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1. �¢¥¤¥¨¥

�  ï à ¡®â  ¯®á¢ïé¥  ¤®ª § â¥«ìáâ¢ã ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¢ ä®à¬¥
¯à¨æ¨¯  ¬ ªá¨¬ã¬  (��) ¤«ï § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï á âà ¥ªâ®à¨ï¬¨ ¨§ ª« áá  BV
äãªæ¨© ®£à ¨ç¥®© ¢ à¨ æ¨¨. � áá¬ âà¨¢ ¥¬ ï § ¤ ç  å à ªâ¥à¨§ã¥âáï ¨§¬¥à¨¬®© § ¢¨á¨-
¬®áâìî ¯® ¢à¥¬¥¨ ¨ «¨¯è¨æ¥¢®© ¯® ä §®¢ë¬ ª®®à¤¨ â ¬,   â ª¦¥ ¥®¤®§ ç®áâìî à¥ ªæ¨¨
¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë   ¨¬¯ã«ìá®¥ ã¯à ¢«¥¨¥| ¢¥ªâ®àãî ¬¥àã. �®á«¥¤¥¥ ®¡áâ®ïâ¥«ìáâ¢®
á¢ï§ ® á â¥¬, çâ® ¥ ¯à¥¤¯®« £ ¥âáï ¢ë¯®«¥¨¥ ãá«®¢¨ï ª®àà¥ªâ®áâ¨ â¨¯  �à®¡¥¨ãá  [1], [2],
ª®â®à®¥ £ à â¨àã¥â ¥¤¨áâ¢¥®áâì âà ¥ªâ®à¨¨, á®®â¢¥âáâ¢ãîé¥© ¨¬¯ã«ìá®¬ã ã¯à ¢«¥¨î ¨
§ ¤ ®¬ã  ç «ì®¬ã ãá«®¢¨î.

� ¤ ç¨ ®¯â¨¬ «ì®£® ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ¬®¦® à áá¬ âà¨¢ âì ª ª à¥« ªá æ¨®®¥
à áè¨à¥¨¥ ª« áá¨ç¥áª¨å § ¤ ç ¤¨ ¬¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ ¢ á¨áâ¥¬¥ ¢¨¤ 

_x = f(t; x; V; u) +G(t; x; V )v; _V = kvk; (1)

u(t) 2 U; v(t) 2 K; (2)

£¤¥ U | ª®¬¯ ªâ, K | ¢ë¯ãª«ë© § ¬ªãâë© ª®ãá, ã¯à ¢«¥¨ï u(�), v(�) ¨§¬¥à¨¬ë ¨ ®£à -

¨ç¥ë, kvk =
d(v)P
j=1

jvj j, d(z) ®¡®§ ç ¥â à §¬¥à®áâì ¢¥ªâ®à  z, ¢â®à®¥ ãà ¢¥¨¥ ¢ (1) ¢¢¥¤¥®

¤«ï ãç¥â  í¥à£¥â¨ç¥áª¨å § âà â   ã¯à ¢«¥¨¥. �á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, â® â¥à¬¨ë \¨§-
¬¥à¨¬®áâì" ¨ \®£à ¨ç¥®áâì" ¯à¨¬¥¨â¥«ì® ª äãªæ¨ï¬ ®â®áïâáï ª ¬¥à¥ �¥¡¥£  L,   ¢á¥
á®®â®è¥¨ï, á®¤¥à¦ é¨¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨, áç¨â îâáï ¢ë¯®«¥ë¬¨ L-¯®çâ¨ ¢áî¤ã. �®-
áª®«ìªã ¬®¦¥áâ¢® K ¥®£à ¨ç¥®, â® § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¢ á¨áâ¥¬¥ (1), (2) ¬®£ãâ ¥ ¨¬¥âì
à¥è¥¨ï ¢ ª« áá¥ ®¡ëçëå ¯à®æ¥áá®¢ á ã¯à ¢«¥¨ï¬¨ ¨§ ª« áá  L1 ¨§¬¥à¨¬ëå ®£à ¨ç¥ëå
äãªæ¨© ¨ âà ¥ªâ®à¨ï¬¨ ¨§ ª« áá  AC  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨©. �áâ¥áâ¢¥®¥ à á-
è¨à¥¨¥ § ¤ ç¨ ¯®«ãç ¥âáï § ¬ëª ¨¥¬ (¢ ¥ª®â®à®© á« ¡®© â®¯®«®£¨¨) ¬®¦¥áâ¢  ®¡ëçëå
¯à®æ¥áá®¢ ¨ á¢ï§ ® á ¯®ïâ¨¥¬ ®¡®¡é¥®£® (®¡.) à¥è¥¨ï á¨áâ¥¬ë (1), (2).

�¯à¥¤¥«¥¨¥ ([3]). � à  äãªæ¨© (x(�); V (�)), ¥¯à¥àë¢ëå á¯à ¢    (t0; t1] ¨ ¨¬¥îé¨å
®£à ¨ç¥ãî ¢ à¨ æ¨î,  §ë¢ ¥âáï ®¡. à¥è¥¨¥¬ á¨áâ¥¬ë (1), (2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï ¯®-
á«¥¤®¢ â¥«ì®áâì äãªæ¨© fxn(�); Vn(�); un(�); vn(�)g, ã¤®¢«¥â¢®àïîé¨å   [t0; t1] á¨áâ¥¬¥ (1),
(2), çâ®

sup
n

kvn(�)kL1
<1; xn ! x; Vn ! V á« ¡®� ¢ BV

(â®£¤  (xn(t); Vn(t))! (x(t); V (t)) ¢ â®çª å ¥¯à¥àë¢®áâ¨ x, V ,   â ª¦¥ ¯à¨ t = t0; t1).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ����, £à â ò 98-01-00837.
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� ¬¥â¨¬, çâ® ¥á«¨ ¯®«®¦¨âì �n(t) =
tR
t0

vn(�)d� , â® ¢ á¨«ã â¥®à¥¬ë �¥««¨ ¯®á«¥¤®¢ â¥«ì®áâì

f�n(�)g ¬®¦® áç¨â âì áå®¤ïé¥©áï ª ¥ª®â®à®© äãªæ¨¨ �(�) 2 BV , ª®â®à ï ¯®à®¦¤ ¥â K-
§ çãî ¬¥àã �¥¡¥£ {�â¨«âì¥á  d�, â. ¥. d�(B) 2 K ¤«ï «î¡®£® ¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  B �
[t0; t1].

� [3] (á¬. â ª¦¥ [2]) ¯®ª § ®, çâ® ¯à¨ áâ ¤ àâëå ¯à¥¤¯®«®¦¥¨ïå ¥¯à¥àë¢®áâ¨, «¨¯è¨-
æ¥¢®áâ¨ ¨ ¥ ¡®«¥¥ ç¥¬ «¨¥©®£® à®áâ  äãªæ¨© f , G ¯® (x; V ),   â ª¦¥ ¢ë¯ãª«®áâ¨ £®¤®£à ä ,
¤«ï «î¡®£® ®¡. à¥è¥¨ï (x(�); V (�))  ©¤ãâáï K-§ ç ï ¬¥à  �¥¡¥£ {�â¨«âì¥á  d�, L- ¨ dV -
¨§¬¥à¨¬ ï ®£à ¨ç¥ ï äãªæ¨ï u(�), L-¨§¬¥à¨¬ë¥ äãªæ¨¨ !s(�), ®¯à¥¤¥«¥ë¥ ¤«ï ª ¦¤®£®
¬®¬¥â 

s 2 Sd(V ) = fs j [V (s)] = V (s)� V (s�) > 0g

  ®âà¥§ª¥ [0; ds] = [0; [V (s)]], â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï

