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1. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ­¥ª®â®àë¥ § ¤ ç¨ â¥®à¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ¨£à ¢ á¨-
áâ¥¬ å á à á¯à¥¤¥«¥­­ë¬¨ ¯ à ¬¥âà ¬¨. �à¨ íâ®¬ ¢®§¤¥©áâ¢¨ï ¨£à®ª®¢ ­  á¨áâ¥¬ã ®áãé¥áâ¢«ï-
îâáï á ¯®¬®éìî ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢, ¢å®¤ïé¨å ¢ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï. �¯à ¢«¥­¨ï
¨£à®ª®¢ ¢ë¡¨à îâáï ¢ ¢¨¤¥ äã­ªæ¨©, ­  ª®â®àë¥ ­ ª« ¤ë¢ îâáï à §«¨ç­ë¥ ®£à ­¨ç¥­¨ï, â ª
­ §ë¢ ¥¬ë¥ £¥®¬¥âà¨ç¥áª¨¥, ¨­â¥£à «ì­ë¥ ¨ á¬¥è ­­ë¥. �â¬¥â¨¬ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¨áá«¥-
¤®¢ ­¨ï [1]{[14].

� ¯¥à¢ëå âà¥å ¨£à å æ¥«ìî ¯¥à¢®£® ¨£à®ª  ï¢«ï¥âáï ¯à¨¢¥¤¥­¨¥ á¨áâ¥¬ë ¢ ­¥¢®§¬ãé¥­-
­®¥ á®áâ®ï­¨¥, ¢ ç¥â¢¥àâ®© ¨£à¥ æ¥«ì ¯¥à¢®£® ¨£à®ª  | ¯à¨¢¥¤¥­¨¥ á¨áâ¥¬ë ¨ ¥¥ áª®à®áâ¨ ¢
¯à®¨§¢®«ì­ãî `-®ªà¥áâ­®áâì ­ã«ï. �â®à®© ¢® ¢á¥å ¨£à å ¨¬¥¥â ¯à®â¨¢®¯®«®¦­ãî æ¥«ì. �«ï
¢®§¬®¦­®áâ¨ ®áãé¥áâ¢«¥­¨ï æ¥«¨ ¯¥à¢®£® ¨£à®ª  §  ª®­¥ç­®¥ ¢à¥¬ï ¯à¥¤«®¦¥­ë ¤®áâ â®ç­ë¥
ãá«®¢¨ï (á¬. ­¨¦¥). �«ï âà¥âì¥© ¨£àë à áá¬®âà¥­  ¨ § ¤ ç  ãª«®­¥­¨ï ®â ¢áâà¥ç¨ (á¬. ¯. 4,
ãâ¢¥à¦¤¥­¨¥).

� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ L2(
) ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à A ¢¨¤ 

Az = �
nX

i;j=1

@

@xi

�
aij(x)

@z

@xj

�
; x 2 
; aij 2 C1(
); (1)

£¤¥ 
 | ®£à ­¨ç¥­­ ï á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥© ®¡« áâì ¢ Rn. �¡« áâìî ®¯à¥¤¥«¥­¨ï D(A)

®¯¥à â®à  A ï¢«ï¥âáï
�
C2(
) | ¯à®áâà ­áâ¢® ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ä¨­¨â-

­ëå äã­ªæ¨©. �ã­ªæ¨¨ aij(x), x 2 
, ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬: aij(x) = aji(x),
x 2 
, áãé¥áâ¢ã¥â ª®­áâ ­â  
 6= 0 â ª ï, çâ® ¯à¨ «î¡ëå � = (�1; : : : ; �n) 2 Rn ¨ x 2 
 ¨¬¥¥â
¬¥áâ® ­¥à ¢¥­áâ¢®

nX
i;j=1

aij(x)�i�j � 
2
nX
i=1

�2i : (2)

�ãáâì (z; y)A = (Az; y) ¤«ï z; y 2
�
C2(
).

�®¦­® ã¡¥¤¨âìáï, çâ® (�; �)A | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥,  
�
C2(
) | ­¥¯®«­®¥ £¨«ì¡¥àâ®¢®

¯à®áâà ­áâ¢®. �®¯®«­¨¢ ¥£® ®â­®á¨â¥«ì­® ­®à¬ë kzkA =
p
(Az; z), z 2

�
C2(
), ¯®«ãç¨¬ ¯®«­®¥

£¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, á¢ï§ ­­®¥ á ®¯¥à â®à®¬ A.
�§¢¥áâ­®, çâ® ®¯¥à â®à A ¯à¨ ãá«®¢¨¨ (2) ¨¬¥¥â ¤¨áªà¥â­ë© á¯¥ªâà, â®ç­¥¥, ®­ ¨¬¥¥â ¡¥áª®-

­¥ç­ãî ¯®á«¥¤®¢ â¥«ì­®áâì �1; �2; : : : ¯®«®¦¨â¥«ì­ëå ­¥ã¡ë¢ îé¨å á®¡áâ¢¥­­ëå ç¨á¥« á ¯à¥-
¤¥«®¬ ¢ ¡¥áª®­¥ç­®áâ¨ ¨ ¯®á«¥¤®¢ â¥«ì­®áâì ®¡®¡é¥­­ëå á®¡áâ¢¥­­ëå äã­ªæ¨© '1; '2; : : : , ª®-
â®àë¥ á®áâ ¢«ïîâ ¯®«­ãî ®àâ®­®à¬¨à®¢ ­­ãî á¨áâ¥¬ã ¢ ¯à®áâà ­áâ¢¥ L2(
) ([15], á. 98).

