ¢à¥¤­®£® ¢¥é¥áâ¢  ¢ ª ª®©-â® áà¥¤¥ (¢®§¤ãå¥, ¢®¤®¥¬¥ ¨ â. ¤.) ¢
¬®¬¥­â ¢à¥¬¥­¨ t; u(t; x) | ¨­â¥­á¨¢­®áâì ¨áâ®ç­¨ª  § £àï§­¥­¨ï. �à¥¤¯®« £ ¥âáï, çâ® ¨­â¥­-
á¨¢­®áâì ¨áâ®ç­¨ª  ­¥ ¬®¦¥â ¯à¥¢ëè âì ¢ ª ¦¤®© â®çª¥ § ¤ ­­®£® §­ ç¥­¨ï; íâ® á®®â¢¥âáâ¢ã-
¥â ¢ë¡®àã ã¯à ¢«¥­¨© ¨§ ¬­®¦¥áâ¢  U (¨­â¥£à «ì­®¬ã ®£à ­¨ç¥­¨î á®®â¢¥âáâ¢ã¥â ¬­®¦¥áâ¢®
U�). �à ¢­¥­¨¥ (1) ®¯¨áë¢ ¥â ¤¨­ ¬¨ªã à á¯à®áâà ­¥­¨ï ¯à¨¬¥á¨ v(t; x) ¯à¨ ­ «¨ç¨¨ ¨áâ®ç­¨-
ª  § £àï§­¥­¨ï u(t; x). Eá«¨ ¯®ª § â¥«ì (s; v) ¤®áâ¨£­¥â ªà¨â¨ç¥áª®£® §­ ç¥­¨ï c, â® ­ áâã¯¨â
íª®«®£¨ç¥áª ï ª â áâà®ä . �­ ç¥­¨¥ T (v) ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¢à¥¬ï ¤® ­ áâã¯«¥­¨ï
ª â áâà®äë ¯à¨ ­ ¨¡®«¥¥ ­¥¡« £®¯à¨ïâ­®© ¤«ï ­ á ¨­â¥­á¨¢­®áâ¨ ¨áâ®ç­¨ª  § £àï§­¥­¨ï,   ¢¥-
«¨ç¨­ã T 0(v; u) | ª ª áª®à®áâì ¨§¬¥­¥­¨ï íâ®£® ¢à¥¬¥­¨ ¯à¨ ¤ ­­®© ¯®áâ®ï­­®© ¨­â¥­á¨¢­®áâ¨
¨áâ®ç­¨ª  u(t) � u. �¨âã æ¨ï T 0(v; u) > 0 ¡« £®¯à¨ïâ­ , â. ª. ¢à¥¬ï ¤® ­ áâã¯«¥­¨ï ª â áâà®äë
ã¢¥«¨ç¨¢ ¥âáï; ¢ á«ãç ¥ T 0(v; u) < 0 á¨âã æ¨ï ­¥¡« £®¯à¨ïâ­ . � ª¨¬ ®¡à §®¬, ªà¨â¥à¨¥¬ ¤«ï
à §¡¨¥­¨ï ¬­®¦¥áâ¢  ¢®§¬®¦­ëå ¬£­®¢¥­­ëå ¨­â¥­á¨¢­®áâ¥© ¨áâ®ç­¨ª  U ¯à¨ ¤ ­­®¬ à á¯à¥-
¤¥«¥­¨¨ ¯à¨¬¥á¨ v ï¢«ï¥âáï §­ ª T 0(v; u).

�à¨áâã¯¨¬ ª à¥è¥­¨î áä®à¬ã«¨à®¢ ­­®© § ¤ ç¨. � áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

X 00(x) = �X(x); x 2 [0; l]; X(0) = X(l) = 0:

�ã­ªæ¨¨ ek(x) =
p
2=l sin(�kx=l) ï¢«ïîâáï à¥è¥­¨ï¬¨ íâ®© § ¤ ç¨, á®®â¢¥âáâ¢ãîé¨¬¨ á®¡-

áâ¢¥­­ë¬ §­ ç¥­¨ï¬ �k = �(�k=l)2, ¨ ®¡à §ãîâ ¢ ¯à®áâà ­áâ¢¥ H ¯®«­ãî ®àâ®­®à¬¨à®¢ ­­ãî
á¨áâ¥¬ã,   ¢ ¯à®áâà ­áâ¢ å V ¨ V � | ¯®«­ãî ®àâ®£®­ «ì­ãî á¨áâ¥¬ã. �®íâ®¬ã á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

