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� áá¬®âà¨¬ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X ãà ¢¥¨¥

x(t) =
Z t

0

K(t� s)x(s) ds+ f(t); t � 0: (1)

�¤¥áì f | ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ [0;1) ¢ X, K(t) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ t ï¢«ï¥âáï

¢¯®«¥ ¥¯à¥àë¢ë¬ ®¯¥à â®à®¬ ¢ X ¨ K 2 L[0;1) =
n
K :

1R
0

kK(t)kdt <1
o
. � ª ¨§¢¥áâ®, ¯à¨

íâ¨å ¯à¥¤¯®«®¦¥¨ïå ãà ¢¥¨¥ (1) ¨¬¥¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ x(t),
íâ® à¥è¥¨¥ ®¯à¥¤¥«¥®   [0;1) ¨ ¢ëà ¦ ¥âáï à ¢¥áâ¢®¬

x(t) = f(t) +
Z t

0
R(t� s)f(s) ds; t � 0;

£¤¥ R | à¥§®«ì¢¥â  ï¤à  K.
�¥§®«ì¢¥â  R(t) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ t ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ®¯¥à â®à®¬,

ã¤®¢«¥â¢®àïîé¨¬ ãà ¢¥¨î

R(t) = K(t) +
Z t

0
K(t� s)R(s) ds; t � 0; (2)

R(t) áã¬¬¨àã¥¬    «î¡®¬ ®âà¥§ª¥ [0; a] ¨ kR(t)k = O(ect), ¯à¨ ¥ª®â®à®¬ c � 0. �®íâ®¬ã ¤«ï

R (¯® ªà ©¥© ¬¥à¥ ¯à¨ Re z > c) ®¯à¥¤¥«¥® ¯à¥®¡à §®¢ ¨¥ � ¯« á  bR(z) = 1R
0

e�ztR(t) dt ¨ ¢

á¨«ã (2) ®® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
�
I � cK(z)

� bR(z) = cK(z) (I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à).

�á«¨ ®¯¥à â®à I � cK(z) ®¡à â¨¬ ¯à¨ ¢á¥å z, Re � 0, â® á®£« á® â¥®à¥¬¥ �¨¥à  [1], [2]
à¥§®«ì¢¥â  R 2 L[0;1).

�ãáâì I �cK(z) ®¡à â¨¬ ¥ ¯à¨ ¢á¥å z, Re z � 0. � ª ª ª cK(z)! 0 ¯à¨ jzj ! 1, â® ®¯¥à â®à
I � cK(z) ®¡à â¨¬ ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å jzj. �®íâ®¬ã äãªæ¨ï

�
I � cK(z)

��1
¬¥à®¬®àä  ¢

®¡« áâ¨ Re z > 0. �á«¨ ®  ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®¥ç®¥ ç¨á«® ®á®¡ëå â®ç¥ª �j ¨
íâ¨ â®çª¨ | ¯®«îá , â® ä®à¬ «ì®

R(t) =
1
2�i

Z c+i1

c�i1

ezt
�
I � cK(z)

��1cK(z) dz

¨ ¯® â¥®à¨¨ ¢ëç¥â®¢  á¨¬¯â®â¨ª  R(t) § ¢¨á¨â ®â ª¢ §¨¬®£®ç«¥ 
P
Pj(t) e�j t. �á«¨ ¥áâì ®á®¡ë¥

â®çª¨, ®â«¨çë¥ ®â ¯®«îá®¢,   ®¨ ¬®£ãâ «¥¦ âì «¨èì   ¬¨¬®© ®á¨, â®  á¨¬¯â®â¨ª  R(t)
å à ªâ¥à¨§ã¥âáï ¡®«¥¥ á«®¦®©, ç¥¬ ª¢ §¨¬®£®ç«¥, äãªæ¨¥©.
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�®¯à®á, â ª¨¬ ®¡à §®¬, § ª«îç ¥âáï ¢ â®¬, ª ª ï äãªæ¨ï ®¯à¥¤¥«ï¥â  á¨¬¯â®â¨ªã R(t),
ª ª¨¬ ®¡à §®¬ R(t) § ¢¨á¨â ®â íâ®© äãªæ¨¨ ¨ ª ª®¢ë ¬¨¨¬ «ìë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå
á¯à ¢¥¤«¨¢  á®®â¢¥âáâ¢ãîé ï § ¢¨á¨¬®áâì R(t).