�¥à¥§ C(0; T ;Hr(
)) (L2(0; T ;Hr(
))) ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢®, á®áâ®ïé¥¥ ¨§ ­¥¯à¥àë¢­ëå
(¨§¬¥à¨¬ëå) äã­ªæ¨©, § ¤ ­­ëå ­  [0; T ], á® §­ ç¥­¨ï¬¨ ¢ Hr(
), £¤¥ r | ­¥®âà¨æ â¥«ì­®¥,
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T | ¯®«®¦¨â¥«ì­®¥ ç¨á« ,  

Hr(
) =
�
f 2 L2(
) : f =

1X
i=1

�i'i;
1X
i=1

�ri�
2
i <1

�
:

2. �ãáâì ¤¢¨¦¥­¨¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ í¢®«îæ¨®­­ë¬ ãà ¢­¥-
­¨¥¬ ¢â®à®£® ¯®àï¤ª  ¯® ¢à¥¬¥­¨:

�z(t) +Az(t) = �u(t) + v(t); 0 < t � T; (3)

£¤¥ u(�), v(�) (2 L2(0; T ;Hr(
))) | ã¯à ¢«ïîé¨¥ äã­ªæ¨¨ ¯¥à¢®£® (¯à¥á«¥¤ãîé¥£®) ¨ ¢â®à®£®
(ã¡¥£ îé¥£®) ¨£à®ª®¢ á®®â¢¥âáâ¢¥­­®. �¥è¥­¨¥ ãà ¢­¥­¨ï (3) ã¤®¢«¥â¢®àï¥â ­ ç «ì­ë¬ ãá«®-
¢¨ï¬

z(0) = z0; _z(0) = z1; (4)

£¤¥ z0 2 Hr+1(
), z1 2 Hr(
). � ([9], á. 137) ¤®ª § ­®, çâ® ¢ C(0; T ;Hr+1(
)) áãé¥áâ¢ã¥â ¥¤¨­-
áâ¢¥­­ ï äã­ªæ¨ï z = z(t), 0 � t � T , ï¢«ïîé ïáï à¥è¥­¨¥¬ § ¤ ç¨ (3), (4) ¢ á¬ëá«¥ â¥®à¨¨
®¡®¡é¥­­ëå äã­ªæ¨© (â¥®à¨¨ à á¯à¥¤¥«¥­¨©).

� à áá¬ âà¨¢ ¥¬ëå ¤ «¥¥ ¨£à å G1, G2, G3 ¨ G4 ã¯à ¢«ïîé¨¥ äã­ªæ¨¨ u(�), v(�) áâ¥á­¥­ë
®£à ­¨ç¥­¨ï¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ ®¤­®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬ ­¥à ¢¥­áâ¢:

ku(�)k � �; kv(�)k � �;

ku(t)k � �; kv(t)k � �; 0 � t � T ;

ku(�)k � �; kv(t)k � �; 0 � t � T ; (5)

ku(t)k � �; 0 � t � T; kv(�)k � �; (6)

á®®â¢¥âáâ¢¥­­®, £¤¥ �, � | ­¥®âà¨æ â¥«ì­ë¥ ª®­áâ ­âë. � ¬¥â¨¬, çâ® ku(�)k ¨ ku(t)k, 0 � t � T ,
®§­ ç îâ ­®à¬ë ¢ ¯à®áâà ­áâ¢ å L2(0; T ;Hr(
)) ¨ Hr(
) á®®â¢¥âáâ¢¥­­®.

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¨£à¥ Gi, i 2 f1; 2; 3; 4g, á ­ ç «ì­®© â®çª®© z0 =
(z0; z1) à §à¥è¨¬  § ¤ ç  ¯à¥á«¥¤®¢ ­¨ï, ¥á«¨ áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­®¥ ç¨á«® T = T (z0)
â ª®¥, çâ® ¤«ï «î¡®£® ã¯à ¢«¥­¨ï v(�) ã¡¥£ îé¥£® ¨£à®ª  á á®®â¢¥âáâ¢ãîé¨¬ ®£à ­¨ç¥­¨¥¬
¨£àë Gi ¨ á ¨§¢¥áâ­ë¬ ¢ ª ¦¤ë© ¬®¬¥­â t 2 [0; T ] ãà ¢­¥­¨¥¬ (3) ¨ §­ ç¥­¨¥¬ v(t) ¬®¦­®
¯®áâà®¨âì §­ ç¥­¨¥ u(t) á«¥¤ãîé¨¬ ®¡à §®¬:

1) u(�) ã¤®¢«¥â¢®àï¥â á®®â¢¥âáâ¢ãîé¥¬ã ®£à ­¨ç¥­¨î ¨£àë Gi;
2) z(t) = _z(t) = 0 ¤«ï ¨£à G1, G2, G3 ¨ kz(t)k � `, k _z(t)k � ` ¤«ï ¨£àë G4 ¯à¨ ­¥ª®â®à®¬

t = t0 2 (0; T ], £¤¥ z(t), 0 � t � T , | à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ¯à¨ ã¯à ¢«¥­¨ïå u(�),
v(�),   ` > 0 | ¯à®¨§¢®«ì­ ï ä¨ªá¨à®¢ ­­ ï ª®­áâ ­â .

