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1. �¢¥¤¥¨¥

� áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ãà ¢¥¨©

�1;1u := A
@u

@t
+B

@u

@x
+ Cu = f; (1.1)

£¤¥ A, B, C | ¯®áâ®ïë¥ n�n-¬ âà¨æë, u � u(x; t), f � f(x; t) | ¨áª®¬ ï ¨ § ¤  ï ¢¥ªâ®à-
äãªæ¨¨ á®®â¢¥âáâ¢¥®, (x; t) 2 U = [0; x0]� [0; t0] � R2. �à¥¤¯®« £ ¥âáï, çâ®

det A = 0 (1.2)

¨ ¢¥ªâ®à-äãªæ¨ï f ¤®áâ â®ç® £« ¤ª ï ¢ ®¡« áâ¨ U .
� ¯®á«¥¤¨¥ ¤¥áïâì «¥â á¨áâ¥¬ë ¢¨¤  (1.1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (1.2), ¯à¨¢«¥ª îâ ¢á¥

¡®«ìè¥¥ ¢¨¬ ¨¥ ¢¢¨¤ã â®£®, çâ® ®¨ ¢®§¨ª îâ ¢ à §«¨çëå ¯à¨ª« ¤ëå ®¡« áâïå [1]{[3].
�¨¦¥ è¨à®ª® ¨á¯®«ì§®¢ ë ¬¥â®¤ë, à §à ¡®â ë¥ ¯à¨ ¨§ãç¥¨¨ «¨¥©ëå á¨áâ¥¬ ®¡ëª-

®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

�1� := A
d�

dt
+B� = '; t 2 [0; t0]; (1.3)

£¤¥ � � �(t), ' � '(t) | ¨áª®¬ ï ¨ § ¤  ï ¢¥ªâ®à-äãªæ¨¨ á®®â¢¥âáâ¢¥® ¨ ¢ë¯®«¥®
ãá«®¢¨¥ (1.2).

2. �¥®à¥¬ë áãé¥áâ¢®¢ ¨ï

�§ãç¨¬ ¥ª®â®àë¥ á¢®©áâ¢  á¨áâ¥¬ë (1.1) ¯à¨ ¯à¥¤¯®«®¦¥¨ïå, çâ® ¬ âà¨æ  C = 0,   ¯ãç®ª
¬ âà¨æ �A+B à¥£ã«ïà¥. �¤¥áì � | ¥ª®â®àë© á¨¬¢®«, ª®â®à®¬ã ¢ à ¡®â¥ ¬®¦¥â ¯à¨¤ ¢ âìáï
á¬ëá« ç¨á«®¢®£® ¯ à ¬¥âà  ¨«¨ ®¯¥à â®à .

�¯à¥¤¥«¥¨¥ 2.1. �ãç®ª ¬ âà¨æ �A+B à¥£ã«ïà¥, ¥á«¨ det(�A+B) 6� 0, £¤¥ �| ç¨á«®¢®©
¯ à ¬¥âà.

�à¨  è¨å ¯à¥¤¯®«®¦¥¨ïå ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢¥¨©

A
@u

@t
+B

@u

@x
= f; (2.1)

¤«ï ¨§ãç¥¨ï ª®â®à®© ¯®âà¥¡ã¥âáï

�¥¬¬  2.1 ([4], á. 76). �ãáâì ¯ãç®ª ¬ âà¨æ �A + B à¥£ã«ïà¥. �®£¤  áãé¥áâ¢ãîâ â ª¨¥

¥¢ëà®¦¤¥ë¥ n� n-¬ âà¨æë P ¨ Q c ¯®áâ®ïë¬¨ í«¥¬¥â ¬¨, çâ®

P (�A+B)Q = �

0
@E� 0 0
0 E� 0
0 0 N

1
A+

0
@J 0 0
0 M 0
0 0 El

1
A ; (2.2)
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£¤¥ N , M | ¨«ì¯®â¥âë¥ ¬ âà¨æë ¨¤¥ªá®¢ k ¨ k1 á®®â¢¥âáâ¢¥®: N
k = 0, Mk1 = 0, J |

¥ª®â®à ï d � d-¬ âà¨æ , E� , E�, El | ¥¤¨¨çë¥ ¬ âà¨æë, à §¬¥à®áâ¨ ª®â®àëå à ¢ë

¨¤¥ªá ¬, � + � = d, l = n� d.

�¯à¥¤¥«¥¨¥ 2.2 ([4]). �ëà ¦¥¨¥ ¨§ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (2.2)  §ë¢ ¥âáï ª ®¨ç¥-

áª®© (ªà®¥ª¥à®¢®©) áâàãªâãà®© ¯ãçª  ¬ âà¨æ �A+B. � à ¬¥âàë k, k1  §ë¢ îâáï ¨¤¥ªá ¬¨
¯ à ¬ âà¨æ (A;B) ¨ (B;A) á®®â¢¥âáâ¢¥®.

�¥¬¬  2.2. �ãç®ª ¬ âà¨æ �A + B à¥£ã«ïà¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â

¬ âà¨çë© ¬®£®ç«¥ L(�) =
kP

j=0
Lj�

j á® á¢®©áâ¢®¬ L(�)(�A + B) = �En + L0B, £¤¥ Lj |

¯®áâ®ïë¥ n� n-¬ âà¨æë.

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì. �ãáâì ¯ãç®ª ¬ âà¨æ �A+B à¥£ã«ïà¥. �®£¤ 

L(�) = Q

�
Ed 0
0 �(�N +El)�1

�
P; (�N +El)

�1 =
kX

j=0

(��N)j ; (2.3)

£¤¥ (��N)0 = El.
�¥®¡å®¤¨¬®áâì ®ç¥¢¨¤ .

�«ï â®£® çâ®¡ë ¯®áâ ¢¨âì ªà ¥¢ãî § ¤ çã ¤«ï á¨áâ¥¬ë (2.1) ¨ ¤®ª § âì áãé¥áâ¢®¢ ¨¥ à¥-
è¥¨ï, ¯®âà¥¡ã¥âáï

�¥¬¬  2.3. �¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨©

N
@z

@t
+
@z

@x
=  ; (2.4)

£¤¥ z � z(x; t),  �  (x; t) | ¨áª®¬ ï ¨ § ¤  ï ¢¥ªâ®à-äãªæ¨¨ á®®â¢¥âáâ¢¥®, Nk = 0,
¨¬¥¥â ¢¨¤

z =
k�1X
j=0

�
�j e (x; t) + 	jc(t)

xj

j!

�
; e (x; t) = Z

x

 (x; t)dx; (2.5)

£¤¥ 	 = �(@=@t)N , � = � R
x
�	dx, c(t) | ¯à®¨§¢®«ì ï ¢¥ªâ®à-äãªæ¨ï, �0 e = e , �0c(t) = c(t).

�®ª § â¥«ìáâ¢®. �à®¨â¥£à¨àã¥¬ á¨áâ¥¬ã (2.4) ¯® ¯¥à¥¬¥®© x. �®«ãç¨¬ à ¢¥áâ¢®

N

Z
x

@z

@t
dx+ z = e + c(t): (2.6)

� ä®à¬ã«¥ (2.3) ¯à¨¬¥¬ � =
R
x
�(@=@t)dx ¨ ¢ë¯¨è¥¬ à¥è¥¨¥ ãà ¢¥¨ï (2.6). � ¬ ã¦® ¤®ª -

§ âì, çâ® à¥è¥¨¥ á¨áâ¥¬ë (2.4) § ¢¨á¨â â®«ìª® ®â ®¤®© ¯à®¨§¢®«ì®© ¢¥ªâ®à-äãªæ¨¨ c(t) ¨ ¥¥
¯à®¨§¢®¤ëå. �ç¥¢¨¤®, çâ® ¬ âà¨æë P , Q ¬®¦® ¢ë¡à âì â ª, çâ® N = diagfN1 N2 : : : Nig, £¤¥
Nj | ¦®à¤ ®¢ë ¨«ì¯®â¥âë¥ ¡«®ª¨ à §¬¥à®áâ¨ mj �mj, N

mj

j = 0, m1 +m2 + � � �+mi = n.
� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ ä®à¬ã«¥ (2.6) ¬ âà¨æ  N ¯à¥¤áâ ¢«ï¥â ¦®à¤ ®¢ ¡«®ª à §¬¥à®-
áâ¨ k. � ª®®à¤¨ â®© ä®à¬¥ ¨¬¥¥¬

