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1. �¢¥¤¥­¨¥

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë â¨¯  �àà®ã{�ãà¢¨æ  ¤«ï à¥è¥-
­¨ï § ¤ ç ® ­ å®¦¤¥­¨¨ á¥¤«®¢ëå â®ç¥ª. � ª¨¥ § ¤ ç¨ ¢®§­¨ª îâ ®¡ëç­® ¯à¨ ¨á¯®«ì§®¢ ­¨¨
â¥å­¨ª¨ â¥®à¨¨ ¤¢®©áâ¢¥­­®áâ¨ ¨«¨ á¬¥è ­­ëå ¬¥â®¤®¢ ª®­¥ç­ëå í«¥¬¥­â®¢. �à¨¬¥à®¬ ï¢«ï-
îâáï á¨áâ¥¬ë á¥â®ç­ëå ãà ¢­¥­¨© ¢ ¬¥â®¤¥ ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï § ¤ ç â¨¯  �â®ªá , § ¤ ç
ã¯àã£®áâ¨, ¤«ï á¬¥è ­­®© ¤¨áªà¥â¨§ æ¨¨ í««¨¯â¨ç¥áª¨å § ¤ ç. �ãáâì X ¨ Y | ª®­¥ç­®¬¥à-
­ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢  á® áª «ïà­ë¬¨ ¯à®¨§¢¥¤¥­¨ï¬¨, ª®â®àë¥ ¡ã¤¥¬ ®¡®§­ ç âì (�; �).
� áá¬®âà¨¬ ­¥¢ëà®¦¤¥­­ãî á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© ¢¨¤ 

Lz = F; (1.1)

£¤¥
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�
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�
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�
:

�¤¥áì A | á¨¬¬¥âà¨ç­ ï, ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï (n1� n1)-¬ âà¨æ , B | ¯àï¬®ã£®«ì­ ï
¬ âà¨æ  n2 � n1, B� | á®¯àï¦¥­­ ï ª B ¬ âà¨æ . �ã¤¥¬ ¨áá«¥¤®¢ âì áª®à®áâì áå®¤¨¬®áâ¨
¨â¥à æ¨®­­®£® ¬¥â®¤  â¨¯  �àà®ã{�ãà¢¨æ  á âà¥¬ï ¯ à ¬¥âà ¬¨

QA(xn+1 � xn)
�

= �[Axn +B�yn � f1]; (1.2)

��1B(xn+1 � xn)
�

+
�QB(yn+1 � yn)

�
= �[�Bxn � f2];

QA; QB > 0; �; �; �1 > 0:

�â¨ ¬¥â®¤ë ¨§¢¥áâ­ë ª ª ¯à¥¤®¡ãá«®¢«¥­­ë© ¬¥â®¤ �¨ç à¤á®­  (�1 = 0) ¨ ­¥ï¢­ë© ¬¥â®¤
�¤§ ¢ë (�1 = �); ¯à¨ �1 = � = 1 ¨ QA = A ¬¥â®¤ (1.2) ¨§¢¥áâ¥­ ª ª ¯à¥¤®¡ãá«®¢«¥­­ë© ¬¥â®¤
�¤§ ¢ë. �¢¥¤¥­¨¥ âà¥âì¥£® ¯ à ¬¥âà  �1 ¢ë§¢ ­® ¦¥« ­¨¥¬ ®å¢ â¨âì  «£®à¨â¬ â¨¯  ­¥ï¢­®£®
¬¥â®¤  �¤§ ¢ë ¤«ï à áè¨à¥­­®£® « £à ­¦¨ ­  á ¯ à ¬¥âà®¬. � ª®©  «£®à¨â¬ ¨áá«¥¤®¢ «áï,
­ ¯à¨¬¥à, ¢ [1] ¨ [2]. �¯¥ªâà ®¯¥à â®à  ¯¥à¥áç¥â  ¢ íâ¨å à ¡®â å á®¢¯ ¤ ¥â á® á¯¥ªâà®¬ ®¯¥à â®à 
¯¥à¥áç¥â  T ¢ ¬¥â®¤¥ (1.2) (®¯¥à â®àë á®¯àï¦¥­ë). �¢¥¤¥­¨¥ ®¯¥à â®à®¢ QA ¨ QB ®âà ¦ ¥â
«¨¡® áâà¥¬«¥­¨¥ ã«ãçè¨âì áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  (¯à¥¤®¡ãá«®¢«¨¢ ­¨¥), «¨¡® ­ «¨ç¨¥
¢­ãâà¥­­¨å ¨â¥à æ¨© ¯à¨ à¥ «¨§ æ¨¨ ¬¥â®¤  �¤§ ¢ë. �à¥¡®¢ ­¨¥ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨
(1.1) ¯à¨¢®¤¨â ª â®¬ã, çâ® ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

0 < a � (Ax; x)
(QAx; x)

� 1; 0 < m � (BA�1B�y; y)
(QBy; y)

� 1 (1.3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 02-01-01214.
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¤«ï ­¥ª®â®àëå ¯®«®¦¨â¥«ì­ëå ç¨á¥« a, m. � «¨ç¨¥ 1 ¢ ¯à ¢®© ç áâ¨ (1.3) ­¥ ã¬¥­ìè ¥â ®¡é-
­®áâ¨, ¯®áª®«ìªã ¤®áâ¨£ ¥âáï ¯à®áâ®© ¯¥à¥­®à¬¨à®¢ª®© QA ¨ QB.

