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1. � 1926 £. �«®áâ¥à¬ ­ [1] á ¯®¬®éìî ¬®¤ã«ïà­ëå äã­ªæ¨© ¨ á¨­£ã«ïà­ëå àï¤®¢ ¯®«ãç¨«
â®ç­ë¥ ä®à¬ã«ë ¤«ï ç¨á«  ¯à¥¤áâ ¢«¥­¨© ç¨á¥« ä®à¬ ¬¨ x21+ x22+ a(x23 + x

2
4) ¯à¨ a = 3; 5; 6; 7.

�à¨ íâ®¬, ¥á«¨ a = 3, á¨­£ã«ïà­ë© àï¤ ¤ ¥â â®ç­®¥ §­ ç¥­¨¥ ¤«ï ç¨á«  ¯à¥¤áâ ¢«¥­¨© á®®â¢¥â-
áâ¢ãîé¥© ä®à¬®©. � á«ãç ¥ a = 5; 6; 7 ¢ ä®à¬ã«ë �«®áâ¥à¬ ­  ¢å®¤ïâ ¤®¯®«­¨â¥«ì­ë¥ ç«¥­ë,
ª®â®àë¥ �«®áâ¥à¬ ­ ®¯à¥¤¥«ï« ª ª ª®íää¨æ¨¥­âë à §«®¦¥­¨© ¢ áâ¥¯¥­­®© àï¤ ¯à®¨§¢¥¤¥­¨©
­¥ª®â®àëå âíâ -äã­ªæ¨© �ª®¡¨.

� 1959{1966 ££. �.�.�®¬ ¤§¥ [2]{[9], ¨á¯®«ì§ãï à¥§ã«ìâ âë ¨ ¨¤¥¨ � à¤¨, �®à¤¥«« , �¥ª-
ª¥, �«®áâ¥à¬ ­ , � áá , �âà¥äª¥àª , à §à ¡®â « ¬¥â®¤ ®âëáª ­¨ï â®ç­ëå ä®à¬ã« ¤«ï ç¨á« 
¯à¥¤áâ ¢«¥­¨© ç¨á¥« ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ¤¨ £®­ «ì­ë¬¨ ª¢ ¤à â¨ç­ë¬¨ ä®à¬ ¬¨ á
2-¬ï, 3-¬ï, 4-¬ï, 6-î ¨ ¡�®«ìè¨¬ ç¥â­ë¬ ç¨á«®¬ ¯¥à¥¬¥­­ëå á ¤®¯®«­¨â¥«ì­ë¬¨ ç«¥­ ¬¨ â¨¯ 
�«®áâ¥à¬ ­ .

�â®â ¬¥â®¤ ¡®«¥¥ 30 «¥â ¯à¨¬¥­ï«áï �.�.�®¬ ¤§¥ ¨ ¥£® ãç¥­¨ª ¬¨ ª ¨áá«¥¤®¢ ­¨î ¡®«ìè®-
£® (­® ª®­¥ç­®£®) ç¨á«  ª¢ ¤à â¨ç­ëå ä®à¬. �­¨ ¯®«ãç¨«¨ ä®à¬ã«ë â¨¯  �«®áâ¥à¬ ­  ¤«ï
ª®«¨ç¥áâ¢  ¯à¥¤áâ ¢«¥­¨© ç¨á¥« ª®­ªà¥â­ë¬¨ ª¢ ¤à â¨ç­ë¬¨ ä®à¬ ¬¨.

�.�.�®£ ­ [10] à áá¬®âà¥« ­¥ª®â®àë¥ ª¢ ¤à â¨ç­ë¥ ä®à¬ë á 3-¬ï, 4-¬ï ¨ 6-î ¯¥à¥¬¥­­ë¬¨
¨ ¯®«ãç¨« ¤«ï ­¨å ä®à¬ã«ë â¨¯  �«®áâ¥à¬ ­  ¤àã£¨¬ á¯®á®¡®¬.

