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� ¤ ­­®© áâ âì¥ ¯à¥¤« £ ¥âáï á®¤¥à¦ é¨© ¯ à ¬¥âà ªà¨â¥à¨© à¥£ã«ïà­®áâ¨ (®¡à â¨¬®áâ¨)
ª¢ ¤à â­ëå ¬ âà¨æ, ª®â®àë© ¯à¨ ç áâ­ëå §­ ç¥­¨ïå ¯ à ¬¥âà  ¯à¥¢à é ¥âáï ¢ ¨§¢¥áâ­ë¥ ¯à¨-
§­ ª¨ �áâà®¢áª®£® ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨æ á ®£à ­¨ç¥­¨ï¬¨ ­  ¬ ªá¨¬ã¬ë ¬®¤ã«¥© ¢­¥¤¨ -
£®­ «ì­ëå í«¥¬¥­â®¢ áâà®ª ¨«¨ áâ®«¡æ®¢. �à¨¢¥¤¥­® ¤®ª § â¥«ìáâ¢® ªà¨â¥à¨ï à¥£ã«ïà­®áâ¨,
®á­®¢ ­­®¥ ­  ¨á¯®«ì§®¢ ­¨¨ ¤à®¡­®© áâ¥¯¥­¨ ¤¨ £®­ «ì­®© ¬ âà¨æë; ãª § ­ë ¬¥âà¨ª¨, ¢ ª®-
â®àëå ®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë ®ª §ë¢ îâáï á¦ â¨ï¬¨ (áâà®£¨¬¨); ­  ®á­®¢¥ ¢®£­ãâ®áâ¨ ¢â®à®©
¨â¥à æ¨¨ ­¥ª®â®à®© äã­ªæ¨¨ ãáâ ­®¢«¥­® ¢ ¦­®¥ ­¥à ¢¥­áâ¢® ¬¥¦¤ã ª®­áâ ­â®©, ä¨£ãà¨àã-
îé¥© ¢ ªà¨â¥à¨¨ à¥£ã«ïà­®áâ¨, ¨ á¯¥ªâà «ì­ë¬ à ¤¨ãá®¬ ¬ ¦®à ­âë. � ãá«®¢¨ïå ªà¨â¥à¨ï
à¥£ã«ïà­®áâ¨ ¤ ­ë ®æ¥­ª¨ á¢¥àåã ­  ¬®¤ã«¨ í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë; ¯®«ãç¥­ë ¡®«¥¥ â®­-
ª¨¥ ®æ¥­ª¨ ¤«ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë; ¯à¨¢¥¤¥­  ®æ¥­ª  á­¨§ã ¤«ï ¬®¤ã«ï
®¯à¥¤¥«¨â¥«ï ¨áå®¤­®© ¬ âà¨æë (çâ® ¤ ¥â, ¢ ç áâ­®áâ¨, ¤àã£®¥ ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­­®£®
ªà¨â¥à¨ï à¥£ã«ïà­®áâ¨).

�ãáâì A = (aij) | ª®¬¯«¥ªá­ ï ª¢ ¤à â­ ï n � n-¬ âà¨æ  á ­¥­ã«¥¢ë¬¨ ¤¨ £®­ «ì­ë¬¨
í«¥¬¥­â ¬¨

ai � jaiij > 0; i = 1; : : : ; n: (1)

�®¤áç¨â ¥¬ á«¥¤ãîé¨¥ å à ªâ¥à¨áâ¨ª¨ ¢­¥¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ áâà®ª ¨ áâ®«¡æ®¢:

pi = max
j 6=i

jaij j; qi = max
j 6=i

jajij; i = 1; : : : ; n (2)

(¬ ªá¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ¨­¤¥ªá ¬ j = 1; : : : ; n, ªà®¬¥ j = i). � á ¨­â¥à¥áã¥â á«¥¤ãîé¨©
¢®¯à®á | ¯à¨ ª ª¨å ®£à ­¨ç¥­¨ïå ­  ai, pi ¨ qi ¬ âà¨æ  A ï¢«ï¥âáï à¥£ã«ïà­®©? �¢¥¤¥¬ \¡¥§-
à §¬¥à­ë¥" ¢¥«¨ç¨­ë

"i = pi=ai; �i = qi=ai; i = 1; : : : ; n: (3)

�¯à¥¤ì ¡ã¤¥¬ ¯à¥¤¯®« £ âì, ­¥ ®£®¢ à¨¢ ï íâ® ®á®¡® ª ¦¤ë© à §, çâ® n � 2 ¨ ¢á¥ ç¨á«  "i ¨ �i
¯®«®¦¨â¥«ì­ë.