�®áâà®¥­¨î ¨ ¨áá«¥¤®¢ ­¨î  «£®à¨â¬®¢ à¥è¥­¨ï á¥¤«®¢ëå § ¤ ç ¯®á¢ïé¥­® ¬­®¦¥áâ¢® à -
¡®â, ­ ç¨­ ï á à ¡®â �àà®ã, �ãà¢¨æ , �¤§ ¢ë (1958 £.). �«ï ¯à¨¬¥à  ®â¬¥â¨¬ à ¡®âë [3]{[5]. �
­ áâ®ïé¥¥ ¢à¥¬ï ¤«ï QA = A ¯®«ãç¥­ ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â ® ¢®§¬®¦­®áâïå ¬¥â®¤  (1.2)
[6], ¤ ­ë ®¯â¨¬ «ì­ë¥ §­ ç¥­¨ï ¯ à ¬¥âà®¢, ¬¨­¨¬¨§¨àãîé¨å á¯¥ªâà «ì­ë© à ¤¨ãá T . � [6]
®â¬¥ç¥­®, çâ® ¯à¨ ®¯â¨¬ «ì­ëå ¯ à ¬¥âà å ã T ¬®£ãâ ¡ëâì ª«¥âª¨ �®à¤ ­  ¢â®à®£® ¯®àï¤-
ª . �®íâ®¬ã ¯®«ãç¥­¨¥ ®æ¥­®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ¢¨¤  kT nk � cqn ï¢«ï¥âáï á®¬­¨â¥«ì­®©
§ ¤ ç¥©, ¡®«¥¥ ¢¥à®ïâ­  ®æ¥­ª  kT nk � cnqn. �à¥¤« £ ¥¬ ï à ¡®â  ï¢«ï¥âáï ¯®¯ëâª®© ¯à®¤®«-
¦¨âì íâ¨ ¨áá«¥¤®¢ ­¨ï ¨ ¯à¨¤ âì å à ªâ¥à ­¥ã«ãçè ¥¬®áâ¨ ®æ¥­ª ¬ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨
¯à®¨§¢®«ì­®¬ ¯à¥¤®¡ãá«®¢«¨¢ â¥«¥ QA ¤«ï ¯¥à¢®£® ¡«®ª  ãà ¢­¥­¨©.

�à ¢­¥­¨¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ ¡ã¤¥â ¯à®¢®¤¨âìáï á à¥è¥­¨¥¬ á«¥¤ãîé¥© ¬®¤¥«ì­®©
§ ¤ ç¨. �ãáâì QA = I, QB = I; A, B | ¤¨ £®­ «ì­ë¥ ¬ âà¨æë à §¬¥à  n1 � n1 ¨ n2 � n1 ¢¨¤ 
(n2 � n1)

A =

0
BBBBBBB@

a1 0 0 � 0 0
0 a2 0 � 0 0
0 0 a3 � 0 0
: : : : : : : : : : : : : : : : : : : : :
0 0 0 � an1�1 0
0 0 0 � 0 an1

1
CCCCCCCA
; B =

0
BB@
p
b1 0 � 0 � 0
0

p
b2 � 0 � 0

: : : : : : : : : : : : : : : : : : : : :
0 0 � p

bn2 � 0

1
CCA ; (1.4)

0 < a � ai � 1; 0 < m <
bi
ai
� ti � 1:

�«ï íâ®£® ¯à¨¬¥à  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  ¯¥à¥áç¥â  ®¯¨áë¢ îâáï ¢ëà ¦¥­¨¥¬

� = 1� �� � �

r
�2 � ta

�
; � � a

2
(1 + �1t);

£¤¥ t = 0 «¨¡® m � t < 1. �¥è¥­¨¥ § ¤ ç¨  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬¨§ æ¨¨

q0 � min
�;�;�1

max
t2[m;1]
a2[a;1]

fj1� �aj; j�(t; a)jg; (1.5)

¯à¨¢¥¤¥­® ¢ [2], q0(a;m) < 1 ï¢«ï¥âáï ª®à­¥¬ ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï

q30 � q20(1 + a)
�
1 +m

1�m

�
+ q0(2a � 1) + (1� a)

�
1 +m

1�m

�
= 0: (1.6)

�­ «¨§ íâ®£® ¬®¤¥«ì­®£® ¯à¨¬¥à  ¯à¨¢®¤¨â ª ¢ë¢®¤ã, çâ® âà¥â¨© ¯ à ¬¥âà �1 ¢ ­¥ª®â®à®¬
á¬ëá«¥ «¨è­¨© (�1 = �), â. ¥. ®¯â¨¬ «ì­ë¬ ¬¥â®¤®¬ ï¢«ï¥âáï ­¥ï¢­ë© ¬¥â®¤ �¤§ ¢ë. �®¢¥¤¥-
­¨¥ ®¯â¨¬ «ì­ëå ¯ à ¬¥âà®¢ �0, �0 ¢ ¬®¤¥«ì­®¬ ¯à¨¬¥à¥ ­¥«ì§ï ®¯¨á âì ®¤­®© ä®à¬ã«®© ¯à¨
¬ «ëå a, m, ¯®áª®«ìªã