� ¬¨ à §à ¡®â ­  «£®à¨â¬ [12], [15] ¤«ï ®âëáª ­¨ï ä®à¬ã« â¨¯  �«®áâ¥à¬ ­  á ¯®¬®éìî
âíâ -äã­ªæ¨© á à æ¨®­ «ì­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨. �¤¥áì ¬ë ¯®ª §ë¢ ¥¬ à¥ «¨§ æ¨î íâ®£®
 «£®à¨â¬  ­  ¯à¨¬¥à¥ ä®à¬ë x21 + 4x22 + 4k+1x23 (k � 1 | æ¥«®¥ ç¨á«®).

�á­®¢­ë¬¨ à¥§ã«ìâ â ¬¨ à ¡®âë ï¢«ïîâáï á«¥¤ãîé¨¥ ¯à¥¤«®¦¥­¨ï.

�¥®à¥¬  1. �®à¬ã« 

M [4m+ 1 = x21 + 4x22 + 4k+1x23] =
1
2k
M [4m+ 1 = x21 + 4x22 + 4x23] + Tk(4m+ 1; 3) (1)

¤«ï ª®«¨ç¥áâ¢  ¯à¥¤áâ ¢«¥­¨© æ¥«®£® ç¨á«  4m + 1 ª¢ ¤à â¨ç­®© ä®à¬®© x21 + 4x22 + 4k+1x23
ï¢«ï¥âáï ä®à¬ã«®© â¨¯  �«®áâ¥à¬ ­ .

�¤¥áì

Tk(4m+ 1; 3) =
k�1X
j=0

1
2k�j

X
4m+1=x2

1
+4x2

2
+4j+1x2

3

(�1)x3 : (2)

� ¬¥ç ­¨¥. �®à¬ã«ã (2) ¬®¦­® § ¯¨á âì â ª¦¥ ¢ ¢¨¤¥

Tk(4m+ 1; 3) =
k�1X
j=0

1
2k�j

MjX
i=1

(�1)x
i;j

3 ;

£¤¥Mj =M [4m+1 = x21+4x
2
2+4

j+1x23], x
i;j
3 |¯®á«¥¤­ïï ª®®à¤¨­ â  i-£® ¯à¥¤áâ ¢«¥­¨ï (xi1; x

i
2; x

i
3)

ç¨á«  4m+ 1 ª¢ ¤à â¨ç­®© ä®à¬®© x21 + 4x22 + 4j+1x23.
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�¥®à¥¬  2. �à¨ k � 4 ª¢ ¤à â¨ç­ëå ä®à¬ ¢¨¤ 

x21 + 4x22 + 4k+1x23

â¨¯  �¨ã¢¨««ï ­¥ áãé¥áâ¢ã¥â.

2. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï. �ãáâì

Q(x1; : : : ; x2k) (3)

| æ¥«®ç¨á«¥­­ ï ¯®«®¦¨â¥«ì­ ï ª¢ ¤à â¨ç­ ï ä®à¬  ®â 2k (k � 2 | æ¥«®¥ ç¨á«®) ¯¥à¥¬¥­­ëå
áâã¯¥­¨ N . �â¢¥ç îé¨© ¥© âíâ -àï¤ ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥ ¤¢ãå á« £ ¥¬ëå

1X
x1;:::;x2k=�1

exp(2�i�Q(x1; : : : ; x2k)) = E2k(�) + �2k(�); (4)

£¤¥ � | ª®¬¯«¥ªá­®¥ ç¨á«®, ¯à¨ç¥¬ Im � > 0, E2k(�) | àï¤ �©§¥­èâ¥©­ , á®®â¢¥âáâ¢ãîé¨©
âíâ -àï¤ã, ­ å®¤ïé¥¬ãáï ¢ «¥¢®© ç áâ¨ à ¢¥­áâ¢  (4), �2k(�) | ¯ à ¡®«¨ç¥áª ï ä®à¬ .

�¯à¥¤¥«¥­¨¥ 1 ([10]). �á«¨ ¢ (4) �2k(�) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ª®­¥ç­®© «¨­¥©­®© ª®¬-
¡¨­ æ¨¨ ®¡®¡é¥­­ëå ¡¨­ à­ëå âíâ -àï¤®¢ ¢¨¤ 

1X
x1;x2=�1

xr�hr (mod N); r=1;2

Pk�1(x1; x2) exp
�
2�i�

Ga(x1; x2)
N 2
a

�
;