@zk�j�1
@t

+
@zk�j
@x

=  k; j = 0; 1; : : : ; k � 1; ®âáî¤  zk =
Z
x
 k(x; t)dx + ck(t);

zk�j�1 = � @

@t

Z
x

zk�j(x; t)dx +  k�j�1(x; t) + ck�j�1(t);

£¤¥ c(t) = (c1(t) c2(t) : : : ck(t))
>, z = (z1 z2 : : : zk)

>, >| á¨¬¢®« âà á¯®¨à®¢ ¨ï. �®á«¥¤®¢ -
â¥«ì®,  ç¨ ï á ¯®á«¥¤¥© ª®¬¯®¥âë,  å®¤¨¬ ¢á¥ ª®¬¯®¥âë ¢¥ªâ®à  z ¨ § ¯¨áë¢ ¥¬ ¥£®
¢ ¬ âà¨ç®¬ ¢¨¤¥ (2.5).
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�®ª ¦¥¬ â¥¯¥àì, çâ® ¤àã£¨å à¥è¥¨© á¨áâ¥¬  (2.4) ¥ ¨¬¥¥â. �à¥¤¯®«®¦¨¬, çâ® ¨¬¥îâáï ¤¢ 
à §«¨çëå ®¡é¨å à¥è¥¨ï: z ¨ ez. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢® à ¢¥áâ¢® N@v=@t + @v=@x = 0,

v = ez � z. �à®¢®¤ï à ááã¦¤¥¨ï,   «®£¨çë¥ ¢ëè¥¨§«®¦¥ë¬, ¯®«ãç¨¬ v =
k�1P
j=0

	jc(t)xj=j!,

â. ¥. ¢â®à®¥ á« £ ¥¬®¥ ¢ ä®à¬ã«¥ (2.5) á®¢¯ ¤ ¥â á ï¤à®¬ ®¯¥à â®à  á¨áâ¥¬ë (2.4).

�«¥¤áâ¢¨¥ 2.1. �¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï

@z

@t
+N

@z

@x
=  

¨¬¥¥â ¢¨¤

z =
k�1X
j=0

�e�j (x; t) + e	jc(x)
tj

j!

�
;

£¤¥ e	 = �(@=@x)N , e� = � R
t
�e	dt.

� ¬¥ç ¨¥ 2.1. �¬¥áâ® (2.4) ¬®¦® à áá¬®âà¥âì á¨áâ¥¬ã

Na

�
@

@t

�
z + b

�
@

@x

�
z =  ;

£¤¥ a(@=@t) =
iP

j=0
aj(@=@t)j , b(@=@x) =

i1P
j=0

bj(@=@x)j | áª «ïàë¥ ®¯¥à â®àë á ¯®áâ®ïë¬¨

ª®íää¨æ¨¥â ¬¨. �®£¤  ¬®¦® ¯®áâà®¨âì   «®£ ä®à¬ã«ë (2.5) ¨ ®¯¥à â®àë ¢ ¥© ¡ã¤ãâ ¨¬¥âì
¢¨¤ � = �S � a(@=@t)N , 	 = �a(@=@t)N , £¤¥ ®¯¥à â®à S ï¢«ï¥âáï «¥¢ë¬ ®¡à âë¬ ª ®¯¥à â®àã
b(@=@x). �® ¢â®à®¬ á« £ ¥¬®¬ ®¯¥à â®à 	 ¤¥©áâ¢ã¥â ¥ ¯à®áâ®   ¯à®¨§¢®«ìãî ¢¥ªâ®à-äãªæ¨î
c(t),     ï¤à® ®¯¥à â®à  b(@=@x).

�¥à¥©¤¥¬ ª   «¨§ã à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (2.1). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï «¥¬¬®© 2.1.
�¬®¦ ï (2.1)   ¬ âà¨æã P ¨ ¯à®¨§¢®¤ï § ¬¥ã u = Qy, à áé¥¯¨¬ ¥¥   âà¨ ¥§ ¢¨á¨¬ë¥
¯®¤á¨áâ¥¬ë:

@y1
@t

+ J1
@y1
@x

= '1;
@y2
@t

+M
@y2
@x

= '2; N
@y3
@t

+
@y3
@x

= '3; (2.7)

£¤¥ y =
�
y>1 y>2 y>3

�>
, P' =

�
'>1 '>2 '>3

�>
.

� ¤ ¢ ï ãá«®¢¨ï y2(x; 0) =  2(x), y3(0; t) =  3(t) ¤«ï ¢â®à®£® ¨ âà¥âì¥£® ãà ¢¥¨© á¨áâ¥¬ë
(2.7), á®£« á® «¥¬¬¥ 2.3 ¨ á«¥¤áâ¢¨î ª ¥© ®¤®§ ç® ®¯à¥¤¥«¨¬ ¨å à¥è¥¨ï ¢ ®¡« áâ¨ U :

y2 =
k1�1X
j=0

(�M)j
�
 
(j)
2 (x)tj=j! +

Z t

0
(t� s)j

@j'2(x; s)
@xj

ds

�
; (2.8)

y3 =
k�1X
j=0

(�N)j
�
 (j)
3 (t)xj=j! +

Z x

0

(x� s)j
@j'3(s; t)

@tj
ds

�
: (2.9)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à®¨§¢®«ì®¥ § ¤ ¨¥  ç «ìëå ãá«®¢¨©   ¤àã£¨å £à ¨æ å ®¡« áâ¨
y2(0; t) =  2(t), y3(x; 0) =  3(x) ¥¢®§¬®¦®. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®¤áâ ¢¨âì  ç «ìë¥ äãª-
æ¨¨ ¢ ä®à¬ã«ë à¥è¥¨© ®¤®à®¤ëå á¨áâ¥¬, â® á ¥®¡å®¤¨¬®áâìî ¤®«¦ë ¢ë¯®«ïâìáï á®®â-
®è¥¨ï

 2(t) =
k1�1X
j=0

(�M)jc(j)2 (0)tj=j!;  3(x) =
k�1X
j=0

(�N)jc(j)3 (0)xj=j!; (2.10)

£¤¥ c2(x), c3(t) | ¯à®¨§¢®«ìë¥ ¤®áâ â®ç® £« ¤ª¨¥ ¢¥ªâ®à-äãªæ¨¨. �§ ä®à¬ã« (2.10) ¢¨¤¨¬,
çâ® ¢ë¯®«¥¨¥ ãá«®¢¨© á®¢¬¥áâ®áâ¨ ¥ £ à â¨àã¥â ¥¤¨áâ¢¥®áâ¨ à¥è¥¨©.
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�«¥¤áâ¢¨¥ 2.2. �¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï

@z

@t
+ (�E +M)

@z

@x
=  ; Mk

1 = 0; � 6= 0; (2.11)

¨¬¥¥â ¢¨¤

z =
k1�1X
j=0

(�N)j=j!
�
c(j)(x� �t)tj +

Z t

0
(t� s)j

@j (x� �(t� s); s)
@xj

ds

�
;

£¤¥ c(�) | ¯à®¨§¢®«ì ï ¢¥ªâ®à-äãªæ¨ï, ®¯à¥¤¥«ï¥¬ ï  ç «ìë¬¨ ¨«¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨.
�â®¡ë íâ® ¯®ª § âì, ¤®áâ â®ç® ¯¥à¥©â¨ ª ®¢ë¬ ¯¥à¥¬¥ë¬, ¯®«®¦¨¢ ex = x� �t, et = t. �à¨
íâ®¬ ¯®«ãç¨¬ á¨áâ¥¬ã, á®¢¯ ¤ îéãî á® ¢â®à®© á¨áâ¥¬®© (2.7), à¥è¥¨¥ ª®â®à®© ®¯¨áë¢ ¥âáï
ä®à¬ã«®© (2.8). �¥àã¢è¨áì ª áâ àë¬ ¯¥à¥¬¥ë¬, ¯®«ãç¨¬ à¥è¥¨¥ á¨áâ¥¬ë (2.11).