�0 � 2
p
2
r
m

a
; �0 =

2m
a
; m=a� 1;

�0 � 2; �0 � 1; m=a� 1:

�¨âã æ¨ï á ¢ë¡®à®¬ ¯ à ¬¥âà®¢  ­ «®£¨ç­  ¬¥â®¤ã ¢¥àå­¥© à¥« ªá æ¨¨ SOR (¡«®ç­®-âà¥å¤¨ -
£®­ «ì­ë© á«ãç ©). �¬¥¥âáï ¡®«ìè®© ¤¨ ¯ §®­ ¯ à ¬¥âà®¢, £¤¥ ª ç¥áâ¢® áå®¤¨¬®áâ¨ ¯à¨¬¥à­®
®¤¨­ ª®¢®¥, ¨ áãé¥áâ¢¥­­® ¬¥­ìè ï ®¡« áâì, £¤¥ ¯à®¨áå®¤¨â ¨§¬¥­¥­¨¥  á¨¬¯â®â¨ª¨ áª®à®áâ¨
áå®¤¨¬®áâ¨.

�¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï ãâ¢¥à¦¤¥­¨¥, çâ® ¢ ®¡é¥¬ á«ãç ¥ ®æ¥­ª  áª®à®áâ¨
áå®¤¨¬®áâ¨ (1.2) ¢ ¯à¥¤¯®«®¦¥­¨¨ (1.3) ­¥ ­ ¬­®£® åã¦¥ à¥è¥­¨ï ¢ á«ãç ¥ ¬®¤¥«ì­®© § ¤ -
ç¨. � [7] ¤«ï á¬¥è ­­®£® ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï ¡¨£ à¬®­¨ç¥áª®£® ãà ¢­¥­¨ï ¤ ­ 
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®æ¥­ª  áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  â¨¯  (1.2). �ë«® ®â¬¥ç¥­®, çâ® ¢¢¥¤¥­¨¥ ¯ à ¬¥âà®¢ ¬¥­ï¥â
 á¨¬¯â®â¨ªã ¯®ª § â¥«ï áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨ m � 1. �á¯®«ì§ã¥¬ ï â ¬ â¥å­¨ª  ¯®«ã-
ç¥­¨ï à¥§ã«ìâ â  ¯à¨¬¥­ï¥âáï ¢ [8] ¨ ¤ ­­®© à ¡®â¥. �æ¥­ª  áª®à®áâ¨ áå®¤¨¬®áâ¨  «£®à¨â¬ 
(1.2) ¬®¦¥â ¡ëâì ¯®«ãç¥­   ­ «¨§®¬ à¥§®«ì¢¥­âë ®¯¥à â®à  T . �ª®­ç â¥«ì­ ï ®æ¥­ª  ¨¬¥¥â
¢¨¤ kT nk � C(1 � �)n, � > 0, £¤¥ � ®¯à¥¤¥«ï¥âáï á¯¥ªâà®¬,   C | ­®à¬®© à¥§®«ì¢¥­âë. �ã-
¤¥â ãª § ­ â ª®© ¢ë¡®à ¯ à ¬¥âà®¢ � , �, �1, çâ® ¯à¨ ¬ «ëå a, m ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ ,
å à ªâ¥à¨§ãîé¨¥ ª ç¥áâ¢® ¨â¥à æ¨®­­®£® ¯à®æ¥áá ,

1�
p
2am � q0 � (1� �) = 1�

p
2am=(72

p
2); m=a � 1=4;

1� a � q0 � (1� �) = 1� a=144; m=a � 1=4:
(1.7)

� ¬¥â¨¬, çâ® ¯à¨¬¥­ï¥¬ ï â¥å­¨ª  ­¥ âà¥¡ã¥â á¨¬¬¥âà¨¨ ®¯¥à â®à  A, ¤®áâ â®ç­®, çâ®¡ë ¡ë« 
á¨¬¬¥âà¨ç­  ¥£® ®á­®¢­ ï ç áâì.

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�¯¥à â®à ¯¥à¥áç¥â  ¬¥â®¤  (1.2) ¨¬¥¥â ¢¨¤ T = I � �D�1L, £¤¥

D �
�

QA 0
��1B �QB

�
:

�«ï ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¡ã¤¥â ¨áá«¥¤®¢ ­ á¯¥ªâà ®¯¥à â®à D�1L. �®£¤  ¨á¯®«ì§®¢ ­¨¥
¤«ï ¯à¥¤áâ ¢«¥­¨ï áâ¥¯¥­¥© ®¯¥à â®à  T ¨­â¥£à «ì­®© ä®à¬ã«ë �®è¨

