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1. �¢¥¤¥­¨¥

� ­ ¨¡®«¥¥ ®¡é¥© ¬ â¥¬ â¨ç¥áª®© ä®à¬¥ á¯¨­®àë ¡ë«¨ ¢¢¥¤¥­ë �.� àâ ­®¬ ¢ 1913 £. [1],
  ¢ 1928 £. ¯¥à¥®âªàëâë � ­ ¤¥à � à¤¥­®¬ [2] ¢ á¢ï§¨ á ä¨§¨ç¥áª¨¬¨ ¨áá«¥¤®¢ ­¨ï¬¨ �¨à ª .
�¯¨­®àë ¢ ®¡éãî â¥®à¨î ®â­®á¨â¥«ì­®áâ¨ ¡ë«¨ ¢¢¥¤¥­ë ¢ [3]. � ¯à ¢®© ç áâ¨ ãà ¢­¥­¨© �©­-
èâ¥©­  ­ å®¤¨âáï â ª ­ §ë¢ ¥¬ë© â¥­§®à í­¥à£¨¨-¨¬¯ã«ìá  ¬ â¥à¨ «ì­ëå ¯®«¥©, ®¡é¨© à¥æ¥¯â
¯®áâà®¥­¨ï ª®â®à®£® ¤«ï â¥­§®à­ëå ¨ á¯¨­®à­ëå ¯®«¥© ¡ë« ¯à¥¤«®¦¥­ �.�®§¥­ä¥«ì¤®¬ [4] ¢
1940 £. �¥â®¤ �. �®§¥­ä¥«ì¤  áãé¥áâ¢¥­­® ®á­®¢ ­ ­  ¯à¨¬¥­¥­¨¨  ¯¯ à â  ¯à®¨§¢®¤­®© �¨.
�®áâà®¥­¨¥ ¯à®¨§¢®¤­®© �¨ â¥­§®à­ëå ¯®«¥© ­¥ ¢áâà¥ç ¥â ­¨ª ª¨å âàã¤­®áâ¥©, ¤«ï á¯¨­®à-
­ëå ¯®«¥© íâ® ­¥ â ª. �à¨ ¢ë¢®¤¥ ä®à¬ã«ë ¤«ï â¥­§®à  í­¥à£¨¨-¨¬¯ã«ìá  á¯¨­®à­ëå ¯®«¥©
�.�®§¥­ä¥«ì¤ ¯à¥¤¯®« £ ¥â, çâ® áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ï �¨ á¯¨­®à­ëå ¯®«¥© á® á¢®©áâ¢®¬:
ç áâ­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ �¨ ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©. �à®¨§¢®¤-
­ ï �¨ á¯¨­®à®¢ ¢¤®«ì ¢¥ªâ®à­ëå ¯®«¥© �¨««¨­£  ¡ë«  ¢¯¥à¢ë¥ ¯®áâà®¥­  �.�¨å­¥à®¢¨ç¥¬
[5]. � ¤ «ì­¥©è¥¬�.�®á¬ ­ ¯®áâã«¨à®¢ «  ä®à¬ã«ã ¤«ï ¯à®¨§¢®¤­®© �¨ á¯¨­®à®¢ ¯®  ­ «®£¨¨
á ¯à®¨§¢®¤­®© �¨ ¤«ï â¥­§®à­ëå ¯®«¥© [6]. O¡®á­®¢ ­¨¥ ä®à¬ã«ë �.�®á¬ ­ ¡ë«® ¯à¥¤«®¦¥­®
¢ [7]. �à®¨§¢®¤­ ï �¨ á¯¨­®à  ã �.�®á¬ ­ ­¥ ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® ª®¬¬ãâ â®à ¯à®¨§-
¢®¤­ëå �¨ ¥áâì ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì ª®¬¬ãâ â®à , ­¥ £®¢®àï ã¦¥ ® ª®¬¬ãâ¨à®¢ ­¨¨ ç áâ­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨.