!s(�) 2 K1 = f! 2 Rd(v) j ! 2 K; k!k � 1g;
Z ds

0

!s(�)d� = [�(s)];

äãªæ¨¨ (x(�); V (�)) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¬¥à®©

dx(t) = f(t; x(t); V (t); u(t))dt +G(t; x(t); V (t))d�c(t) +
X

s2Sd(V )
s�t

[x(s)]�(t � s); (3)

V (t) = var
[t0;t]

�c(�) +
X

s2Sd(V )
s�t

[V (s)]; V (t0�) = 0; (4)

£¤¥ �c | ¥¯à¥àë¢ ï á®áâ ¢«ïîé ï ¢ à §«®¦¥¨¨ �¥¡¥£  äãªæ¨¨ �; áª çª¨ ®¡. à¥è¥¨ï ¢
â®çª å s 2 Sd(V )  å®¤ïâáï ¨§ ãá«®¢¨©

[x(s)] = zs(ds)� x(s�); [V (s)] = zV s(ds)� V (s�); (5)

£¤¥ äãªæ¨¨ zs(�), zV s(�) ¯à¨ � 2 [0; ds] ï¢«ïîâáï à¥è¥¨ï¬¨ ¯à¥¤¥«ì®© á¨áâ¥¬ë

dzs

d�
= G(s; zs; zV s)!s(�); zs(0) = x(s�);

dzV s

d�
= 1; zV s(0) = V (s�):

(6)

� ¨áá«¥¤ã¥¬®© ¨¦¥ § ¤ ç¥ ®¯â¨¬¨§ æ¨¨ ®¡. à¥è¥¨© ¯à¥¤¯®«®¦¥¨ï ®â®á¨â¥«ì® äãª-
æ¨© f , G ®á« ¡«¥ë,   ¬®¦¥áâ¢® U áç¨â ¥âáï ¯¥à¥¬¥ë¬. �â® ¥áâ¥áâ¢¥®, ¯®áª®«ìªã ¯à¨
¤®ª § â¥«ìáâ¢¥ ¥®¡å®¤¨¬ëå ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ä ªâ áãé¥áâ¢®¢ ¨ï ¨áá«¥¤ã¥¬®£® à¥è¥-
¨ï ¯®áâã«¨àã¥âáï, â ª çâ® ãá«®¢¨ï â¨¯  ¥¯à¥àë¢®áâ¨ ¯® t ¨ à®áâ  áâ ®¢ïâáï ¨§«¨è¨¬¨.
�à®¬¥ â®£®, ®á« ¡«¥¨¥ âà¥¡®¢ ¨© ª á ¥âáï ¢ ®á®¢®¬ äãªæ¨¨ f , á¢®©áâ¢  ª®â®à®© ¯à¨ ¯¥à¥-
å®¤¥ ª ¨¬¯ã«ìá®¬ã «¨¥©®¬ã ã¯à ¢«¥¨î ¨£à îâ ¢â®à®áâ¥¯¥ãî à®«ì ¨ ¢ ¤¥©áâ¢¨â¥«ì®áâ¨
¤®¯ãáª îâ ®á« ¡«¥¨¥.

�â¬¥â¨¬, çâ®  ¨¡®«¥¥ ®¡é¨© �� ¤«ï £« ¤ª¨å § ¤ ç ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ¯à¨ ¥¢ë¯®«-
¥¨¨ ãá«®¢¨ï ª®àà¥ªâ®áâ¨ ¯®«ãç¥ ¢ [4] ¬¥â®¤®¬ à §àë¢®© § ¬¥ë ¢à¥¬¥¨. �¥®¡å®¤¨¬ë¥
ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¯à¨ ¥£« ¤ª®© § ¢¨á¨¬®áâ¨ ¢å®¤ëå ¤ ëå ¯®«ãç¥ë ¢ [5]{[7] ¤«ï ¡®-
«¥¥ ç áâëå ¢ à¨ â®¢ § ¤ ç¨ (¯à¨ ®âáãâáâ¢¨¨ ä §®®£à ¨ç¥¨©); ¢ ®á®¢¥ ¨å ¤®ª § â¥«ìáâ¢ 
«¥¦¨â ¯à¨¬¥¥¨¥ ¢ à¨ æ¨®®£® ¯à¨æ¨¯  �ª« ¤ . � ¤ ®© áâ âì¥ ¨á¯®«ì§ã¥âáï ¨â¥à¯à¥-
â æ¨ï § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ª ª á¯¥æ¨ä¨ç¥áª®© ¬®£®íâ ¯®© § ¤ ç¨ ¤¨ ¬¨ç¥áª®©
®¯â¨¬¨§ æ¨¨ ¨ �� ¤«ï § ¤ ç¨ ã¯à ¢«¥¨ï ¬ã«ìâ¨¯à®æ¥áá ¬¨ [8].
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2. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã ¬¨¨¬¨§ æ¨¨ äãªæ¨® « 

l(b); b = (x(t0�); x(t1); V (t1));

  ¬®¦¥áâ¢¥ ç¥â¢¥à®ª e = (x(�); V (�); u(�); d�), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬
¤®¯ãáâ¨¬®áâ¨:

1) x(�), V (�) | ¥¯à¥àë¢ë¥ á¯à ¢    (t0; t1] äãªæ¨¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨ (®âà¥§®ª
T = [t0; t1] ä¨ªá¨à®¢ );

2) u(�) | ¨§¬¥à¨¬ ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ®£à ¨ç¥¨î u(t) 2 U(t), t 2 T , £¤¥ U(t)
| á¥ç¥¨¥ ¬®¦¥áâ¢  U � T �Rd(u) ¯à¨ ä¨ªá¨à®¢ ®¬ t, â. ¥.

U(t) = fu j (t; u) 2 Ug;

3) d�(t) |K-§ ç ï ¬¥à  �¥¡¥£ {�â¨«âì¥á    T , â. ¥. d�(B) 2 K ¤«ï «î¡®£® ¡®à¥«¥¢áª®£®
¬®¦¥áâ¢  B � T ;

4) ª®¬¯®¥âë  ¡®à  e ã¤®¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬ (3){(6) ¯à¨ ¥ª®â®à®¬ ¢ë¡®à¥ ¨§¬¥-
à¨¬ëå äãªæ¨© !s, s 2 Sd(V ), á® § ç¥¨ï¬¨ ¢ K1;

5) b 2 C.

�¥â¢¥àª¨, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬, ¡ã¤¥¬  §ë¢ âì ¤®¯ãáâ¨¬ë-
¬¨ ¨¬¯ã«ìáë¬¨ ¯à®æ¥áá ¬¨ (¨®£¤  ¢¬¥áâ¥ á á®®â¢¥âáâ¢ãîé¨¬¨ äãªæ¨ï¬¨ zi(�) = zsi(�),
ziV (�) = zV si(�), !

i(�) = !si(�), si 2 Sd(V ), ®¯¨áë¢ îé¨¬¨ áª çª¨ âà ¥ªâ®à¨©). �¥à¥§ e =
(x(�); V (�); u(�); d�) ¡ã¤¥â ®¡®§ ç âìáï ¤®¯ãáâ¨¬ë© ¨¬¯ã«ìáë© ¯à®æ¥áá, ¨áá«¥¤ã¥¬ë©   ®¯â¨-
¬ «ì®áâì ¢¬¥áâ¥ á á®®â¢¥âáâ¢ãîé¨¬¨ äãªæ¨ï¬¨ zi(�), ziV (�), !

i(�), si 2 Sd(V ).
�®áâ ¢«¥ ï § ¤ ç  (®¡®§ ç¨¬ ¥¥ ç¥à¥§ P) ¡ã¤¥â ¨áá«¥¤®¢ âìáï ¯à¨ ¯à¥¤¯®«®¦¥¨ïå:

(A1) ¬®¦¥áâ¢® Sd(V ) ª®¥ç® ¨ ¬¥à  d� ¥ ¨¬¥¥â ¥¯à¥àë¢®© á¨£ã«ïà®© á®áâ ¢«ïîé¥©,
â. ¥.

d�(t) = v(t)dt+
X

si2Sd(V )

c i�(t� si);

¯à¨ç¥¬ v(�) | ¨§¬¥à¨¬ ï ®£à ¨ç¥ ï äãªæ¨ï á® § ç¥¨ï¬¨ ¢ K;
(A2) ¬®¦¥áâ¢® U � T � Rd(u) ¡®à¥«¥¢áª®¥, K � Rd(v) | § ¬ªãâë© ¢ë¯ãª«ë© ª®ãá, C �

Rd(x) �Rd(x) �R | § ¬ªãâ®¥ ¬®¦¥áâ¢®;
(A3) ¯à¨ ¢á¥å (x; V ) äãªæ¨ï (t; u)! f(t; x; V; u) L�B-¨§¬¥à¨¬  ([9], á. 154);
(A4) áãé¥áâ¢ãîâ ®ªà¥áâ®áâì Q ¬®¦¥áâ¢ 

graph fx(�); V (�)g = f(t; x; V ) j t 2 T; x 2 [x(t�); x(t+)]; V 2 [V (t�); V (t+)]g

¨ ç¨á«® M > 0 â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨¥ �¨¯è¨æ 

jf(t; x; V; u)� f(t; x0; V 0; u)j �M(jx� x0j+ jV � V 0j) 8 (t; x; V; u); (t; x0; V 0; u) 2 Q � U(t)

¨ ãá«®¢¨¥ ®£à ¨ç¥®áâ¨

jf(t; x; V; u)j �M 8 (t; x; V; u) 2 Q � U(t);

(A5) ¬ âà¨æ  G ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ;
(A6) äãªæ¨ï l «®ª «ì® «¨¯è¨æ¥¢ .
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3. �®à¬ã«¨à®¢ª  ¯à¨æ¨¯  ¬ ªá¨¬ã¬ 

�¢¥¤¥¬ äãªæ¨¨

H(t; x; V;  ; u; v) = h ; f(t; x; V; u) +G(t; x; V )vi;

H0(t; x; V;  ; u) = h ; f(t; x; V; u)i; H1(t; x; V; v;  ) = h ;G(t; x; V )vi;

H0(t; s) = sup
u2U(t)

H0(t; x(s); V (s);  (s); u):

�á«¨ '(t; x; V;  ; v) | § ¤  ï äãªæ¨ï, â® ç¥à¥§

'j�(si)(si; z
i; ziV ; p

i; !i) (7)

¡ã¤¥â ®¡®§ ç âìáï § ¬¥  ¯¥à¥¬¥ëå (t; x; V;  ; v) ! (si; zi; ziV ; p
i; !i) ¢ äãªæ¨¨ '. � ¯¨áì â¨¯ 

H0(t) ¡ã¤¥â ®§ ç âì ¢ëç¨á«¥¨¥ äãªæ¨¨ H0 ¢¤®«ì ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá  e,   § ¯¨áì H0(t; u)
| ä¨ªá¨à®¢ ¨¥ ¢á¥å ®¯ãé¥ëå  à£ã¬¥â®¢ äãªæ¨¨ H0 ¢¤®«ì ¯à®æ¥áá  e (¢ ¤ ®¬ á«ãç ¥
x = x(t), V = V (t),  =  (t), £¤¥  (t) | âà ¥ªâ®à¨ï ¤¢®©áâ¢¥ëå ¯¥à¥¬¥ëå). �®ç® â ª ¦¥
á«¥¤ã¥â ¯®¨¬ âì ®¡®§ ç¥¨¥ 'j�(si)(�) ¤«ï äãªæ¨¨ (7).

�®áª®«ìªã ¬®¬¥âë ¤¥©áâ¢¨ï ¨¬¯ã«ìá®¢ ¤«ï ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ ¥ ä¨ªá¨àãîâáï,   § -
¢¨á¨¬®áâì äãªæ¨¨ f ¯® t «¨èì ¨§¬¥à¨¬ ï, â® ¤«ï ª®àà¥ªâ®© § ¯¨á¨ ãá«®¢¨© ®¯â¨¬ «ì®áâ¨
¬®¬¥â®¢ áª çª  âà ¥ªâ®à¨¨  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥ ¯®ïâ¨¥ ¨§ â¥®à¨¨ äãªæ¨© [8].

�ãáâì I | ¨â¥à¢ « ¨§ R, s 2 I | § ¤  ï â®çª  ¨ ' : I ! Rn | ¨§¬¥à¨¬ ï äãªæ¨ï.
�¯à¥¤¥«¨¬ ¬®¦¥áâ¢® ess

t!s
'(t) áãé¥áâ¢¥ëå § ç¥¨© äãªæ¨¨ ' ¢ â®çª¥ s ª ª á®¢®ªã¯®áâì

¢á¥å ¢¥ªâ®à®¢ � 2 Rn, ¤«ï ª®â®àëå ¯à¨ «î¡®¬ " > 0

L-mesft j s� " < t < s+ "; j� � '(t)j < "g > 0:

�¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ s | â®çª  ¥¯à¥àë¢®áâ¨ ', â® ess
t!s

'(t) = f'(s)g,   ¥á«¨ s | â®çª 

à §àë¢  1-£® à®¤ , â® ess
t!s

'(t) = f'(s�); '(s+)g.

�á«¨ g(x; y) | «¨¯è¨æ¥¢  äãªæ¨ï, â® á¨¬¢®« @g(x; y) ®¡®§ ç ¥â ®¡®¡é¥ë© £à ¤¨¥â
�« àª  ¯® (x; y), ¢ëç¨á«¥ë© ¢ â®çª¥ (x; y) ([9], á. 17). �¨¬¢®« coC ®§ ç ¥â ¢ë¯ãª«ãî ®¡®-
«®çªã ¬®¦¥áâ¢  C,   NC(b) | ®à¬ «ìë© ª®ãá ª C ¢ â®çª¥ b ([9], c. 54).

�ä®à¬ã«¨àã¥¬ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ .

�¥®à¥¬  1. �ãáâì e | ®¯â¨¬ «ìë© ¯à®æ¥áá ¢ § ¤ ç¥ P. �®£¤  áãé¥áâ¢ãîâ ç¨á«® � 2
f0; 1g, äãªæ¨¨  : T ! Rd(x),  V : T ! R ¨ ®¯à¥¤¥«¥ë¥ ¤«ï ª ¦¤®£® si 2 Sd(V ) äãªæ¨¨
pi : [0; di]! Rd(x), piV : [0; di]! R â ª¨¥, çâ® ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) ¥âà¨¢¨ «ì®áâ¨
�+ j (t1+)j+ j V (t1+)j > 0;

2) äãªæ¨¨  (�),  V (�) ªãá®ç®  ¡á®«îâ® ¥¯à¥àë¢ë,   ¨â¥à¢ « å (si�1; si) ã¤®¢«¥â¢®-
àïîâ ¤¨ää¥à¥æ¨ «ì®¬ã ¢ª«îç¥¨î�

� _ (t)�H1x(t); � _ V (t)�H1V (t)
�
2 @(x;V )H0(t);

äãªæ¨¨ pi(�), piV (�)  ¡á®«îâ® ¥¯à¥àë¢ë, ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

dpi(�)
d�

= �H1xj�(si)(�);
dpiV (�)
d�

= �H1V j�(si)(�)

¨ á¢ï§ ë á  (�),  V (�) ãá«®¢¨ï¬¨ ¤®¯ãáâ¨¬®áâ¨ áª çª 

 (si�) = pi(0);  (si+) = pi(di);  V (si�) = piV (0);  V (si+) = piV (di);