T n = � 1
2�i

I
�
(1� ��)n[D�1L� �I]�1d�

¤ ¥â ¢®§¬®¦­®áâì ¯®«ãç âì ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨. � «¥¥ ¡ã¤¥â ¯®ª § ­®, çâ® � | íâ® ¯ -
à ¡®« , ï¢«ïîé ïáï £à ­¨æ¥© ®¡« áâ¨ �, á®¤¥à¦ é¥© á¯¥ªâà D�1L. �«ï ®¯â¨¬ «ì­®£® ¢ë¡®à 
¯ à ¬¥âà  � ¬®¦­® ¨á¯®«ì§®¢ âì à¥è¥­¨¥ ®¯â¨¬¨§ æ¨®­­®© § ¤ ç¨. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�0 � 2(��1 + �+1 + p)�1; �� � (��1 + p)�1; �(�; �) � j1� ��j:
�¥®à¥¬  1. �ãáâì � | ¬­®¦¥áâ¢® ª®¬¯«¥ªá­ëå ç¨á¥« � = �1 + i�2,

� � f� : 0 < ��1 � �1 � �+1 ; j�2j2 � p�1g; p > 0;

â®£¤  à¥è¥­¨¥ ¬¨­¨¬ ªá­®© § ¤ ç¨

q1(�
�
1 ; �

+
1 ; p) = min

�>0
max
�2�

j1� ��j � min
0<�

�(�) (2.1)

¨¬¥¥â ¢¨¤

q21 = (1 + ��1 =p)
�1 = j1� ���

�
1 j2 ¯à¨ p � �+1 � ��1 ;

q21 = j1� �0�
�
1 j2 ¯à¨ p � �+1 � ��1 :

(2.2)

�®ª § â¥«ìáâ¢®. �á­®, çâ® �(�) ï¢«ï¥âáï §­ ç¥­¨¥¬ j1� ��j ¯à¨ �, «¥¦ é¥© ­  ¯ à ¡®«¥.
�  ­¥©

�2(�; �) = (1� ��1)2 + � 2p�1 � �21(�; �1): (2.3)

�­ «¨§¨àãï (2.3) ¤«ï ¢á¥¢®§¬®¦­ëå §­ ç¥­¨© � , ¯®«ãç¨¬

�2(�) = �21(�; �
�
1 ); � � �0;

�2(�) = �21(�; �
+
1 ); � � �0; (2.4)

�2(�) � 1; � � 2=(�+1 + p):

�¨¤­®, çâ® �0 ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ �1(�; �
�
1 ) = �1(�; �

+
1 ). �®áª®«ìªã �+ = 1=(�+1 + p), ¢¥àè¨­ 

¯ à ¡®«ë �21(�; �
+
1 ) «¥¦¨â «¥¢¥¥ �0, â® ¢ (2.1) ¬®¦­® áã§¨âì ®¡« áâì, ¯® ª®â®à®© ¡¥à¥âáï ¬¨­¨¬ã¬
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q21 = min
0����0

�21(�; �
�
1 ), ¯®á«¥ ç¥£®, ¢ § ¢¨á¨¬®áâ¨ ®â á®®â­®è¥­¨ï ¬¥¦¤ã �� ¨ �0 ®ç¥¢¨¤­ë à ¢¥­áâ¢ 

(2.2).

�®«ãç¨¬ ã¯à®é¥­­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¤«ï à¥è¥­¨ï ¬®¤¥«ì­®© § ¤ ç¨ q0(a;m), ï¢«ïîé¨¥áï
®æ¥­ª ¬¨ á­¨§ã. �ãáâì b � (1 +m)=(1 �m), "20 � 2a(b� 1)[3 � b(1 + a)]�1.

�¥®à¥¬  2. �«ï à¥è¥­¨ï § ¤ ç¨  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ (1:5) ¨¬¥îâ ¬¥áâ® ­¥-

à ¢¥­áâ¢ 

(1� a)(1 + a) � q0(a;m); (2.5)

1� "0 � q0(a;m) ¯à¨ (1 +m)=(1�m) � (3 + 2a)(1 + a)�2: (2.6)

�®ª § â¥«ìáâ¢®. �¤¥« ¥¬ § ¬¥­ã q0 = 1� " ¢ ãà ¢­¥­¨¨ (1.6). �®«ãç¨¬

�(") � �"3 + "2(3� b(1 + a)) + 2"(b� 1)(1 + a)� 2a(b� 1) = 0: (2.7)

�ãáâì "0 | ª®à¥­ì ã¯à®é¥­­®£® ãà ¢­¥­¨ï

�0(") � "2(3� b(1 + a)) � 2a(b� 1) = 0; �(") = �0(") + �1(");

a "1 > 0 ®¡à é ¥â ¢ ­ã«ì ¢ëà ¦¥­¨¥ �1(") = "[�"2 + 2(b � 1)(1 + a)], "21 = 2(b � 1)(1 + a). �á«¨
"1 � "0, â® ­  ¯à®¬¥¦ãâª¥ (0; "0) ¥áâì ª®à¥­ì ãà ¢­¥­¨ï (2.7) (¯¥à¥¬¥­  §­ ª  ã �(")). �«ï
á¯à ¢¥¤«¨¢®áâ¨ "1 � "0 ­ã¦­® ¢ë¯®«­¥­¨¥ ¤¢ãå ­¥à ¢¥­áâ¢: b < 3=(1 + a), b � (3 + 2a)(1 + a)�2,
ª®â®àë¥ ¢¥à­ë ¯à¨ ãá«®¢¨¨

(1 +m)=(1 �m) � (3 + 2a)(1 + a)�2; a > 0: (2.8)

�¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨ï (2.6) ãáâ ­®¢«¥­ . �æ¥­ª  (2.5) ¯®«ãç ¥âáï ¨§ (1.5), ¥á«¨ ¯®«®¦¨âì
�1 = � = 2=(1 + a), t = 1, a = a, � = �=a.

