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�ãáâì E+
p | ¯®«ã¯à®áâà ­áâ¢® xp > 0 p-¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  â®ç¥ª

x = (x1; x2; : : : ; xp), p � 3. �¥¯¥à¥á¥ª îé¨¥áï £¨¯¥à¯®¢¥àå­®áâ¨ �(j), j = 1; n, à §¡¨¢ îâ E+
p

­  n+1 ç áâ¥©. �â¨ ç áâ¨ ®¡®§­ ç¨¬ ç¥à¥§ T (j), j = 1; n+ 1. �¡« áâ¨ T (j) ®£à ­¨ç¥­ë £¨¯¥à¯®-
¢¥àå­®áâï¬¨ �(j�1), �(j) ¨ å à ªâ¥à¨áâ¨ç¥áª®© £¨¯¥à¯«®áª®áâìî xp = 0.

�ãáâì QR |è à á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â ¨ à ¤¨ãá  R â ª®£®, çâ® T (n) � QR, SR | áä¥-
à  á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â ¨ à ¤¨ãá  R. � áâì è à  QR (áä¥àë SR) ¢ ¯®«ã¯à®áâà ­áâ¢¥
E+
p ®¡®§­ ç¨¬ ç¥à¥§ Q+

R (S+
R).

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï á«¥¤ãîé ï ªà ¥¢ ï § ¤ ç . �à¥¡ã¥âáï ­ ©â¨ ç¥â­ë¥ ¯® xp à¥è¥-
­¨ï ãà ¢­¥­¨©

�Buj + �2juj = 0 (j = 1; n+ 1); (1)

£¤¥ �B =
pP

j=1

@2

@x2
j

+ k

xp

@

@xp
, �2j = �j�j , �j > 0, �j > 0, j = 1; n+ 1, k > 0, p � 3, ¢ ®¡« áâïå

á®®â¢¥âáâ¢¥­­® T (j) (j = 1; n+ 1), ã¤®¢«¥â¢®àïîé¨¥ ­  �(j) (j = 1; n) ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

u+j � u�j+1 = fj(�);
1
�j

@u+j

@n�
� 1
�j+1

@u�j+1
@n�

= 'j(�) (j = 1; n); (2)

¨ ¯à¨ R!1 | ãá«®¢¨ï¬ ¨§«ãç¥­¨ï

Z
S
+
R

jun+1j2xkpdS+
R = O(1);

Z
S
+
R

����@un+1@r
� i�n+1un+1

����
2

xkpdS
+
R = o(1): (3)

� ãá«®¢¨ïå á®¯àï¦¥­¨ï (2) ¢¥«¨ç¨­ë á® §­ ª ¬¨ \+" ¨ \�" ®¡®§­ ç îâ ¯à¥¤¥«ì­ë¥ §­ -
ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨© ¯à¨ ¯à¨¡«¨¦¥­¨¨ ª �(j) á®®â¢¥âáâ¢¥­­® ¨§ T (j) ¨ T (j+1); @

@n�

®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® ­®à¬ «¨ ª �(j) ¢ â®çª¥ � 2 �(j), ¢­¥è­¥© ¯® ®â­®è¥­¨î ª ®¡« áâ¨ T (j);
fj(�), 'j(�) | § ¤ ­­ë¥ ­  �(j) ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.

1. �¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå áâà®ïâáï ç áâ­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï

�Bu+ �2u = 0

¢ ¯®«ã¯à®áâà ­áâ¢¥ xp > 0, ã¤®¢«¥â¢®àïîé¨¥ ¯à¨ R!1 ãá«®¢¨ï¬ ¨§«ãç¥­¨ï

Z
S
+
R

juj2xkpdS+
R = O(1);

Z
S
+
R

����@u@r � i�u
����
2

xkpdS
+
R = o(1):

�â¨ à¥è¥­¨ï ¨¬¥îâ ¢¨¤

ums(r; �) = r�

�2
2 H(1)

pm
(�r)Y k

ms(�) = �m(r)Y
k
ms(�); (4)
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£¤¥ 
 = p+k, pm =
p

(k+1)2+4�2m
2

, �2m = m(m+ p+k� 2), Y k
ms(�) | ¢¥á®¢ë¥ áä¥à¨ç¥áª¨¥ äã­ªæ¨¨,

m = 0; 1; 2; : : : , s = 1; �(m) [1], H(1)
pm
(�r) | äã­ªæ¨ï � ­ª¥«ï ¯¥à¢®£® à®¤ .