3) âà á¢¥àá «ì®áâ¨

( (t0�);� (t1+);� V (t1+)) 2 �@l(b) +NC(b); b = (x(t0�); x(t1); V (t1));
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4) ãá«®¢¨ï ¬ ªá¨¬ã¬ 

H0(t) = max
u2U(t)

H0(t; x(t); V (t); u;  (t)); t 2 T;

hHv(t); v(t)i+  V (t)kv(t)k = 0 = max
v2K

(hHv(t); vi +  V (t)kvk); t 2 T; (8)

hHvj�(si)(�); !
i(�)i+ piV (�) = 0 = max

!2K1

hHvj�(si)(�); !i + piV (�); (9)

� 2 [0; di]; si 2 Sd(V );

5) ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ ¨¬¯ã«ìá  s 2 Sd(V )

co ess
t!s

H0(t; s+)� co ess
t!s

H0(t; s�) 3
Z [V (s)]

0

H1t

���
�(s)

(�)d� + s;

£¤¥ s

8>><>>:
� 0; s = t0;

= 0; s 2 (t0; t1);

� 0; s = t1:

� ¬¥ç ¨¥. � áá¬®âà¨¬ â¨¯¨çë© ¤«ï ¯à¨«®¦¥¨© á«ãç ©K = R
d(v)
+ . �®£¤  Sd(V ) = Sd(�).

�á«®¢¨¥ ¬ ªá¨¬ã¬  (8) ¯à¨¬¥â ¢¨¤

Hvj (t) +  V (t)

(
� 0; t 2 T ;

= 0; t 2 Sc(�);
j = 1; d(v);

£¤¥ Sc(�) | ¬®¦¥áâ¢® ¬®¬¥â®¢ ¢à¥¬¥¨,   ª®â®à®¬ á®áà¥¤®â®ç¥   ¡á®«îâ® ¥¯à¥àë¢ ï
á®áâ ¢«ïîé ï ¬¥àë �; ãá«®¢¨¥ ¬ ªá¨¬ã¬  (9) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

Hvj j�(si)(�) + piV (�)

(
� 0; � 2 [0; di];

= 0; ¥á«¨ !ij(�) > 0;
j = 1; d(�):

�à¨ íâ®¬, ¥á«¨ piV (�) < 0, â® j!i(�)j = 1; ¯à¨ áâà®£®¬ ¥à ¢¥áâ¢¥   [0; di] íâ® à ¢®á¨«ì®
à ¢¥áâ¢ã di = jcij.

� £« ¤ª®¬ á«ãç ¥ â¥®à¥¬  1 ¯¥à¥å®¤¨â ¢ �� ¨§ [4]. Eá«¨ Sd(V ) = ;, â® | ¢ �� ª« áá¨ç¥áª®©
§ ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ([10], £«. 2, x 3, c. 98).

�à®¨««îáâà¨àã¥¬ ¯à¨¬¥¥¨¥ ¯à¨æ¨¯  ¬ ªá¨¬ã¬    á«¥¤ãîé¥¬ ¯à¨¬¥à¥. �à¥¡ã¥âáï ¬¨-
¨¬¨§¨à®¢ âì äãªæ¨® «

I(d�) = V (1)� x3(1)

  ¬®¦¥áâ¢¥ ®¡. à¥è¥¨© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x1 = v1; x1(0) = 0; x1(1) = x11;

_x2 = x1v2; x2(0) = 0; x2(1) = x21;

_x3 = a(t)x1 + b(t)x2; x3(0) = 0;

v1(t) � 0; v2(t) � 0:

�¤¥áì

a(t) =

(
a1; t � �;

a2; t > �;
b(t) =

(
b1; t � �;

b2; t > �;

a1; b1 < 0, a2; b2 > 0, � < �, �; � 2 (0; 1) | ä¨ªá¨à®¢ ë¥ â®çª¨ ¨ ¥ ¢ë¯®«ï¥âáï ãá«®¢¨¥
ª®àà¥ªâ®áâ¨.
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�á¯®«ì§®¢ ¨¥ �� ¢ ¤ ®¬ ¯à¨¬¥à¥ ¯®§¢®«ï¥â ¯®«ãç¨âì á«¥¤ãîé¨© à¥§ã«ìâ â: ®¯â¨¬ «ì-
 ï ¬¥à  ¨¬¥¥â â®«ìª® ¤¨áªà¥âãî á®áâ ¢«ïîéãî

d�1 = x11�(t � s); d�2 =
x21

x11
�(t� s);

£¤¥ s = �, ¥á«¨ a1x11 + b2x21 � 0, ¨«¨ s = �, ¥á«¨ a1x11 + b2x21 � 0. � â®çª¥ ¨¬¯ã«ìá  í¢®-
«îæ¨ï áª çª  ®¯â¨¬ «ì®© âà ¥ªâ®à¨¨ ¯à®¨áå®¤¨â â ª¨¬ ®¡à §®¬, çâ® á ç «  ã¢¥«¨ç¨¢ ¥âáï
x1-ª®¬¯®¥â  ¨ «¨èì § â¥¬ x2-ª®¬¯®¥â . �®®â¢¥âáâ¢ãîé¥¥ ¯à¥¤¥«ì®¥ ã¯à ¢«¥¨¥ ¨¬¥¥â ¢¨¤

!1(�) =

(
1; � 2 [0; �1];

0; � 2 (�1; d];
!2(�) =

(
0; � 2 [0; �1];

1; � 2 (�1; d];

£¤¥ �1 = x11, d = x11 + x21
�
x11.

4. �®ª § â¥«ìáâ¢® ¯à¨æ¨¯  ¬ ªá¨¬ã¬ 

�à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¯® è £ ¬.
� £ 1. � ä¨ªá¨àã¥¬ «î¡®¥ ª®¥ç®¥ ¬®¦¥áâ¢® ¬®¬¥â®¢ ¢à¥¬¥¨

S = fs0; : : : ; sNg � Sd(V ); (10)

¢ ª®â®à®¬

t0 � s0 < s1 � � � < sN � t1; (11)

¨ ¯®«®¦¨¬

!i(�) 2 K1 ¯à®¨§¢®«ì®, di = [V (si)] = 0 8si 62 Sd(V ): (12)

� ª¨¬ ®¡à §®¬, ¨áá«¥¤ã¥¬®¬ã ¯à®æ¥ááã á®¯®áâ ¢«ï¥âáï ¬®¦¥áâ¢® ä¨ªâ¨¢ëå ¬®¬¥â®¢ ¨¬-
¯ã«ìá  S n Sd(V ), çâ®¡ë ¤®¯ãáâ¨âì ª áà ¢¥¨î ¯à®æ¥ááë á ¥ä¨ªá¨à®¢ ë¬ (® ª®¥çë¬)
ç¨á«®¬ ¨¬¯ã«ìá®¢.

�®« £ ï ¤«ï ã¤®¡áâ¢  ®¡®§ ç¥¨© s�1 = t0, sN+1 = t1, ®¡®§ ç¨¬ ç¥à¥§

xi(�); V
i
(�); ui(�); vi(�) (13)

áã¦¥¨ï äãªæ¨© x, V , u, v   ®âà¥§®ª [si�1; si], i = 0; N + 1 (¢ ¯à ¢ëå ª®æ å ®âà¥§ª®¢ âà ¥ª-
â®àë¥ ª®¬¯®¥âë ¤®®¯à¥¤¥«ïîâáï ¯® ¥¯à¥àë¢®áâ¨, â ª çâ® xi; V

i
2 AC,   ui, vi ¨§¬¥à¨¬ë).