�¥®à¥¬  2.1. �ãáâì ¬®£®ç«¥ det(�A+B) ¥ã«¥¢®© ¨ ¥£® ¥ã«¥¢ë¥ ª®à¨ ®âà¨æ â¥«ì-

ë¥ (¢ ®¡é¥¬ á«ãç ¥ ªà âë¥). �®£¤  ¢ ®¡« áâ¨ U á¨áâ¥¬  (2:1) á  ç «ìë¬¨ ¨ ªà ¥¢ë¬¨

ãá«®¢¨ï¬¨

W1u(x; 0) =  1(x); W1u(0; t) = �1(t); W2u(x; 0) =  2(x); W3u(0; t) =  3(t);

ª®â®àë¥ ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬  1(0) = �1(0), _�1(0) = '(0; 0) � J 01(0), ¨ Q�1 =
(W>

1 ;W
>
2 ;W

>
3 )

>, ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì ç¨á«® ¥ã«¥¢ëå à §«¨çëå ª®à¥© ¬®£®ç«¥  det(�A+ B) à ¢-
® �. �®£¤  ¬ âà¨æë P , Q ¢ «¥¬¬¥ 2.1 ¬®¦® ¢ë¡à âì â ª, çâ® J = diagf�1E + N1; �2E +
N2; : : : ; ��E + N�g ¨ ¯®¤á¨áâ¥¬  @y1=@t + J(@y1=@x) = '1 à á¯ ¤¥âáï   � á¨áâ¥¬ ¢¨¤  (2.11),
ª ¦¤ ï ¨§ ª®â®àëå ¡ã¤¥â ¨¬¥âì à¥è¥¨¥, ¢ á¨«ã á«¥¤áâ¢¨ï 2.2, ¨¦¥ å à ªâ¥à¨áâ¨ª¨ x = �it,
i = 1; �. �«ï â®£® çâ®¡ë ¯®ª § âì, çâ® ¢ ®¡« áâ¨, à á¯®«®¦¥®© ¢ëè¥ ãª § ®© å à ªâ¥à¨áâ¨-
ª¨, á¨áâ¥¬ë ¨¬¥îâ à¥è¥¨¥, ¤®áâ â®ç® á¨áâ¥¬ë ¢¨¤  (2.11) ã¬®¦¨âì   ¬ âà¨æã (�iE+Ni)�1,
i = 1; �, ¨ ç¥à¥§  ç «ìë¥ ¨ ªà ¥¢ë¥ ¤ ë¥ ®¯à¥¤¥«¨âì ¯à®¨§¢®«ìë¥ äãªæ¨¨ ái(x). �  «¨¨-
ïå x = �it à¥è¥¨ï ¡ã¤ãâ á®¢¯ ¤ âì ¢ á¨«ã â®£®, çâ® á ¬¨ à¥è¥¨ï ¨ ¨å ¯à®¨§¢®¤ë¥ á®¢¯ ¤ îâ
¢ â®çª¥ (0; 0). �«ï ¤¢ãå ¤àã£¨å ãà ¢¥¨© (2.7) à¥è¥¨ï ¬®¦® ¯®«ãç¨âì, ¯®¤áâ ¢«ïï  ç «ìë¥
ãá«®¢¨ï ¢ ä®à¬ã«ë (2.8), (2.9).

� ¬¥ç ¨¥ 2.2. �¥®à¥¬ã 2.1 ¬®¦® ¥áª®«ìª® à áè¨à¨âì. �  ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¤«ï
á¨áâ¥¬ë (1.1) ¯à¨ ¥ª®â®à®¬ ¨§¬¥¥¨¨ ãá«®¢¨© á®¢¬¥áâ®áâ¨  ç «ìëå ¨ ªà ¥¢ëå ¤ ëå ¨
¯à¥¤¯®«®¦¥¨¨, çâ® PC = ( C1

0 ), £¤¥ ã«¥¢®© ¡«®ª ¨¬¥¥â à §¬¥à®áâì [n� �]� n.

� ¬¥ç ¨¥ 2.3. �à¥¤¯®«®¦¥¨¥ ® à¥£ã«ïà®áâ¨ ¯ãçª  �A+B ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ãá«®-
¢¨¥¬ à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (2.1) ¤«ï ¯à®¨§¢®«ì®© ¤®áâ â®ç® £« ¤ª®© ¢¥ªâ®à-äãªæ¨¨ f . �á«¨
¯ãç®ª ¥ à¥£ã«ïà¥, â®  ©¤¥âáï â ª ï f 2 C1, çâ® á¨áâ¥¬  (2.1) ¥á®¢¬¥áâ .

3. �à¨¢¥¤¥¨¥ á¨áâ¥¬ ¢¨¤  (1:1) ª ®à¬ «ì®© ä®à¬¥

� ([4], á. 16; [5]) ¯®ª § ®, çâ® ¯à¨ ¯à¨¬¥¥¨¨ ¥ª®â®àëå à §®áâëå ¬¥â®¤®¢ ¤«ï à¥è¥¨ï
á¨áâ¥¬ë (1.3) á à¥£ã«ïàë¬ ¯ãçª®¬ ¬ âà¨æ �A + B ¢®§¨ª ¥â â ª  §ë¢ ¥¬ë© \¯®£à ¨çë©
á«®© ®è¨¡®ª". � ¯à¨¬¥à, à¥è¥¨ï ¥ï¢®© áå¥¬ë �©«¥à  A(�j+1 � �j)=� = B�j+1 + '(tj+1),
£¤¥ � = t0=N , tj+1 = j� , j = 1; 2; : : : ;N � 1,  ç¨ ï á ¥ª®â®à®£® � , ã¤®¢«¥â¢®àïîâ ®æ¥ª ¬
�j = k�j � �(tj)k = O(1=� j), j � k � 2, �j = O(�), j > k � 2.

�¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯®ª § «¨, çâ® ¤«ï á¨áâ¥¬ ¢¨¤  (1.1) ¯à¨¬¥¥¨¥ à §®áâëå ¬¥â®-
¤®¢ â ª¦¥ ¬®¦¥â á®¯à®¢®¦¤ âìáï ¢®§¨ª®¢¥¨¥¬ ¯®£à ¨çëå á«®¥¢ ®è¨¡®ª. �á«¨ ¢ á¨áâ¥¬¥
(1.3) ¯ãç®ª ¬ âà¨æ à¥£ã«ïà¥, â® áãé¥áâ¢ã¥â «¨¥©ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ¤¥©áâ¢¨¥
ª®â®à®£®   á¨áâ¥¬ã (1.3) ¯à¨¢®¤¨â ¥¥ ª ®à¬ «ì®© ä®à¬¥ (ä®à¬¥ �®è¨) [6]. �«ï à¥è¥¨ï á¨-
áâ¥¬ ¢ ä®à¬¥ �®è¨ áãé¥áâ¢ã¥â ¡®«ìè®©  ¡®à íää¥ªâ¨¢ëå ç¨á«¥ëå ¬¥â®¤®¢. �®   «®£¨¨
¡ã¤¥¬ ¨áª âì ®¯¥à â®àë, ¯¥à¥¢®¤ïé¨¥ á¨áâ¥¬ã (1.1) ª á¨áâ¥¬¥ �®è¨{�®¢ «¥¢áª®©.
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�¯à¥¤¥«¥¨¥ 3.1. �¨¥©ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

�q;q =
X

Lij

@i+j

@ti@xj
; q � i+ j � 0;

¡ã¤¥¬  §ë¢ âì ®à¬ «¨§ â®à®¬ á¨áâ¥¬ë (1.1), ¥á«¨ ¢ë¯®«¥® à ¢¥áâ¢®

�q;q � �1;1u =
@v

@t
+D

@v

@x
+H0v +

Z
x

H(x� s)v(s)ds (3.1)

¤«ï «î¡®£® u 2 Ck+1(U), £¤¥ v =
qP

j=0
Rj(@=@x)ju, D, Rj , H(x� s) | ¥ª®â®àë¥ n� n-¬ âà¨æë.

� ¬¥ç ¨¥ 3.1. �«ï á¨áâ¥¬ë (1.3) ®à¬ «¨§ â®à ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ áã¬¬ë �k =
kP

j=0
Lj(d=dt)j , ¯®«®¦¨¢ � = d=dt ¢ «¥¬¬¥ 2.2. �®£¤  ®à¬ «¨§ â®à ¨ ¤«ï á¨áâ¥¬ë (1.1) ¡®-

«¥¥  £«ï¤¥ ¢ § ¯¨á¨ �q;q =
qP

j=0

eLj(@=@x)(@=@t)j , £¤¥ eLj(@=@x) | ¬ âà¨æë á í«¥¬¥â ¬¨ ¢ ¢¨¤¥

¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ ¯® x.

�¬¥¥â ¬¥áâ®

�¥®à¥¬  3.1. �ãáâì ¢ á¨áâ¥¬¥ (1:1) ¬ âà¨æ  C = 0. �®£¤  ¤«ï áãé¥áâ¢®¢ ¨ï ®à¬ «¨-

§ â®à  á¨áâ¥¬ë (1:1) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® à¥£ã«ïà®áâ¨ ¯ãçª  ¬ âà¨æ �A + B. �®«¥¥
â®£®, ¢ ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à L ï¢«ï¥âáï ®¤®à®¤ë¬: i+ j = k, k | ¨¤¥ªá ¯ àë (A;B),
¢ ä®à¬ã«¥ (3:1) Hj = 0, v = (@=@x)ku.