� ¯®¬®éìî ç áâ­ëå à¥è¥­¨© (4) ¤®ª §ë¢ ¥âáï ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (1){(3).

2. �§¢¥áâ­® [2], çâ® äã­ªæ¨¨

 j(r) =
1
2i

��j
2

��
r��H(1)

� (�jr)

�(�)
(j = 1; n+ 1); (5)

£¤¥ r =
p
x21 + x22 + x23, � = k+1

2
, ï¢«ïîâáï äã­¤ ¬¥­â «ì­ë¬¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (1) ¯à¨

p = 3 á ®á®¡¥­­®áâìî ¢ ­ ç «¥ ª®®à¤¨­ â. �«ï ¯®«ãç¥­¨ï äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© á ®á®-
¡¥­­®áâìî ¢ ¯à®¨§¢®«ì­®© â®çª¥ x = � ¯à¨¬¥­¨¬ ª äã­ªæ¨ï¬ (5) ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£ 
T �
x :

"j(x; �) = ck

Z �

0

 j(�') sin
k�1 'd' (j = 1; n+ 1); (6)

£¤¥ �' = (jx0 � �0j2 + x23 + �23 � 2x3�3 cos')
1
2 , x0 = (x1; x2), ck =

�
�
k+1
2

�
p
��
�
k
2

� .
� ¯®¬®éìî äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© (6) ®¡à §ã¥¬ ¯®¢¥àå­®áâ­ë¥ ¯®â¥­æ¨ «ë â¨¯  ¯à®-

áâ®£® ¨ ¤¢®©­®£® á«®¥¢

Vji(x; �2i) =
Z
�(i)

�2i(�)"j(�; x)�
k
3d�

(i); (j; i) = (1; 1); (n + 1; n);

Wji(x; �2i�1) =
Z
�(i)

�2i�1(�)
@

@n�
"j(�; x)�k3d�

(i); (j; i) = (1; 1); (n + 1; n):

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ £ ­ª¥«¥¢®© äã­ªæ¨¨ ¢ ¢¨¤¥ àï¤  ¨ à ááã¦¤¥­¨ï, ¯à¨¢¥¤¥­­ë¥ ¢
[3], ¯®«ãç ¥¬, çâ® äã­¤ ¬¥­â «ì­ë¥ à¥è¥­¨ï (6) ¢ â®çª¥ � ¨¬¥îâ â ªãî ¦¥ ®á®¡¥­­®áâì, çâ®
¨ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �Bu = 0. �®íâ®¬ã ¯®â¥­æ¨ «ë Vji ¨ Wji ¨¬¥îâ ­  �(i)

(i = 1; n) â ª¨¥ ¦¥ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï, çâ® ¨ ¨å  ­ «®£¨ ¤«ï íâ®£® ãà ¢­¥­¨ï. �â¨ ¯à¥¤¥«ì­ë¥
§­ ç¥­¨ï ¨¬¥îâ ¢¨¤

@V �
ji (�0; �2i)
@n�0

= ��2i(�0)
2

+
@ eVji(�0; �2i)

@n�0
; (j; i) = (1; 1); (n + 1; n); (7)

W�
ji (�0; �2i�1) = �

�2i�1(�0)
2

+ fWji(�0; �2i�1); (j; i) = (1; 1); (n + 1; n); (8)

£¤¥ ¢¥«¨ç¨­ë á ¢®«­¨áâ®© «¨­¨¥© ®¡®§­ ç îâ ¯àï¬ë¥ §­ ç¥­¨ï ¯®â¥­æ¨ «®¢ â¨¯  ¤¢®©­®£® á«®ï
¨ ­®à¬ «ì­ëå ¯à®¨§¢®¤­ëå ¯®â¥­æ¨ «®¢ â¨¯  ¯à®áâ®£® á«®ï ­  ¯®¢¥àå­®áâïå �(i) (i = 1; n).