�¤¨ ¨§ ¢®§¬®¦ëå ®â¢¥â®¢   íâ¨ ¢®¯à®áë ¬®¦® ¯®«ãç¨âì, ¨á¯®«ì§ãï ¬¥â®¤,  ¯à¨¬¥à,
¯à ¢®©, à¥£ã«ïà¨§ æ¨¨. �â® ®§ ç ¥â, çâ® ¢ ãà ¢¥¨¨ (1)  ¤® ¢¢¥áâ¨ § ¬¥ã

x(t) = y(t) +
Z t

0

Q(t� s)y(s) ds;

£¤¥ Q  ¤® ¯®¤®¡à âì â ª, çâ®¡ë [I + bQ(z)]�1 \£ á¨«®" ®á®¡ë¥ â®çª¨ [I � cK(z)]�1, â. ¥. çâ®¡ë
®¯¥à â®à

�
I � cK(z)

��
I + bQ(z)�, á®®â¢¥âáâ¢ãîé¨© à¥£ã«ïà¨§®¢ ®¬ã ãà ¢¥¨î, ¡ë« ®¡à â¨¬

¢® ¢á¥© ¯®«ã¯«®áª®áâ¨ Re z � 0. �®£¤ , ª ª ®â¬¥ç¥® ¢ëè¥, à¥§®«ì¢¥â  à¥£ã«ï§¨à®¢ ®£®
ãà ¢¥¨ï R0(t) 2 L[0; 1) ¨ à¥§®«ì¢¥â  R ¢ëà ¦ ¥âáï ç¥à¥§ R0 ¨ Q à ¢¥áâ¢®¬

R(t) = Q(t) +R0(t) +
Z t

0

Q(t� s)R(s) ds: (3)

�á«¨ X = C ,   1� cK(z) ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâïå ª®¥ç®¥ ç¨á«® ã«¥© ª®¥ç®© ªà â®áâ¨ (¥
®¡ï§ â¥«ì® æ¥«®©), â® ¢¨¤ Q ¨ ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï á¯à ¢¥¤«¨¢®áâ¨ (3) á â ª¨¬
Q ¯à¨¢¥¤¥ë ¢ [3], [4]. �«ï á¨áâ¥¬ë ãà ¢¥¨© ¢¨¤ Q ¨ ¯à¥¤áâ ¢«¥¨¥ (3) ¯®«ãç¥ë ¢ á«ãç ¥,
ª®£¤  ¢á¥ ®á®¡ë¥ â®çª¨

�
I � cK(z)

��1
| ¯®«îá  [5] ¨«¨ ¥ª®â®àë¥ ¨§ ¨å | á¯¥æ¨ «ì®£® ¢¨¤ 

â®çª¨ ¢¥â¢«¥¨ï [6]. � ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ®¡é¨© á«ãç © â®ç¥ª ¢¥â¢«¥¨ï, â®ç¥¥
¯à¥¤¯®« £ ¥âáï ¢ë¯®«¥ë¬ á«¥¤ãîé¥¥ ãá«®¢¨¥.

A) �¯¥à â®à I � cK(z) ¥ ®¡à â¨¬ ¯à¨ Re z � 0 ¢ ª®¥ç®¬ ç¨á«¥ â®ç¥ª �1; : : : ; �p, Re �i=0,
i = 1; : : : ; q, Re �i > 0, i > q, ¯à¨ç¥¬ ¢ ®ªà¥áâ®áâ¨ â®ç¥ª �i, i � q, á¯à ¢¥¤«¨¢® à §«®¦¥-
¨¥

�
I � cK(z)

��1
=

TiX
k=0

Aik

(z � �i)�ik
+ Ci(z); j arg zj �

�

2
; (4)

£¤¥ �i0 > �i1 > � � � > 0 ¨ Ci(z) ¥¯à¥àë¢ ,   â®çª¨ �i, i > q, ï¢«ïîâáï ¯®«îá ¬¨�
I � cK(z)

��1
¯®àï¤ª  mi á®®â¢¥âáâ¢¥®.

�¡®§ ç¨¬ ç¥à¥§ U � V (t) =
tR
0

U(t� s)V (s) ds á¢¥àâªã U ¨ V , ç¥à¥§ [�] | æ¥«ãî ç áâì ç¨á« 

�, f�g = �� [�], mi = [�i0] + 1, ¥á«¨ f�i0g 6= 0 ¨ mi = [�i0], ¥á«¨ f�i0g = 0.