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¯à®¢¥àï¥âáï, çâ®

� kX
j=0

Lj

@k

@tj@xk�j

�
�
�
A
@

@t
+B

@

@x

�
u =

@v

@t
+ L0B

@v

@x

¤«ï «î¡®£® u 2 Ck+1(U), £¤¥ ¬ âà¨æë Lj ï¢«ïîâáï ª®íää¨æ¨¥â ¬¨ ¬®£®ç«¥  ¨§ «¥¬¬ë
2.2.

�á«¨ ¬ âà¨æ  C 6= 0, â® á¨âã æ¨ï § ç¨â¥«ì® á«®¦¥¥. � áá¬®âà¨¬ ¯à®áâ¥©è¨© ¥âà¨¢¨-
 «ìë© á«ãç ©.

�¯à¥¤¥«¥¨¥ 3.2. �ã¤¥¬ £®¢®à¨âì, çâ® ¥ã«¥¢®© ¬®£®ç«¥ det(�A + B) ã¤®¢«¥â¢®àï¥â
ªà¨â¥à¨î \à £{áâ¥¯¥ì", ¥á«¨ rankA = deg[det(�A+B)], £¤¥ deg | á¨¬¢®« áâ¥¯¥¨ ¬®£®ç«¥ .

�¥¬¬  3.1 ([6]). �ãáâì ¯ãç®ª ¬ âà¨æ �A+B à¥£ã«ïà¥. �®£¤  ¨¤¥ªá ¯ àë ¬ âà¨æ (A;B)
à ¢¥ ¥¤¨¨æ¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬®£®ç«¥ �(�) = det(�A+ B) ã¤®¢«¥â¢®àï¥â ªà¨-

â¥à¨î \à £{áâ¥¯¥ì".

�«¥¤®¢ â¥«ì®, á®£« á® ä®à¬ã«¥ (2.2) ¨ «¥¬¬¥ 3.1  ©¤ãâáï ¥®á®¡¥ë¥ ¬ âà¨æë P ¨ Q
á® á¢®©áâ¢®¬

P (�A+ �B + C)Q = �

�
Er 0
0 0

�
+
�
J 0
0 En�r

�
+
�
C1 C2

C3 C4

�
: (3.2)

�¥®à¥¬  3.2. �®à¬ «¨§ â®à ¤«ï á¨áâ¥¬ë (1:1) á ¯ãçª®¬ �A + B, ã¤®¢«¥â¢®àïîé¨¬ ªà¨-

â¥à¨î \à £{áâ¥¯¥ì", áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  C4 ¢ ä®à¬ã«¥ (3:2)
¨«ì¯®â¥â : Cm

4 = 0, ¯à¨ç¥¬ ¯®àï¤®ª ®à¬ «¨§ â®à  à ¢¥ m, v = (@=@x)mu.
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�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì. �®á«¥ ã¬®¦¥¨ï (1.1)   P ¨ § ¬¥ë u = Qy; £¤¥ P ,
Q | ¬ âà¨æë ¨§ «¥¬¬ë 3.1, á¨áâ¥¬  (1.1) à á¯ ¤¥âáï   ¤¢  ãà ¢¥¨ï:

@y1
@t

+ J
@y1
@x

+ C1y1 + C2y2 = f1;
@y2
@x

+ C3y1 + C4y2 = f2; (3.3)

£¤¥ y = ( y1y2 ). �¢¥¤¥¬ ®¯¥à â®à �m�1(@=@x) =
m�1P
j=0

[(�@=@x)C4]j . �®£¤  ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬

¯®ª §ë¢ ¥âáï, çâ® ¯à®¨§¢¥¤¥¨¥�
(@=@x)mEr 0

��m�1(@=@x)C3 (@=@t)En�r

�
�
�
Er 0
0 �m�1(@=@x)

�

ï¢«ï¥âáï ®à¬ «¨§ â®à®¬ ¤«ï á¨áâ¥¬ë (3.3), ¥á«¨ ¢¢¥áâ¨ § ¬¥ã w = (@=@x)my.

�¥®¡å®¤¨¬®áâì. �§ ¢â®à®£® ãà ¢¥¨ï (3.3)  å®¤¨¬

y2 = X(x)c(t) +
Z x

0
X(x� s)[C3u1(s; t) + f2(s; t)]ds;

£¤¥ X(x) = e�C4x, c(t) | ¯à®¨§¢®«ì ï ¢¥ªâ®à-äãªæ¨ï. �®¤áâ¢«ïï y2 ¢ ¯¥à¢®¥ ãà ¢¥¨¥ á¨-
áâ¥¬ë (3.2), ¯®«ãç ¥¬

@y1
@t

+ J
@y1
@x

+ C1y1 +
Z x

0
C2X(x� s)C3u1(s; t)ds = ef2; (3.4)

£¤¥ ef2 = �C2X(x)c(t) +
xR
0

C2X(x � s)f2(s; t)ds. �«ï ¥¨«ì¯®â¥â®© ¬ âà¨æë C4 íªá¯®¥â 

¯à¥¤áâ ¢«ï¥â ¡¥áª®¥çë© àï¤ X(x) =
1P
j=0

Cj
4(x� t)j=j! ¨ áà ¢¥¨¥¬ ä®à¬ã« (3.1), (3.4) ¬®¦®

§ ª«îç¨âì, çâ® ®à¬ «¨§ â®à ª®¥ç®£® ¯®àï¤ª  ¢ íâ®¬ á«ãç ¥ ¥ áãé¥áâ¢ã¥â.

�à®¡«¥¬ã ¯®áâà®¥¨ï ®à¬ «¨§ â®à  ¤«ï á¨áâ¥¬ë (1.1) ¢ ãá«®¢¨ïå â¥®à¥¬ë 3.2 ¬®¦® à¥-
è¨âì, ¥á«¨ ®âª § âìáï ®â âà¥¡®¢ ¨ï ¯®áâ®ïáâ¢  ª®íää¨æ¨¥â®¢ ®à¬ «¨§ â®à . �ë¯®«¨¢
§ ¬¥ã ¯¥à¥¬¥ëå y1 = z1, y2 = X(x)z2, á¢¥¤¥¬ á¨áâ¥¬ã (3.3) ª á¨áâ¥¬¥�

Er 0
0 0

�
@z

@t
+
�
J 0
0 E

�
@z

@x
+
�

C1 C2X(x)
X�1(x)C3 0

�
z =

�
f1
f2

�
; (3.5)

¯à¨ íâ®¬ í«¥¬¥âë ¬ âà¨æë C áâ ®¢ïâáï äãªæ¨ï¬¨, § ¢¨áïé¨¬¨ ®â ¯¥à¥¬¥®© x. �¨¥©ë©
¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¯¥à¢®£® ¯®àï¤ª �

(@=@x)Er 0
�X�1(x)C3 (@=@t)En�r

�

¯à¨¢®¤¨â á¨áâ¥¬ã (3.5) ª ®à¬ «ì®© ä®à¬¥ ®â®á¨â¥«ì® ¢¥ªâ®à-äãªæ¨¨ w = (@=@x)z.
�â¨ à ááã¦¤¥¨ï ¯®ª §ë¢ îâ, ª ª ®¡®¡é¨âì íâ®â à¥§ã«ìâ â   á¨áâ¥¬ã á ¯¥à¥¬¥ë¬¨ ¬ -

âà¨çë¬¨ ª®íää¨æ¨¥â ¬¨

�1;1u := A(x; t)
@u

@t
+B(x; t)

@u

@x
+ C(x; t)u = f(x; t); (x; t) 2 U; (3.6)

ã ª®â®à®© ¬®£®ç«¥ det[�A(x; t) +B(x; t)] ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à £{áâ¥¯¥ì".

�¥®à¥¬  3.3. �ãáâì ¤«ï á¨áâ¥¬ë (3:6) ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï : 1) A(x; t); B(x; t) 2
C2(U); 2) rankA(x; t) = const = r 8(x; t) 2 U ; 3) ¬®£®ç«¥ det[�A(x; t) +B(x; t)] ã¤®¢«¥â¢®àï¥â
ªà¨â¥à¨î \à £{áâ¥¯¥ì" ¤«ï «î¡ëå (x; t) 2 U .