� ¬¥â¨¬, çâ® ¯à¨ m � 1=9 ãá«®¢¨¥ (2.8) áâ ­®¢¨âáï á®¤¥à¦ â¥«ì­ë¬ ("0 � 1), ¨ ¯à¨ m, a
¬a«ëå ¨¬¥¥¬ "20 � 2am. �«ï ¢á¥å a ¨ m � 1=9 ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

2am � "20 � 9am:

� ¤ «ì­¥©è¥¬ ­ ¬ ¯®­ ¤®¡¨âáï á«¥¤áâ¢¨¥ ¯¥à¢®£® ¨§ ­¥à ¢¥­áâ¢ (1.3): Q�1A � A�1. �¥©áâ¢¨-
â¥«ì­®,

(Q�1A x; x) = sup
'

(Q�1A x; ')2

(Q�1A ';')
= sup

u

(x; u)2

(u;QAu)
� sup

u

(A�1x; x)(Ax; x)
(QAu; u)

� (A�1x; x): (2.9)

3. �­ «¨§ ¬¥â®¤  â¨¯  �àà®ã{�ãà¢¨æ 

� íâ®¬ ¯ã­ªâ¥ ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ áâ¥¯¥­¥© ®¯¥à â®à  ¯¥à¥áç¥â  T . �«ï ®æ¥­ª¨ T n ­ã¦-
­® ¨áá«¥¤®¢ âì á¯¥ªâà ®¯¥à â®à  D�1L.

�¥®à¥¬  3. �ãáâì ¤«ï ¯ à ¬¥âà®¢ ¬¥â®¤  (1:2) ¢¥à­ë á«¥¤ãîé¨¥ ®£à ­¨ç¥­¨ï: �1 � 1,
�1 = 2

p
�, â®£¤  á¯¥ªâà ®¯¥à â®à  D�1L á®¤¥à¦¨âáï ¢ ®¡« áâ¨

� � f� : 0 < ��1 � �1 � �+1 ; j�2j2 � 9�1=�1g; (3.1)

£¤¥ ��1 = R(1 + 25=9)�1=2, R � minfa=4; m=(�4)g, �+1 = (1 + �1=�).
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�®ª § â¥«ìáâ¢®. 1) � áá¬®âà¨¬ à ¢¥­áâ¢®

Lz � �Dz = DF; z; F 2 X � Y ; F � fF1; F2g: (3.2)

�¬­®¦¨¬ (3.2) ­  fx; 0g, f0; yg, fQ�1A B�y; 0g. �®£¤  ¯®«ãç¨¬

(Ax; x) + (B�y; y) = �(QAx; x) + (QAF1; x); (3.3)

�(Bx; y) = ��1�(Bx; y) + �1�(QBy; y)� �1(BF1; y) + �(QBF2; y); (3.4)

(Q�1A Ax;B�y) + (Q�1A B�y;B�y) = �(x;B�y) + (F1; B
�y): (3.5)

�ã¬¬¨àãï (3.3) á ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬ à ¢¥­áâ¢®¬ (3.4) ¨ á á®¯àï¦¥­­ë¬ (3.5), ã¬­®¦¥­-
­ë¬ ­  �1, ¯®«ãç¨¬

(Ax; x) + �1(Q
�1
A B�y;B�y) = �(QAx; x) + �(�1 � i�2)(QBy; y)� �1(Q

�1
A Ax;B�y) + �(x; y);

(3.6)

�(x; y) � (QAF1; x)� �1(BF1; y) + �(QBF2; y) + �1(F1; B�y):

2) �®ª ¦¥¬, çâ® ¯à¨ «î¡ëå ®âà¨æ â¥«ì­ëå �1 ­¥â á¯¥ªâà . �§ï¢ ¢¥é¥áâ¢¥­­ãî ç áâì ®â
(3.6) ¨ ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® (2.9), ¯®«ãç¨¬

(Ax; x) + �1(Q�1A B�y;B�y) �
� �1(QAx; x) + ��1(QBy; y) + �1(Q

�1
A B�y;B�y)1=2(Ax; x)1=2 + jRe�(x; y)j: (3.7)

�à¨ �1 � 4 ¨¬¥¥¬

(1�p�1=2)[(Ax; x) + �1(Q
�1
A B�y;B�y)] � j�(x; y)j; �1 � 0:

3) � ¬¥â¨¬, çâ® ¨ ¯à¨ ¡®«ìè¨å �1 ­¥â á¯¥ªâà . �¥à¥¯¨è¥¬ ¢¥é¥áâ¢¥­­ãî ç áâì (3.6) ¢ ¢¨¤¥