�¥®à¥¬ . �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ A) ¨ ¯à¨ i � q

cK(�i) t
�i0�1 � t�i0�1 � e��itK(t) 2 L[0;1); (5)

 , ¥á«¨ �i0 > 1, â® ¨ Z 1

t

e��isK(s) ds 2 L[0;1): (6)

�®£¤  ¤«ï à¥§®«ì¢¥âë R ï¤à  K á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ R(t) = Q1(t)+R1(t)+Q0(t)�R0(t),
£¤¥ Ri 2 L[0;1), i = 0; 1,

Q0(t) =
qX

i=1

e�it
�mi�1X

k=0

C0
ik t

�i0�1�k + P 0
[�i0]�1

(t)
�
;

Q1(t) =
qX

i=1

e�it
�mi�1X

k=0

C1
ik t

�i0�1�k + P 1
[�i0]�1

(t)
�
+
X
i>q

e�itPmi�1(t);

Pr(t), P 0
r (t), P

1
r (t) | ¬®£®ç«¥ë áâ¥¯¥¨ r á ®¯¥à â®àë¬¨ ª®íää¨æ¨¥â ¬¨.
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�áâ¥áâ¢¥® ¯à¥¤¯®« £ ¥âáï, çâ® Q0(t) = 0, ¥á«¨ q = 0.
�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¥®¡å®¤¨¬® ¯®¤áç¨â âì ¥ª®â®àë¥ á¢¥àâª¨.

�¥¬¬ . �ãáâì �j 6= �l, j 6= l, Re �j � 0, �j ¤¥©áâ¢¨â¥«ìë¥ æ¥«ë¥, ¯à¨ç¥¬ �j � 0 ¯à¨

Re�j > 0. �®£¤ 

e�1t (t+ 1)�1 � � � � � e�nt (t+ 1)�n =
nX

j=1

�
e�j t

rX
l=0

C
(�j)
l (t+ 1)�j�l + e�jtP[�j ](t)

�
+

Q(1)
(t+ 1)m+1

;

£¤¥ r � max(�j), m = [min(r � �j)], C
(�)
l = 0 ¯à¨ l > �, ¥á«¨ æ¥«®¥ � � 0 ¨ Pk(t) | ¬®£®ç«¥

áâ¥¯¥¨ k, ¯à¨ç¥¬ Pk(t) = 0 ¯à¨ k < 0.

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë ¨ �j > �1. �®£¤ 

e�1t t�1 � � � � � e�nt t�n =
nX

j=1

�
e�j t

[�j ]+1X
l=0

C
(�j)
l t�j�l + e�j t P[�j ](t)

�
+ U; (7)

£¤¥ U 2 L[0;1) ¨ â ª®¢®, çâ® ¯à¨ 0 � � < 1, Re� = 0, � 6= �j , ¥á«¨ f�jg 6= 0,

e�t

t�
� U =

ce�t

t�
+ V (t); V 2 L[0;1):

� ¬¥â¨¬ â ª¦¥, çâ® e�t t� � e�t t� = Ce�tt�+�+1 ¯à¨ �; � > �1.

�®ª § â¥«ìáâ¢® «¥¬¬ë. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬ ¯à¨
r > �, r > 0, Re� � 0, � 6= 0

(t+ 1)� �
O(1)

(t+ 1)2r+1+"
=

rX
l=0

C
(�)
l (t+ 1)(��l) +

O(1)
(t+ 1)

;  = min(r + 1� �; r + ") (8)

¨

'1(�; �)(t) =
Z t

0

(s+ 1)� e�s ds =
rX

l=0

C
(�)
l e�t (t+ 1)��l +C +

e�tO(1)
(t+ 1)r+1��

:

�§ ¯®á«¥¤¥£® á«¥¤ã¥â (m  âãà «ì®¥)

'm(�; �)(t) =
Z t

0

(t� s)m�1 (s+ 1)�e�s ds =
rX

l=0

C
(�)
l (t+ 1)��l +

O(1)e�t

(t+ 1)r+1��
+ Pm�1(t):

�®¤áç¨â ¥¬ â¥¯¥àì I�;��;� = e�t (t + 1)� � e�t (t + 1)�. � ¬¥â¨¬, çâ® ¯à¨ Re � > 0, Re� > 0 ¨«¨
Re� > 0, Re� = 0, � < 0 ¨«¨ Re� = Re� = 0, � < 0, � < 0 «¥¬¬  á¯à ¢¥¤«¨¢  (á¬. [7]).