�®£¤  áãé¥áâ¢ãîâ ®¯¥à â®à ¨ § ¬¥  á £« ¤ª¨¬¨ ª®íää¨æ¨¥â ¬¨

e�1;1 = L2(x; t)
@

@t
+ L1(x; t)

@

@x
+ L0(x; t); u = R1(x; t)

@z

@x
+R0(x; t)z
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â ª¨¥, çâ®

e�1;1 � �1;1 =
@z

@t
+B1(x; t)

@z

@x
+H0(x; t)z +

Z x

0

H1(x; s; t)z(s)ds:

�®ª § â¥«ìáâ¢®. �®£« á® [6] ¢ ãá«®¢¨ïå â¥®à¥¬ë  ©¤ãâáï â ª¨¥ ¥®á®¡¥ë¥ ¬ âà¨æë
P � P (x; t) ¨ Q � Q(x; t), çâ® P;Q 2 C2(U) ¨

P (�A+B)Q = �

�
Er 0
0 0

�
+
�
J 0
0 En�r

�
; (3.7)

£¤¥ J | ¥ª®â®àë© r � r-¡«®ª. �¬®¦ ï á¨áâ¥¬ã (3.6) á«¥¢    ¬ âà¨æã P ¨ ¢ë¯®«ïï § ¬¥ã
¯¥à¥¬¥®© u = Qy, á®£« á® (3.7) ¯®«ãç¨¬ ®¢ãî á¨áâ¥¬ã

�
Er 0
0 0

�
@y

@t
+
�
J 0
0 En�r

�
@y

@x
+
�
C1 C2

C3 C4

�
y = Pf; (3.8)

£¤¥ �
C1 C2

C3 C4

�
= P

�
A
@Q

@t
+B

@Q

@x
+ CQ

�
:

�à®¨§¢¥¤¥¬ § ¬¥ã ¯¥à¥¬¥ëå y1 = z1, y2 = Y z2, £¤¥ Y � Y (x; t),

@Y (x; t)
@x

= �C4(x; t)Y (x; t); Y (0; t) = En�r:

�®£¤  á¨áâ¥¬  (3.8) ¯à¥®¡à §ã¥âáï ¢ ®¢ãî á¨áâ¥¬ã

@z1
@t

+ J
@z1
@x

+ C1z1 + eC2z2 = f1;
@z2
@x

+ eC3z1 = f2; (3.9)

£¤e eC3 = Y �1C3, eC2 = C2Y . �¨áâ¥¬  (3.9) ®à¬ «¨§ã¥¬  «¨¥©ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ®¯¥à -

â®à®¬ ¯¥à¢®£® ¯®àï¤ª 
�
(@=@x)Er 0

�eC3 (@=@t)En�r

�
.

� ¬¥ç ¨¥ 3.2. �à¥¤« £ ¥¬ë¥ ¢ à ¡®â¥ ¬¥â®¤ë ¯à¨¬¥¨¬ë ¯®ª  â®«ìª® ¯à¨ ¯à¥¤¯®«®¦¥-
¨¨ x 2 R1. �¥¬ ¥ ¬¥¥¥ ¬®¦® ¤«ï ¢ ¦ëå ¯à¨ª« ¤ëå § ¤ ç ¯®áâà®¨âì ®à¬ «¨§ â®àë.
� ¯à¨¬¥à, ¤«ï «¨¥ à¨§®¢ ®© á¨áâ¥¬ë � ¢ì¥{�â®ªá  [1]

L�@=@t; @=@x�u = �
E3 0
0 0

�
@u

@t
+
�
��E3 grad
div 0

�
u = f;

£¤¥ u � u(x1; x2; x3; t), f � f(x1; x2; x3; t), � | ®¯¥à â®à � ¯« á , � | ¥ª®â®àë© ¯ à ¬¥âà,
¯¥à¢ë¥ âà¨ ª®¬¯®¥âë ¢¥ªâ®à-äãªæ¨¨ u ¨¬¥îâ ä¨§¨ç¥áª¨© á¬ëá« áª®à®áâ¥©,   ç¥â¢¥àâ ï |
¤ ¢«¥¨ï. �®¦® ¯à®¢¥à¨âì, çâ®

�
�E3 0

�div(�E3) �div(@=@t)2

�
� L

�
@=@t; @=@x

�
u =

@v

@t
+
�

��E3 grad
�2 div(�E3) �

�
v;

£¤¥ v = �u, div(�E3) = ((@=@x1)�; (@=@x2)�; (@=@x3)�). � ª ¨ ¢ § ¬¥ç ¨¨ 3.1, ®à¬ «¨§ â®à

¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
2P

j=0

eLj(@=@x)(@=@t)j , £¤¥ eLj(@=@x) | ¬ âà¨æë á í«¥¬¥â ¬¨ ¢ ¢¨¤¥

¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ ¯® x.
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4. �ëç¨á«¥¨¥ ª®íää¨æ¨¥â®¢ ®à¬ «¨§ â®à 

�®à¬ «¨§ æ¨î á¨áâ¥¬ ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï ¯®áâà®¥¨ï ãáâ®©ç¨¢ëå ç¨á«¥ëå ¬¥â®¤®¢,
  â ª¦¥ ¤«ï   «¨§  à §à¥è¨¬®áâ¨ á¨áâ¥¬ ¢¨¤  (1.1). �®íâ®¬ã ª®á¥¬áï ¢®¯à®á®¢ ç¨á«¥®£®
¯®áâào¥¨ï ®à¬ «¨§ â®à®¢. �¢¥¤¥¬ ¬ âà¨æã

�j [A;B] =

0
BBBBBB@

A 0 0 : : : 0
B A 0 : : : 0
0 B A : : : 0
...

...
...

. . .
...

0 0 0 : : : A

1
CCCCCCA

(4.1)

à §¬¥à®áâ¨ n[j + 1]� n[j + 1].

�¯à¥¤¥«¥¨¥ 4.1. �®«ã®¡à â®© ¬ âà¨æ¥© (®¡®¡é¥®© ®¡à â®© ¬ âà¨æ¥©) ª ¯à®¨§¢®«ì-
®© m�n-¬ âà¨æ¥ A  §ë¢ ¥âáï n�m-¬ âà¨æ , ®¡®§ ç ¥¬ ï §¤¥áì ¨ ¢áî¤ã ¢ ¤ «ì¥©è¥¬ ª ª
A�, ª®â®à ï ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î AA�A = A.

� áâë¬ á«ãç ¥¬ ¯®«ã®¡à â®© ¬ âà¨æë ï¢«ï¥âáï ¯á¥¢¤®®¡à â ï ¬ âà¨æ  A+: AA+A = A,
A+AA+ = A+, A+A = (A+A)>, AA+ = (AA+)> [7].

� ¬¥ç ¨¥ 4.1. �  áâ®ïé¥¬ã ¢à¥¬¥¨  ¯¨á ® ¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â, ¯®á¢ïé¥ëå
à §«¨çë¬  á¯¥ªâ ¬ â¥®à¨¨ ¨ ¯à¨«®¦¥¨ï¬ ®¡®¡é¥ëå ®¡à âëå ¬ âà¨æ. �®à®è¨¬ ¢¢¥¤¥¨¥¬
¢ íâã ®¡« áâì ï¢«ï¥âáï ¬®®£à ä¨ï [4].

�¥¬¬  4.1. �ãáâì ¢ á¨áâ¥¬¥ (1:1) ¯ãç®ª ¬ âà¨æ �A+B à¥£ã«ïà¥ ¨ ¨¤¥ªá ¯ àë ¬ âà¨æ

(A;B) à ¢¥ k. �®£¤ ,  ç¨ ï á ¥ª®â®à®£® j � k, á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

��j [A;B]�j [A;B] =
�
En 0
Z1 Z2

�
; (4.2)

£¤¥ ��i [A;B] | ¬ âà¨æ , ¯®«ã®¡à â ï ª (4:1), Zj, j = 1; 2, | ¥ª®â®àë¥ ¡«®ª¨ ¯®¤å®¤ïé¥©

à §¬¥à®áâ¨. � ª ç¥áâ¢¥ ª®íää¨æ¨¥â®¢ ®à¬ «¨§ â®à  L0; L1; : : : ; Lk ¬®¦® ¢§ïâì ¯¥à¢ë¥ n
áâà®ª ¬ âà¨æë ��j [A;B], à §¡¨âëx   n� n-¡«®ª¨.