1) ¤«ï «î¡®£® í«¥¬¥­â  h 2 H áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® à §«®¦¥­¨¥ h =
1P
k=1

hkek, àï¤

áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ H; ¯à¨ íâ®¬ hk = (h; ek), jhj2 =
1P
k=1

h2k;

2) ¤«ï «î¡®£® í«¥¬¥­â  v 2 V áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® à §«®¦¥­¨¥ v =
1P
k=1

vkek, àï¤

áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ V ; ¯à¨ íâ®¬ vk = (v; ek), kvk2V =
1P
k=1

(1� �k)v2k;

3) ¤«ï «î¡®£® í«¥¬¥­â  w 2 V � áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® à §«®¦¥­¨¥ w =
1P
k=1

wkek, àï¤

áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ V �; ¯à¨ íâ®¬ wk = hw; eki, kwk2V � =
1P
k=1

w2
k=(1� �k).

� «¥¥ ­¥âàã¤­® ¤®ª § âì á«¥¤ãîé¨¥ ä ªâë.
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1. �«ï «î¡ëå í«¥¬¥­â®¢ w 2 V �, v 2 V ¢¥à­® à ¢¥­áâ¢® hw; vi =
1P
k=1

wkvk, £¤¥ wk = hw; eki,

vk = (v; ek).

2. �«ï «î¡®£® í«¥¬¥­â  v 2 V ¢¥à­® à ¢¥­áâ¢® @v
@x

=
1P
k=1

vk
@ek
@x
, àï¤ áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥

H. �à¨ íâ®¬ j @v
@x
j2 =

1P
k=1

�kv
2
k.

3. �«ï «î¡®£® í«¥¬¥­â  v 2 V ¢¥à­® à ¢¥­áâ¢® Av =
1P
k=1

�kvkek, àï¤ áå®¤¨âáï ¢ ¯à®áâà ­-

áâ¢¥ V �. �à¨ íâ®¬ k @v
@x
k2V � =

1P
k=1

�2kv
2
k=(1 � �k).

4. �«ï «î¡®£® í«¥¬¥­â  v 2 V , ¥á«¨ A2v 2 H, â® ¢¥à­® à ¢¥­áâ¢® A2v =
1P
k=1

�2kvkek, àï¤

áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ H.

�à¨¢¥¤¥­­ë¥ ä ªâë ¨á¯®«ìãîâáï ­¨¦¥ ¡¥§ ï¢­ëå ááë«®ª ­  ­¨å.

�¥¬¬  1. �ãáâì A2v0 2 H. �á«¨ T (v0) 2 �, äã­ªæ¨ï T (v) ¤¨ää¥à¥­æ¨àã¥¬  ¯® �à¥è¥ ¢

â®çª¥ v0, â® ¯à®¨§¢®¤­ ï T
0(v0; w) ®¯à¥¤¥«¥­  ¤«ï «î¡®£® w 2 H â ª®£®, çâ® Aw 2 H, ¨ ¨¬¥¥â

¬¥áâ® ä®à¬ã« 

T 0(v0; w) = (DT (v0); Av0 + w): (3)

�¤¥áì á¨¬¢®« DT (v0) ®§­ ç ¥â ¯à®¨§¢®¤­ãî �à¥è¥ äã­ªæ¨¨ T (v) ¢ â®çª¥ v0.

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ¬¥â®¤ �ãàì¥ ¯® á¨áâ¥¬¥ fekg ª ãà ¢­¥­¨î (2). �®«ãç¨¬ á¨áâ¥-
¬ã ãà ¢­¥­¨©

_vk(t) = �kvk(t) + uk(t); t 2 �; k = 1; 2; : : : ; (4)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ vk(0) = vk;0. �¤¥áì vk(t) = (v(t); ek), uk(t) = (u(t); ek), vk;0 = (v0; ek) |
ª®íää¨æ¨¥­âë �ãàì¥ á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨©. �¥è¥­¨¥ ª ¦¤®£® ¨§ ãà ¢­¥­¨© á¨áâ¥¬ë (4)
§ ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

vk(t) = e�ktvk;0 +
Z t

0

e�k(t��)uk(�)d�; (5)

¯®íâ®¬ã

v(t) =
1X
k=1

e�ktvk;0ek +
1X
k=1

Z t

0
e�k(t��)uk(�)d� ek: (6)