� áá¬®âà¨¬ â¥¯¥àì á«ãç © Re � = Re� = 0, � > 0, � < 0. �â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï
ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¯à¨ �j < 0, ¨¬¥¥¬

I
�;�
�;� = e�t

Z t

0
(t� s+ 1)� e(���)s(s+ 1)� ds =

= e�t
�
C0 '1(�; �� �) + � � �+ C[�] '[�]+1(�; �� �) + C

(�)
[�]+1 (t+ 1)f�g�1 � '[�]+1(�; �� �)

�
=

=
rX

l=0

Cl e
�t (t+ 1)��l +

O(1)
(t+ 1)p+1��

+ P[�](t) e�t + C
(�)
[�]+1

�
e�t (t+ 1)f�g�1 �

2rX
l=0

Cl e
�t (t+ 1)��l +

+ e�t
�
(t+ 1)f�g�1 �

O(1)
(t+ 1)2r+1��

�
+ e�t

�
(t+ 1)f�g�1 � P[�](t)

��
=

= e�t
rX

l=0

C
(�)
l (t+ 1)��l + e�tP[�](t) + e�t

rX
l=0

Cl(t+ 1)��l +
O(1)

(t+ 1)r+1��
:
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�®¤®¡ë¬ ¦¥ ®¡à §®¬, ¨á¯®«ì§ãï ã¦¥ ¢ëç¨á«¥ë¥ I�;��;� ,  ©¤¥¬ I
�;�
�;� ¯à¨ Re� = Re� = 0,

� > 0, � > 0 ¨ Re� > 0, Re� = 0, � > 0. �¥à¥å®¤ ®â n = 2 ª n > 2 ®áãé¥áâ¢«ï¥âáï áâ ¤ àâë¬
®¡à §®¬ ¯® ¨¤ãªæ¨¨.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï. �aç « , ¨á¯®«ì§ãï à ¢¥áâ¢®

t� = (t+ 1)� + C1(t+ 1)��1 + � � � +Cn(t+ 1)��p +
O(1)

(t+ 1)p+1��
; (9)

¯¥à¥©¤¥¬ ®â áâ¥¯¥¥© t ª áâ¥¯¥ï¬ t+ 1. �á¯®«ì§ãï «¥¬¬ã ¨ à ¢¥áâ¢®

(t+ 1)� = t� + C1t
��1 + � � �+ C[�]t

��[�] + C
(�)
[�]+1t

f�g�1 + C
(�)
[�]+2(t+ 1)f�g�2 + � � � +

O(1)
(t+ 1)p+1��

;

¯¥à¥©¤¥¬ ª áâ¥¯¥ï¬ t. �®«ãç¨¬ à ¢¥áâ¢® (7), £¤¥ U |«¨¥© ï ª®¬¡¨ æ¨ï e
�jt

(t+1)l�f�ig
, Re�j�0,

f�ig 6= 0, l � 2 ¨ O(1)

(t+1)q
á ¤®áâ â®ç® ¡®«ìè¨¬ q,   e�t

t�
§ ¬¥¨âáï   e�t

(t+1)�
.

� ¢¥áâ¢®
e�t

(t+ 1)�
�

e�it

(t+ 1)l�f�ig
=

ce�t

(t+ 1)�
+ V; V 2 L[0; 1);

á«¥¤ã¥â ¨§ «¥¬¬ë,   à ¢¥áâ¢®

e�t

(t+ 1)�
�

O(1)
(t+ 1)q

=
ce�t

(t+ 1)�
+ V; V 2 L[0; 1):

| ¨§ (8).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �á¯®«ì§ã¥¬ á®®â¢¥âáâ¢ãîé¨© ï¤àã K ®¯¥à â®à á¢¥àâª¨ K, ª®-
â®àë© ®¯à¥¤¥«ï¥âáï   C[0;1) à ¢¥áâ¢®¬

Kx = K � x =
Z t

0

K(t� s)x(s) ds:

�¡®§ ç¨¬
'il(t) = cK(�i) t

l � tl � e��itK;

¨ ¯®ª ¦¥¬, çâ® �il 2 L[0;1) ¯à¨ l = [�i0] � 1; [�i0] � 2; : : : ; 0 ¨ l = �i0 � 1; �i0 � 2; : : : ; f�i0g � 1,
¥á«¨ f�i0g 6= 0.

�ãáâì �i0 > 1 ¨ f�i0g 6= 0. �®£¤ , ¨â¥£à¨àãï ¯® ç áâï¬,  ©¤¥¬

cK(�i)(t+ 1)f�i0g�1 � (t+ 1)f�i0g�1 � e��itK(t) = 'i0(t)�
�
1� f�i0g

�
(t+ 1)f�i0g�2 � 'i0(t) 2 L[0;1);

â. ª. (t + 1)f�i0g�2 2 L[0; 1) ¨ ¢ á¨«ã (6) 'i0 2 L[0; 1). � ª ª ª t� � (t + 1)� 2 L[0; 1) ¯à¨
� 2 (�1; 0), â® ¨ �if�i0g�1 2 L[0;1). �âáî¤ , ¨§ (5) ¨ â®£®, çâ® 'il ¯à¨ l = �i0�2; : : : ; f�i0g � 1 á
â®ç®áâìî ¤® ª®áâ â ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ ¯à®¨§¢®¤ë¬¨ 'i �i0�1, á«¥¤ã¥â ([8], á. 263)
'il 2 L[0;1), l = �i0 � 1; �i0 � 2; : : : ; f�i0g � 1 .