�¨á«® T (z0) ­ §ë¢ ¥âáï ¢à¥¬¥­¥¬ ¯à¥á«¥¤®¢ ­¨ï.

� ¤ ç  ¯à¥á«¥¤®¢ ­¨ï § ª«îç ¥âáï ¢ ­ å®¦¤¥­¨¨ ¬­®¦¥áâ¢  ­ ç «ì­ëå â®ç¥ª, ¨§ ª®â®àëå
£ à ­â¨àã¥âáï § ¢¥àè¥­¨¥ ¯à¥á«¥¤®¢ ­¨ï.

�ãáâì
1P
k=1

j�r+1k z0kj2 = a2,
1P
k=1

j�rz1kj2 = b2, £¤¥ a, b | ­¥®âà¨æ â¥«ì­ë¥ ª®­áâ ­âë, �k =
p
�k,

k = 1; 2; : : : , [c] | æ¥« ï ç áâì ç¨á«  c.
�®¯ãáâ¨¬, çâ® �1�2 > �2. �®£¤  áãé¥áâ¢ãîâ ç¨á«® T0 > 0 ¨ äã­ªæ¨¨ z0 2 Hr+1(
), z1 2 Hr(
)

â ª¨¥, çâ®

T0 =
1
�1

+
2(a2 + b2)
(�� �

p
T0)2

: (7)

3. �¥®à¥¬ . � ¤ ç  ¯à¥á«¥¤®¢ ­¨ï ¤«ï ¯à®¨§¢®«ì­®£® ­ ç «ì­®£® ¯®«®¦¥­¨ï z0 = (z0; z1)
à §à¥è¨¬  ¢ á«¥¤ãîé¨å á«ãç ïå :
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1�. ¥á«¨ ¢ ¨£à¥ G1 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

� > �; (8)

¯à¨ íâ®¬

T (z0) =
1
�1

+
2(a2 + b2)
(�� �)2

; (9)

2�. ¥á«¨ ¢ ¨£à¥ G2 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (8) ¨ �1 > 1, ¯à¨ íâ®¬

T (z0) = 2�
�p

a2 + b2 + �� �

2(�� �)

�
+ 2�;

3�. ¥á«¨ ¢ ¨£à¥ G3 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® �1�
2 > �2 ¨ äã­ªæ¨¨ z0 2 Hr+1(
), z1 2 Hr(
)

â ª®¢ë, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ (7), ¯à¨ íâ®¬ T (z0) ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï (7);
4�. ¥á«¨ ¢ ¨£à¥ G4 ª®­áâ ­âë � > 0 ¨ � � 0.

�®ª § â¥«ìáâ¢®. 1�. �¯à ¢«¥­¨¥ u(t), 0 � t � T , ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

u(t) = v(t) + w(t); 0 � t � T; (10)

£¤¥ w(t), 0 � t � T , | ­¥¨§¢¥áâ­ ï ¯®ª  äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ­¥à ¢¥­áâ¢ã kw(�)k � ���.
�áª®¬ë¥ z(t) ¨ w(t) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

z(t) =
1X
k=1

zk(t)'k; w(t) =
1X
k=1

wk(t)'k; zk(�); wk(�) 2 L2(0; T ); k = 1; 2; : : : (11)

�®¤áâ ¢¨¢ (10) ¢ ãà ¢­¥­¨¥ (3), ãç¨âë¢ ï à §«®¦¥­¨ï (11) ¨ ¯à¨à ¢­¨¢ ï á®®â¢¥âáâ¢ãîé¨¥
ª®íää¨æ¨¥­âë, ¯®«ãç¨¬ ¡¥áª®­¥ç­ãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�zk = ��kzk � wk(t); 0 � t � T; k = 1; 2; : : : ; (12)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

zk(0) = z0k; _zk(0) = z1k; (13)

£¤¥ z0k = (z0; 'k), z1k = (z1; 'k), k = 1; 2; : : : , | ª®íää¨æ¨¥­âë �ãàì¥ ¯à¨ à §«®¦¥­¨¨ z0 ¨ z1 ¯®
á¨áâ¥¬¥ f'kg.

�­â¥£à¨àãï ãà ¢­¥­¨¥ (12), á ãç¥â®¬ ­ ç «ì­ëå ãá«®¢¨© (13) ¨¬¥¥¬

zk(t) = z0k cos�kt+
z1k
�k

sin�kt� 1
�k

Z t

0
sin�k(t� �)wk(�)d�;

_zk(t) = ��kz0k sin�kt+ z1k cos�kt�
Z t

0
cos�k(t� �)wk(�)d�; k = 1; 2; : : : (14)

�§ (14), ¯à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯¥à¥¤ cos�kt ¨ sin�kt, ¤«ï ®¯à¥¤¥«¥­¨ï t ¨ wk(�)
¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© Z t

0

sin�k�wk(�)d� = ��kz0k;Z t

0
cos�k�wk(�)d� = z1k; k = 1; 2; : : : (15)

�®®â­®è¥­¨ï (15) ¯à¥¤áâ ¢«ïîâ á®¡®© ¯à®¡«¥¬ã ¬®¬¥­â®¢ ([10], á. 71). �«ï ¯à®¤®«¦¥­¨ï
¤®ª § â¥«ìáâ¢  ¯®­ ¤®¡¨âáï
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�¥¬¬  1. �à¨

T (z0) =
1
�1

+
2(a2 + b2)
(�� �)2

¯à®¡«¥¬  ¬®¬¥­â®¢ (15) ¨¬¥¥â à¥è¥­¨¥.