�¥®à¥¬ . �ãáâì ª®¬¯«¥ªá­ ï ª¢ ¤à â­ ï n�n-¬ âà¨æ  A = (aij) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

(1) ¨ ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  �, 0 � � � 1, ¢ë¯®«­¥­® ãá«®¢¨¥

� �
nX
i=1

vi
1 + vi

< 1; (4)

£¤¥

vi = "1��
i ��i ; i = 1; : : : ; n: (5)
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�®£¤  ¬ âà¨æ  A à¥£ã«ïà­ , ¨ ¤«ï í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë A�1 = (a(�1)ij ) á¯à ¢¥¤«¨¢ë
®æ¥­ª¨

ja
(�1)
ii j �

1
ai

�
1

1 + vi
+

vi
(1� �)(1 + vi)2

�
; i = 1; : : : ; n; (6)

ja
(�1)
ij j �

"1��
i ��j

(1� �)a�i a
1��
j (1 + vi)(1 + vj)

; i 6= j; (7)

���� 1

aiia
(�1)
ii

� 1
���� � �ivi

1� �i
< 1; i = 1; : : : ; n; (8)

£¤¥

�i =
X
j 6=i

vj
1 + vj

= � �
vi

1 + vi
; i = 1; : : : ; n; (9)

  ¤«ï ¬®¤ã«ï ®¯à¥¤¥«¨â¥«ï ¬ âà¨æë A | ®æ¥­ª 

jdetAj � (1� �)a1 : : : an
nY

i=1

(1 + vi): (10)

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ à §«®¦¥­¨¥

A = B + C; B = diagfa11; : : : ; anng: (11)

� á¨«ã ãá«®¢¨ï (1) ¬ âà¨æ  B ï¢«ï¥âáï à¥£ã«ïà­®©. �¨ £®­ «ì­ãî ¬ âà¨æã á í«¥¬¥­â ¬¨
a�11; : : : ; a

�
nn ¯® £« ¢­®© ¤¨ £®­ «¨ ­ §®¢¥¬ ¤à®¡­®© áâ¥¯¥­ìî ¬ âà¨æë B ¨ ®¡®§­ ç¨¬ B� (â. ª. z�

¯à¨ ª®¬¯«¥ªá­®¬ z 6= 0 ¬®¦¥â ¡ëâì ¬­®£®§­ ç­®© äã­ªæ¨¥©, â® ¡¥à¥¬ ®¤­ã ¨§ ¢¥â¢¥©). � ¬¥â¨¬,
çâ® B1��B� = B.

�¥à¥¯¨è¥¬ à §«®¦¥­¨¥ (11) ¢ ¢¨¤¥ (I | ¥¤¨­¨ç­ ï n� n-¬ âà¨æ )

A = B1��(I + S)B�; S = (sij) = B�(1��)CB��; (12)

£¤¥ ®âà¨æ â¥«ì­ë¥ ¤à®¡­ë¥ áâ¥¯¥­¨ ®¯à¥¤¥«¥­ë ª ª ®¡à â­ë¥ ¯®«®¦¨â¥«ì­ë¬,

sij =

(
0; ¥á«¨ i = j;

aij=a
1��
ii a�jj ; ¥á«¨ i 6= j:

(13)

�§ (2), (3) ¨ (13) ¢ëâ¥ª ¥â

jSj � V; â. ¥. jsij j � vij ; i; j = 1; : : : ; n; (14)

£¤¥ ¬ âà¨ç­ ï ¬ ¦®à ­â  ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

V = (vij) =

0
BB@

0 "1��
1 ��2 : : : "1��

1 ��n
"1��
2 ��1 0 : : : "1��

2 ��n
: : : : : : : : : : : : : : : : : : : : : : : :
"1��
n ��1 "1��

n ��2 : : : 0

1
CCA : (15)

� (14) jSj ®¡®§­ ç ¥â ¬ âà¨æã S, ¢ ª®â®à®© ¢á¥ í«¥¬¥­âë § ¬¥­¥­ë ¨å ¬®¤ã«ï¬¨. �æ¥­ª  (14)
¯®ª §ë¢ ¥â, çâ® á¯¥ªâà «ì­ë¥ à ¤¨ãáë ¬ âà¨æ S ¨ V á¢ï§ ­ë ­¥à ¢¥­áâ¢®¬ ([2], á. 170, 5.7.5)

sprS � sprV: (16)