� áá¬®âà¨¬ â¥¯¥àì § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï PN :

_xi = f(t; xi; V i; ui) +G(t; xi; V i)vi; _V i = kvik;

ui(t) 2 U(t); vi(t) 2 K; t 2 [si�1; si]; i = 0; N + 1;
(14)

dzi

d�
= G(si; zi; ziV )!

i;
dziV
d�

= 1; !i(�) 2 K1; � 2 [0; di]; i = 0; N ; (15)

xi(si) = zi(0); V i(si) = ziV (0); xi+1(si) = zi(di); V i+1(si) = ziV (di); i = 0; N ; (16)

di � 0; i = 0; N; s�1 = t0; sN+1 = t1; t0 � s0 � s1 � � � � � sN � t1; (17)

� 2 C; V 0(t0) = 0; l(�)! min; (18)

£¤¥ � = (x0(t0); xN+1(t1); V N+1(t1)) | ª®æ¥¢®© ¢¥ªâ®à.
� § ¤ ç¥ PN ¬¨¨¬ã¬ ¨é¥âáï ¯® ¢á¥¬ ¬ã«ìâ¨ ¡®à ¬

� =
�
f(si�1; si; x

i; V i; ui; vi)gi=0;N+1; fdi; z
i; ziV ; !

igi=0;N

�
;
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á®áâ ¢«ïîé¨¥ ª®â®àëå ã¤®¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬ (14){(18).
�áá«¥¤ã¥¬®¬ã ¨¬¯ã«ìá®¬ã ¯à®æ¥ááã e á®®â¢¥âáâ¢ã¥â ¢ á¨«ã (10){(13) ¬ã«ìâ¨ ¡®à �, ¤®-

¯ãáâ¨¬ë© ®£à ¨ç¥¨ï¬¨ § ¤ ç¨ PN . �¡à â®, «î¡®© ¤®¯ãáâ¨¬ë© ¬ã«ìâ¨ ¡®à � § ¤ ç¨ PN
¯®à®¦¤ ¥â ¤®¯ãáâ¨¬ë© ¨¬¯ã«ìáë© ¯à®æ¥áá e § ¤ ç¨ P, ª®â®àë© ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨

x(t) = xi(t); V (t) = V i(t); u(t) = ui(t); v(t) = vi(t); t 2 [si�1; si);

d�(t) = v(t)dt+
X
si�t

ci�(t� si); ci =
Z di

0

!i(�)d�:

�âáî¤  ¢ëâ¥ª ¥â

�à¥¤«®¦¥¨¥ 1. �á«¨ ¯à®æ¥áá e ®¯â¨¬ «¥ ¢ § ¤ ç¥ P, â® á®®â¢¥âáâ¢ãîé¨© ¥¬ã ¬ã«ì-

â¨ ¡®à � ®¯â¨¬ «¥ ¢ § ¤ ç¥ PN .

� £ 2. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ¤«ï § ¤ ç¨ PN ¨ P ¡ã¤ãâ ¯®«ãç¥ë ¯à¨¬¥¥-
¨¥¬ �� ¤«ï ¥£« ¤ª®© ¬®£®íâ ¯®© § ¤ ç¨ ¤¨ ¬¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ [8]. �®áâ ®¢ª  íâ®©
§ ¤ ç¨ ¨ ��  ®á¨àãîâáï ¨¦¥.

�ãáâì ¤¨ ¬¨ª  ã¯à ¢«ï¥¬®£® ®¡ê¥ªâ  ®¯¨áë¢ ¥âáï k ã¯à ¢«ï¥¬ë¬¨ ¤¨ ¬¨ç¥áª¨¬¨ á¨áâ¥-
¬ ¬¨

_yi = 'i(t; yi; wi); wi(t) 2Wi(t); t 2 �i; (19)

£¤¥ yi : �i ! Rni |  ¡á®«îâ® ¥¯à¥àë¢ë¥ äãªæ¨¨, wi : �i ! Rmi | ¨§¬¥à¨¬ë¥ äãªæ¨¨
(ã¯à ¢«¥¨ï), Wi(t) = fw j (t; w) 2Wig | á¥ç¥¨¥ ¬®¦¥áâ¢  Wi � R�Rmi ¯à¨ ä¨ªá¨à®¢ ®¬
t, ®âà¥§ª¨ �i = [ti0; t

i
1] ¥ ä¨ªá¨à®¢ ë, t

i
0 � ti1 (á«ãç © t

i
0 = ti1 ¥ ¨áª«îç ¥âáï). �¨áâ¥¬ë (19)

á¢ï§ ë á®¢¬¥áâë¬ ®£à ¨ç¥¨¥¬ â¨¯  ¢ª«îç¥¨ï   £à ¨çë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨
¨ ª®æë âà ¥ªâ®à¨© íâ ¯®¢ yi(ti0) = yi0, yi(ti1) = yi1, ¢¥ªâ®à

q =
�
(ti0; t

i
1; yi0; yi1)

�
i=1;k

2 Q; (20)

  Q �
kQ
i=1

R�R�Rni �Rni | § ¤ ®¥ ¬®¦¥áâ¢®.

�¥â¢¥àªã (ti0; t
i
1; yi(�); wi(�)), ã¤®¢«¥â¢®àïîéãî á¨áâ¥¬¥ (19),  §®¢¥¬ i-¬ ¯®¤¯à®æ¥áá®¬,   á®-

áâ ¢«¥ë© ¨§ ¨å ã¯®àï¤®ç¥ë© ¬ã«ìâ¨ ¡®à | ¬ã«ìâ¨¯à®æ¥áá®¬. �®¯ãáâ¨¬ë¥ ¬ã«ìâ¨¯à®-
æ¥ááë å à ªâ¥à¨§ãîâáï ¢ë¯®«¥¨¥¬ ®£à ¨ç¥¨ï (20). �  ¬®¦¥áâ¢¥ ¤®¯ãáâ¨¬ëå ¬ã«ìâ¨¯à®-
æ¥áá®¢ à áá¬ âà¨¢ ¥âáï § ¤ ç  (®¡®§ ç¨¬ ¥¥ ç¥à¥§ PM)

J(q)! min;

£¤¥ J | áª «ïà ï äãªæ¨ï.
�ãáâì f(T i

0 ; T
i
1 ; yi(�); wi(�))gi=1;k | ¨áá«¥¤ã¥¬ë©   ®¯â¨¬ «ì®áâì ¤®¯ãáâ¨¬ë© ¬ã«ìâ¨¯à®-

æ¥áá ¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï:

(H1) 8 y 2 Rni äãªæ¨ï (t; w)! 'i(t; y; w) L�B-¨§¬¥à¨¬ , i = 1; k;
(H2) áãé¥áâ¢ãîâ ®ªà¥áâ®áâì Vi £à ä¨ª  äãªæ¨¨ yi(�) ¨ ç¨á«® M > 0 â ª¨¥, çâ® ¤«ï i = 1; k

¢ë¯®«¥o ãá«®¢¨¥ ®£à ¨ç¥®áâ¨

j'i(t; y; w)j �M 8(t; y; w) 2 Vi �Wi(t)

¨ ãá«®¢¨¥ �¨¯è¨æ 

j'i(t; y
0; w)� 'i(t; y; w)j �M jy0 � yj 8 (t; y0; w); (t; y; w) 2 Vi �Wi(t);

(H3) ¬®¦¥áâ¢  Wi ¨§¬¥à¨¬ë ¯® �®à¥«î 8 i = 1; k;
(H4) ¬®¦¥áâ¢® Q § ¬ªãâ®;
(H5) äãªæ¨ï J «®ª «ì® «¨¯è¨æ¥¢ .
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� íâ¨å ¯à¥¤¯®«®¦¥¨ïå á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ��, ¢ ª®â®à®¬ ¨á¯®«ì§ãîâáï äãªæ¨¨ �®-
âàï£¨ 