�ãáâì â¥¯¥àì ¤«ï ¢á¥å t 2 � u(t) = w, w 2 H. �®£¤  à¥è¥­¨¥ v(t), á®®â¢¥âáâ¢ãîé¥¥ íâ®¬ã
ã¯à ¢«¥­¨î, ¢ëà ¦ ¥âáï ä®à¬ã«®©

v(t) =
1X
k=1

e�ktvk;0ek +
1X
k=1

Z t

0

e�k(t��)wkd� ek;

£¤¥ wk = (w; ek). �«¥¤®¢ â¥«ì­®,

v(�;w(�); v0) =
1X
k=1

e�k�vk;0ek +
1X
k=1

��1k (e�k� � 1)wkek:

�ç¨âë¢ ï á®®â­®è¥­¨ï

e�k� = 1 + �k� + �2k�
2
k=2 ¤«ï ­¥ª®â®à®£® �k 2 (0; �);

v0 =
1X
k=1

vk;0ek; Av0 =
1X
k=1

vk;0�kek; w =
1X
k=1

wkek;
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§ ª«îç ¥¬, çâ®
v(�;w(�); v0) = v0 + �(Av0 +w) + �;

£¤¥

� =
1X
k=1

�2k�
2
kvk;0ek=2 +

1X
k=1

�k�
2
kwkek=2:

�â¬¥â¨¬, çâ®

j�j �
1
2
�2(jA2v0j+ jAwj): (7)

�ã­ªæ¨ï T (v) ¤¨ää¥à¥­æ¨àã¥¬  ¯® �à¥è¥ ¢ â®çª¥ v0, ¯®íâ®¬ã

T (v(�;w(�); v0))� T (v0) = (DT (v0); �(Av0 + w) + �) + o(j�(Av0 + w) + �j):

�«¥¤®¢ â¥«ì­®,

�(�; v0; w0) = (DT (v0); Av0 + w) + lim
�!0

�
(DT (v0); �=�) + ��1o(j�(Av0 + w) + �j)

	
;

®âªã¤ , ¨á¯®«ì§ãï (7), ¯®«ãç ¥¬ à ¢¥­áâ¢® (3).

� ä®à¬ã«¨à®¢ª¥ á«¥¤ãîé¥© «¥¬¬ë ¨á¯®«ì§ã¥âáï à¥è¥­¨¥ á¨áâ¥¬ë

_r(t) = Ar(t); r(0) = s: (8)

�¥¬¬  2. � ¤ ç  ®¯â¨¬ «ì­®£® ¡ëáâà®¤¥©áâ¢¨ï ¤«ï ãà ¢­¥­¨ï (2) à §à¥è¨¬  â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ãà ¢­¥­¨¥

(r(T ); v0) +
Z T

0

kr(t)kL1(
)dt = c (9)

¨¬¥¥â à¥è¥­¨¥ T 2 �. �à¨ íâ®¬ T (v0) | ­ ¨¬¥­ìè¨© ­¥®âà¨æ â¥«ì­ë© ª®à¥­ì íâ®£® ãà ¢-

­¥­¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ç  ®¯â¨¬ «ì­®£® ¡ëáâà®¤¥©áâ¢¨ï à §à¥è¨¬ , T (v0) | ¢à¥¬ï
¡ëáâà®¤¥©áâ¢¨ï, u0(�) | ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥. �®£¤  ¤«ï «î¡®£® u(�) 2 U ¢¥à­® ­¥à ¢¥­áâ¢®

(s; v(T (v0);u0(�); v0)) � (s; v(T (v0);u(�); v0)):

�§ ([2], c. 257) á«¥¤ã¥â, çâ®

u0(t; x) = sgn r(T (v0)� t; x) ¯®çâ¨ ¤«ï ¢á¥å (t; x) 2 (0; T (v0))� 
: (10)

� ¬¥â¨¬, çâ® à¥è¥­¨¥ á¨áâ¥¬ë (8) ¨¬¥¥â ¢¨¤

r(t) =
1X
k=1

ske
�ktek; (11)