£¤¥ Ga(x1; x2) | æ¥«®ç¨á«¥­­ ï ¯®«®¦¨â¥«ì­ ï ª¢ ¤à â¨ç­ ï ä®à¬  áâã¯¥­¨ Na (Na ¯à®¡¥£ ¥â
¤¥«¨â¥«¨ N), Pk�1(x1; x2) | è à®¢ ï äã­ªæ¨ï (k � 1)-£® ¯®àï¤ª  ®â­®á¨â¥«ì­® Ga(x1; x2); h1,
h2 | æ¥«ë¥ ç¨á«  á ãá«®¢¨ï¬¨

@

@xr
Ga(x1; x2) � 0 (mod Na) (r = 1; 2); x1 = h1; x2 = h2;

â® ª¢ ¤à â¨ç­ãî ä®à¬ã (3) ­ §ë¢ îâ ä®à¬®© �¨ã¢¨««ï,   ä®à¬ã«ã ¤«ï ª®«¨ç¥áâ¢  ¯à¥¤áâ -
¢«¥­¨© ¥î, ¢ëâ¥ª îéãî ¨§ (3), | ä®à¬ã«®© â¨¯  �¨ã¢¨««ï.

�¯à¥¤¥«¥­¨¥ 2 ([11]). �ãáâì M [n = Q] | ç¨á«® ¯à¥¤áâ ¢«¥­¨© æ¥«®£® ç¨á«  n ä®à¬®© Q,

M [n = Q(x1; : : : ; xk)] = �k(n) +  k(n);

£¤¥ k � 3 (k ­¥ç¥â­®¥), �k(n) | áã¬¬  á¨­£ã«ïà­®£® àï¤  � à¤¨{�¨ââ«¢ã¤ , á®®â¢¥âáâ¢ãîé ï
ä®à¬¥ Q. �á«¨  k(n) ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¢ëà ¦¥­¨© ¢¨¤ X

n=bix2

fi(x);

£¤¥ fi(x) | ­¥ª®â®à ï ç¨á«®¢ ï äã­ªæ¨ï, bi | ¤¥«¨â¥«ì d, d | ®¯à¥¤¥«¨â¥«ì ä®à¬ë Q, â®
ª¢ ¤à â¨ç­ãî ä®à¬ã Q ¡ã¤¥¬ ­ §ë¢ âì ä®à¬®© â¨¯  �¨ã¢¨««ï.

�¯à¥¤¥«¥­¨¥ 3 ([10], [12]). �á«¨ ç¨á«® ¯à¥¤áâ ¢«¥­¨© ç¨á¥« ¤ ­­®© ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-
«¥­­®© ª¢ ¤à â¨ç­®© ä®à¬®© ®â n ¯¥à¥¬¥­­ëå (n � 2) à ¢­® áã¬¬¥ á¨­£ã«ïà­®£® àï¤  � à¤¨{
�¨ââ«¢ã¤ , á®®â¢¥âáâ¢ãîé¥£® ¤ ­­®© ä®à¬¥ (¢ á«ãç ¥ ¡¨­ à­ëå ä®à¬ ¡¥à¥âáï 1=2 á¨­£ã«ïà-
­®£® àï¤ ), ¯«îá ¤®¯®«­¨â¥«ì­ë© ç«¥­, à ¢­ë© ª®íää¨æ¨¥­âã ¯à¨ qn (q = e�i� , Im � > 0)
¢ à §«®¦¥­¨¨ ¢ àï¤ ¯® áâ¥¯¥­ï¬ q (ª®­¥ç­®©) áã¬¬ë ¯à®¨§¢¥¤¥­¨© ­¥ª®â®àëå âíâ -äã­ªæ¨©
�ª®¡¨ ¨«¨ âíâ -äã­ªæ¨© á å à ªâ¥à¨áâ¨ª ¬¨, â® ª¢ ¤à â¨ç­ãî ä®à¬ã ­ §ë¢ îâ ä®à¬®© â¨¯ 
�«®áâ¥à¬ ­ ,   ä®à¬ã«ã ¤«ï ª®«¨ç¥áâ¢  ¯à¥¤áâ ¢«¥­¨© | ä®à¬ã«®© â¨¯  �«®áâ¥à¬ ­ .