�¥©áâ¢¨â¥«ì­®, á®£« á­® â¥®à¥¬¥ 1 ([10], £«. 2, x 3) ¯®«ãç¨¬ § ¤ çã: ­ ©â¨

1
�k

= min
�1;�2

sZ t

0
j�1 sin�k� + �2 cos�k� j2d�

¯à¨ ãá«®¢¨¨

��kz0k�1 + z1k�2 = 1;

£¤¥ t > 1
�1
. �¬¥¥¬

1
�k

= min
�1;�2

q
�21 + �22

sZ t

0
sin2 (�k� + �k)d� =

= min
�1;�2

q
�21 + �22

q
1=2

�
t� (sin 2(�kt+ �k)� sin 2�k)=2�k

�
; (16)

£¤¥ �k = arctg �2
�1
. � ª ª ª (sin 2(�kt+ �k)� sin 2�k)=2�k � 1=�1, â® ¨§ (16) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

1
�k

� min
�1;�2

q
�21 + �22

q
1=2(t � 1=�1): (17)

�¥£ª® ¯®ª § âì, çâ® ®¯â¨¬¨§ æ¨®­­ ï § ¤ ç 
p
�21 + �22 ! min ¯à¨ ãá«®¢¨¨ ��kz0k�1+z1k�2 = 1

¨¬¥¥â à¥è¥­¨¥

1=
q
(�kz0k)2 + (z1k)2: (18)

� ª¨¬ ®¡à §®¬, ¨§ (17) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® 1
�k

� 1p
(�kz0k)

2+(z1
k
)2

p
1=2(t� 1=�1). �âáî¤ 

1X
k=1

�2
k �

2(a2 + b2)
t� 1=�1

: (19)

�®¤áâ ¢«ïï ¢¬¥áâ® t ¢ (19) §­ ç¥­¨¥ T (z0) ¨§ (9), ¯®«ãç¨¬
1P
k=1

�2
k � (� � �)2. �­ ç¨â, ¯à¨ �k =

(
p
(�kz0k)2 + (z1k)2=

p
a2 + b2)(� � �) ¯à®¡«¥¬  ¬®¬¥­â®¢ (15) ¨¬¥¥â à¥è¥­¨¥ wk(t), 0 � t � T (z0),

¯à¨ç¥¬ kwk(�)k � �k.

� ¬¥â¨¬, çâ® kw(�)k2 =
1P
k=1

�2rk kwk(�)k2 �
1P
k=1

�2rk �
2
k = (�� �)2, â. ¥. kw(�)k � �� �.

2�. �à¥¤áâ ¢¨¬ ã¯à ¢«¥­¨¥ u(t), 0 � t � T , ¢ ¢¨¤¥ u(t) = v(t) + w(t), 0 � t � T , £¤¥ w(�) |
­¥¨§¢¥áâ­ ï ¯®ª  äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î kw(t)k � �� �, 0 � t � T .

�®£¤ , à¥è ï § ¤ çã ¯à¥á«¥¤®¢ ­¨ï, ª ª ¨ ¢ ¯. 1�, ¯à¨å®¤¨¬ ª ¯à®¡«¥¬¥ ¬®¬¥­â®¢ (15) ¯à¨
jwk(t)j � �k, 0 � t � T , k = 1; 2; : : : , £¤¥ �k, k = 1; 2; : : : , | ­¥ª®â®àë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« 
(®­¨ ¢ë¡¨à îâáï ­¨¦¥).

�¥¬¬  2. �à¨ T (z0) = 2�m, m =
�p

a2+b2+���
2(���)

�
+1, ¯à®¡«¥¬  ¬®¬¥­â®¢ (15) ¨¬¥¥â à¥è¥­¨¥.
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�®ª ¦¥¬, çâ® ¯à®¡«¥¬  ¬®¬¥­â®¢ (15) ¨¬¥¥â à¥è¥­¨¥ ¯à¨

jwk(t)j � �k =
q
(�kz0k)2 + (z1k)2=(2m� 1):

�á¯®«ì§ãï â¥®à¥¬ã 1 ¨§ ([10], £«. 2, x 3), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© § ¤ ç¥: ­ ©â¨

1
�k

= min
�1;�2

Z T

0

j�1 sin�k� + �2 cos�k� jd�

¯à¨ ãá«®¢¨¨ ��kz0k�1+z1k�2 = 1. �âáî¤  1
�k

= min
�1;�2

p
�21 + �22

2�mR
0

j sin (�k� + �k)jd� , £¤¥ �k = arctg �2
�1
.

�¥ ­ àãè ï ®¡é­®áâ¨, ¯à¥¤¯®«®¦¨¬, çâ® 0 � �k < � ¨ �k = nk + f�kg, £¤¥ fag | ¤à®¡­ ï
ç áâì ç¨á«  a. �¤¥« ¥¬ ¢ ¨­â¥£à «¥Z 2�m

0

j sin (�k� + �k)jd� =
Z 2�m

0

j sin ((nk + f�kg)� + �k)jd� (20)