£¤¥ sk = (s; ek). �§ à ¢¥­áâ¢  (s; v(T (v0);u0(�); v0)) = c, ¨á¯®«ì§ãï á®®â­®è¥­¨ï (6), (10) ¨ (11),
¢ë¢®¤¨¬ à ¢¥­áâ¢® (9) c T = T (v0). � «¥¥, ¯à¥¤¯®«®¦¨¬, çâ® ãà ¢­¥­¨¥ (9) ¨¬¥¥â ¤àã£®© ª®à¥­ì
T 2 (0; T (v0)). �ãáâì u(t; x) = sgn r(T � t; x), (t; x) 2 � � 
. �®£¤  (s; v(T ;u(�); v0)) = c, â. ¥.
ãª § ­­®¥ ã¯à ¢«¥­¨¥ u(�) ¯¥à¥¢®¤¨â á¨áâ¥¬ã (2) ­  æ¥«¥¢®¥ ¬­®¦¥áâ¢® §  ¢à¥¬ï, ¬¥­ìè¥¥ T (v0),
çâ® ¯à®â¨¢®à¥ç¨â ®¯â¨¬ «ì­®áâ¨ T (v0). � ª¨¬ ®¡à §®¬, T (v0) | ­ ¨¬¥­ìè¨© ¯®«®¦¨â¥«ì­ë©
ª®à¥­ì ãà ¢­¥­¨ï (9).

�¡à â­®, ¯ãáâì ãà ¢­¥­¨¥ (9) ¨¬¥¥â ª®à¥­ì T 2 �. �¯à¥¤¥«¨¬ ã¯à ¢«¥­¨¥ ¢ (1) ¯® ¯à ¢¨«ã
u(t; x) = sgn r(T � t; x). �¥£ª® ¯à®¢¥à¨âì, çâ® ®¯à¥¤¥«¥­­®¥ â ª¨¬ ®¡à §®¬ ã¯à ¢«¥­¨¥ ï¢«ï¥âáï
¤®¯ãáâ¨¬ë¬. �«ï ª®íää¨æ¨¥­â®¢ �ãàì¥ à¥è¥­¨ï ãà ¢­¥­¨ï (2), ¯®à®¦¤¥­­®£® íâ¨¬ ã¯à ¢«¥-
­¨¥¬, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ á®®â­®è¥­¨¥:

vk(T ) = e�kTvk;0 +
Z T

0
e�k(T�t)

Z l

0
u(t; x)ek(x)dx dt;
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®âªã¤  ¢ë¢®¤¨¬

(s; v(T )) =
1X
k=1

skvk(T ) =
1X
k=1

ske
�kTvk;0 +

Z T

0

Z l

0

jr(T � t; x)jdx dt =

= (r(T ); v0) +
Z T

0

kr(t)kL1(
)dt = c;

á«¥¤®¢ â¥«ì­®, á¨áâ¥¬ã (2) ¬®¦­® ¯à¨¢¥áâ¨ ­  æ¥«¥¢®¥ ¬­®¦¥áâ¢® §  ¢à¥¬ï T . �á¯®«ì§ãï áå¥¬ã
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 17.1 ([2], c. 260), ¬®¦­® ¤®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥ § ¤ ç  ®¯â¨¬ «ì-
­®£® ¡ëáâà®¤¥©áâ¢¨ï à §à¥è¨¬ , ¯à¨ç¥¬ T (v0) � T .

�¥¬¬  3. �ãáâì u(�) | ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ § ¤ ç¥ ¡ëáâà®¤¥©áâ¢¨ï ¤«ï ãà ¢­¥­¨ï

(2), v(�) | à¥è¥­¨¥ (2), á®®â¢¥âáâ¢ãîé¥¥ íâ®¬ã ã¯à ¢«¥­¨î, T | ¢à¥¬ï ¡ëáâà®¤¥©áâ¢¨ï,

r(�) | à¥è¥­¨¥ á¨áâ¥¬ë (8). �®£¤  äã­ªæ¨ï

f(t) = hAv(t); r(T � t)i+ kr(T � t)kL1(
)

¯®áâ®ï­­  ¨ ­¥®âà¨æ â¥«ì­  ­  ®âà¥§ª¥ [0; T ].

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

f1(t) = hAv(t); r(T � t)i; f2(t) = kr(T � t)kL1(
):

�®£¤  f(t) = f1(t) + f2(t). �ç¨âë¢ ï (5) ¨ (11), ¢ë¢®¤¨¬ f1(t) = f11 + f12(t), £¤¥

f11 =
1X
k=1

�kskvk;0e
�kT ; f12(t) =

Z t

0

1X
k=1

�kske
�k(T��)uk(�)d�:

�ï¤, ¯à¥¤áâ ¢«ïîé¨© f11, áå®¤¨âáï, â. ª.
����
1X
k=1

�kskvk;0e
�kT

���� �
� 1X

k=1

s2k�
2
k

�1=2� 1X
k=1

v2k;0e
2�kT

�1=2
� jAsj jv0j:

� «¥¥, ¨§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ([2], c. 257) á«¥¤ã¥â

u(t; x) = uT (t; x) ¯®çâ¨ ¤«ï ¢á¥å (t; x) 2 (0; T ) � 
:

�¤¥áì ¨ ¤ «¥¥ ¯à¨­ïâ® ®¡®§­ ç¥­¨¥

uT (t; x) = sgn r(T � t; x):

�«¥¤®¢ â¥«ì­®,

f12(t) =
Z t

0

1X
k=1

�kske
�k(T��)uT;k(�)d�; (12)

£¤¥ uT;k(t) = (uT (t); ek). �§ (12) á«¥¤ã¥â, çâ® ¯®çâ¨ ¤«ï ¢á¥å t 2 [0; T ]

f 012(t) =
1X
k=1

�kske
�k(T�t)uT;k(t): (13)

�ãáâì t1 > t2; t1; t2 2 [0; T ]. �®£¤ 

jf2(t2)� f2(t1)j =
��kr(T � t2)kL1(
) � kr(T � t1)kL1(
)

�� �
� kr(T � t2)� r(T � t1)kL1(
) =






Z T�t2

T�t1

_r(t)dt





L1(
)

�

Z T�t2

T�t1

k _r(t)kL1(
)dt:
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�á¯®«ì§ãï ®æ¥­ªã

k _r(t)k2L1(
)
� lj _r(t)j2 = l

1X
k=1

s2k�
2
ke

2�kt � l
1X
k=1

s2k�
2
k � jAsj2;

§ ª«îç ¥¬, çâ®
jf2(t2)� f2(t1)j � (t1 � t2)l

1=2jAsj � (t1 � t2)l
1=2jAsj:

� á¨«ã ¯®á«¥¤­¥© ®æ¥­ª¨ äã­ªæ¨ï f2(t)  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  [0; T ], ¯®íâ®¬ã ®­  ¯®çâ¨
¢áî¤ã ¤¨ää¥à¥­æ¨àã¥¬ .

�ãáâì ¢ â®çª¥ t = t1 ¢ë¯®«­ï¥âáï (13) ¨ áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ï f 02(t1). �«ï ¢á¥å t2 2 (t1; T )
¨¬¥¥¬

f(t2)� f(t1) = f1(t2)� f1(t1) + (r(T � t2); uT (t2))� (r(T � t1); uT (t1)) �

� f1(t2)� f1(t1) + (r(T � t2)� r(T � t1); uT (t1)):

�®íâ®¬ã

f 0(t1) � f 01(t1) + lim
t2!t1

(r(T � t2)� r(T � t1); uT (t1))=(t2 � t1): (14)

� áá¬®âà¨¬ äã­ªæ¨î m(t) = (r(T � t); uT (t1)), t 2 [0; T ]. � á¨«ã (11)

m(t) =
1X
k=1

ske
�k(T�t)hk;

£¤¥ hk = uT;k(t1). �á¯®«ì§ãï ®æ¥­ªã
�����

1X
k=1

sk�ke
�k(T�t)hk

���� �
� 1X

k=1

s2k�
2
k

�1=2� 1X
k=1

e2�k(T�t)h2k

�1=2
� jAsj juT (t1)j;

§ ª«îç ¥¬, çâ® m(t) ¤¨ää¥à¥­æ¨àã¥¬  ¢áî¤ã ­  [0; T ] ¨

m0(t) = �
1X
k=1

�kske
�k(T�t)hk:

�®íâ®¬ã

lim
t2!t1

(r(T � t2)� r(T � t1); uT (t1))=(t2 � t1) = �
1X
k=1

�kske
�k(T�t1)uT;k(t1): (15)

�ç¨âë¢ ï (13){(15), ¢ë¢®¤¨¬ f 0(t1) � 0. � ª¨¬ ®¡à §®¬, f 0(t) � 0 ¯®çâ¨ ¢áî¤ã ­  [0,T]. �­ «®-
£¨ç­ë¬¨ à ááã¦¤¥­¨ï¬¨ ¬®¦­® ¤®ª § âì, çâ® f 0(t) � 0 ¯®çâ¨ ¢áî¤ã ­  (0; T ). �«¥¤®¢ â¥«ì­®,
f(t) ¯®áâ®ï­­  ­  [0; T ].