�®ª ¦¥¬, çâ® ¨ 'i[�i0]�k 2 L[0;1) ¯à¨ k = 1; : : : ; [�i0]. �¥©áâ¢¨â¥«ì®, ¨á¯®«ì§ãï (9) ¨ ¨â¥-
£à¨àãï ¯® ç áâï¬,  ©¤¥¬ ([�i0 ] > 1) t[�i0]�1 = ct�i0�2 � t�f�i0g = ct�i0�2 � (t+1)�f�i0g+ct�i0�2 �U1 =
c t�i0�1+ c t�i0�1 �U2+ ct�i0�2 �U1, £¤¥ Ui 2 L[0;1),   c | à §«¨çë¥ ª®áâ âë. �«¥¤®¢ â¥«ì®,

'i[�i0]�1 = c'i�i0�1 + c'i�i0�1 � U2 + c'i�i0�2 � U1 2 L[0;1):

�âáî¤ , ¨§ (6) ¨ â®£®, çâ® 'i[�i0]�k á â®ç®áâìî ¤® ª®áâ â áãâì ¯à®¨§¢®¤ë¥ 'i[�i0 ]�1, á«¥¤ã¥â
âà¥¡ã¥¬®¥ ([8], á. 263). �à¨ æ¥«®¬ �i0   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã â ª¦¥ ¨¬¥¥¬ 'il 2 L[0;1),
l = �i0 � 1; �i0 � 2; : : : ; 0.

�¯à¥¤¥«¨¬ ï¤à  Ql ¨ Kl ¯® ¨¤ãªæ¨¨ á«¥¤ãîé¨¬ ®¡à §®¬. �®«®¦¨¬ Q0(t) = 0, K0(t) =

K(t). �ãáâì Ql ¨ Kl ã¦¥ ®¯à¥¤¥«¥ë ¨ j â ª®¢®, çâ®
j�1P
i=1

mi � l <
jP

i=1
mi. �®£¤  ¯®«®¦¨¬
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Ql+1(t) = ctf�j0g�1e�j t, ¥á«¨ �j0 ¥ æ¥«®¥ ¨ l+ 1 =
jP

i=1
mi ¨ Ql+1(t) = ce�j t ¢® ¢á¥å ¤àã£¨å á«ãç ïå

(c > maxRe �j). �¤à® Kl+1 ®¯à¥¤¥«¨¬ à ¢¥áâ¢®¬

Kl+1(t) = Kl(t)�Ql+1(t)Gl +Kl �Ql+1(t)Gl;

£¤¥ Gl | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   Ker
�
I �cKl(�j)

�
. �ãé¥áâ¢®¢ ¨¥ Gl ¢ëâ¥ª ¥â ¨§ ª®¥ç®-

¬¥à®áâ¨ ï¤à  I � cKl(�j). � ª¨¬ ®¡à §®¬, Kl+1 | íâ® ï¤à® ®¯¥à â®à  á¢¥àâª¨, ®¯à¥¤¥«ï¥¬®£®
á®®â®è¥¨¥¬

�
I �Kl

��
I +Ql+1Gl

�
= I �K l+1.

�à¥¤¯®«®¦¨¬, çâ® Kl, j � q, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

B1) Kl 2 L[0; 1);
B2) �i, i < j, | ãáâà ¨¬ë¥ ®á®¡ë¥ â®çª¨

�
I � cKl(z)

��1
;

B3) ¢ �j á¯à ¢¥¤«¨¢® à §«®¦¥¨¥ (4) á § ¬¥®© �j0   �j0 � r, £¤¥ r = l �
j�1P
i=1

mi;

B4) ¢ ®ªà¥áâ®áâ¨ �i, i > j, ¤«ï
�
I � cKl(z)

��1
á¯à ¢¥¤«¨¢® â ª®¥ ¦¥ à §«®¦¥¨¥ (4), ª ª ¨

¤«ï
�
I � cK(z)

��1
.