3. �¥è¥­¨¥ § ¤ ç¨ (1){(3) ¯à¨ p = 3 ¨é¥¬ ¢ ¢¨¤¥

u1(x) = �1W11(x; �1) + �1V11(x; �2);

uj(x) = �jWjj�1(x; �2j�3) + �jVjj�1(x; �2j�2) + �jWjj(x; �2j�1) +

+ �jVjj(x; �2j); j = 2; n� 1;

un(x) = �nWn;n�1(x; �2n�3) + �nVn;n�1(x; �2n�2) + �nWn;n(x; �2n�1) + �nVn;n(x; �2n);

un+1(x) = �n+1Wn+1;n(x; �2n�1) + �n+1Vn+1;n(x; �2n):

(9)

�â¨ äã­ªæ¨¨ ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (1) ¯à¨ p = 3 á®®â¢¥âáâ¢¥­­® ¢ ®¡« áâïå T (j)

(j = 1; n+ 1) ¨ äã­ªæ¨ï un+1(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¨§«ãç¥­¨ï (3). �¥¨§¢¥áâ­ë¥ ¯«®â­®áâ¨
�i (i = 1; 2n) ­ ©¤¥¬ ¨§ âà¥¡®¢ ­¨ï, çâ®¡ë äã­ªæ¨¨ uj(x) (j = 1; n+ 1) ã¤®¢«¥â¢®àï«¨ ãá«®¢¨ï¬
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á®¯àï¦¥­¨ï (2). �®¤áâ ¢«ïï ¨å ¢ íâ¨ ãá«®¢¨ï, á ãç¥â®¬ ä®à¬ã« (7), (8) ¯®«ãç ¥¬ á¨áâ¥¬ã
¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬  ¢â®à®£® à®¤ 

�1(y) +
Z
�(1)

K11(�; y)�1(�)�k3d�
(1) +

Z
�(1)

K12(�; y)�2(�)�k3d�
(1) +

+
Z
�(2)

K13(�; y)�3(�)�
k
3d�

(2) +
Z
�(2)

K14(�; y)�4(�)�
k
3d�

(2) = F1(y);

�2(y) +
Z
�(1)

K21(�; y)�1(�)�
k
3d�

(1) +
Z
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K22(�; y)�2(�)�
k
3d�

(1) +

+
Z
�(2)

K23(�; y)�3(�)�k3d�
(2) +

Z
�(2)

K24(�; y)�4(�)�k3d�
(2) = F2(y);

�2j�1(y) +
Z
�(j�1)

K2j�1;2j�3(�; y)�2j�3(�)�k3d�
(j�1) +

+
Z
�(j�1)

K2j�1;2j�2(�; y)�2j�2(�)�
k
3d�

(j�1) +
Z
�(j)

K2j�1;2j�1(�; y)�2j�1(�)�
k
3d�
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+
Z
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K2j�1;2j(�; y)�2j(�)�
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3d�

(j) +
Z
�(j+1)

K2j�1;2j+1(�; y)�2j+1(�)�
k
3d�

(j+1) +

+
Z
�(j+1)

K2j�1;2j+2(�; y)�2j+2(�)�k3d�
(j+1) = F2j�1(y);

�2j(y) +
Z
�(j�1)

K2j;2j�3(�; y)�2j�3(�)�k3d�
(j�1) +

+
Z
�(j�1)

K2j;2j�2(�; y)�2j�2(�)�
k
3d�

(j�1) +
Z
�(j)

K2j;2j�1(�; y)�2j�1(�)�
k
3d�

(j) +

+
Z
�(j)

K2j;2j(�; y)�2j(�)�
k
3d�

(j) +
Z
�(j+1)

K2j;2j+1(�; y)�2j+1(�)�
k
3d�

(j+1) +

+
Z
�(j+1)

K2j;2j+2(�; y)�2j+2(�)�k3d�
(j+1) = F2j(y); j = 2; n� 1;

�2n�1(y) +
Z
�(n�1)

K2n�1;2n�3(�; y)�2n�3(�)�k3d�
(n�1) +

+
Z
�(n�1)

K2n�1;2n�2(�; y)�2n�2(�)�
k
3d�

(n�1) +
Z
�(n)

K2n�1;2n�1(�; y)�2n�1(�)�
k
3d�

(n) +

+
Z
�(n)