Hi(t; y; pi; w) = hpi; '(t; y; w)i:

�¥®à¥¬  2 ([8]). �ãáâì f(T i
0 ; T

i
1 ; yi(�); wi(�))gi=1;k | ®¯â¨¬ «ìë© ¬ã«ìâ¨¯à®æ¥áá ¢ § ¤ ç¥

PM . �®£¤  áãé¥áâ¢ãîâ ç¨á«  � 2 f0; 1g, hi0; h
i
1 2 R ¨  ¡á®«îâ® ¥¯à¥àë¢ë¥ äãªæ¨¨ pi :

[T i
0 ; T

i
1]! Rni â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï

1) ¥âà¨¢¨ «ì®áâ¨ �+
kP
i=1

jpi(T i
1)j > 0;

2) äãªæ¨¨ pi ã¤®¢«¥â¢®àïîâ á®¯àï¦¥ë¬ ¢ª«îç¥¨ï¬

� _pi(t) 2 @yHi(t; yi(t); pi(t); wi(t)); t 2 [T i
0 ; T

i
1 ]; i = 1; k;

3) ãá«®¢¨¥ ¬ ªá¨¬ã¬ 

Hi(t; yi(t); pi(t); wi(t)) = max
w2Wi(t)

Hi(t; yi(t); pi(t); w); t 2 [T i
0; T

i
1 ]; i = 1; k;

4) ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ ¢à¥¬¥¨ T i
0, T

i
1

hi0 2 co ess
t!T i

0

�
sup

w2Wi(t)

Hi(t; yi(T
i
0); pi(T

i
0); w)

�
;

hi1 2 co ess
t!T i

1

�
sup

w2Wi(t)

Hi(t; yi(T
i
1); pi(T

i
1); w)

�
; i = 1; k;

5) ãá«®¢¨ï âà á¢¥àá «ì®áâ¨�
(�hi0; h

i
1; pi(T

i
0);�pi(T

i
1))
�
i=1;k

2 NQ + �@J;

£¤¥ ®à¬ «ìë© ª®ãá NQ ¨ ®¡®¡é¥ë© £à ¤¨¥â @J �« àª  ¡¥àãâáï ¢ â®çª¥ q =�
(T i

0 ; T
i
1 ; yi0; yi1)

�
i=1;k

.

� ¬¥ç ¨ï. 1) �á«¨ i-ï ¯®¤á¨áâ¥¬   ¢â®®¬ , â®

hi0 = hi1 = sup
w2Wi(t)

Hi(yi(t); pi(t); w):

2) �á«¨ T i
0 = T i

1 , â® h
i
0 = hi1 ([8], á. 1083).

� £ 3.  ) � ¬¥â¨¬ á ç « , çâ® â. ª. ¢ § ¤ ç¥ PM ¤¨ ¬¨ç¥áª¨¥ á¨áâ¥¬ë á¢ï§ ë «¨èì
á®¢¬¥áâë¬ ®£à ¨ç¥¨¥¬   ª®æ¥¢ë¥ § ç¥¨ï ¬®¬¥â®¢ ¢à¥¬¥¨ ¨ âà ¥ªâ®à¨©, â®  «¨ç¨¥
¢ ¨å ®¡é¥© ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© (t) ¥ ¨£à ¥â áãé¥áâ¢¥®© à®«¨, â¥®à¥¬  2 ¥áâ¥áâ¢¥ë¬
®¡à §®¬ à á¯à®áâà ï¥âáï   á«ãç © à §«¨ç îé¨åáï ¯¥à¥¬¥ëå â¨¯  ¢à¥¬¥¨ (¢ § ¤ ç¥ PN
íâ® t ¨ �).

¡) �â®¡ë ¨§¡ ¢¨âìáï ¢ § ¤ ç¥ PN ®â ¯ à ¬¥âà®¢ si ¢ ¯à¥¤¥«ìëå ¯®¤á¨áâ¥¬ å, ¯®«®¦¨¬

dsi

d�
= 0; i = 0; N; (21)

¨ ¯¥à¥¯¨è¥¬ ª®æ¥¢ë¥ ®£à ¨ç¥¨ï, á¢ï§ë¢ îé¨¥ íâ ¯ë § ¤ ç¨ PN , ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥ (á
¯¥à¥®¡®§ ç¥¨¥¬ ti0 = si�1, ti1 = si ¤«ï i = 0; N + 1)

(x0(t00); x
N+1(tN+1

1 ); V N+1(tN+1
1 )) 2 C; (xi+1(ti+1

0 ); zi(di)) 2 f(a; a) j a 2 Rd(x)g; i = 0; N ;

(xi(ti1); z
i(0)) 2 f(a; a) j a 2 Rd(x)g; i = 0; N ; (V i+1(ti+1

0 ); ziV (di)) 2 f(a; a) j a 2 Rg; i = 0; N ;

(V i(ti1); z
i
V (0)) 2 f(a; a) j a 2 Rg; i = 0; N ; (si(0); t

i+1
0 ; ti1) 2 f(a; a; a) j a 2 Rg; i = 1; N � 1;

(s0(0); t10; t
0
1) 2 f(a; a; a) j a � t0g; (sN(0); t

N+1
0 ; tN1 ) 2 f(a; a; a) j a � t1g;

t00 = t0; tN+1
1 = t1; V 0(t00) = 0; � i0 = 0; di � 0:

(22)
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¢) �«ï «î¡®£®  âãà «ì®£® ç¨á«  j > kv(�)k1 ¯®«®¦¨¬ Kj = K \Bj , £¤¥ Bj | § ¬ªãâë©
è à à ¤¨ãá  j ¢ ¯à®áâà áâ¢¥ Rd(v), ¨ à áá¬®âà¨¬ § ¤ çã PNj , ª®â®à ï ¯®«ãç ¥âáï ¨§ PN § ¬¥-
®© ®£à ¨ç¥¨ï vi(t) 2 K   vi(t) 2 Kj , á¢ï§ãîé¨å ª®æ¥¢ëå ®£à ¨ç¥¨© (16), (17), (18)   (22)
¨ ¤®¡ ¢«¥¨¥¬ ¤¨ää¥à¥æ¨ «ìëå á¢ï§¥© (21) (®áâ «ìë¥ ãà ¢¥¨ï ¤¨ ¬¨ª¨ ¥ ¬¥ïîâáï).

�á®, çâ® ¨áá«¥¤ã¥¬ë© ®¯â¨¬ «ìë© ¬ã«ìâ¨¯à®æ¥áá ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢ª« ¤ë¢ ¥âáï ¢
¬®¦¥áâ¢® ¤®¯ãáâ¨¬ëå ¬ã«ìâ¨¯à®æ¥áá®¢ ª ¦¤®© § ¤ ç¨ PNj , ¯à¨ç¥¬ ï¢«ï¥âáï ¢ ¨å ®¯â¨¬ «ì-
ë¬. �á® â ª¦¥, çâ® ª § ¤ ç¥ PNj ¯à¨¬¥¨¬  â¥®à¥¬  2.

� £ 4. � áá¬®âà¨¬ �� ¤«ï ¬ã«ìâ¨¯à®æ¥áá  � ¢ ä¨ªá¨à®¢ ®© § ¤ ç¥ PNj (¨¤¥ªá j ã
¤¢®©áâ¢¥ëå ¯¥à¥¬¥ëå ¤«ï ªà âª®áâ¨ ¡ã¤¥â ®¯ãáª âìáï).