�®ª § â¥«ìáâ¢®. � ª ª ª ¯ãç®ª ¬ âà¨æ �A + B à¥£ã«ïà¥, â® á®£« á® «¥¬¬¥ 2.2 áãé¥-
áâ¢ã¥â ãª § ë© ¢ «¥¬¬¥ ¬ âà¨çë© ¬®£®ç«¥ c ª®íää¨æ¨¥âa¬¨ L0; L1; : : : ; Lk. � áá¬®âà¨¬
 «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã

�j [A;B]Z = 0: (4.3)

�á«¨ ã¬®¦¨âì ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (4.3)   ¬ âà¨æã L0, ¢â®à®¥   L1 ¨ â. ¤. ¤® k +
1 ãà ¢¥¨ï,   § â¥¬ á«®¦¨âì, â® ¯¥à¢ ï ¡«®ç ï áâà®ª  ¯à¥®¡à §®¢ ®© ¬ âà¨æë á¨áâ¥¬ë
¯à¨®¡à¥âeâ ¢¨¤ (En 0 : : : 0 ). �«¥¤®¢ â¥«ì®, ¯¥à¢ë¥ n ª®¬¯®¥â ¢¥ªâ®à  Z ®¯à¥¤¥«ïîâáï ¨§
á¨áâ¥¬ë (4.3) ®¤®§ ç® ¨ à ¢ë ã«î. �®£« á® [4] ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (4.3) ¨¬¥¥â ¢¨¤
Z = (En(j+1) � ��j [A;B]�j [A;B])V , £¤¥ V | ¯à®¨§¢®«ìë© ¯®áâ®ïë© ¢¥ªâ®à. �«ï â®£® çâ®¡ë
¯¥à¢ë¥ n ª®¬¯®¥â à¥è¥¨ï Z ¡ë«¨ à ¢ë ã«î ¯à¨ «î¡®¬ ¢¥ªâ®à¥ V , ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥
à ¢¥áâ¢  (4.2).

�ç¥¢¨¤®, çâ® ¨¤¥ªáë ¯ãçª  ¬ âà¨æ ¨ ¯®«ã®¡à âë¥ ¬ âà¨æë ¥ãáâ®©ç¨¢ë ¯® ®â®è¥¨î
ª ¬ «ë¬ ¢®§¬ãé¥¨ï¬ ¢å®¤ëå ¤ ëå. � ¨¡®«¥¥ ¤¥©áâ¢¥ë¬ á¯®á®¡®¬ ¡®àì¡ë á íâ¨¬ ®á«®¦-
¥¨¥¬ ï¢«ï¥âáï ¯ à ¬¥âà¨§ æ¨ï § ¤ ç¨.

�¥¬¬  4.2. �á«¨ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® kA � eAk � ", â®,  ç¨ ï á ¥ª®â®àëå " � "0,
� � �0, á¯à ¢¥¤«¨¢  ®æ¥ª 

kA+ � eG(�)k � {0� +
{1"

� 2
; (4.4)
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£¤¥ eG(�) = (�En + eA> eA)�1 eA>, {0;{1 = const > 0.

�à¨ ¢®§¬ãé¥¨ïå ¬ âà¨æë A, ¬ «ëå ¯® áà ¢¥¨î á � , ä®à¬ã«  (4.4) ã¤®¢«¥â¢®à¨â¥«ì®
 ¯¯à®ªá¨¬¨àã¥â ¯á¥¢¤®®¡à âãî ¬ âà¨æã.

�¥à¥©¤¥¬ ª ¢ëç¨á«¥¨î ¨¤¥ªá  ¯ãçª .

�¥¬¬  4.3 ([6], á. 60). �ãáâì ¯ãç®ª ¬ âà¨æ �A+B à¥£ã«ïà¥. �®£¤ 

lim
t!0

g(�)=g(�m) = mk; (4.5)

£¤¥ k | ¨¤¥ªá ¯ àë ¬ âà¨æ (A;B), g(�) = k(A+ �B)�1k, m | æ¥«®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�ë¡à ¢m ¨ ¢ëç¨á«ïï ¯à¨ � ! 0 ®â®è¥¨¥, áâ®ïé¥¥ ¯®¤ § ª®¬ ¯à¥¤¥«  ¢ ä®à¬ã«¥ (4.5), ¤®
â¥å ¯®à, ¯®ª  ¥  çãâ áãé¥áâ¢¥® áª §ë¢ âìáï ®è¨¡ª¨ ®ªàã£«¥¨ï ¨ ¢å®¤ë¥ ¢®§¬ãé¥¨ï,
¬®¦® ¤¥« âì § ª«îç¥¨ï ® ¢¥«¨ç¨¥ ¨¤¥ªá  ¯ãçª  �A+B.

� à §¤¥«¥ 2 à ¡®âë ¡ë«® ¯®ª § ®, çâ® ¢¥áì¬  ¢ ¦ãî à®«ì ¨£à îâ § ª¨ ª®à¥© å à ªâ¥à¨-
áâ¨ç¥áª®£® ¬®£®ç«¥  det(�A+B). �®§¨ª ¥â ¢®¯à®á ® ¢®§¬®¦®áâ¨ ¯®áâà®¥¨ï ®à¬ «¨§ â®à ,
á¢®¤ïé¥£® ¨áå®¤ãî á¨áâ¥¬ã ª £¨¯¥à¡®«¨ç¥áª®© [8].

�¥®à¥¬  4.1. �ãáâì ¯ãç®ª ¬ âà¨æ �A + B à¥£ã«ïà¥ ¨ ¢á¥ ª®à¨ ¯®«¨®¬  det(�A + B)
¯®«®¦¨â¥«ìë.

�®£¤  ¢á¥ ª®à¨ ¯®«¨®¬  det(�En + L0B) ¯®«®¦¨â¥«ìë, ¥á«¨ ®à¬ «¨§ â®à ¨¬¥¥â ¢¨¤

�k;k = A�1k

�
En

@

@x
+ Pk�1

@

@t

�
� � � � �

�
@

@x
En + P1

@

@t

�
�
�
En

@

@x
+ P0

@

@t

�
;

£¤¥ A0 = A, Aj = Aj�1 + Pj�1B, Pj�1 = En �Aj�1A
+
j�1, j = 1; 2; : : : ; k, A+

j�1 | ¬ âà¨æ , ¯á¥¢¤®-

®¡à â ï ¤«ï Aj�1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë k à § ¯®¢â®àï¥â ¢ëª« ¤ª¨ ¨§ à ¡®âë [9].

5. � á¢ï§¨ á â¥®à¨¥© �¥¬¨¤¥ª®{�á¯¥áª®£®

� [1] à áá¬ âà¨¢ îâcï á¨áâ¥¬ë á«¥¤ãîé¥£® ¢¨¤ :

L�@=@t; @=@x�u = A0

@u

@t
+A1

�
@

@x

�
u = f(x; t); (5.1)

£¤¥ A0 = (K0 0
0 0 ), A1

�
@=@x

�
=
�
K1(@=@x) L(@=@x)
M(@=@x) 0

�
, K0 | ç¨á«®¢ ï m � m-¬ âà¨æ , detK0 6= 0,

K1(@=@x), L(@=@x), M(@=@x) | ¬ âà¨çë¥ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë ¯® x á ¯®áâ®ïë¬¨
ª®íää¨æ¨¥â ¬¨ á®®â¢¥âáâ¢ãîé¨å à §¬¥à®áâ¥©. � ®â«¨ç¨¥ ®â ¤ ®© à ¡®âë ¤®¯ãáª ¥âáï, çâ®
x 2 R� , � � 1. �ë¤¥«ïîâáï ¤¢  ª« áá  á¨áâ¥¬:  ) á¨áâ¥¬ë á®¡®«¥¢áª®£® â¨¯ , ¡) ¯á¥¢¤®¯ à ¡®-
«¨ç¥áª¨¥ á¨áâ¥¬ë. �¢®¤¨âáï ¬ âà¨æ  L(�; i�), ª®â®àãî ¢ [1]  §ë¢ îâ á¨¬¢®«®¬ ®¯¥à â®à  L, ¨
ãª §ë¢ îâáï ãá«®¢¨ï   í«¥¬¥âë lk;j(�; i�) íâ®© ¬ âà¨æë.