�¥âàã¤­® ¯à®¢¥à¨âì, çâ®

sprV = �; (17)
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£¤¥ � ¥áâì ¥¤¨­áâ¢¥­­ë© ¯®«®¦¨â¥«ì­ë© ª®à¥­ì ãà ¢­¥­¨ï
nX

i=1

vi
�+ vi

= 1: (18)

�¥©áâ¢¨â¥«ì­®, ¨§ (18) ¢ëâ¥ª ¥â, çâ® V �x = �x, £¤¥ xi = ��i =(� + vi) > 0, i = 1; : : : ; n,  , ª ª
¨§¢¥áâ­®, á¯¥ªâà «ì­ë¥ à ¤¨ãáë ¬ âà¨æ V ¨ á®¯àï¦¥­­®© ¬ âà¨æë V � á®¢¯ ¤ îâ. �á«®¢¨¥ (4)
â¥®à¥¬ë ®§­ ç ¥â, çâ®

0 < � < 1: (19)

�¨¤­®, çâ® ¢ á¨«ã (16), (17) ¨ (19) á¯¥ªâà «ì­ë¥ à ¤¨ãáë ¬ âà¨æ S ¨ V ¬¥­ìè¥ ¥¤¨­¨æë.
�®íâ®¬ã

(I + S)�1 =
1X
j=0

(�S)j ; (I � V )�1 =
1X
j=0

V j ;

®âªã¤  ¢ á¨«ã (14) ¢ëâ¥ª ¥â ®æ¥­ª 

j(I + S)�1j � (I � V )�1 (20)

(áâ®ïé ï á¯à ¢  ¬ âà¨æ  ¯®«®¦¨â¥«ì­ ).
�ç¥¢¨¤­®, çâ® ¬ âà¨æ  A à¥£ã«ïà­ , ¨ ¨§ (12) ­ å®¤¨¬ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ®¡à â­®© ¬ âà¨æë

A�1 = B��(I + S)�1B�(1��);

¨§ ª®â®à®£® á®£« á­® (20) ¯à¨å®¤¨¬ ª ¯à¥¤¢ à¨â¥«ì­®© ®æ¥­ª¥

jA�1j � jBj��(I � V )�1jBj�(1��): (21)

�¡®§­ ç¨¬ ç¥à¥§ "1�� áâ®«¡¥æ á ª®¬¯®­¥­â ¬¨ "1��
1 ; : : : ; "1��

n ,   ç¥à¥§ �� | áâà®ªã á ª®¬¯®­¥­-
â ¬¨ ��1 ; : : : ; �

�
n . �®£¤ 

I � V = I +D � "1����; D = diagfv1; : : : ; vng: (22)

� ª ª ª ¬ âà¨æ  I +D, ®ç¥¢¨¤­®, ï¢«ï¥âáï à¥£ã«ïà­®©,   ãá«®¢¨¥ (4) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
� = ��(I +D)�1"1�� < 1, â® ¯® ä®à¬ã«¥ �¥à¬ ­ {�®àà¨á®­  ([3], á. 53)

(I � V )�1 = (I +D)�1 +
1

1� �
(I +D)�1"1����(I +D)�1; (23)

¯à¨ç¥¬ áâ®ïé¨¥ ¢ ¯à ¢®© ç áâ¨ ¬ âà¨æë ­¥®âà¨æ â¥«ì­ë. �§ ®æ¥­ª¨ (21) ¨ ä®à¬ã«ë (23) ¯®-
«ãç ¥¬

jA�1j � jBj��

�
(I +D)�1 +

1
1� �

(I +D)�1"1����(I +D)�1
�
jBj�(1��): (24)

�á«¨ ¬ âà¨ç­®© ®æ¥­ª¥ (24) ¯à¨¤ âì ¯®í«¥¬¥­â­ë© ¢¨¤, â® ¯à¨¤¥¬ ª ®æ¥­ª ¬ (6) ¨ (7).
�¥à¥©¤¥¬ ª ¯®«ãç¥­¨î ®æ¥­®ª (8). � ª ¨§¢¥áâ­®, i-© áâ®«¡¥æ ®¡à â­®© ¬ âà¨æë A�1 ¥áâì