�®ª ¦¥¬, çâ® f(t) � 0. �«ï íâ®£® à áá¬®âà¨¬ äã­ªæ¨î p(t) = (v(t); s), t 2 [0; T ]. � â¥®à¥¬¥
1.17 ([3], c. 177) ¤®ª § ­®, çâ®

(v(T )� v(t); s) =
Z T

t

h _v(t); si dt:

�âáî¤ , ãç¨âë¢ ï (2), ¯®«ãç ¥¬

p(T )� p(t) =
Z T

t
q(�)d�; (16)

£¤¥ q(t) = hAv(t) + uT (t); si.
�®ª ¦¥¬, çâ® q(t) ­¥¯à¥àë¢­  ¯à¨ t = T � 0. �¬¥¥¬

q(t) = (v(t); As) + (uT (t); s):
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�¥à¢®¥ á« £ ¥¬®¥ ­¥¯à¥àë¢­® ¢ á¨«ã á¢®©áâ¢ à¥è¥­¨ï (2). �¡à â¨¬áï ª® ¢â®à®¬ã á« £ ¥¬®¬ã:

(uT (t); s)� (uT (T ); s) = (uT (t); s� r(T � t)) + (uT (t); r(T � t))� (uT (T ); s) =

= (uT (t); r(0) � r(T � t)) + kr(T � t)kL1(
) � kr(0)kL1(
):

�®áª®«ìªã
j(uT (t); r(T � t)� r(0))j � l1=2jr(T � t)� r(0)j;

  äã­ªæ¨ï r(t) ­¥¯à¥àë¢­  ¢ ¯à®áâà ­áâ¢¥ H, â® q(t) ­¥¯à¥àë¢­  ¯à¨ t = T � 0. �®íâ®¬ã ¨§
à ¢¥­áâ¢  (16) § ª«îç ¥¬, çâ® p(t) ¤¨ää¥à¥­æ¨àã¥¬  á«¥¢  ¢ â®çª¥ t = T ¨ p0(T ) = q(T ).

�® ®¯à¥¤¥«¥­¨î ¢à¥¬¥­¨ ¡ëáâà®¤¥©áâ¢¨ï p(T ) > p(t) ¤«ï ¢á¥å t 2 [0; T ). �«¥¤®¢ â¥«ì­®,
p0(T ) � 0. �ç¨âë¢ ï à ¢¥­áâ¢  p0(T ) = q(T ) ¨ q(T ) = f(T ), ¯®«ãç ¥¬ f(T ) � 0.

� ¬¥â¨¬, çâ® ¢ á¨«ã ãà ¢­¥­¨ï (2) ¨ á¢®©áâ¢ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï f(t) = h _v(t); r(T � t)i
¯®çâ¨ ¢áî¤ã ­  [0; T ].

�­ ç¥­¨¥ à áá¬®âà¥­­®© ¢ «¥¬¬¥ 3 ¯®áâ®ï­­®© äã­ªæ¨¨ ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ H(v0).
� ª¨¬ ®¡à §®¬,

H(v0) = hAv0; r(T )i+ kr(T )kL1(
) = hAv(T ); si + kskL1(
) � 0:

�¥¬¬  4. �ãáâì Av0 2 H. �á«¨ T (v0) 2 �, äã­ªæ¨ï T (v) ¤¨ää¥à¥­æ¨àã¥¬  ¯® �à¥è¥ ¢

â®çª¥ v0 ¨ H(v0) 6= 0, â®
DT (v0) = �(r(T (v0)))=H(v0):

�®ª § â¥«ìáâ¢®. �®áª®«ìªã T (v0) | äã­ªæ¨®­ « ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H, â® ¥£®
¬®¦­® ®â®¦¤¥áâ¢¨âì á í«¥¬¥­â®¬ íâ®£® ¯à®áâà ­áâ¢ . � §« £ ï íâ®â í«¥¬¥­â ¯® á¨áâ¥¬¥ fekg,

¯®«ãç ¥¬ DT (v0) =
1P
n=1

xnen. � ©¤¥¬ xn. �® ®¯à¥¤¥«¥­¨î ¯à®¨§¢®¤­®© �à¥è¥

T (v0 + �en)� T (v0) = (DT (v0); �en) + o(j�enj) = �xn + o(�); � > 0;

®âªã¤  T� = T + �(�), £¤¥ T� = T (v0+�en), T = T (v0), �(�) = �xn+ o(�). � á¨«ã «¥¬¬ë 2 ¨¬¥¥¬
1X
k=1

ske
�kTvk;0 +

Z T

0

kr(t)kL1(
)dt = c; (17)

1X
k=1

ske
�kT�vk;0 + �sne

�nT� +
Z T�

0
kr(t)kL1(
)dt = c: (18)