�¥è¥­¨¥ ¯à®¡«¥¬ë ¯®áâà®¥­¨ï ¯à®¨§¢®¤­®© �¨ á¯¨­®à­®£® ¯®«ï ¨ ¥£® ¯à¨¬¥­¥­¨¥ ª ¯®áâà®-
¥­¨î, ­  ®á­®¢¥ â¥®à¥¬ë ��¥â¥à, â¥­§®à  í­¥à£¨¨-¨¬¯ã«ìá  á¯¨­®à­ëå ¯®«¥© ¢ ¯à®áâà ­áâ¢¥-
¢à¥¬¥­¨ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ ¡ë«¨ ¯®«ãç¥­ë ¢ [8], [9]. �ë« ¯à¨¬¥­¥­ ¬¥â®¤ ¨­¤ãæ¨-
à®¢ ­­ëå ¯à¥¤áâ ¢«¥­¨© ¤«ï à áè¨à¥­¨ï á¯¨­®à­®£® ¯à¥¤áâ ¢«¥­¨ï £àã¯¯ë �®à¥­æ  O(1; 3) ¤®
¯à¥¤áâ ¢«¥­¨ï ¯®«­®© «¨­¥©­®© £àã¯¯ë GL(4) ç¥âëà¥å¬¥à­®£® ¯à®áâà ­áâ¢ . �à¨ íâ®¬ à áè¨-
àï¥âáï ¨ ¯à®áâà ­áâ¢® ¯à¥¤áâ ¢«¥­¨ï: ¯à®áâà ­áâ¢® á¯¨­®à®¢ â¥­§®à­ë¬ ®¡à §®¬ ã¬­®¦ ¥âáï
­  ¯à®áâà ­áâ¢® á¨¬¬¥âà¨ç¥áª¨å â¥­§®à®¢ ¢â®à®£® à ­£ , ®¯à¥¤¥«ïîé¨å ª¢ ¤à â¨ç­ãî ä®à¬ã
á¨£­ âãàë (+;�;�;�). � ¯®¬®éìî íâ®© £àã¯¯ë á¯¨­®àë, à ­¥¥ à áá¬ âà¨¢ ¥¬ë¥ ª ª í«¥¬¥­-
âë à áá«®¥­¨ï,  áá®æ¨¨à®¢ ­­®£® á £« ¢­ë¬ à áá«®¥­¨¥¬ ®àâ®£®­ «ì­ëå à¥¯¥à®¢, â¥¯¥àì ¬®£ãâ
à áá¬ âà¨¢ âìáï ª ª í«¥¬¥­âë à áá«®¥­¨ï,  áá®æ¨¨à®¢ ­­®£® á £« ¢­ë¬ à áá«®¥­¨¥¬ «¨­¥©­ëå
à¥¯¥à®¢.

� ¤ ­­®© à ¡®â¥ à¥§ã«ìâ âë [8], [9] ®¡®¡é îâáï ­  á«ãç © ¯à®¨§¢®«ì­ëå à¨¬ ­®¢ëå ¬­®-
£®®¡à §¨©; ¯®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â ¯à®¨§¢®« ¢ § ¤ ­¨¨ á¯¨­®à®¢ ­  à¨¬ ­®¢ëå ¬­®£®-
®¡à §¨ïå, á¢ï§ ­­ë© á ¢ë¡®à®¬ á¥ç¥­¨© ¢ £« ¢­®¬ à áá«®¥­¨¨ GL(n) á® áâàãªâãà­®© £àã¯¯®©
O(p; q), n = p + q. �á«¨ äã­ªæ¨ï � £à ­¦  á¯¨­®à­®£® ¯®«ï ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¤¥©-
áâ¢¨ï áâàãªâãà­®© £àã¯¯ë ­   áá®æ¨¨à®¢ ­­®¬ á¯¨­®à­®¬ à áá«®¥­¨¨¨, â® á®®â¢¥âáâ¢ãîé ï
â¥®à¨ï á¯¨­®à­®£® ¯®«ï ®ª §ë¢ ¥âáï ª «¨¡à®¢®ç­® ¨­¢ à¨ ­â­®©, ¯à¨ ãá«®¢¨¨, çâ® ª «¨¡à®-
¢®ç­®¥ ¯à¥®¡à §®¢ ­¨¥ ¥áâì ¨§¬¥­¥­¨¥ á¥ç¥­¨ï.
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2. �¥ç¥­¨ï £« ¢­®£® à áá«®¥­¨ï GL(n)(S2(p; q); O(p; q))