§ ¬¥­ã ¯¥à¥¬¥­­ëå (nk + f�kg)� + �k = nks. �®£¤  ¨¬¥¥¬

2�mZ
0

j sin ((nk + f�kg)� + �k)jd� = nk
nk + f�kg

�k
nk

+
nk+f�kg

nk
2�mZ

�k
nk

j sinnksjds �

� 1
2

2�mZ
�k
nk

j sinnksjds = 1
2

2�mZ
0

j sinnksjds� 1
2

�k
nkZ
0

j sinnksjds � 1
2

2�mZ
0

j sinnksjds�

� 1
2

�
nkZ
0

sinnksds =
1
2

2�mZ
0

j sinnksjds� 1
nk

� 1
2

2�mZ
0

j sinnksjds� 1 � 2m� 1:

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ ­¥à ¢¥­áâ¢®, á¢ï§ ­­®¥ á ((18)),

�k �
p
(�kz0k)2 + (z1k)2

2m� 1
;

â. ¥. �k � �k, k = 1; 2; : : : , ¨
1P
k=1

�2rk �
2
k =

a2+b2

(2m�1)2 . �®íâ®¬ã ¤«ï ª ¦¤®£® k ¯à®¡«¥¬  ¬®¬¥­â®¢ (15)

¨¬¥¥â à¥è¥­¨¥ ¯à¨ jwk(t)j � �k, 0 � t � T (z0).

3�. �ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® �1�
2 > �2. � ª ®â¬¥ç¥­® ¢ëè¥, â®£¤  áãé¥áâ¢ãîâ ç¨á«®

T0 > 0 ¨ äã­ªæ¨¨ z0 2 Hr+1(
), z1 2 Hr(
) â ª¨¥, çâ®

T0 =
1
�1

+
2(a2 + b2)
(�� �

p
T0)2

; T0 <
�2

�2
;

£¤¥ a2 =
1P
k=1

j�r+1k z0kj2, b2 =
1P
k=1

j�rkz1kj2.
�®ª ¦¥¬, çâ® ¤«ï ­ ç «ì­®£® ¯®«®¦¥­¨ï z0 = (z0; z1) à §à¥è¨¬  § ¤ ç  ¯à¥á«¥¤®¢ ­¨ï,

¯à¨ç¥¬ ¢à¥¬ï ¯à¥á«¥¤®¢ ­¨ï à ¢­® T0.
�¯à ¢«¥­¨¥ u(t), 0 � t � T0, ¯à¥á«¥¤ãîé¥£® ¨£à®ª  ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

u(t) = v(t) + w(t); 0 � t � T0; (21)

£¤¥ kw(�)k � �� �
p
T0. �§ ãá«®¢¨© kv(�)k � �

p
T0, kw(�)k � �� �

p
T0 ¨ (21) ¨¬¥¥¬

ku(�)k = kv(�) + w(�)k � kv(�)k + kw(�)k � �
p
T0 + �� �

p
T0 = �;

â. ¥. ã¯à ¢«¥­¨¥ u(�) ã¤®¢«¥â¢®àï¥â ¯¥à¢®¬ã ®£à ­¨ç¥­¨î ¨§ (5).

58



�á¯®«ì§ãï «¥¬¬ã 1, ¬®¦­® ¯®ª § âì, çâ® ¯à®¡«¥¬  ¬®¬¥­â®¢ (15) ¨¬¥¥â à¥è¥­¨¥ ¯à¨

kwk(�)k � �k =
�q

(�kz0k)2 + (z1k)2=
p
a2 + b2

�
(�� �

p
T0):

4�. �®¯ãáâ¨¬, çâ® ã¯à ¢«¥­¨ï u(�), v(�) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (6) ¨ � > 0.
� ¤ ­­®¬ á«ãç ¥ ¤«ï § ¢¥àè¥­¨ï ¨£àë ¯à¥á«¥¤®¢ â¥«î ¤®áâ â®ç­® §­ âì ¯®«®¦¥­¨¥ ¨£àë

(z; _z) ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨.
�¢¥¤¥¬ ä¨ªâ¨¢­®£® ã¡¥£ îé¥£® ¨£à®ª  á ã¯à ¢«¥­¨¥¬ w(t), t � 0, â ª, çâ® w(t) = 0 ¯®çâ¨

¤«ï ¢á¥å t � 0. �à¥¤¯®«®¦¨¬, çâ® íâ® ã¯à ¢«¥­¨¥ ¯à¨áãâáâ¢ã¥â ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (3).
� ¤ «ì­¥©è¥¬ ¯à¥á«¥¤®¢ â¥«ì ¡®à¥âáï â®«ìª® ¯à®â¨¢ ä¨ªâ¨¢­®£® ã¡¥£ îé¥£®, ­¥ ®¡à é ï

¢­¨¬ ­¨ï ­  ¢â®à®£® ã¡¥£ îé¥£® ¨£à®ª , ã ª®â®à®£® ¬®£ãâ ¡ëâì ¥é¥ ­¥­ã«¥¢ë¥ à¥áãàáë. � -
¯®¬­¨¬, çâ® ¯à¥á«¥¤®¢ â¥«ì áâà¥¬¨âáï ª â®¬ã, çâ®¡ë ­¥à ¢¥­áâ¢  kz(t)k � `, k _z(t)k � ` ¡ë«¨
¢ë¯®«­¥­ë ¯à¨ ­¥ª®â®à®¬ t = t0,   ã¡¥£ îé¨¥ áâà¥¬ïâáï ­ àãè¨âì å®âï ¡ë ®¤­® ¨§ íâ¨å ­¥à -
¢¥­áâ¢.