�1(QAx; x) + ��1(QBy; y) = (Ax; x) + �1(Q�1A B�y;B�y) + �1Re(Q�1A Ax;B�y)�Re�(x; y):

� á¨«ã ­¥à ¢¥­áâ¢ (2.9), (1.3) ¨¬¥¥¬

�1(QAx; x)+��1(QBy; y) � (Ax; x)+�1(A
�1B�y;B�y)+�1(A

�1B�y;B�y)1=2(AQ�1A Ax;Q�1A Ax)1=2+

+ jRe�(x; y)j � (QAx; x) + �1(QBy; y) + �1(QBy; y)
1=2(QAx; x)

1=2 + jRe�(x; y)j:
�¡®§­ ç¨¬ p2 � (QAx; x), q2 � �(QBy; y), ¨ ¯ãáâì � | â®ç­ ï ¯®áâ®ï­­ ï ¢ ®æ¥­ª¥

p2 + �1�
�1q2 + �1=

p
�pq

p2 + q2
� �;

â. ¥. �|­ ¨¡®«ìè¨© ¨§ �1<�2 ª®à­¥© ª¢ ¤à â­®£® ãà ¢­¥­¨ï �2�(1+�1=�)�+�1(1��1=4)=� = 0.
�à¥¤¯®«®¦¨¬ ®¯ïâì, çâ® �1 < 4, â®£¤ , ¥á«¨ áç¨â âì �1 � 1 + �1=� � �+1 , ¡ã¤¥â ¨¬¥âì ¬¥áâ®
­¥à ¢¥­áâ¢®

"�1[(QAx; x) + �(QBy; y)] � j�(x; y)j; (1� ")(1 + �1=�2) = 1: (3.8)

4) �®áª®«ìªã § ¤ ç  (3.2) ¯à¨ � = 0 à §à¥è¨¬ , ¯®ª ¦¥¬, çâ® ¯à¨ ¬ «ëå j�j ®­  ¨¬¥¥â
à¥è¥­¨¥. �áª«îç ï x ¨§ íâ¨å ãà ¢­¥­¨©, ¯®«ãç¨¬

(1� ��1)B(A� �QA)
�1B�y � ��QBy � �2 = 0; j�j < a; (3.9)

�2 � (1� ��1)B(A� �QA)
�1QAF1 � �1BF1 � �QBF2:
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� ãç¥â®¬ à §«®¦¥­¨ï ¢ àï¤ �¥©¬ ­ , ¯®«ãç¨¬

j�(A� �QA)
�1B�y;B�y

�j = ����(A�1B�y;B�y) +
1X
n=1

�n(A�1KnB�y;B�y)
���� �

�
�
1�

1X
n=1

�����a
����
n�
(A�1B�y;B�y) =

�
1� j�j=a

1� j�j=a
�
(A�1B�y;B�y);

£¤¥ K � QAA
�1. �à¨ ¯®«ãç¥­¨¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨á¯®«ì§®¢ ­® á«¥¤áâ¢¨¥ ¨§ ¯¥à¢®£®

­¥à ¢¥­áâ¢  (1.3): [Kx;x]
[x;x]

� (A�1QAA
�1x;x)

(A�1x;x)
� 1

a
. �¬­®¦¨¢ (3.9) áª «ïà­® ­  y, ¨¬¥¥¬

j(�2; y)j � mj1� ��1j
�
1� j�j=a

1� j�j=a
�
(QBy; y)� �j�j(QBy; y):

�ë¡¥à¥¬ j�j ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® m(1��1j�j)(2� 1=(1� j�j=a))�
�j�j � " > 0. �«ï íâ®£®, ­ ¯à¨¬¥à, ¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï á«¥¤ãîé¨å ãá«®¢¨©:

�1 � 1; j�j � minfa=4; m=(4�)g � R; " = m=4: (3.10)

�®£¤ 

j(�2; y)j � (QBy; y)m=4: (3.11)

�®áª®«ìªã ¥é¥ ¨§ ¯¥à¢®£® ¡«®ª  ãà ¢­¥­¨© (3.2) á«¥¤ã¥â

(Ax; x)(1 � 1=4) � (QAF1; x) + (Ax; x)1=2(QBy; y)
1=2; (3.12)

â® ¢ ªàã£¥ j�j � R ­¥â á¯¥ªâà .
5) � ¤¨¬ ­¥ª®â®à®¥ ãâ®ç­¥­¨¥ ¯. 4. �à¨ ¬ «ëå �1 � 0 ¨ ¢­¥ ã£« , ¡«¨§ª®£® ª �=4, ­¥â á¯¥ªâà .