�ãáâì O(p; q) | ¯®¤£àã¯¯  ¢ £àã¯¯¥ ®¡à â¨¬ëå ¬ âà¨æ GL(n); á®áâ®ïé ï ¨§ ¬ âà¨æ A
â ª¨å, çâ® AT �A = �; £¤¥ � = diag(+1; : : : ;+1| {z }

p

;�1; : : : ;�1| {z }
q

). �¯à¥¤¥«¥­® £« ¢­®¥ à áá«®¥­¨¥

GL(n)(GL(n)=O(p; q); O(p; q)) á â®â «ì­ë¬ ¯à®áâà ­áâ¢®¬ GL(n); á ¡ §®© GL(n)=O(p; q) ¨ á®
áâàãªâãà­®© £àã¯¯®© O(p; q); ¯à¨ç¥¬ ¡ §  ¤¨ää¥®¬®àä­  ¬­®£®®¡à §¨î S2(p; q) ª¢ ¤à â¨ç­ëå
ä®à¬ á¨£­ âãàë (p; q) ([10], á. 61).

�ã­¤ ¬¥­â «ì­ë¥ á¯¨­®à­ë¥ ¯à¥¤áâ ¢«¥­¨ï ®àâ®£®­ «ì­®© £àã¯¯ë O(p; q) áâà®ïâáï á«¥-
¤ãîé¨¬ ®¡à §®¬. �ãáâì n = 2� ¨«¨ n = 2� + 1, ¢ ª®¬¯«¥ªá­®¬ ¯à®áâà ­áâ¢¥ 	 � C2�

áãé¥áâ¢ãîâ â ª ­ §ë¢ ¥¬ë¥ £ ¬¬ -¬ âà¨æë 
�, ®¯à¥¤¥«¥­­ë¥ á â®ç­®áâìî ¤® ¢ë¡®à  ¡ §¨-
á  ¢ 	 ¨ ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬ 
�
� + 
�
� = 2���I2� . �¯¨­®à­®¥ ¯à¥¤áâ ¢«¥­¨¥
o 2 O(p; q) ! �(o) 2 End(	) ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ o
 = ��1(o)
�(o), £¤¥ 
 ¥áâì áâ®«¡¥æ á
í«¥¬¥­â ¬¨ 
� ¨

��1(o)
�(o) =

0
@��1(o)
1�(o): : : : : : : : : : :
��1(o)
n�(o)

1
A :

� á«ãç ¥ p = 1; q = 3 ¬ âà¨æë 
� ¨¬¥îâ ¢¨¤


0 =

0
BB@
1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1
CCA ; 
1 =

0
BB@
0 0 0 1
0 0 1 0
0 �1 0 0
�1 0 0 0

1
CCA ;


2 =

0
BB@
0 0 0 �i
0 0 i 0
0 i 0 0
�i 0 0 0

1
CCA ; 
3 =

0
BB@
0 0 1 0
0 0 0 �1
�1 0 0 0
0 1 0 0

1
CCA ;

¨ ­ §ë¢ îâáï ¬ âà¨æ ¬¨ �¨à ª . �¯¨­®àë  2 	 ¯à¥®¡à §ãîâáï ¯® § ª®­ã  0 = � . �¥«¨ç¨­ë
 =  +
0, £¤¥ + ®§­ ç ¥â íà¬¨â®¢® á®¯àï¦¥­¨¥, ­ §ë¢ îâ á®¯àï¦¥­­ë¬¨ á¯¨­®à ¬¨, § ª®­ ¨å
¯à¥®¡à §®¢ ­¨ï ¨¬¥¥â ¢¨¤  

0
=  ��1. �á«¨  à áá¬ âà¨¢ îâáï ª ª ª®­âà ¢ à¨ ­â­ë¥ á¯¨­®àë,

â®  | ª ª ª®¢ à¨ ­â­ë¥ á¯¨­®àë. �¡®§­ ç¥­¨¥  ¤«ï ª®¢ à¨ ­â­ëå á¯¨­®à®¢ á®åà ­¨¬ ¨ ¤«ï
á«ãç ï ¯à®¨§¢®«ì­ëå p ¨ q.