�®ª ¦¥¬, çâ® B1){B4) á®åà ïîâáï ¯à¨ ¯¥à¥å®¤¥ ª Kl+1. �¡®§ ç¨¬

M l =
�
I +Q1G0

�
: : :

�
I +QlGl�1

�
� I:

�ç¥¢¨¤®, M l ï¢«ï¥âáï ®¯¥à â®à®¬ á¢¥àâª¨ á ï¤à®¬, ï¢«ïîé¨¬áï áã¬¬®© ¢á¥¢®§¬®¦ëå
á¢¥àâ®ª ï¤¥à Qk, k � l, ã¬®¦¥ëå   ¥ª®â®àë¥ ¯®áâ®ïë¥ ®¯¥à â®àë. � á¨«ã á«¥¤áâ¢¨ï
«¥¬¬ë

Ml(t) =
j�1X
i=1

�
e�it

mi�1X
k=0

Cikt
�i0�1�k + e�it

[�i0]�1X
k=0

Dikt
k

�
+ e�j t

r�1X
k=0

Djkt
k + Ul;

£¤¥ Ul 2 L[0;1). �¥£ª® ¯®¤áç¨â âì, çâ® K l = K � (I �K)M l, ¨ ¯®íâ®¬ã

Nl(t) =Ml(t)�K �Ml(t) 2 L[0;1):

�¬¥¥¬

Nl(t) =
j�1X
i=1

�mi�1X
k=0

�
I � cK(�i)

�
Cike

�itt�i0�1�k +
[�i0]�1X
k=0

�
I � cK(�i)

�
Dik e

�it tk
�
+

+
r�1X
k=0

�
I�cK(�j)

�
Djk e

�j ttk+
j�1X
i=1

e�it
�mi�1X

k=0

'i �i0�1�k Cik+
[�i0]�1X
k=0

'i kDik

�
+e�jt

r�1X
k=0

'jkDjk+Ul�K�Ul =

=
j�1X
i=1

�mi�1X
k=0

�
I�cK(�i)

�
Cik e

�it t�i0�1�k+
[�i0]�1X
k=0

�
I�cK(�i)

�
Dike

�it tk
�
+

r�1X
k=0

�
I�cK(�j)

�
Djk e

�j ttk+Vl(t);

£¤¥ Vl 2 L[0;1). �âáî¤ 

bNl(z) =
j�1X
i=1

mi�1X
k=0

�
I � cK(�i)

�
Cik�(�i0 � k)�

z � �i
��i0�k +

jX
i=1

X
k

�
I � cK(�i)

�
Dikk!�

z � �i
�k+1 + bVl: (10)

� ª ª ª Nl ¨ Vl 2 L[0;1), â® bNl(z) ¨ bVl(z) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ â®çª å �i. �®íâ®¬ã
ã¬®¦ ï (10)   áâ àèãî áâ¥¯¥ì (z � �i)�i0 ¨ ¯®« £ ï z ! �i,  ©¤¥¬

�
I � cK(�i)

�
Ci0 = 0.

�¬®¦ ï § â¥¬ (10) ¯®á«¥¤®¢ â¥«ì®   ®áâ ¢è¨¥áï áâ àè¨¥ áâ¥¯¥¨ z � �i ¨ ¯®« £ ï z ! �i,
¯®«ãç¨¬ �

I � cK(�i)
�
Cik = 0;

�
I � cK(�i)

�
Dik = 0: (11)
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�«¥¤®¢ â¥«ì®,

Kl(t) = K(t)� Vl(t) = K(t) +
jX

i=1

[cK(�i)Wi(t)�K �Wi(t)]� Ul +K � Ul; (12)

£¤¥ Wi(t) = �e�it
nmi�1P

k=0
Cikt

�i0�1�k +
[�i0]�1P
k=0

Dikt
k
o
, ¥á«¨ i < j ¨ Wj(t) = �e�jt

r�1P
k=0

Djkt
k. � «¥¥,

¯®« £ ï  = 0, ¥á«¨ r < [�j0], ¨  = f�j0g � 1, ¥á«¨ r = [�j0], ¡ã¤¥¬ ¨¬¥âì

Ml+1(t) =Ml(t) + c t e�j tGl +Ml � c t
 e�j tGl:

�âáî¤  ¢ á¨«ã á«¥¤áâ¢¨ï «¥¬¬ë

Ml+1(t) =
j�1X
i=1

�
e�it

mi�1X
k=0

C
0

ik t
�i0�1�k + e�it

[�i0]�1X
k=0

D
0

ik t
k

�
+ e�jt

r�1X
k=0

D
0

jk t
k+1+ + c t e�j tI + Ul+1;

£¤¥ Ul+1 2 L[0;1),   C
0

ik ¨ D
0

ik áãâì «¨¥©ë¥ ª®¬¡¨ æ¨¨ á®®â¢¥âáâ¢¥® Cip ¨ Dip, ã¬®¦¥ëå
á¯à ¢    Gl. �§ (11) ¯®«ãç¨¬�

I � cK(�i)
�
C

0

ik = 0; i = 1; : : : ; j � 1; ¨
�
I � cK(�i)

�
D

0

ik = 0; i = 1; : : : ; j:

�®íâ®¬ã

Kl+1(t) = K(t)�Ml+1(t) +K �Ml+1(t) = K(t)�Nl+1(t) =

= K(t)�
j�1X
i=1

e�jt
�mi�1X

k=0

'i;�i0�1�k(t)C
0

ik +
[�i0]�1X
k=0

'i;k(t)D
0

ik

�
� e�j t

r�1X
k=0

'j;k++1(t)D
0

jk �

�
�
I � cK(�j)

�
C t e�j t � e�j t 'j;(t)C � Ul+1 +K � Ul+1 =

�
I � cK(�j)

�
Cte�j t + Vl+1(t);

£¤¥ Vl+1 2 L[0;1). �«¥¤®¢ â¥«ì®,

I � cKl+1(z) = I � bVl+1(z) + [I � cK(�j)]C �( + 1)�
z � �j

�+1 =
�
I � cKl(z)

��
I +

C Gl �( + 1)�
z � �j

�+1

�
:

�¬®¦ ï ¯®á«¥¤¥¥ à ¢¥áâ¢®   (z��j)+1, ¯®« £ ï z ! �j ¨ ãç¨âë¢ ï, çâ® [I�cKl(�j)]Gl = 0,
¯®«ãç¨¬ [I � cK(�j)]C = 0 ¨, § ç¨â, Kl+1 = Vl+1 2 L[0;1).

�®ª ¦¥¬ â¥¯¥àì, çâ® ¤«ï [I � cKl+1(z)]�1 á¯à ¢¥¤«¨¢® B2){B4). �¥£ª® ¯à®¢¥à¨âì, çâ®

�
I + bQl+1Gl

��1
= I �Gl +

c(z � �j)+1�( + 1)Gl

(z � �j)+1 + c�( + 1)

¨ â. ª.
�
I�cKl+1(z)

��1
=
�
I+ bQl+1Gl

��1�
I�cKl(z)

��1
, â® ¤«ï

�
I�cKl+1(z)

��1
®ç¥¢¨¤® ¢ë¯®«ï¥âáï

B2) ¨ B4).
�à®¢¥à¨¬ á¯à ¢¥¤«¨¢®áâì B3). �® ãá«®¢¨î

�
I � cKl(z)

��1
=
X
k�0

Bjk

(z � �j)�jk
+B(z);

£¤¥ �j0 = �j0 � r > �j1 > � � � > 0,   B(z) ¥¯à¥àë¢  ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ Re z � 0. �ãáâì k0
â ª®¢®, çâ® �j0��jk0 < 1,   �j0��j k0+1 � 1 (¥á«¨ â ª®¥ k0 ¥áâì). �®ª ¦¥¬, çâ® [I�cKl(z)]Bjk = 0
¯à¨ 0 � k � k0. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, ¯®áª®«ìªã

cK(�j) e�j t t�j0�1 � e�j tt�j0�1 �K = e�j t 'j �j0�1(t) 2 L[0; 1);
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â® cK(�j)�cK(z) = (z��j)�j0 d(z), £¤¥ d(z) = 1
�(�j0)

\e�j t 'j;�j0�1(t) ¥¯à¥àë¢  ¢ ¯à ¢®© ¯®«ã¯«®á-
ª®áâ¨. �âáî¤  ¢ á¨«ã (12)

cKl(z) = cK(z) +
jX

i=1

[cK(�i)� cK(z)]cWi(z)�
�
I � cK(�j)

� bUl(z)�
�cK(�j)� cK(z)

� bUl(z) =

= cK(z) +
j�1X
i=1

[cK(�i)� cK(�j)]cWi(z) + (z � �j)
�j0�rB(z)�

�
I � cK(�j)

� bUl(z):

� ª ª ª Ul ¥áâì áã¬¬  äãªæ¨© e�it

(t+1)l�f�i0g
, l � 2, i < j, ¨ O(1)

(t+1)q
, ã¬®¦¥ëå   ¯®áâ®ïë¥

®¯¥à â®àë, â® bUl(�j)� bUl(z) = (z � �j) (z)

¨, § ç¨â, cKl(�j) � cKl(z) = (z � �j)+1 dl(z), £¤¥ dl(z) ¥¯à¥àë¢  ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨. �á-
¯®«ì§ãï íâ®,  ©¤¥¬

I =
�
I � cKl(z)

��
I � cKl(z)