�¯à¥¤¥«¥¨¥ 5.1 ([1]). �¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤  (5.1)  §ë¢ ¥âáï á¨-
áâ¥¬®© á®¡®«¥¢áª®£® â¨¯ , ¥á«¨ á¨¬¢®« ®¯¥à â®à  á¨áâ¥¬ë L(�; i�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

1. cãé¥áâ¢ãîâ ç¨á«  s1; : : : ; sn ¨ t1; : : : ; tn: max
1�k�n

sk = 0, tj � 0, j = 1; : : : ; n, ti � t1, si � s1,

i = m+ 1; : : : ; n, â ª¨¥, çâ® ¤«ï k; j = 1; : : : ; n ¨¬¥¥¬

lk;j(�; i�) = 0 ¯à¨ sk + tj < 0; lk;j(�; ci�) = csk+tj lk;j(�; i�) (c > 0) ¯à¨ sk + tj � 0;

2. p ¢¥áâ¢® det[M(i�)K�1
0 L(i�)] = 0 ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � = 0.

� âà¨ç®¥ à ¢¥áâ¢® L(�; ci�) = S(c)L(�; i�)T (c), £¤¥ S(c) = (�ji c
si) ¨ T (c) = (�ji c

tj ), �ji |
á¨¬¢®« �à®¥ª¥à , íª¢¨¢ «¥â® ãá«®¢¨î 1 ®¯à¥¤¥«¥¨ï 5.1.
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�¥¬¬  5.1. �ãáâì ¤«ï á¨áâ¥¬ë (2:1) ¢ë¯®«¥ë ãá«®¢¨ï 1) ¬ âà¨æë A ¨ B ¨¬¥îâ ¡«®ç-

ãî áâàãªâãàã ¢¨¤a A = (K0 0
0 0 ), B = ( 0 L

M 0 ) ; 2) detK0 6= 0, det(MK�1
0 L) 6= 0. �®£¤  ®  ï¢«ï¥âáï

á¨áâ¥¬®© á®¡®«¥¢áª®£® â¨¯ . �®«¥¥ â®£®, ¢ ãá«®¢¨ïå «¥¬¬ë ¨¤¥ªá ¯ àë ¬ âà¨æ (A;B) à ¢¥
¤¢ã¬.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® ¢â®à®¥ ãá«®¢¨¥ «¥¬¬ë ¨ ¢â®à®¥ ãá«®¢¨¥ ®¯à¥¤¥«¥¨ï 5.1
íª¢¨¢ «¥âë. �®£¤  ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬ ¬®¦® ¯à®¢¥à¨âì, çâ®

s1 = � � � = sm = �1; sm+1 = � � � = sn = 0; t1 = � � � = tm = 1; tm+1 = � � � = tn = 2:

�áâ «®áì ¤®ª § âì, çâ® ¨¤¥ªá ¯ àë ¬ âà¨æ (A;B) à ¢¥ ¤¢ã¬. �¥£ã«ïàë© ¯ãç®ª ¬ âà¨æ c
¡«®ç®© áâàãªâãà®©

�
�A1+B1

B2

�
®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¨¤¥ªá ¯ àë

��
A1

B2

�
; ( B1

0 )
�
 

¥¤¨¨æã ¬¥ìè¥ ¨¤¥ªá  ¨áå®¤®© ¯ àë. �®ª § â¥«ìáâ¢® ¬®¦® ¯®«ãç¨âì, ¨á¯®«ì§ãï ª ®¨-
ç¥áªãî áâàãªâãàã (2.2).

�ãçªã
�
�K0 L
M 0

�
¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥

�
�K0 L
�M 0

�
. �¬®¦ ï ¯¥à¢ãî áâà®ªã  MK�1

0 ¨ ¢ëç¨â ï
¨§ ¢â®à®© áâà®ª¨ ¯ãçª , ¯à¥®¡à §ã¥¬ íâ®â ¯ãç®ª ª ¢¨¤ã

�
�K0 L
0 K2

�
, £¤¥ K2 =MK�1

0 L, ¨ ¯®áâ ¢¨¬

¥¬ã ¢ á®®â¢¥âáâ¢¨¥ ¯ãç®ª
�
�K0 L
0 �K2

�
. � ãá«®¢¨ïå «¥¬¬ë detK2 6= 0 ¨, á«¥¤®¢ â¥«ì®, ¨¤¥ªá

¯®á«¥¤¥£® ¯ãçª  à ¢¥ ã«î,   ¨¤¥ªá ¨áå®¤®© ¯ àë (A;B) ¨¬¥¥â ¨¤¥ªá ¤¢ .

� ¬¥ç ¨¥ 5.1. �à¨¬¥¨â¥«ì® ª á¨áâ¥¬¥ (2.1) ª« áá á¨áâ¥¬ á®¡®«¥¢áª®£® â¨¯  ¬®¦¥â ¡ëâì
à áè¨à¥. � íâ®¬ã ª« ááã ¬®¦® ®â¥áâ¨ á¨áâ¥¬ë, ¤«ï ª®â®àëå ¨¤¥ªá ¯ àë (A;B) à ¢¥ ¤¢ã¬
¨ ¬®£®ç«¥ �(�) = det(�A + B) ¨¬¥¥â â®«ìª® ®¤¨ ¥ã«¥¢®© ª®íää¨æ¨¥â, â. ¥. �(�) = ad�

d.
�®£¤   ©¤ãâáï ¬ âà¨æë eP ¨ eQ, á¢®¤ïé¨¥ á¨áâ¥¬ã (2.1) ª á¨áâ¥¬¥ ¨§ «¥¬¬ë 5.1.

�®¦® ¯®ª § âì, çâ® ª á¨áâ¥¬ ¬ á®¡®«¥¢áª®£® â¨¯  ®â®áïâáï ¨ á¨áâ¥¬ë ¢¨¤  (1.1), ã ª®â®-
àëå

A =
�
K0 0
0 0

�
; B =

�
0 L
M 0

�
; C =

�
K1 0
0 0

�
; det(MK�1

0 L) 6= 0:

�¯à¥¤¥«¥¨¥ 5.2 ([1]). �¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤  (5.1)  §ë¢ ¥âáï ¯á¥¢-
¤®¯ à ¡®«¨ç¥áª®©, ¥á«¨ á¨¬¢®« L(�; i�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

1. ¢ë¯®«¥ë à ¢¥áâ¢  s1 = � � � = sm = 0, t1 = � � � = tm = 1 ¨  ©¤ãâáï ç¨á«  sm+1 =
� � � = sn, tm+1 = � � � = tn â ª¨¥, çâ® �1 � sj � 0, tj � 0, j = m+ 1; : : : ; n,   â ª¦¥ ¢¥ªâ®à
� = (�1; : : : ; �n), �i > 0, i = 1; : : : ; n, â ª¨¥, çâ® ¤«ï k; j = 1; : : : ; n, ¨¬¥¥¬

lkj(�; i�) = 0 ¯à¨ sk + tj < 0; lkj(c�; c
�i�) = csk+tj lkj(�; i�); c > 0; ¯à¨ sk + tj � 0;

  ®â®è¥¨ï tj=�i ï¢«ïîâáï  âãà «ìë¬¨ ç¨á« ¬¨;
2. detR(�; i�) 6= 0, R(�; i�) = �K0 + K1(i�), Re � � 0, � 2 R� , j� j + j�j 6= 0, ¯à¨ íâ®¬ ¥á«¨

det[M(i�)R�1(�; i�)L(i�)] = 0, â® � 2 R� , � = 0.

�ä®à¬ã«¨àã¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢    «®£ «¥¬¬ë 5.1.

�¥¬¬  5.2. �ãáâì ¤«ï á¨áâ¥¬ë (2:1) ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï : 1) ¬ âà¨æë A ¨ B
¨¬¥îâ ¡«®çãî áâàãªâãàã ¢¨¤a A = (K0 0

0 0 ), B =
�
K1 L
M 0

�
; 2) detR(�; i�) 6= 0, Re � � 0, � 2 R� ,

¯à¨ j� j + j�j 6= 0 ¢ë¯®«ï¥âáï det[MR�1(�; i�)L] 6= 0. �®£¤  ®  ¯à¨ ¤«¥¦¨â ª« ááã ¯á¥¢¤®¯ -

à ¡®«¨ç¥áª¨å á¨áâ¥¬. �®«¥¥ â®£®, ¨¤¥ªá ¯ àë ¬ âà¨æ (A;B) ¢ ãá«®¢¨ïå «¥¬¬ë à ¢¥ ¤¢ã¬.

�¨¬¢®« L(�; i�) ®¯¥à â®à  L(@=@t; @=@x) ¯®«ãçaîâ ¯à¨¬¥¥¨¥¬ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ª
á¨áâ¥¬¥ (5.1), ¯®íâ®¬ã ¨¬¥¥â á¬ëá« à áá¬®âà¥âì ¯à¨¬¥¥¨¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ª á¨áâ¥¬¥
(1.1).