1. �á«¨ q = 0 (¨«¨ p = 0), â® £« ¤ª®¥ ®â®¡à ¦¥­¨¥ � : GL(n) ! S2(n; 0) � O(n),
�(A) = (

p
ATA;

p
ATA�1A) ¢ á¨«ã â¥®à¥¬ë ® ¯®«ïà­®¬ à §«®¦¥­¨¨ ¥áâì ¤¨ää¥®¬®àä¨§¬. � -

ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ à áá«®¥­¨¥ GL(n)(S2(n; 0); O(n)) âà¨¢¨ «ì­® ¨ áãé¥áâ¢ã¥â £«®¡ «ì-
­®¥ á¥ç¥­¨¥ s : S2(n; 0) ! GL(n), g ! s(g) 2 GL(n), £¤¥ ¬ âà¨æ  s(g) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:
1) á¨¬¬¥âà¨ç­  ®â­®á¨â¥«ì­® �, 2) ¯®«®¦¨â¥«ì­  ®â­®á¨â¥«ì­® �, 3) s(g)gs(g) = �. �î¡®¥ ¤àã-
£®¥ á¥ç¥­¨¥ ¯®«ãç ¥âáï ¯ãâ¥¬ ã¬­®¦¥­¨ï s(g) ­  ¯à®¨§¢®«ì­ãî äã­ªæ¨î o(g) ­  S2(n; 0) áo
§­ ç¥­¨ï¬¨ ¢ O(n).

2. �ãáâì n = 2, p = q = 1. � âà¨æã g 2 S2(1; 1) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

g =
1
2

�
c+ a b
b c� a

�
; a2 + b2 � c2 > 0:

�®¢¥àå­®áâì D = 0, £¤¥ D = c2 � b2 | ¤¨áªà¨¬¨­ ­â å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï det jg �
��j = 0, ¤¥«¨â ¯à®áâà ­áâ¢® ¯¥à¥¬¥­­ëå a; b; c ­  âà¨ ®¡« áâ¨: I. b > jcj, II. �jcj < b < jcj,
III. b < �jcj. � ª ª ª a2 + b2 � c2 > 0, â® a2 > 0 ¤«ï ®¡« áâ¨ II, ¯®íâ®¬ã ®­  á®áâ®¨â ¨§ ¤¢ãå
ç áâ¥©, ¢ ª®â®àëå a > 0 ¨«¨ a < 0. �ãé¥áâ¢ãîâ �-á¨¬¬¥âà¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï

s�(g) =
1
k�

�
1� 1p

a2 + b2 � c2

�
a� c �b
b a+ c

��
; k� =

qp
a2 + b2 � c2 � a;
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ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ sT�(g)gs�(g) = ��. �á«¨ D > 0 ¨ D = u2, â® k� =
p
jaj�u+

p
jaj+up

2

¨ s+(g) ®¯à¥¤¥«¥­® ¤«ï a > 0,   s�(g) � ¤«ï a < 0.
�®«®¦¨¬

s(g) = s1(g) = s+(g); g 2 U1 = I [ IIa>0 [ III [ fD = 0; a > 0g;

s(g) = s2(g) = s�(g)
�
0 �1
1 0

�
; g 2 U2 = I [ IIa<0 [ III[ fD = 0; a < 0g:

� ®¡« áâïå I ¨ III ¨¬¥¥â ¬¥áâ®

s1 = s2(g)o = s2(g)
1
u

�
b c
c b

�
;

¤«ï ®¡« áâ¨ I ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® b > 0, ¤«ï ®¡« áâ¨ III ¢ë¯®«­¥­® b < 0. �á«¨ b > 0, â®
¯à¥®¡à §®¢ ­¨¥ o 2 O(1; 1) ¯à¨­ ¤«¥¦¨â á¢ï§­®© ª®¬¯®­¥­â¥ £àã¯¯ë O(1; 1), ¢ ª®â®à®© á®¤¥à-
¦¨âáï ¥¤¨­¨æ  £àã¯¯ë, §­ ç¨â ­  ®¡« áâ¨ I � U1 \ U2 á¥ç¥­¨ï s1(g), s2(g) ¢®§¬®¦­® £« ¤ª¨¬
®¡à §®¬ ¤¥ä®à¬¨à®¢ âì ¤àã£ ¢ ¤àã£ . �á«¨ b < 0, â® ¯à¥®¡à §®¢ ­¨¥ o 2 O(1; 1) ¯à¨­ ¤«¥¦¨â
á¢ï§­®© ª®¬¯®­¥­â¥ £àã¯¯ë O(1; 1), ¢ ª®â®à®© ¥¤¨­¨æ  £àã¯¯ë ­¥ á®¤¥à¦¨âáï, ¯®íâ®¬ã ­  ®¡« -
áâ¨ III � U1\U2 á¥ç¥­¨ï s1(g), s2(g) ­¥¢®§¬®¦­® £« ¤ª¨¬ ®¡à §®¬ ¤¥ä®à¬¨à®¢ âì ¤àã£ ¢ ¤àã£ .
� ¨â®£¥ ¢ S2(1; 1) áãé¥áâ¢ãîâ ¤¢¥ ®¡« áâ¨ U1 ¨ U2, S2(1; 1) = U1 [ U2, ­  ª®â®àëå ®¯à¥¤¥«¥­ë
«®ª «ì­ë¥ á¥ç¥­¨ï.