3. �á­®¢­ë¥ «¥¬¬ë. �®ª § â¥«ìáâ¢  â¥®à¥¬ ¡ §¨àãîâáï ­  á«¥¤ãîé¨å ç¥âëà¥å «¥¬¬ å.
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�¥¬¬  1. �«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  a ¨¬¥¥â ¬¥áâ® ä®à¬ã« 

1X
x=�1

qa
2x2 =

1X
x=�1

qx
2

�

� 1X
x=�1

x�1 (mod a)

qx
2

+ � � � +
1X

x=�1
x�a�1 (mod a)

qx
2

�
; (5)

£¤¥ q = e�i� , Im � > 0.

�¥¬¬  1 ¤®ª §ë¢ ¥âáï à §¡¨¥­¨¥¬ ¬­®¦¥áâ¢  æ¥«ëå ç¨á¥« ­  ª« ááë íª¢¨¢ «¥­â­®áâ¨ ¯®
mod a. �¥©áâ¢¨â¥«ì­®, ¨¬¥¥¬

1X
x=�1

qx
2

=
1X

x=�1
x�0 (mod a)

qx
2

+
1X

x=�1
x�1 (mod a)

qx
2

+ � � �+
1X

x=�1
x�a�1 (mod a)

qx
2

=

=
1X

x=�1

q(ax)
2

+
1X

x=�1
x�1 (mod a)

qx
2

+ � � �+
1X

x=�1
x�a�1 (mod a)

qx
2

;

çâ® ¨ ¤®ª §ë¢ ¥â «¥¬¬ã.

�¥¬¬  2. �«ï «î¡ëå ­ âãà «ì­ëå ç¨á¥« ai (i = 1; : : : ; n) ¨¬¥¥â ¬¥áâ® ä®à¬ã« 

1X
x1;:::;xn=�1

n�1

qa
2
1x

2
1+���+a

2
nx

2
n =

1
a1 : : : an

1X
x1;:::;xn=�1

qx
2
1+���+x

2
n +

+
nY
i=1

�
1
ai

1X
xi=�1

qx
2
i +

ai � 1
ai

1X
xi=�1

qx
2
i �

� 1X
x=�1

x�1 (mod ai)

qx
2

+ � � �+
1X

x=�1
x�ai�1 (mod ai)

qx
2

��0
; (6)

£¤¥ èâà¨å ®§­ ç ¥â, çâ® ¢ áã¬¬¥ ¯®«ãç¥­­ëå ¯®á«¥ ¯¥à¥¬­®¦¥­¨ï ¬­®¦¨â¥«¥© ¢ë¡à áë¢ -

¥âáï á« £ ¥¬®¥
1

a1 : : : an

1X
x1;:::;xn=�1

qx
2
1+���+x

2
n :

�¥¬¬  2 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ «¥¬¬ë 1. � á ¬®¬ ¤¥«¥, ä®à¬ã«ã (5) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

1X
x=�1

qa
2x2 =

1
a

1X
x=�1

qx
2

+
�
a� 1
a

1X
x=�1

qx
2

�

� 1X
x=�1

x�1 (mod a)

qx
2

+ � � � +
1X

x=�1
x�a�1 (mod a)

qx
2

��
: (7)

� (7) ¯®á«¥¤®¢ â¥«ì­® § ¬¥­ïï a ­  ai (i = 1; : : : ; n) ¨ ¯¥à¥¬­®¦ ï ¯®«ãç¥­­ë¥ ä®à¬ã«ë,
¯®á«¥ ­¥á«®¦­ëå ¢ëç¨á«¥­¨© ¡ã¤¥¬ ¨¬¥âì (6).

�¥¬¬  3. �«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  k ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

#3(0; q4
k

) =
�
1
2

�k
#3(0; q) +

�
1
2

�k
#4(0; q) +

�
1
2

�k�1
#4(0; q4) +

�
1
2

�k�2
#4(0; q4

2

) + � � �+ 1
2
#4(0; q4

k�1

);
(8)

£¤¥ #3(0; q) =
1P

x=�1
qx

2

, #4(0; q) =
1P

x=�1
(�1)xqx

2

.