� ¬¥â¨¬, çâ®
1X
k=1

ske
�kT�vk;0 �

1X
k=1

ske
�kTvk;0 = (r(T�); v0)� (r(T ); v0) =

=
Z T�

T

h _r(t); v0i dt =
Z T�

T

hAr(t); v0idt =
Z T�

T

(r(t); Av0)dt:

�ã­ªæ¨ï r(t) ­¥¯à¥àë¢­  ¢ H, ¯®íâ®¬ã
Z T�

T

(Av0; r(t))dt = �(�)(Av0; r(T )) + o(�(�)):

� ª¨¬ ®¡à §®¬,
1X
k=1

ske
�kT�vk;0 �

1X
k=1

ske
�kT vk;0 = �xn(Av0; r(T )) + o(�): (19)

� «¥¥, r(t) ­¥¯à¥àë¢­  ¢ H, ¯®íâ®¬ã
Z T�

T
kr(t)kL1(
)dt = �(�)kr(T )kL1(
) + o(�(�)) = �xnkr(T )kL1(
) + o(�): (20)
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�ëç¨â ï (17) ¨§ (18) ¨ ¨á¯®«ì§ãï (19), (20), ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

�xn(Av0; r(T )) + �sne
�nT� + �xnkr(T )kL1(
) + o(�) = 0:

�¥«¨¬ íâ® à ¢¥­áâ¢® ­  � > 0. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ �! 0, ¯®«ãç ¥¬

xn[(Av0; r(T )) + kr(T )kL1(
)] = �sne
�nT : (21)

� ¬¥â¨¬, çâ® kr(T )kL1(
) = (uT (0); r(T )). �®íâ®¬ã

(Av0; r(T )) + kr(T )kL1(
) = H(v0):

� ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (21) ¯à¨­¨¬ ¥â ¢¨¤ xnH(v0) = �sne
�nT ; ®âªã¤ 

DT (v0) = �
1X
n=1

e�nT en=H(v0) = �r(T (v0))=H(v0): �

�«¥¤ãîé ï «¥¬¬  ï¢«ï¥âáï ®ç¥¢¨¤­ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ 1 ¨ 4.

�¥¬¬  5. �ãáâì A2v0 2 H, Aw 2 H. �á«¨ T (v0) 2 �, äã­ªæ¨ï T (v) ¤¨ää¥à¥­æ¨àã¥¬  ¯®

�à¥è¥ ¢ â®çª¥ v0 ¨ H(v0) 6= 0, â® ¢¥à­  ä®à¬ã« 

T 0(v0; w) = �(r(T (v0)); Av0 + w)=H(v0):

�¥¬¬  6. �ãáâì A2v0 2 H, w 2 H. �á«¨ T (v0) 2 �, äã­ªæ¨ï T (v) «¨¯è¨æ¥¢  ¢ ®ªà¥áâ­®áâ¨
â®çª¨ v0, ¤¨ää¥à¥­æ¨àã¥¬  ¯® �à¥è¥ ¢ â®çª¥ v0 ¨ H(v0) 6= 0, â® ¢¥à­  ä®à¬ã« 

T 0(v0; w) = �(r(T (v0)); Av0 + w)=H(v0): (22)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì fwng
1

n=1 � H â ªãî, çâ® ¤«ï ¢á¥å n � 1
Awn 2 H ¨ wn ! w ¢ H ¯à¨ n ! 1. �æ¥­¨¬ rn(t) = v(t;wn) � v(t;w), £¤¥ v(t;u0), u0 2 H,
®¡®§­ ç ¥â à¥è¥­¨¥ (2) á ã¯à ¢«¥­¨¥¬ u(t) � u0. � ¬¥â¨¬, çâ® rn(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï

_rn(t) = Arn(t) + hn; rn(0) = 0;

£¤¥ hn = wn � w. � «¥¥,

jrn(t)j2 = 2
Z t

0

h _rn(�); rn(�)id� = 2
Z t

0

hArn(�); rn(�)id� + 2
Z t

0

h(hn; rn(�))id� � 2jhnj
Z t

0

jrn(�)jd�:

�«¥¤®¢ â¥«ì­®,

jrn(t)j � (2jhnj)1=2gn(t); (23)

£¤¥ gn(t) =
�R t

0 jrn(�)jd�
�1=2

. �ç¨âë¢ ï (23), ¢ë¢®¤¨¬

g0n(t) = jrn(t)j=(2gn(t)) � (jhnj=2)1=2:

�âáî¤  gn(t) � (jhnj=2)1=2t, ¯®íâ®¬ã

jrn(t)j � jhnjt; t � 0: (24)