K2n�1;2n(�; y)�2n(�)�
k
3d�

(n) = F2n�1(y);

�2n(y) +
Z
�(n�1)

K2n;2n�3(�; y)�2n�3(�)�k3d�
(n�1) +

+
Z
�(n�1)

K2n;2n�2(�; y)�2n�2(�)�
k
3d�

(n�1) +
Z
�(n)

K2n;2n�1(�; y)�2n�1(�)�
k
3d�

(n) +

+
Z
�(n)

K2n;2n(�; y)�2n(�)�
k
3d�

(n) = F2n(y); (10)

£¤¥

K11 =
2

�1 + �2

�
�2
@"2

@n�
� �1 @"1

@n�

�
; K12 =

2
�1 + �2

�
�2"2 � �1"1

�
;

K13 = � 2�2
�1 + �2

@"2

@n�
; K14 = � 2�2

�1 + �2
"2;

K21 =
@2"1

@ny@n�
� @2"2

@ny@n�
; K22(�; y) =

@"1

@ny
� @"2

@ny
;

K23 = � @2"2

@ny@n�
; K24(�; y) = � @"2

@ny
;
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K2j�1;2j�3 = � 2�j
�j + �j+1

@"j

@n�
; K2j�1;2j�2 = � 2�j

�j + �j+1
"j ;

K2j�1;2j�1 =
2

�j + �j+1

�
�j+1

@"j+1

@n�
� �2 @"2

@n�

�
;

K2j�1;2j =
2

�j + �j+1

�
�j+1"j+1 � �j"j

�
;

K2j�1;2j+1 =
2�j+1

�j + �j+1

@"j+1

@n�
; K2j�1;2j+2 =

2�j+1
�j + �j+1

"j+1; j = 2; n� 1;

K2n�1;2n�3 = � 2�n
�n + �n+1

@"n

@n�
; K2n�1;2n�2 = � 2�n

�n + �n+1
"n;

K2n�1;2n�1 =
2

�n + �n+1

�
�n+1

@"n+1

@n�
� �n @"n

@n�

�
;

K2n�1;2n =
2

�n + �n+1

�
�n+1"n+1 � �n"n

�
;

K2n;2n�3 =
@2"n(�; y)
@ny@n�

; K2n;2n�2(�; y) =
@"n

@ny
;

K2n;2n�1 =
@2"n

@ny@n�
� @2"n+1(�; y)

@ny@n�
; K2n;2n =

@"n

@ny
� @"n+1

@ny
;

F2j�1(y) = � 2
�j + �j+1

fj(y); F2j(y) = 'j(y); j = 1; n:

�¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (10) ï¢«ï¥âáï á¨áâ¥¬®© ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ¬ -
âà¨æ¥© ï¤¥à á® á« ¡®© ®á®¡¥­­®áâìî. �®íâ®¬ã ¤«ï íâ®© á¨áâ¥¬ë á¯à ¢¥¤«¨¢   «ìâ¥à­ â¨¢ 
�à¥¤£®«ì¬ . � ¯®¬®éìî íâ®©  «ìâ¥à­ â¨¢ë ¨ â¥®à¥¬ë ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ªà ¥¢®© § ¤ -
ç¨ (1){(3) ¤®ª §ë¢ ¥âáï ®¤­®§­ ç­ ï à §à¥è¨¬®áâì á¨áâ¥¬ë ãà ¢­¥­¨© (10). �â® ®§­ ç ¥â, çâ®
ªà ¥¢ ï § ¤ ç  (1){(3) â ª¦¥ ®¤­®§­ ç­® à §à¥è¨¬ .

�¥®à¥¬ . �á«¨ �(j) (j = 1; n) | ¯®¢¥àå­®áâ¨ �ï¯ã­®¢  ¨ ®¡à §ãîâ á ª®®à¤¨­ â­®© ¯«®á-

ª®áâìî x3 = 0 ¯àï¬®© ã£®«, â® ªà ¥¢ ï § ¤ ç  (1){(3) à §à¥è¨¬  ¯à¨ «î¡ëå ­¥¯à¥àë¢­ëå

£à ­¨ç­ëå ¤ ­­ëå ¨ à¥è¥­¨¥ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ (9).
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