�®ª § â¥«ìáâ¢®. � ä®à¬ã«¥ (6) ¯®« £ ¥¬ n = 1, a1 = 2, ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨
¯®«ãç ¥¬

#3(0; q4) = 1
2
#3(0; q) + 1

2
#4(0; q);

çâ® ¨ ¤®ª §ë¢ ¥â ä®à¬ã«ã (8) ¯à¨ k = 1. � «¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¬¥â®¤®¬ ¬ â¥¬ â¨-
ç¥áª®© ¨­¤ãªæ¨¨ ¯® k.
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�¥¬¬  4. �¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

#2(0; q)#3(0; q)#3(0; q
4k) =

�
1
2

�k
#2(0; q)#

2
3(0; q) + #2(0; q)#3(0; q)

��
1
2

�k
#4(0; q) +

+
�
1
2

�k�1
#4(0; q

4) +
�
1
2

�k�2
#4(0; q

42) + � � �+ 1
2
#4(0; q

4k�1)
�
; (9)

£¤¥ #2(0; q) =
1P

x=�1
q(2x�1)

2=4.

�¥¬¬  4 ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 3. �¥©áâ¢¨â¥«ì­®, ¯®¤áâ ¢«ïï (8) ¢ ¢ëà ¦¥­¨¥

#2(0; q)#3(o; q)#3(0; q4
k

);

¯®á«¥ ­¥á«®¦­ëå ¢ëç¨á«¥­¨© ¡ã¤¥¬ ¨¬¥âì (9).

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå q
¢ «¥¢®© ¨ ¯à ¢®© ç áâïå â®¦¤¥áâ¢  (9), ¯®«ãç ¥¬

M [4m+ 1 = x21 + 4x22 + 4k+1x23] =
1
2k
M [4m+ 1 = x21 + 4x22 + 4x23] +

1
2k

X
4m+1=x2

1
+4x2

2
+4x2

3

(�1)x3 +

+
1

2k�1
X

4m+1=x2
1
+4x2

2
+42x2

3

(�1)x3 + � � � +
1
22

X
4m+1=x2

1
+4x2

2
+4k�1x2

3

(�1)x3 +
1
2

X
4m+1=x2

1
+4x2

2
+4kx2

3

(�1)x3 ;

çâ® ¨ ¤®ª §ë¢ ¥â (2).
�®ª ¦¥¬, çâ® (1) ï¢«ï¥âáï ä®à¬ã«®© â¨¯  �«®áâ¥à¬ ­  ¤«ï ª¢ ¤à â¨ç­®© ä®à¬ë x21+4x

2
2+

4k+1x23. �  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ [10] ¨¬¥¥¬

M [n = 2�u = x21 + 4x22 + 4x23] =

8>>>><
>>>>:

4�1(u); � = 0; u � 1 (mod 4);

0; � = 0; u � 3 (mod 4);

0; � = 1;

12�1(2��2u); � � 2:

(10)

�® â¥®à¥¬¥ � ãáá  ® âà¥å ª¢ ¤à â å [10]

M [n = x21 + x22 + x23] = 12(2F1(n)�G1(n)) = 12�1(n); (11)

£¤¥ G1(n) | ç¨á«® ¢á¥å ª« áá®¢ £ ãáá®¢ëå ¯®«®¦¨â¥«ì­ëå ¡¨­ à­ëå ª¢ ¤à â¨ç­ëå ä®à¬ á
®¯à¥¤¥«¨â¥«¥¬ n, F1(n) | ç¨á«® ¢á¥å ª« áá®¢ £ ãáá®¢ëå ¯®«®¦¨â¥«ì­ëå ª¢ ¤à â¨ç­ëå ä®à¬ á
®¯à¥¤¥«¨â¥«¥¬ n, ã ª®â®àëå å®âï ¡ë ®¤¨­ ¨§ ªà ©­¨å ª®íää¨æ¨¥­â®¢ ­¥ç¥â­ë©.