 ) � à®«¨ äãªæ¨© �®âàï£¨  ¤«ï íâ ¯®¢ ¯® ¢à¥¬¥¨ t ¨ � ¡ã¤ãâ ¢ëáâã¯ âì á®®â¢¥âáâ¢¥®
äãªæ¨¨

H i = H(t; xi; V i;  i; ui) +  iV kv
ik; �i = H1(si; z

i; ziV ; p
i; !i) + piV :

�âáî¤  ïá®, çâ® ¤«ï á®¯àï¦¥ëå ¯¥à¥¬¥ëå ¢ �� ¢®©¤ãâ á«¥¤ãîé¨¥ ¤¨ää¥à¥æ¨ «ìë¥
¢ª«îç¥¨e ¨ ãà ¢¥¨ï:

(� _ i(t)�H i
1x(t);� _ iV (t)�H i

1V (t)) 2 @(x;V )H
i
0(t); t 2 [si�1; si]; i = 0; N + 1

(à §«®¦¥¨¥ äãªæ¨© H i ¢ áã¬¬ã H i
0 +H i

1   «®£¨ç® à §«®¦¥¨î H);

� _pi(�) = �i
zi(�) = H1x

��
�(si)

(�); � _piV (�) = �i
zi
V
(�) = H1V

��
�(si)

(�);

� _pis(�) = �i
si
(�) = H1t

��
�(si)

(�); � 2 [0; di]; i = 0; N:

�ç¥¢¨¤®, çâ® íâ¨ ¢ª«îç¥¨e ¨ ãà ¢¥¨ï ¯¥à¥©¤ãâ ¢ á®¯àï¦¥ë¥ á¨áâ¥¬ë ¨§ �� ¤«ï
§ ¤ ç¨ P. �® ¦¥ á ¬®¥ ®â®á¨âáï ª ãá«®¢¨ï¬ ¬ ªá¨¬ã¬  ¯® ã¯à ¢«¥¨ï¬ á â®© «¨èì à §¨æ¥©,
çâ® ¬ ªá¨¬ã¬ ¯® v-ª®¬¯®¥â ¬ ¡ã¤¥â ¡à âìáï ¯® ¬®¦¥áâ¢ã Kj , â. ¥. ¯®ª  ¨¬¥¥¬ à ¢¥áâ¢®

H1(t) +  V (t)kv(t)k = max
v2Kj

(H1(t; v) +  V (t)kvk): (23)

�à®¬¥ â®£®, ®â¬¥â¨¬, çâ® ¢ á¨«ã  ¢â®®¬®áâ¨ ¯à¥¤¥«ìëå ¯®¤¯à®æ¥áá®¢ ¨å £ ¬¨«ìâ®¨  ¯®-
áâ®ï¥ ¢¤®«ì ®¯â¨¬ «¨ (§ ¬¥ç ¨¥ 1) ª â¥®à¥¬¥ 2). �â® ¤ ¥â ãá«®¢¨¥

H1

��
�(si)

(�) + piV (�) = max
!2K1

�i(�; !) = hi (24)

¯à¨ � 2 [0; di] ¨ ¥ª®â®à®¬ hi 2 R. �® á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ ¬ ªá¨¬ã¬  ¯® ¯à¥¤¥«ì®¬ã ã¯à -
¢«¥¨î !i (9) ¢ â¥®à¥¬¥ 1, ¥á«¨ â®«ìª® ®ª ¦¥âáï, çâ® hi = 0 8i = 0; N .

�à®  «¨§¨àã¥¬ ®áâ «ìë¥ ãá«®¢¨ï �� ¢ § ¤ ç¥ PNj .

¡) �¡à â¨¬áï ª ãá«®¢¨ï¬ âà á¢¥àá «ì®áâ¨ ¨ ®à¬¨à®¢ª¨.
�à¥¦¤¥  ¯®¬¨¬ á¢®©áâ¢  ®à¬ «ì®£® ª®ãá , ª®â®àë¥ ¡ã¤ãâ  ¬¨ ¨á¯®«ì§®¢ âìáï [9].

�à¥¤«®¦¥¨¥ 2. �ãáâì C � Rm �Rn | § ¬ªãâ®¥ ¬®¦¥áâ¢®, (x; y) 2 C, â®£¤ 

Nf(a;a;b)j(a;b)2Cg(x; y) � f(p; q; r) j (p+ q; r) 2 NC(x; y)g:

�à¥¤«®¦¥¨¥ 3. �ãáâì C1 � Rm, C2 � Rn | § ¬ªãâë¥ ¬®¦¥áâ¢ , x 2 C1, y 2 C2,

â®£¤ 

NC1�C2
(x; y) = NC1

(x)�NC2
(y):

�á¯®«ì§ãï ¯à¥¤«®¦¥¨¥ 3, ¨§ ãá«®¢¨© âà á¢¥àá «ì®áâ¨ ¯à¨ � = � ¯®«ãç ¥¬ ¢ª«îç¥¨¥

( 0(t0);� N+1(t1);� N+1
V (t1)) 2 �@l(�) +NC(�):

C ãç¥â®¬ ¯¥à¥®¡®§ ç¥¨ï ª®æ¥¢®£® ¢¥ªâ®à  b! � ¨ à ¢¥áâ¢

 0(t0) =  (t0�);  N+1(t1) =  (t1+);  N+1
V (t1) =  V (t1+)

¯®«ãç ¥¬ ãá«®¢¨ï âà á¢¥àá «ì®áâ¨ ¨§ â¥®à¥¬ë 1.
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�á¯®«ì§ãï ¯à¥¤«®¦¥¨¥ 2, § ¯¨è¥¬ ãá«®¢¨ï âà á¢¥àá «ì®áâ¨ ¤«ï ¯à®¬¥¦ãâ®çëå ¨ ¯à¥-
¤¥«ìëå ¯®¤¯à®æ¥áá®¢

 i+1(si)� pi(di) = 0; � i(si) + pi(0) = 0; i = 0; N ; (25)

 i+1
V (si)� piV (di) = 0; � iV (si) + piV (0) = 0; i = 0; N ; (26)

pis(0) � hi+1
0 + hi1 = 0; i = 1; N � 1; (27)

p0s(0)� h10 + h01 2 Nfa2Rjt0�a�0g(s0) =

(
f0g; ¥á«¨ t0 < s0;

fa 2 R j a � 0g; ¥á«¨ t0 = s0;
(28)

pNs (0)� hN+1
0 + hN1 2 Nfa2Rja�t1�0g(sN) =

(
f0g; ¥á«¨ sN < t1;

fa 2 R j a � 0g; ¥á«¨ sN = t1;
(29)

pis(di) = 0; i = 0; N ; (30)

h00 2 R; hN+1
1 2 R;  0

V (t0) 2 R;

hi 2 Nfa2Rja�0g(di) =

(
f0g; ¥á«¨ di > 0;

fa 2 R j a � 0g; ¥á«¨ di = 0:
(31)

�§ ãá«®¢¨© (25), (26) áà §ã á«¥¤ãîâ ãá«®¢¨ï ¤®¯ãáâ¨¬®áâ¨ áª çª®¢ á®¯àï¦¥ëå ¯¥à¥¬¥-
ëå ¢ â¥®à¥¬¥ 1.

�á«®¢¨¥ ¥âà¨¢¨ «ì®áâ¨ ¤«ï § ¤ ç¨ PNj ¨¬¥¥â ¢¨¤

�+ j e 0(t0)j+ j e N+1(t1)j+
NX
i=1

j e i(si)j+ NX
i=0

jepi(di)j > 0: (32)

�¤¥áì e i = ( i;  iV ), epi = (pi; piV ; p
i
s) ¨  ¯®¬¨¬, çâ® e 0(t0) = ( (t0�);  V (t0�)), e N+1(t1) =

( (t1+);  V (t1+)).
�®âï   ¯¥à¢ë© ¢§£«ï¤ ¤ ®e ãá«®¢¨¥ ¥âà¨¢¨ «ì®áâ¨ á¨«ì¥¥, ç¥¬ ¢ �� § ¤ ç¨ P, ®¨

à ¢®á¨«ìë ¢ á¨«ã «¨¥©®áâ¨ ¨ ®¤®à®¤®áâ¨ á®¯àï¦¥ëå ¢ª«îç¥¨© ®â®á¨â¥«ì® e i, epi:
¤®¯ãé¥¨¥ � = 0,  (t1+) = 0,  V (t1+) = 0 ¯à¨¢®¤¨â ª  àãè¥¨î ãá«®¢¨ï (32), ¢ ç¥¬ ¬®¦®
ã¡¥¤¨âìáï ¯ãâ¥¬ ¯®á«¥¤®¢ â¥«ì®£® à áá¬®âà¥¨ï ¢ª«îç¥¨© ¢ ®¡à â®¬ ¢à¥¬¥¨.