�§ à¥§ã«ìâ â®¢ ¯. 2� á«¥¤ã¥â, çâ® ¯à¥á«¥¤®¢ â¥«ì, ¡®àïáì ¯à®â¨¢ ä¨ªâ¨¢­®£® ã¡¥£ îé¥£®,
¯¥à¥¢®¤¨â á®áâ®ï­¨¥ (z; _z) §  ¢à¥¬ï T (z0) = 2�m (¯à¨ � = 0), ¯à¨ç¥¬

1X
k=1

j�kz0kj2 = a2;
1X
k=1

jz1kj2 = b2;

¢ ¯®«®¦¥­¨¥

zk(T0) =
1
�k

Z T0

0

sin�k(T0 � �)vk(�)d�;

_zk(T0) =
Z T0

0
cos�k(T0 � �)vk(�)d�;

(22)

£¤¥ T0 = T (z0).
�âáî¤  ¢ á¨«ã (22)

kz(T0)k2 =
1X
k=1

j�r+1k zk(T0)j2 � T0�
2
1 ; k _z(T0)k2 =

1X
k=1

j�rk _zk(T0)j2 � T0�
2
1; (23)

£¤¥ �21 =
1P
k=1

�2rk
T0R
0

jvk(�)j2d� =
T0R
0

kv(�)k2d� .
�á«¨ T0�

2
1 � `2, â® â¥®à¥¬  ¤®ª § ­  ((23)). � ¯à®â¨¢­®¬ á«ãç ¥ ¨¬¥¥¬ `2 � T0�

2
1 � T0�

2.
� «¥¥, § ¬¥â¨¬, çâ®, ®áâ ¢«ïï ¢ á¨«¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 2, ç¨á«  a2 ¨ b2 ¬®¦­® § ¬¥­¨âì

­  ç¨á« , ¡®«ìè¨¥ ç¥¬ kz0k2 ¨ kz1k2 á®®â¢¥âáâ¢¥­­®. �à¨ íâ®¬ £ à ­â¨à®¢ ­­®¥ ¢à¥¬ï T (z0)
§ ¢¥àè¥­¨ï ¯à¥á«¥¤®¢ ­¨ï «¨èì ã¢¥«¨ç¨¢ ¥âáï. �­ «®£¨ç­® íâ®¬ã ç¨á«® � ¬®¦­® § ¬¥­¨âì ­ 
ç¨á«® �1, £¤¥ 0 < �1 � �.

�ç¨âë¢ ï íâ¨ § ¬¥ç ­¨ï, ¢ë¡¥à¥¬ ç¨á«  �1, a ¨ b â ª, çâ®¡ë ¡ë«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥
ãá«®¢¨ï:

1) a2 = b2 = T1�
2, £¤¥ T1 =

�
(
p
2�� +

p
2(��)2 + 12��21)=2�1

�2
, 0 < �1 � �;

2)
��2+�21+�

p
(��)2+6��2

1

2�2
1

= N , £¤¥ N | æ¥«®¥ ç¨á«® â ª®¥, çâ®

3) N � �
(
pkz0k2 + kz1k2 + �)2�

�
.

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ®§­ ç ¥â, çâ® T1 � T0, â. ¥. ­ ç¨­ ï á® ¢â®à®£® è £ , ¢à¥¬ï, § âà ç¨-
¢ ¥¬®¥ ¤«ï § ¢¥àè¥­¨ï ¯à¥á«¥¤®¢ ­¨ï ä¨ªâ¨¢­®£® ã¡¥£ îé¥£®, ­¥ ¬¥­ìè¥, ç¥¬ ¯¥à¢®­ ç «ì­®¥
¢à¥¬ï T0.

� ª¨¬ ®¡à §®¬, kz(T0)k2 � T1�
2 ¨ k _z(T0)k2 � T1�

2. �à®¬¥ â®£®, «¥£ª® ¯®ª § âì, çâ® T1 =
�(
p
a2 + b2 + �1)�1 + 2�, £¤¥ a ¨ b ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï 1).
�âáî¤ , ¨¬¥ï ¢¢¨¤ã 1), 2), ¯®«ãç¨¬ T1 = 2�(N+1). �«¥¤®¢ â¥«ì­®, ­  ¢â®à®¬ è £¥ ¯à¥á«¥¤®-

¢ â¥«ì, ¤¥©áâ¢ãï ¯à®â¨¢ ä¨ªâ¨¢­®£® ã¡¥£ îé¥£®, §  ¢à¥¬ï T0+T1 ¯¥à¥¢®¤¨â á®áâ®ï­¨¥ á¨áâ¥¬ë
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¢ ¯®«®¦¥­¨¥ z(T0 + T1), _z(T0 + T1), ¤«ï ª®â®à®£® ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  kz(T0 + T1)k2 � T1�
2
2,

k _z(T0 + T1)k2 � T1�
2
2, £¤¥ �

2
2 =

T0+T1R
T0

kv(�)k2d� .
�á«¨ T1�

2
2 < `2, â® â¥®à¥¬  ¤®ª § ­ , ¨­ ç¥ `2 � T1�

2
2 � T1�

2. �®£¤  ¢ á¨«ã ¯®á«¥¤­¨å
¯à¥¤¯®«®¦¥­¨© ¯®«ãç¨¬ �21 + �22 � `2( 1

T0
+ 1

T1
).