�  ®á­®¢ ­¨¨ à ¡®â � ¬ ­ã¤¦ ­ {� à¤¨{� ­ª¨­  [13], [14] ¨ ä®à¬ã«ë (11) ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢®

M [n = x21 + x22 + x23] = 12(2F1(n)�G1(n)) = 12�1(n) = H 0(x21 + x22 + x23; n): (12)

�  ®á­®¢ ­¨¨ (10) ¯®«ãç ¥¬

M [u = x21 + 4(x22 + x23)] = 4�1(u); u � 1 (mod 4): (13)

�§ (12) ¨ (13) á«¥¤ã¥â

M [u = x21 + 4(x22 + x23)] =
1
3
H 0(x21 + x22 + x23; u):

� «¥¥, ¨§ íâ®© ä®à¬ã«ë ¨ «¥¬¬ë 25 [4] ¨¬¥¥¬

M [u = x21 + 4(x22 + x23)] = H 0(x21 + 4(x22 + x23);u):

�âáî¤  ¨ ¨§ «¥¬¬ë 25 [4] á«¥¤ã¥â
�
1
2

�k
H 0(x21 + 4(x22 + x23)) = H 0(x21 + 4x22 + 4k+1x23):
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� ª¨¬ ®¡à §®¬,
�
1
2

�k
M [u = x21 + 4x22 + 4x23] ï¢«ï¥âáï á¨­£ã«ïà­ë¬ àï¤®¬ � à¤¨{�¨ââ«¢ã¤ ,

á®®â¢¥âáâ¢ãîé¨¬ ª¢ ¤à â¨ç­®© ä®à¬¥ x21+4x
2
2+4

k+1x23, ¨ ä®à¬ã«  (1) ï¢«ï¥âáï ä®à¬ã«®© â¨¯ 
�«®áâ¥à¬ ­ . �

�«¥¤áâ¢¨¥. �®« £ ï k = 1 ¢ (1) ¨ (2), ¯®«ãç ¥¬ ¨§¢¥áâ­ãî ä®à¬ã«ã [10] ® ç¨á«¥ ¯à¥¤áâ -
¢«¥­¨© ç¨á¥« ª¢ ¤à â¨ç­®© ä®à¬®© x21 + 4x22 + 16x23, â. ¥.

M [4m+ 1 = x21 + 4x22 + 16x23] = 2�1(4m+ 1) +
1
2

X
4m+1=(2x1�1)2

(�1)x1�1(2x1 � 1):

� ª¨¬ ®¡à §®¬, ¨§ ä®à¬ã«ë â¨¯  �«®áâ¥à¬ ­  ¯®«ãç¨«¨ ä®à¬ã«ã â¨¯  �¨ã¢¨««ï.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì ¯à¨ k � 4 ¨¬¥¥¬ ä®à¬ã«ã â¨¯  �¨ã¢¨««ï

M [4m+ 1 = x21 + 4x22 + 4k+1x23] =
�
1
2

�k
M [4m+ 1 = x21 + 4x22 + 4x23] + Tk(4m+ 1);

£¤¥ Tk(4m + 1) ­  ®á­®¢ ­¨¨ ®¯à¥¤¥«¥­¨ï ª¢ ¤à â¨ç­ëå ä®à¬ �¨ã¢¨««ï ï¢«ï¥âáï «¨­¥©­®©
ª®¬¡¨­ æ¨¥© ¢ëà ¦¥­¨© ¢¨¤  X

4m+1=ax2

f(x);

£¤¥ a = 1 ¨«¨ a ªà â­® 2 ¯à¨ a > 1.
�®«®¦¨¬ 4m+ 1 = 5. �®£¤ 

P
4m+1=ax2

f(x) = 0, â. ¥.
P

5=ax2
f(x) = 0,

�
1
2

�k
M [5 = x21 + 4x22 + 4x23] =

�
1
2

�k
� 8 � 1

2

¯à¨ k � 4. �à¨è«¨ ª ¯à®â¨¢®à¥ç¨î, â. ª. æ¥«®¥ ç¨á«® M [4m + 1 = x21 + 4x22 + 4k+1x23] ­¥ ¬®¦¥â
à ¢­ïâìáï ¤à®¡­®¬ã ç¨á«ã.

� ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® ¯à¨ k � 4 ª¢ ¤à â¨ç­ëå ä®à¬ x21+4x
2
2+4

k+1x23 â¨¯  �¨ã¢¨««ï
­¥ áãé¥áâ¢ã¥â. �

�â  â¥®à¥¬  ãá¨«¨¢ ¥â â¥®à¥¬ã 1.4.4 ¨§ [15] ¤«ï ª¢ ¤à â¨ç­ëå ä®à¬ x21 + 4x22 + 4k+1x23.
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