¢) �¡à â¨¬áï ª ãá«®¢¨ï¬ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ ¢à¥¬¥¨. � ç¥¬ á ¯à¥¤¥«ìëå ¯®¤¯à®-
æ¥áá®¢. � ¬¥â¨¬, çâ® ¥á«¨ di > 0 (â. ¥. ¨¬¯ã«ìá ¢ â®çª¥ si ¥áâì), â® hi = 0 ¢ á¨«ã (31). �âáî¤  ¢
¤®¯®«¥¨¥ ª ãá«®¢¨î ¬ ªá¨¬ã¬  (24) ¯®«ãç ¥¬, çâ®

H1

��
�(si)

(�) + piV (�) = hi = 0 ¯à¨ di > 0; � 2 [0; di]:

�â® á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ ¬ ªá¨¬ã¬  (9) ¢ â¥®à¥¬¥ 1.
�®£« á® â¥®à¥¬¥ 2 ç¨á«  hi0, h

i
1 ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬ (¬ë ãç¨âë¢ ¥¬, çâ®

®£à ¨ç¥¨ï   ã¯à ¢«¥¨¥ u, v à §¤¥«¥ë ¨ äãªæ¨ï H1 ¥¯à¥àë¢ ):

hi+1
0 2 co ess

t!si

�
sup
u2U(t)
v2Kj

H(t; xi+1(si); V
i+1

(si);  
i+1(si);  

i+1
V (si); u; v)

�
=

= co ess
t!si

�
sup
u2U(t)

H0(t; x(si+); V (si+);  (si+); u)
�
+

+max
v2Kj

�
H1(s; x(si+); V (si+);  (si+); v) +  V (si+)kvk

�
(33)
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¨   «®£¨ç®

hi1 2 co ess
t!si

�
sup
u2U(t)

H0(t; x(si�); V (si�);  (si�); u)
�
+

+max
v2Kj

�
H1(s; x(si�); V (si�);  (si�); v) +  V (si�)kvk

�
: (34)

� £ 5. �â ª, ¬ë ¤®ª § «¨, çâ® ¯à¨ «î¡®¬ j > kv(�)k1 ¬ã«ìâ¨¯à®æ¥áá � ã¤®¢«¥â¢®àï¥â ��
¢ § ¤ ç¥ PNj , ª®â®àë© á®¤¥à¦¨â ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1, §  ¨áª«îç¥¨¥¬ ãá«®¢¨ï ¬ ªá¨¬ã¬ 
¯® ã¯à ¢«¥¨î v ¨ ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ si 2 Sd(V ) (¢¬¥áâ® ¨å ¨¬¥¥¬ à ¢¥áâ¢ 
(23) ¨ (27){(29)). � ¢¥àè¨âì ¤®ª § â¥«ìáâ¢® ã¦® ¯à¥¤¥«ìë¬ ¯¥à¥å®¤®¬ ¯à¨ j !1.

� ¬¥â¨¬, çâ® ¯à¨ j > 2kv(�)k1 ¨§ ãá«®¢¨ï (23) á«¥¤ã¥â à ¢¥áâ¢®

hHv(t); v(t)i+  V (t)kv(t)k = 0; t 2 T

(«¥¢ ï ç áâì á®¢¯ ¤ ¥â á «¥¢®© ç áâìî à ¢¥áâ¢  (23)). �®£¤  ¬ ªá¨¬ã¬ë ¯® v ¢ á®®â®è¥¨ïå
(33), (34) à ¢ë ã«î ¨ íâ¨ á®®â®è¥¨ï á¢®¤ïâáï ª ¢ª«îç¥¨ï¬

hi+1
0 2 co ess

t!si
H0(t; si+); hi1 2 co ess

t!si
H0(t; si�):

�á¯®«ì§ãï íâ¨ ¢ª«îç¥¨ï ¨ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

pis(0) =
Z di

0

H1t

��
�(si)

(�)d�

(®® ¢ëâ¥ª ¥â ¨§ (30) ¨ ãà ¢¥¨© ¤«ï pis(�)), ¯à¥®¡à §ã¥¬ à ¢¥áâ¢  (27) ¨ á®®â®è¥¨ï (28),
(29) ª ¢ª«îç¥¨ï¬

co ess
t!si

H0(t; si+)� co ess
t!si

H0(t; si�) 3
Z di

0

H1t

��
�(si)

(�)d� + si ;

£¤¥ s0 � 0, s0(t0�s0) = 0, sN � 0, sN (sN�t1) = 0, si = 0, i = 1; N � 1. �®«ãç¥ë¥ ¢ª«îç¥¨ï
â®¦¤¥áâ¢¥ë ãá«®¢¨ï¬ ®¯â¨¬ «ì®áâ¨ ¬®¬¥â®¢ ¨¬¯ã«ìá  â¥®à¥¬ë 1.

�â ª, ¯à¨ ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å j ¢ë¯®«¥¨¥ �� ¤«ï ¯à®æ¥áá  � ¢ § ¤ ç¥ PNj à ¢®-
á¨«ì® â¥®à¥¬¥ 1, §  ¨áª«îç¥¨¥¬ ¢§ïâ¨ï ¬ ªá¨¬ã¬  ¯® ¬®¦¥áâ¢ã Kj ¢ ãá«®¢¨¨ (23) ¢¬¥áâ®
K. �à¨ j !1 ¢á¥ áâ æ¨® àë¥ (¯® j) ãá«®¢¨ï ®áâ îâáï ¥¨§¬¥ë¬¨,   (23) á ®ç¥¢¨¤®áâìî
¯¥à¥å®¤¨â ¢ ¥¤®áâ îé¥¥ ãá«®¢¨¥ ¬ ªá¨¬ã¬  ¯® ª®ãáã K.

�â¨¬ ¤®ª § â¥«ìáâ¢® �� § ¢¥àè ¥âáï.

5. � ª«îç¥¨¥

�®«ãç¥ë¥ ¢ à ¡®â¥ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ ®¡. à¥è¥¨© á ª®¥çë¬ ç¨á«®¬
â®ç¥ª à §àë¢  ¨¬¥îâ ¤®áâ â®ç® è¨à®ª¨© á¯¥ªâà ¯à¨«®¦¥¨©. �¥â®¤ ¨å ¤®ª § â¥«ìáâ¢  ¤®¯ãá-
ª ¥â à á¯à®áâà ¥¨¥ ¨   ¡®«¥¥ á«®¦ë¥ ª« ááë ¥£« ¤ª¨å § ¤ ç ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï,
 ¯à¨¬¥à,   § ¤ ç¨ á ¯à®¬¥¦ãâ®çë¬¨ ®£à ¨ç¥¨ï¬¨   âà ¥ªâ®à¨î ¢ ®¡é¨å ¥«¨¥©ëå
á¨áâ¥¬ å, ¤«ï ª®â®àëå ¨§¢¥áâ® ®¯¨á ¨¥ áâàãªâãàë à §àë¢ëå ®¡. âà ¥ªâ®à¨©.
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