à¥è¥­¨¥ á¨áâ¥¬ë

a11x1 + � � �+ a1ixi + � � �+ a1nxn = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

ai1x1 + � � �+ aiixi + � � �+ ainxn = 1;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

an1x1 + � � �+ anixi + � � �+ annxn = 0:

(25)

�§ i-£® ãà ¢­¥­¨ï á¨áâ¥¬ë (25) ¯®«ãç ¥¬

j1� aiixij �
X
j 6=i

jaij j jxj j =
X
j 6=i

jaij j
1��jaij j

�jxj j �
X
j 6=i

"1��
i a1��

i ��j a
�
j jxj j;
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®âªã¤  ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã���� 1
aiixi

� 1
���� � "1��

i

a�i

X
j 6=i

��j a
�
j jxj j=jxij: (26)

�¥¯¥àì ­ è  § ¤ ç  | ®æ¥­¨âì áâ®ïéãî á¯à ¢  áã¬¬ã. �§ ®áâ «ì­ëå ãà ¢­¥­¨© á¨áâ¥¬ë (25)
­ å®¤¨¬

jassj jxsj �
X
j 6=s

jasj j jxj j =
X

jasj j
1��jasj j

�jxj j �
X
j 6=s

"1��
s a1��

s ��j a
�
j jxj j;

®âªã¤  á«¥¤ã¥â
a�s jxsj � "1��

s

X
j 6=s

��j a
�
j jxj j:

�®¯®«­¨¢ áâ®ïéãî á¯à ¢  áã¬¬ã, ¯®«ãç¨¬

(1 + vs)a�s jxsj � "1��
s

nX
j=1

��j a
�
j jxj j

¨, §­ ç¨â,

a�s jxsj �
"1��
s

1 + vs

nX
j=1

��j a
�
j jxj j:

�¬­®¦¨¬ s-¥ ­¥à ¢¥­áâ¢® ­  ��s ¨ á«®¦¨¬ ¢á¥ ¯®«ãç¥­­ë¥ â ª¨¬ ®¡à §®¬ ­¥à ¢¥­áâ¢ 

X
s6=i

��s a
�
s jxsj � �i

nX
j=1

��j a
�
j jxj j

(�i ¤ ­® ¢ (9) ). �ë¤¥«ïï ¨­â¥à¥áãîé¥¥ ­ á ¢ëà ¦¥­¨¥, ­ å®¤¨¬X
s6=i

��s a
�
s jxsj �

�i
1� �i

��i a
�
i jxij:

�®¤áâ ¢«ïï ¯®á«¥¤­îî ®æ¥­ªã ¢ (26), ¯à¨å®¤¨¬ ª (8).
�áâ «®áì ¯®«ãç¨âì ®æ¥­ªã (10) ®¯à¥¤¥«¨â¥«ï ¨áå®¤­®© ¬ âà¨æë. �®£« á­® (12)

detA = detB1�� det(I + S) detB�;

®âªã¤  ¯®«ãç ¥¬

jdetAj = jdetBj jdet(I + S)j: (27)

�¥¯¥àì § ¬¥â¨¬, çâ® I � V ï¢«ï¥âáï M -¬ âà¨æ¥©. �¥©áâ¢¨â¥«ì­®, ®­  ¢­¥¤¨ £®­ «ì­® ®âà¨æ -
â¥«ì­  ¨ â. ª. ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (19) (á¬. â ª¦¥ (17) ), â® ¢á¥ ¥¥ £« ¢­ë¥ ¬¨­®àë ¯®«®¦¨-
â¥«ì­ë. �®íâ®¬ã ¨§ (14) ¢ëâ¥ª ¥â ¢ ¦­ ï ®æ¥­ª  ([1], á. 50)

jdet(I + S)j � det(I � V ): (28)

�áâ ­®¢¨¬ ä®à¬ã«ã

det(I � V ) = (1� �)
nY
i=1

(1 + vi); (29)

£¤¥ � ¢§ïâ® ¨§ (4),   vi ®¯à¥¤¥«¥­ë ¢ (5). �®£« á­® à ¢¥­áâ¢ã det(I+ab) = 1+ba, £¤¥ a| áâ®«¡¥æ
¨ b | áâà®ª , ¨§ (22) ­ å®¤¨¬

det(I � V ) = det(I +D) det(I � (I +D)�1"1����) =
nY

i=1

(1 + vi)(1� ��(I +D)�1"1��);