�¯à¥¤¥«¥¨¥ 5.3 ([8]). �àï¬ë¬ ¨ ®¡à âë¬ ¯à¥®¡à §®¢ ¨ï¬¨ �ãàì¥ ¤«ï äãªæ¨¨ f(x; t)
¯® ¯¥à¥¬¥®© x  §ë¢ îâáï á®®â¢¥âáâ¢¥® ¢ëà ¦¥¨ï

ef(�; t) = 1p
2�

Z +1

�1

f(x; t)eix�dx; f(x; t) =
1p
2�

Z +1

�1

ef(�; t)e�ix�d�:
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�«ï áãé¥áâ¢®¢ ¨ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¤®áâ â®ç®, çâ®¡ë 1) äãªæ¨ï f(x; t) ¨¬¥«  ª®¥ç®¥
ç¨á«® íªáâà¥¬ã¬®¢; 2) ®  ¡ë«  ¥¯à¥àë¢  ¢áî¤ã, ªà®¬¥, ¡ëâì ¬®¦¥â, ª®¥ç®£® ç¨á«  â®ç¥ª

à §àë¢  I à®¤ ; 3) ¨â¥£à «
+1R
�1

f(x; t)dx ¤®«¦¥ áå®¤¨âìáï  ¡á®«îâ®.

�à¥¤¯®«®¦¨¬, çâ® ¢¥ªâ®à-äãªæ¨ï f ®¡« ¤ ¥â ¤®áâ â®ç®© £« ¤ª®áâìî ¨ x; t 2 U = [0; t0]�
[0; x0].

�à¨¬¥¨¢ ª á¨áâ¥¬¥ (1.1) ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¯® ¯¥à¥¬¥®© x, ¯®«ãç¨¬ á¨áâ¥¬ã ®¡ëª®-
¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

A
@eu
@t

+ [i�B + C]eu = ef; (5.2)

£¤¥ eu(�; t), ef(�; t) | ®¡à §ë �ãàì¥ ¯® x äãªæ¨© u(x; t) ¨ f(x; t) á®®â¢¥âáâ¢¥®.
�«ï á¨áâ¥¬ë (5.2) ¬®¦® ¢ë¯¨á âì ®¡é¥¥ à¥è¥¨¥ [4]. �á®¡ãî á«®¦®áâì ¢®á¨â â®â ä ªâ,

çâ® ¯à¨ ¥ª®â®àëå § ç¥¨ïå � ¯ãç®ª �A+[i�B+C] ¬®¦¥â â¥àïâì à¥£ã«ïà®áâì ¨ â®£¤   ©¤ãâ-
áï áª®«ì ã£®¤® £« ¤ª¨¥ ¢¥ªâ®à-äãªæ¨¨ ef , ¯à¨ ª®â®àëå á¨áâ¥¬  ¥á®¢¬¥áâ . �à¥¤¯®« £ ï, çâ®
¯ãç®ª ¬ âà¨æ à¥£ã«ïà¥ ¯à¨ «î¡®¬ �, ¢ë¯¨è¥¬ ®¡é¥¥ à¥è¥¨¥, § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  � ¯à¨
«î¡®© ef 2 Cn, ® íâ® âà¥¡®¢ ¨¥ ¢¥áì¬  ®£à ¨ç¨â¥«ì®. �ª ¦¥¬ ®ç¥¢¨¤ë© á«ãç ©: áãé¥áâ¢ã-
îâ ¥¢ëà®¦¤¥ë¥ ¬ âà¨æë eP , eQ á® á¢®©áâ¢®¬ eP (�B + C) eQ = det(�M + En) = 1, £¤¥ Mm = 0.
� ç¥ £®¢®àï, ã¦®, çâ®¡ë ¬ âà¨æ  M ¡ë«  ¨«ì¯®â¥â . �®£¤  ®¯à¥¤¥«¨â¥«ì det(�B + C)
¥ § ¢¨á¨â ®â �, â. ª. det(�M +En) = 1 8�.

�¢¨¤ã ¡®«ìè¨å ¨ ¯®ª  ¥¯à¥®¤®«¥ëå âàã¤®áâ¥©   «¨§  ®¡é¥© á¨áâ¥¬ë (5.2) ¨áá«¥¤ã¥¬
¥¥ ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥¨ïå: 1) C = 0; 2) ¯ãç®ª ¬ âà¨æ �A + B à¥£ã«ïà¥; ¬®£®ç«¥
det(�A+B) ¨¬¥¥â d ¯à®áâëå ¢¥é¥áâ¢¥ëå ª®à¥©. �®£¤  á®£« á® «¥¬¬¥ 2.1 áãé¥áâ¢ãîâ â ª¨¥
¬ âà¨æë P , Q, çâ® ¯®á«¥ ã¬®¦¥¨ï   ¬ âà¨æã P ¨ § ¬¥ë eu(�; t) = Qez(�; t) á¨áâ¥¬  (5.2)
à á¯ ¤ ¥âáï   à¥£ã«ïàãî ¨ á¨£ã«ïàãî ç áâ¨

@ ez1(�; t)
@t

+ i�J ez1(�; t) = ef1(�; t); N
@ ez2(�; t)
@t

+ i� ez2(�; t) = ef2(�; t); (5.3)

£¤¥ Qez = � ez1ez2
�
, P ef = �

P1
P2

� ef = � ef1ef2
�
, Nk = 0, J = diagf�1; �2; : : : ; �dg.

�¡é¥¥ à¥è¥¨¥ ¯¥à¢®© á¨áâ¥¬ë (5.3) ¬®¦® § ¯¨á âì ¢ áâ ¤ àâ®© ä®à¬¥. � §¤¥«¨¢ ¢â®à®¥
ãà ¢¥¨¥ (5.3)   i� ¨ ¯®«®¦¨¢ ¢ ä®à¬ã«¥ (2.3) � = i�(@=@t), ¨¬¥¥¬

ez1(�; t) = e�Jtc(�) +
Z t

0

e�J(t�s) ef1(�; s)ds; ez2(�; t) = k�1X
j=0

(�N)j 1
(i�)j+1

@j ef2(�; t)
@tj

;

£¤¥ c(�) = (c1(�); c2(�); : : : ; cd(�))> | ¯à®¨§¢®«ìë¥ äãªæ¨¨, ¬ âà¨ç ï íªá¯®¥â  e�Jt =
diagfe�i��1t, e�i��2t; : : : ; e�i��dtg. �à¨¬¥¨¢ ª ¯¥à¢®¬ã ¨§ á®®â®è¥¨© (5.3) ®¡à â®¥ ¯à¥®¡à -
§®¢ ¨¥ �ãàì¥, ¯®«ãç¨¬

z1(x; t) = C(x� �t) +
Z t

0

F(x� �(t� s); s)ds; (5.4)

£¤¥

C(x� �t) = (c1(x� �1t); c2(x� �2t); : : : ; cd(x� �2t))
>; F(x; t) = P1f(x; t);

F(x� �(t� s); s) = (�1(x� �1(t� s); s); �2(x� �2(t� s); s); : : : ; �d(x� �d(t� s); s))>:

�«ï ¢â®à®£® à ¢¥áâ¢  (5.3) ¯à¨¬¥¨¬ á«¥¤ãîé¨© ¯à¨¥¬. �¬®¦¨¬ ¥£®   (i�)k ¨ ª ¯®«ãç¥®¬ã
á®®â®è¥¨î ¯à¨¬¥¨¬ ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥. � à¥§ã«ìâ â¥ ¨¬¥¥¬

@kz2(x; t)
@xk

=
k�1X
j=0

(�N)jP2 @
k�1f(x; t)
@tj@xk�1�j

:
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�§ ¯®á«¥¤¥£® ãà ¢¥¨ï  å®¤¨¬

z2(x; t) =
k�1X
j=0

(�N)j
�
c
(j)
0 (t)xj=j! +

Z x

0

(x� s)jP2
@jf(s; t)
@tj

ds

�
; (5.5)

£¤¥ c0(t) | ¯à®¨§¢®«ì ï (k � 1) à § ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï.
� ª¨¬ ®¡à §®¬, à¥è¥¨¥ ¨áå®¤®© á¨áâ¥¬ë ¯à¨  è¨å ¯à¥¤¯®«®¦¥¨ïå ¡ã¤¥â ¨¬¥âì ¢¨¤

u(x; t) = Q
�
z1(x;t)
z2(x;t)

�
, £¤¥ ¢¥ªâ®à-äãªæ¨¨ z1(x; t), z2(x; t) ®¯¨áë¢ îâáï ä®à¬ã« ¬¨ (5.4), (5.5).

�¨â¥à âãà 
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