�®¢â®à¨¢ ¤ «¥¥ ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï M à §, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

�21 + �22 + � � � + �2M+1 � `2
�
1
T0

+
M

T1

�
: (24)

� ¬¥â¨¬, çâ® ¢ «¥¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (24) ä¨ªá¨à®¢ ­­®¥ ç¨á«® (�2),   ¢ ¥£® ¯à ¢®© ç áâ¨,
¨§-§  ¯à®¨§¢®«ì­®áâ¨ M , áª®«ì ã£®¤­® ¡®«ìè®¥ ç¨á«®.

�á«¨ ¢ ª ç¥áâ¢¥ £ à ­â¨à®¢ ­­®£® ¢à¥¬¥­¨ § ¢¥àè¥­¨ï ¯à¥á«¥¤®¢ ­¨ï ¢ë¡à âì ç¨á«® T =
T0+MT1, £¤¥M | ¯¥à¢®¥ æ¥«®¥ ç¨á«®, ¤«ï ª®â®à®£® ­ àãè ¥âáï ­¥à ¢¥­áâ¢® (24), â® ¯à¨å®¤¨¬
ª ¯à®â¨¢®à¥ç¨î, ¤®ª §ë¢ îé¥¬ã â¥®à¥¬ã.

4. � íâ®¬ à §¤¥«¥ ¤«ï ¨£àë G3 ¨§ãç ¥âáï § ¤ ç  ãª«®­¥­¨ï ®â ¢áâà¥ç¨.

�¯à¥¤¥«¥­¨¥ 2. � ¨£à¥ G3 ¢®§¬®¦­® ãª«®­¥­¨¥ ®â ¢áâà¥ç¨ (á â®çª®© ­ã«ì) ¨§ ­ ç «ì-
­®£® ¯®«®¦¥­¨ï z0, z0 6= 0, ¥á«¨ ¤«ï «î¡®£® T > 0 ¬®¦­® ¯®áâà®¨âì â ªãî äã­ªæ¨î v(t),
0�t�T , v(�) 2 L2(0; T ;Hr(
)), kv(t)k � �, çâ® ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ u(t), 0 � t � T; u(�) 2
L2(0; T ;Hr(
)), ku(�)k � �, à¥è¥­¨¥ z(t), 0 � t � T , § ¤ ç¨ (3), (4) ¨ ¥£® ¯à®¨§¢®¤­ ï _z(t),
0 � t � T , ®¤­®¢à¥¬¥­­® ¢ ­ã«ì ­¥ ®¡à é îâáï. �à¨ íâ®¬ ¤«ï ­ å®¦¤¥­¨ï §­ ç¥­¨ï v(t) äã­ª-
æ¨¨ v(�) ¨á¯®«ì§ã¥âáï «¨èì z0.

�ãáâì Z = X
S
Y , £¤¥

X =
[
k�1

Xk; Y =
[
k�1

Yk;

Xk =
�
z0 = (z0; z1) : z0i = 0; i 6= k; jz0kj >

�
p
T

�r+1k

; z1 2 Hr(
)
�
;

Yk =
�
z0 = (z0; z1) : z0 2 Hr+1(
); z

1
i = 0; i 6= k; jz1kj >

�
p
T

�rk

�
: (25)

�â¢¥à¦¤¥­¨¥. � ¨£à¥ G3 ¤«ï ¯à®¨§¢®«ì­®£® ­ ç «ì­®£® ¯®«®¦¥­¨ï z0 2 Z ¢®§¬®¦­® ãª«®-
­¥­¨¥ ®â ¢áâà¥ç¨.

�®ª § â¥«ìáâ¢®. �ãáâì z0 | ¯à®¨§¢®«ì­®¥ ­ ç «ì­®¥ ¯®«®¦¥­¨¥, z0 2 Z. �«ï ®¯à¥¤¥-
«¥­­®áâ¨ ¤®¯ãáâ¨¬, çâ® z0 2 X (¢ á«ãç ¥, ª®£¤  z0 =2 X, z0 2 Y , à ááã¦¤¥­¨ï ¯à®¢®¤ïâáï
 ­ «®£¨ç­®). �ç¨â ï v(�) = 0 ¢ (10), ¤«ï à¥è¥­¨ï z(t), 0 � t � T , ¯®«ãç¨¬ (áà. (12))

�zk(t) = ��kzk(t)� uk(t); zk(0) = z0k; _zk(0) = z1k;

£¤¥ uk(t) = (u(t); 'k). �ãáâì C = ( 0 1
��k 0 ). �¥£ª® ã¡¥¤¨âìáï, çâ®

e�tC
�
zk(t)
_zk(t)

�
=

0
BB@
z0k +

1
�k

tR
0

sin�ks�uk(s)ds

z1k �
tR
0

cos�ks�uk(s)ds

1
CCA : (26)

�á­®, çâ® ¥á«¨ z(t) = _z(t) = 0 ¯à¨ ­¥ª®â®à®¬ t = t0 2 [0; T ], â® ¨ zk(t0) = _zk(t0) = 0. �® â®£¤  ¨

�(t0) = z
(0)
k + 1

�k

t
0R
0

sin�ks�uk(s)ds = 0 ((26)).
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� ¤àã£®© áâ®à®­ë ((26)),

j�(t0)j � jz0kj �
1
�k

Z t0

0

juk(s)jds: (27)

� á¨«ã ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£®
t0R
9

juk(s)jds �
p
T �

�r
k

. �«¥¤®¢ â¥«ì­® ((27)), 0 = j�(t0)j �
jz0kj � �

p
T

�r+1
k

, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î ¬­®¦¥áâ¢  Xk ((25)).