�ãáâì ç¨á«® �0 â ª®¢®, çâ® ¤«ï ¢á¥å � 2 (0; �0) = � â®çª¨ v(�;wn) (n � 1) «¥¦ â ¢ ãª § ­­®©
¢ ãá«®¢¨¨ ®ªà¥áâ­®áâ¨ â®çª¨ v0. � ª®¥ �0 áãé¥áâ¢ã¥â ¢ á¨«ã (24). �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

Fn(�) = [T (v(�;wn))� T (v0)]=�; � 2 �;

F (�) = [T (v(�;w)) � T (v0)]=�; � 2 �;

Fn(0) = �(r(T (v0)); Av0 + wn)=H(v0):

� á¨«ã «¥¬¬ë 5

lim
�!0

Fn(�) = Fn(0); n � 1: (25)
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� «¥¥,
jFn(�) � F (�)j = jT (v(�;wn))� T (v(�;w))j=� � Kjrn(�)j=�;

£¤¥ K | ª®­áâ ­â  �¨¯è¨æ  äã­ªæ¨¨ T (v). �ç¨âë¢ ï (24), § ª«îç ¥¬ jFn(�) � F (�)j � Kjhnj.
�«¥¤®¢ â¥«ì­®,

Fn(�)! F (�) ¯à¨ n!1 à ¢­®¬¥à­® ¯® � 2 �: (26)

�§ (25) ¨ (26) á«¥¤ã¥â, çâ® lim
�!0

F (�) = lim
n!1

Fn(0); ®âªã¤  ¢ë¢®¤¨¬ (22).

�§ «¥¬¬ë 6 á«¥¤ã¥â ®á­®¢­ ï

�¥®à¥¬ . �ãáâì A2v0 2 H. �á«¨ T (v0) 2 �, äã­ªæ¨ï T (v) «¨¯è¨æ¥¢  ¢ ®ªà¥áâ­®áâ¨ â®çª¨

v0, ¤¨ää¥à¥­æ¨àã¥¬  ¯® �à¥è¥ ¢ â®çª¥ v0 ¨ H(v0) 6= 0, â® ¢¥à­ë ä®à¬ã«ë

U+(v0) = fw 2 U : (r(T (v0)); Av0 + w) < 0g;

U0(v0) = fw 2 U : (r(T (v0)); Av0 + w) = 0g;

U�(v0) = fw 2 U : (r(T (v0)); Av0 + w) > 0g:

� ¬¥ç ­¨¥. � á«ãç ¥, ª®£¤  ¢ ª ç¥áâ¢¥ ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ¢ë¡à ­® ¬­®-
¦¥áâ¢® U� = fu(�) 2 L2(�;H) : u(t) 2 U� ¯®çâ¨ ¤«ï ¢á¥å t 2 �g, £¤¥ U� = ff 2 H : jf j � 1g, ¢
ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢  «¥¬¬ áâ âì¨ ­¥®¡å®¤¨¬® ¢­¥áâ¨ ãª § ­­ë¥ ­¨¦¥ ¨§¬¥­¥­¨ï.

� á«ãç ¥ ¨­â¥£à «ì­®£® ®£à ­¨ç¥­¨ï ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ ¨§ ¯à¨­æ¨¯ 
¬ ªá¨¬ã¬ , ¨¬¥¥â ¢¨¤ ([2], c. 269)

u0(t) = r(T � t)=jr(T � t)j ¯®çâ¨ ¤«ï ¢á¥å t 2 �:

� á¢ï§¨ á íâ¨¬ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï ¢à¥¬¥­¨ ¡ëáâà®¤¥©áâ¢¨ï ¢ «¥¬¬¥ 2 ¯à¨­¨¬ ¥â ¢¨¤

(r(T ); v0) +
Z T

0

jr(t)jdt = c:

� «¥¥, ¢ «¥¬¬¥ 3 á«¥¤ã¥â à áá¬®âà¥âì äã­ªæ¨î f(t) = hAv(t); r(T � t)i+ jr(T � t)j. �®íâ®¬ã

H(v0) = hAv0; r(T )i+ jr(T )j = hAv(T ); si + jsj:

�á¥ ¤®ª § ­­ë¥ ¢ áâ âì¥ «¥¬¬ë ¨ â¥®à¥¬  ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®áâ îâáï á¯à ¢¥¤«¨-
¢ë¬¨. �à¨ íâ®¬ ¢ ¤®ª § â¥«ìáâ¢  á«¥¤ã¥â ¢­¥áâ¨ ®ç¥¢¨¤­ë¥ ¨§¬¥­¥­¨ï.
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