�§ ¬­¨¬®© ç áâ¨ à ¢¥­áâ¢  (3.6) ¬®¦­® ­ ©â¨ (QBy; y) ¨ ¯à®¤®«¦¨âì ­¥à ¢¥­áâ¢® (3.7)

(Ax; x) + �1(Q�1A B�y;B�y) � 2�1(QAx; x) + �1(1 + �1=j�2j)(Q�1A B�y;B�y)1=2(Ax; x)1=2 +

+ jRe�(x; y)j+ (�1=j�2j)j Im�(x; y)j: (3.13)

�à¥¤¯®«®¦¨¬, çâ® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

�1=a +

s
(�1=a)2 + �1

�
1 +

�1
j�2j

�2 .
4 � 1� "1; (3.14)

â®£¤ 

"1[(Ax; x) + �1(Q�1A B�y;B�y)] � (1 + �1=j�2j)j�(x; y)j: (3.15)

�á«¨ áç¨â âì, çâ® á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

�1 � 1; �1=j�2j � 0:6; 0 � �1 � a

4
p
1 + 25=9

; (3.16)

â® (3.14) ¨¬¥¥â ¬¥áâ® á "1 = 0:06.
6) �¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨© ¨§ ¯¯. 4, 5 ¯à¨¢®¤¨â ª â®¬ã, çâ® ¯à¨ ¬ «ëå �1 � 0 ­¥â

á¯¥ªâà . �¥©áâ¢¨â¥«ì­®, ¯¥à¥á¥ç¥­¨¥ ¯àï¬®© j�2j = �1=0:6 ¨§ ãá«®¢¨ï (3.16) á ®ªàã¦­®áâìî
j�2j = R ¯à¨¢®¤¨â ª â®çª¥ ��1 � R=

p
1 + 25=9, ¨, ®ç¥¢¨¤­®, (á¬. (3.10))

��1 �
a

4
p
1 + 25=9

:

� ª¨¬ ®¡à §®¬, ®¡ê¥¤¨­ïï ¯. 4{6, ¯®«ãç¨¬, çâ® ¢ ¯®«®á¥

0 � �1 � ��1 = (1 + 25=9)�1=2minfa=4; m=(4�)g
­¥â á¯¥ªâà  (�1 � 1).
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7) �®ª ¦¥¬, çâ® ¢­¥ ¯ à ¡®«ë ¢¨¤  j�2j2 � p�1 ­¥â á¯¥ªâà . �ãáâì 0 < �1 � �+1 ¨ ¡®«¥¥ â®ç­®
¯à®¢¥¤¥¬ ®æ¥­ª¨ ¢ (3.13). �§ ¬­¨¬®© ç áâ¨ à ¢¥­áâ¢  (3.3) ­ ©¤¥¬ ®æ¥­ªã (QAx; x)

j�2j(QAx; x) � (QAx; x)
1=2[(Q�1A B�y;B�y)1=2 + (QAF1; F1)

1=2]:

�à®¤®«¦ ï ­¥à ¢¥­áâ¢® (3.13), ¨¬¥¥¬

(Ax; x) + �1(Q�1A B�y;B�y) � (2�1=�22)(Q
�1
A B�y;B�y) +

+�1(1 + �1=j�2j)(Q�1A B�y;B�y)1=2(Ax; x)1=2 +�3;

�3 � (1 + �1=j�2j)j�(x; y)j + (2�1=�
2
2)[2(Q

�1
A B�y;B�y)1=2(QAF1; F1)

1=2 + (QAF1; F1)]:

�ãáâì ¢¥«¨ç¨­  �1=(�22�1) � " ¬ « , â ª çâ®¡ë ¡ë«® ¢¥à­® ­¥à ¢¥­áâ¢®

"+

r
"2 +

�1

4

�
1 +

p
"
p
�1�1

�2 � 1� "1; (3.17)

â®£¤  ¡ã¤¥â ¨¬¥âì ¬¥áâ®  ¯à¨®à­ ï ®æ¥­ª 

"1[(Ax; x) + �1(Q�1A B�y;B�y)] � �3:

�«ï á¯à ¢¥¤«¨¢®áâ¨ (3.17) ¬®¦­® ¯®âà¥¡®¢ âì ¢ë¯®«­¥­¨ï ãá«®¢¨© �1 � 1, �1 = 2
p
�, " = 1=9,

â®£¤  "1 = 0:009, p = 9=�1.

� ª ¢¨¤­® ¨§ ¤®ª § â¥«ìáâ¢ , ­¥à ¢¥­áâ¢  (3.17), (3.8), (3.11), (3.12), (3.15) ¤ îâ ®æ¥­ªã
(D�1L��I)�1 ­  £à ­¨æ¥ � ®¡« áâ¨ �. � ¬¥â¨¬, çâ® ®æ¥­ª  á¯¥ªâà  â¨¯  (3.1) ¯à¨¢¥¤¥­  ¢ ([8],
â¥®à¥¬  6).

4. �ë¡®à ¯ à ¬¥âà®¢, ®æ¥­ª  áª®à®áâ¨ áå®¤¨¬®áâ¨

� ¬¥â¨¬, çâ® ¯à¨ �1 < 4 ¬¥â®¤ (1.2) ¯à¨ ¤®áâ â®ç­® ¬ «ëå � áå®¤¨âáï. �â® á«¥¤ã¥â ¨§
¯. 2 ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3. �á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ áâ¥¯¥­¥© ®¯¥à â®à  ¯¥à¥áç¥â  T , ¤«ï
¯®£à¥è­®áâ¨ zn � z ¬®¦­® ¯®«ãç¨âì ®æ¥­ªã

kzn � zk � Cmax
�2�

j1� ��jn � Cqn;