� ª¨¬ ®¡à §®¬, ¯à¨ ¯à¥¤«®¦¥­­®¬ ¢ëè¥ ¢ë¡®à¥ äã­ªæ¨¨ v(�) ®ª § «®áì ¢®§¬®¦­ë¬ ãª«®-
­¥­¨¥ ®â ¢áâà¥ç¨ ¨§ ¯à®¨§¢®«ì­®£® ­ ç «ì­®£® ¯®«®¦¥­¨ï z0 2 Z.

5. �à¨¬¥à.�ãáâì ã¯àã£ ï áâàã­  ¥¤¨­¨ç­®© ¤«¨­ë á § ªà¥¯«¥­­ë¬¨ ª®­æ ¬¨ ¯®¤¢¥à£ ¥âáï
¯®¯¥à¥ç­®¬ã ª®«¥¡ ­¨î ®ª®«® á¢®¥£® ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï. �®£¤  ¨¬¥¥¬ § ¤ çã (3), (4) á

Az = �d2z

dx2
;

£¤¥ ®¡« áâìî ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  A ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢®
�
C2(0; 1) ¯à®áâà ­áâ¢  L2(0; 1).

� ç «ì­ë¥ äã­ªæ¨¨ z0; z1 ¢ë¡¥à¥¬ ¢ ¢¨¤¥

z0 =
1

48
p
2

(
�4x3 + 3x; 0 � x � 1

2
;

�4(1� x)3 + 3(1� x); 1
2
� x � 1;

z1 =
1

4
p
2
(x� x2); 0 � x � 1:

�§¢¥áâ­® ([15], á. 69), çâ® í­¥à£¥â¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ ®¯¥à â®à  A ï¢«ï¥âáï ¯à®áâà ­áâ¢®
�
W 1

2(0; 1). �®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ ¨ á®¡áâ¢¥­­ë¬¨ ç¨á« ¬¨ ®¯¥à â®à  A ï¢«ïîâáï 'k =p
2 sin�kx, 0 � x � 1, �k = (�k)2, k = 1; 2; : : : � ¯®¬®éìî íâ¨å ¤ ­­ëå ¯®áâà®¨¬ ¯à®áâà ­-

áâ¢  Hr(0; 1), r � 0.
�¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬ ¬®¦­® ¯®ª § âì, çâ® ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨© z0 ¨

z1 ¨¬¥îâ ¢¨¤

z0k =

(
1

(�k)4
¯à¨ ­¥ç¥â­®¬ k;

0 ¯à¨ ç¥â­®¬ k;
z1k =

(
1

(�k)3
¯à¨ ­¥ç¥â­®¬ k;

0 ¯à¨ ç¥â­®¬ k:

� ¬¥â¨¬, çâ®

a2 =
1X
k=1

�3k(z
0
k)

2 =
1X
l=1

1
�2(2l � 1)2

=
1
8
; b2 =

1X
k=1

�2k(z
1
k)

2 =
1
8
:

�âáî¤  z0 2 H3(0; 1), z1 2 H2(0; 1). �à¨ � = 3, � = 1 ¤«ï à áá¬ âà¨¢ ¥¬ëå ¨£à ¢ë¯®«­¥­ë
¢á¥ ãá«®¢¨ï ¯¯. 1�{4� â¥®à¥¬ë. �®íâ®¬ã ¢ ¨£à å G1, G2, G3 ¨ G4 ¤«ï ­ ç «ì­®£® ¯®«®¦¥­¨ï
z0 = (z0; z1) à §à¥è¨¬  § ¤ ç  ¯à¥á«¥¤®¢ ­¨ï. �à¨ íâ®¬ ¢ ¨£à å G1 ¨ G2 £ à ­â¨à®¢ ­­ë¬
¢à¥¬¥­¥¬ ¯à¥á«¥¤®¢ ­¨ï á«ã¦ â ç¨á«  T (z0) = (2 + �)=2�, T (z0) = 2�, á®®â¢¥âáâ¢¥­­® (á¬. (8),
¯. 2� â¥®à¥¬ë). �â® ®§­ ç ¥â, çâ® áâàã­  ¯à¨¢®¤¨âáï §  ª ¦¤®¥ ¨§ íâ¨å ¢à¥¬¥­ ¢ ­¥¢®§¬ãé¥­­®¥
á®áâ®ï­¨¥ ¨§ § ¤ ­­®£® ­ ç «ì­®£® ¯®«®¦¥­¨ï z0.

�«ï ¨£àë G4 ¢ ª ç¥áâ¢¥ �1 (0 < �1 � 3) ¢ë¡¥à¥¬ �1 = 2
3

p
3�. �®£¤  ¨¬¥¥¬ T0 = 2�, T1 = 6� ¨

N = 2.
�¥«®¥ ç¨á«® M , ¤«ï ª®â®à®£® ­ àãè ¥âáï ­¥à ¢¥­áâ¢® (24), ¬®¦­® ¢ë¡à âì ¢ ¢¨¤¥ M =

max
��
(6�)=l2 � 3

�
; 0
	
+ 1.

� ª¨¬ ®¡à §®¬, £ à ­â¨à®¢ ­­ë¬ ¢à¥¬¥­¥¬ ¯à¥á«¥¤®¢ ­¨ï ¢ à áá¬ âà¨¢ ¥¬®© ¨£à¥ G4 ï¢«ï-
¥âáï ç¨á«® T (z0) = (2 + 6M)�.
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