��1
=

k0X
k=0

[I � cKl(�j)]Bjk�
z � �j

��jk +
D(z)�

z � �j
��j k0 ;

lim
z!�j

D(z) = 0. �¬®¦ ï ¯®á«¥¤®¢ â¥«ì® íâ® à ¢¥áâ¢®   (z � �j)�jk , 0 � k � k0, ¨ ¯®« £ ï

z ! �j , ¯®«ãç¨¬ [I � cKl(�j)]Bjk = 0, 0 � k � k0. �â® ®§ ç ¥â, çâ® ®¡à § ImBjk = Bjk(X) �
Ker(I � cKl

�
�j)

�
¨ ¯®íâ®¬ã

�
I �Gl

�
Bjk = 0, 0 � k � k0. �âáî¤ 

�
I � cKl+1(z)

��1
=
�
I + bQl+1(z)Gl

��1�
I � cKl(z)

��1
=
�
I �Gl +

C �( + 1)Gl(z � �j)+1

(z � �j)+1 + C �( + 1)

�
�

�

�X
k�0

Bjk

(z � �j)�jk
+B(z)

�
=

k0X
k=0

C �( + 1)Gl

(z � �j)�jk�(1+)
1

(z � �j)+1 + C �( + 1)
+

+
�
I + bQl+1(z)Gl

��1� X
k>k0

Bjk

(z � �j)�jk
+B(z)

�
;

â. ¥.
�
I � cKl+1(z)

��1
ã¤®¢«¥â¢®àï¥â (4) á § ¬¥®© �j0   �j0 � r � 1, ¥á«¨ r < [�j0], ¨ �j |

ãáâà ¨¬ ï ®á®¡ ï â®çª , ¥á«¨ r = [�j0]. � ª¨¬ ®¡à §®¬, ¯à¨ h =
qP

i=1
mi ¯®«ãç¨¬ Kh 2 L[0;1)

¨ �i, i = 1; : : : ; q, | ãáâà ¨¬ë¥ ®á®¡ë¥ â®çª¨
�
I � cKh(z)

��1
. � ª ª ª I � cKh(z) ®¯à¥¤¥«¥ ¢ �i,

â® ®¯¥à â®à I � cKh(z) ®¡à â¨¬ ¢ â®çª å ¬¨¬®© ®á¨.

�ãáâì m =
pP

i=1
mi. �®£¤  I �Km =

�
I �Kh

��
I + Qh+1Gh

�
� � �

�
I + QmGm�1

�
¨, ¯à®¢®¤ï à á-

áã¦¤¥¨ï, ¯®¤®¡ë¥ ¯à¨¢¥¤¥ë¬ ¢ [5], ¯®ª ¦¥¬, çâ® ï¤à® Km 2 L[0; 1) ¨ ®¯¥à â®à I � cKm(z)
®¡à â¨¬ ¯à¨ Re z � 0. �ãáâì R0 | à¥§®«ì¢¥â  ï¤à  Km. �®£¤  ¢ á¨«ã â¥®à¥¬ë �¨¥àa [1], [2]

R0 2 L[0;1). �®«®¦¨¬ Q
(m)

=
�
I + Q1G0

�
� � �

�
I + QmGm�1

�
� I. � ª ª ª ï¤à® Q(m) ®¯¥à â®à 

Q
(m)

ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© á¢¥àâ®ª ¢á¥¢®§¬®¦ëå ï¤¥à Qj Gj�1, â® ¢ á¨«ã á«¥¤áâ¢¨ï
«¥¬¬ë

Q(m)(t) =
pX

i=1

�
e�it

[�i0]X
k=0

C
(�i0�1)
k t�i0�1�k + e�it P[�i0]�1(t)

�
+ U(t) = Q(t) + U(t);

£¤¥ U 2 L[0;1). �ç¥¢¨¤®, I �Km =
�
I �K

��
I +Q

(m)�
¨ ¯®íâ®¬ã

R(t) = R0(t) +Q(m)(t) +Q(m)(t) �R0(t) =
�
R0(t) + U(t) + U �R0(t)

�
+Q(t) +Q �R0(t):
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�áâ «®áì § ¬¥â¨âì, çâ® ¯à¨ Re �i > 0

e�ittk � R0(t) =
Z 1

0

(t� s)ke�i(t�s)R0(s)ds�
Z 1

t

(t� s)ke�i(t�s)R0(s)ds = e�itPk(t) + V (t);

£¤¥ V 2 L[0;1), â. ª.Z 1

0

Z 1

t

(s� t)k e�Re�i(s�t)kR0(s)kds =
Z 1

0

kR0(s)k
Z s

0

�k e�Re�i� d� ds <1:
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