£¤¥ ­®à¬ã ¬®¦­® á®áâ ¢¨âì ¨§ áª «ïà­ëå ¯à®¨§¢¥¤¥­¨©, ä¨£ãà¨àãîé¨å ¢ ãá«®¢¨ïå à §à¥è¨-
¬®áâ¨ (1.3),   C ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­®© ¨­â¥£à « I

k(D�1L� �I)�1k jd�j;

­¥®¡å®¤¨¬ë¥ ­¥à ¢¥­áâ¢  ¯à¨¢¥¤¥­ë ¢ â¥®à¥¬¥ 3. �«ï å®à®è¥£® ¢ë¡®à  ¯ à ¬¥âà®¢ � , �, �1

¢®á¯®«ì§ã¥¬áï à¥è¥­¨¥¬ ®¯â¨¬¨§ æ¨®­­®© § ¤ ç¨ ¨§ â¥®à¥¬ë 1. �â¬¥â¨¬, çâ® ¢ ­ è¥¬ á«ãç ¥
¢á¥£¤  ¡ã¤¥¬ ­ å®¤¨âìáï ¢ à ¬ª å ãá«®¢¨ï p � �+1 � ��1 . �¥©áâ¢¨â¥«ì­®,

p = 9=�1; �+1 = (1 + �1=�); ��1 � 0:5minfa=4; m=(�4)g = R=2; �1 = 2
p
�; �1 � 1: (4.1)

� ç¥áâ¢¥­­® ®¯¨è¥¬ à¥ª®¬¥­¤ æ¨¨ ¯® ¢ë¡®àã ¯ à ¬¥âà®¢. �á«¨ a � m, â® � , �, �1 ­ã¦­®
¡à âì ®ª®«® ¥¤¨­¨æë, ¥á«¨ m � a, â® � � �1 ­ã¦­® ¡à âì ¬ «ë¬¨,   � | ¥é¥ ¬¥­ìè¨¬¨.
�â¬¥â¨¬, çâ® á®®â­®è¥­¨¥ �1 = 2

p
� ¯à¥¤¥«ì­® â®ç­®¥ ¢ ®¡®¨å á«ãç ïå. �® ¢á¥å ¢ à¨ ­â å

áª®à®áâì áå®¤¨¬®áâ¨, £àã¡® £®¢®àï, ¬®¦¥â ¡ëâì ¢ 100 à § åã¦¥ ®¯â¨¬ «ì­®©. � ¤¨¬ áâà®£®¥
®¯¨á ­¨¥ à¥§ã«ìâ â®¢.

�á«¨ ¢§ïâì ¯ à ¬¥âà

� = �� = (R=2 + 9=�1); (4.2)
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â® ¯®ª § â¥«ì áª®à®áâ¨ áå®¤¨¬®áâ¨ q à ¢¥­ q2 = (1+R�1=18)�1. �ë¡¥à¥¬ �+
1 ¨§ ãá«®¢¨ï ¬ ªá¨-

¬¨§ æ¨¨ �1R = minf�1a=4; m=�1g. �¥£ª® ¯à®¢¥à¨âì, çâ®

�+
1 = 1 ¯à¨ 2

q
m=a � 1; a+1 = 2

q
m=a ¯à¨ 2

q
m=a � 1: (4.3)

�¥¬ á ¬ë¬ ¤®ª § ­  ®á­®¢­ ï

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® ¢¥à­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ (1:3) § ¤ ç¨ (1:1) ¨ zn ®¯à¥-

¤¥«¥­ë ¨â¥à æ¨®­­ë¬  «£®à¨â¬®¬ (1:2). �ãáâì 0 < �1 � 1, � > 0, �1 = 2
p
�, â®£¤  ¤«ï

¯®£à¥è­®áâ¨ zn � z ¢¥à­  ®æ¥­ª 

kzn � zk � c�n(�)kz0 � zk; n = 1; 2; : : : ;

£¤¥ �(�) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨ (2:4), (4:1). �á«¨ ¢ë¡à âì �1 = �+
1 , � = ��, �1 = 2

p
�

(á¬. (4:3), (4:2)), â® kzn � zk � cqn+kz0 � zk, £¤¥

q2+ = (1 + a=72)�1 ¯à¨ 2
q
m=a � 1; q2+ = (1 +

q
m=a

�
36)�1 ¯à¨ 2

q
m=a � 1:

� áª®«ìª® q+ ®â«¨ç ¥âáï ®â ®¯â¨¬ «ì­®£® à¥è¥­¨ï q0(a;m) ¬®¤¥«ì­®© § ¤ ç¨ (1.4) ¢ ¯®«-
­®¬ ¤¨ ¯ §®­¥ ¨§¬¥­¥­¨ï ¯ à ¬¥âà®¢ a;m 2 (0; 1]2, ¯®§¢®«ï¥â áã¤¨âì â¥®à¥¬  2 (­¥à ¢¥­áâ¢ 
(2.5) ¨«¨ (2.6)). � £«ï¤­®¥ ¯à¥¤áâ ¢«¥­¨¥ íâ¨å ®æ¥­®ª ¤ ¥â ¨å  á¨¬¯â®â¨ª  ¯à¨ ¬ «ëå m, a |
­¥à ¢¥­áâ¢  (1.7).
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