çâ® ¨ ¤®ª §ë¢ ¥â ä®à¬ã«ã (29). �§ (27), (28) ¨ (29) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ®æ¥­ª  (10).
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� ¬¥ç ­¨¥. �à¨ � = 0 ¨«¨ � = 1 ¬ë ¯à¨å®¤¨¬ ª â¥®à¥¬¥ �áâà®¢áª®£® á ®£à ­¨ç¥­¨ï¬¨ ­ 
¬ ªá¨¬ã¬ë ¬®¤ã«¥© ¢­¥¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ áâà®ª ¨«¨ áâ®«¡æ®¢ ([1], á. 95), ®¤­ ª® ¤ ¦¥ ¢
íâ¨å á«ãç ïå ®æ¥­ª¨ (6), (7) ¨ (8) ï¢«ïîâáï ­®¢ë¬¨.

�â¬¥â¨¬, çâ® ¥á«¨ ¢¬¥áâ® ­¥®¤­®à®¤­®© á¨áâ¥¬ë (25) à áá¬®âà¥âì á®®â¢¥âáâ¢ãîéãî ®¤­®-
à®¤­ãî á¨áâ¥¬ã, â® à ááã¦¤¥­¨ï¬¨, ¡«¨§ª¨¬¨ ª â¥¬, ª®â®àë¥ ¯à®¢¥«¨ ¤«ï ¯®«ãç¥­¨ï ®æ¥­ª¨
(8), ¬®¦­® ¤®ª § âì ¨ à¥£ã«ïà­®áâì ¬ âà¨æë A (¥é¥ ®¤­® ¤®ª § â¥«ìáâ¢® à¥£ã«ïà­®áâ¨). � «¥¥,
­¥âàã¤­® ¢¨¤¥âì, çâ® ¢ ãá«®¢¨ïå ¤®ª § ­­®© â¥®à¥¬ë ­¥ â®«ìª® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A ®â«¨-
ç¥­ ®â ­ã«ï, ­® ¨ ¢á¥ ¥¥ £« ¢­ë¥ ¬¨­®àë. �®íâ®¬ã ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ®¡à â­®© ¬ âà¨æë
A�1 ­¥ à ¢­ë ­ã«î.

�â®â ª ç¥áâ¢¥­­ë© à¥§ã«ìâ â ¬®¦­® ¤®¯®«­¨âì ª®«¨ç¥áâ¢¥­­®© ®æ¥­ª®©. �§ (8) ¯®«ãç ¥¬

1

jaiij ja
(�1)
ii j

� 1 +
���� 1

aiia
(�1)
ii

� 1
���� � 1 +

�ivi
1� �i

;

®âªã¤  ­ å®¤¨¬ ®æ¥­ªã á­¨§ã ¤«ï ¬®¤ã«¥© ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ®¡à â­®© ¬ âà¨æë

ja
(�1)
ii j �

1� �i
ai(1� �i + �ivi)

; i = 1; : : : ; n:

�á«¨ ®æ¥­ªã (8) ¨á¯®«ì§®¢ âì ¯®-¤àã£®¬ã

1

jaiij ja
(�1)
ii j

� 1�
���� 1

aiia
(�1)
ii

� 1
���� � 1�

�ivi
1� �i

;

â® ¯à¨¤¥¬ ª ­¥à ¢¥­áâ¢ã

ja
(�1)
ii j �

1� �i
ai(1� �i � �ivi)

; i = 1; : : : ; n;

¢ â®ç­®áâ¨, ª ª ¯®ª §ë¢ îâ ¢ëç¨á«¥­¨ï, á®¢¯ ¤ îé¥¬ã á ®æ¥­ª®© (6).
� ª ¢¨¤­® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë, á¯¥ªâà «ì­ë© à ¤¨ãá ¬ âà¨æë S ¬¥­ìè¥ ¥¤¨­¨æë.

�­®£¤  ¯®«¥§­® §­ âì ª®­ªà¥â­ë¥ ­®à¬ë, ¢ ª®â®àëå ¬ âà¨æ  S ®ª §ë¢ ¥âáï áâà®£¨¬ á¦ â¨¥¬
(â. ¥. ¥¥ ­®à¬  ¬¥­ìè¥ ¥¤¨­¨æë). � áá¬®âà¨¬ ¢¥ªâ®à­ãî ­®à¬ã á«¥¤ãîé¥£® ¢¨¤ :

kxk =
nX

i=1

jxijhi = (jxj; h); (30)

£¤¥ hi | ¯®«®¦¨â¥«ì­ë¥ ç¨á« ,   ªàã£«ë¥ áª®¡ª¨ ®§­ ç îâ áâ ­¤ àâ­®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥-
­¨¥. �á«¨ ¯®«®¦¨âì

hi =
��i

1 + vi
; i = 1; : : : ; n; (31)

â® ¢ á¨«ã (4), (5) ¨ (9) � X
i6=j

"1��
i hi

�
(1 + vj) = �j(1 + vj) < �:

�®£« á­® (30) ¨ (31) ¯®«ãç ¥¬

kSxk = (jSxj; h) � (jSj jxj; h) � (V jxj; h) =
nX
i=1

� X
j 6=i

"1��
i ��j jxj j

�
hi =

=
nX

j=1

� X
i6=j

"1��
i hi

�
��j jxj j � �

nX
j=1

��j jxj j

1 + vj
= �(jxj; h) = �kxk:

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  S ï¢«ï¥âáï áâà®£¨¬ á¦ â¨¥¬, kSk � �. �á«¨

hi =
��i

�+ vi
; i = 1; : : : ; n;
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â® V �h = �h, çâ® ¬ë ã¦¥ ®â¬¥ç «¨ ¢ëè¥, ¨ ¯®â®¬ã

kSxk � (V jxj; h) = (jxj; V �h) = �kxk;

â ª çâ® ¨ ¢ íâ®¬ á«ãç ¥ ¬ âà¨æ  S ï¢«ï¥âáï áâà®£¨¬ á¦ â¨¥¬, kSk � �.
� § ª«îç¥­¨¥ ¤®ª ¦¥¬ ¢ ¦­®¥ ­¥à ¢¥­áâ¢®

� < �; (32)

£¤¥ ¯®áâ®ï­­ ï � ¢§ïâ  ¨§ (4),   ç¨á«® � ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ¯®«®¦¨â¥«ì­ë¬ ª®à­¥¬ ãà ¢-
­¥­¨ï (18). � áá¬®âà¨¬ äã­ªæ¨î

f(u) =
nX
i=1

vi
u+ vi

;

£¤¥ vi ¯®¤áç¨âë¢ ¥âáï ¯® ä®à¬ã«¥ (5). �âáî¤  � = f(1) ¨ 1 = f(�); §­ ç¨â, � = f(f(�)) ¨
­¥à ¢¥­áâ¢® (32) á¢®¤¨âáï ª ­¥à ¢¥­áâ¢ã

� < g(�); (33)

£¤¥ g(u) = f(f(u)) | ¢â®à ï ¨â¥à æ¨ï äã­ªæ¨¨ f .
� ª ª ª f(�) � � = 1 � � > 0 ¨ f(1) � 1 = � � 1 < 0, â® ®â®¡à ¦¥­¨¥ f ¢­ãâà¨ ®âà¥§ª 

[�; 1] ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­ã ­¥¯®¤¢¨¦­ãî â®çªã u0 : � < u0 < 1, u0 = f(u0). �á­®, çâ®
u0 ¥áâì â ª¦¥ ­¥¯®¤¢¨¦­ ï â®çª  ®â®¡à ¦¥­¨ï g, u0 = g(u0). �®¦­® ¯®ª § âì, çâ® g0(u) > 0
¨ g00(u) < 0 ¤«ï ¢á¥å ­¥®âà¨æ â¥«ì­ëå u. � á¨«ã (áâà®£®©) ¢®£­ãâ®áâ¨ g(u) > g(0) + ku ¯à¨
0 < u < u0, £¤¥ k = (g(u0) � g(0))=u0 (ã£«®¢®© ª®íää¨æ¨¥­â å®à¤ë), ¨ â. ª. g(0) + ku > u ¯à¨
0 < u < u0, â® u < g(u) ¯à¨ 0 < u < u0. �à¨ u = � ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â (33) ¨,
§­ ç¨â, ­¥à ¢¥­áâ¢® (32).

�æ¥­ª¨ í«¥¬¥­â®¢ ®¡à â­ëå ¬ âà¨æ ¨ ®¯à¥¤¥«¨â¥«¥© ¬ âà¨æ, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬
�¤ ¬ à , �à ãíà  ¨ �áâà®¢áª®£®, ¬®¦­® ­ ©â¨ ¢ [4]{[6].
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