3. �¡é¨© á«ãç ©. �ãáâì r = min(p; q). �®ª ¦¥¬, çâ® ­  S2(p; q) áãé¥áâ¢ã¥â  â« á ¨§ r + 1
ª àâ, ­  ª®â®àëå ®¯à¥¤¥«¥­ë «®ª «ì­ë¥ á¥ç¥­¨ï.

�à¥®¡à §®¢ ­¨ï ®àâ®£®­ «ì­®© £àã¯¯ë O(p; q) ®áâ ¢«ïîâ ¨­¢ à¨ ­â­®© ª¢ ¤à â¨ç­ãî ä®à-
¬ã á ¬ âà¨æ¥© �. � âà¨æ  g 2 S2(p; q) ®¯à¥¤¥«ï¥â ª¢ ¤à â¨ç­ãî ä®à¬ã â®© ¦¥ á¨£­ âãàë. �
¯®¬®éìî ¯à¥®¡à §®¢ ­¨© ¨§ £àã¯¯ë O(p; q) ¬ âà¨æã g ¬®¦­® ¯à¨¢¥áâ¨ ª ª ­®­¨ç¥áª®¬ã ¢¨-
¤ã. �¥è¥­¨¥ § ¤ ç¨ ¯®«ãç¥­® ¢ [11] ¢ á«¥¤ãîé¥¬ ¢¨¤¥. �à¨ ®¤­®¢à¥¬¥­­®¬ à áá¬®âà¥­¨¨ ¯ àë
ä®à¬ ¨å ¬ âà¨æë � ¨ g ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã

� =

0
BB@
Gm1

�
�
Gmk

1
CCA ; g =

0
BB@
Tm1

�
�
Tmk

1
CCA ;

£¤¥

Gmi
=

0
BB@

li
�

�
li

1
CCA ; Tmi

=

0
BBBB@

li�i
li�i 1

�
li�i 1

li�i 1

1
CCCCA ;

§¤¥áì li = �1, ª®£¤  ª®à­¨ �i å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï det jg � ��j = 0 ¢¥é¥áâ¢¥­­ë,
¨ li = 2(1 � i), ª®£¤  ª®à­¨ ª®¬¯«¥ªá­ë. � á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ª®à­¥© ¢á¥£¤  áãé¥áâ¢ã-
¥â Gmi

-á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ  smi
c ¯®«®¦¨â¥«ì­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ â ª ï, çâ®

sTmi
Tmi

smi
= sgn(�i)Gmi

. � âà¨æë smi
¨¬¥îâ ¢¨¤

smi
=

0
BBBBBBBBB@

�1 �2 �3 � � � �mi�2 �mi�1 �mi

0 �1 �2 � � � �mi�3 �mi�2 �mi�1
0 0 �1 � � � �mi�4 �mi�3 �mi�2
� � � � � � � � �
0 0 0 � � � �1 �2 �3
0 0 0 � � � 0 �1 �2
0 0 0 � � � 0 0 �1

1
CCCCCCCCCA
;
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£¤¥ �1; �2; : : : ; �mi
®¯à¥¤¥«ïîâáï ª ª à¥è¥­¨ï ãà ¢­¥­¨©

�i�
2
1 = sgn(�i); �1 > 0; 2li�i�2 + �1 = 0;

li�i(2�1�3 + �22) + 2�1�2 = 0; li�i(2�1�4 + 2�2�3) + 2�1�3 + �22 = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

li�i�(2�1�mi
+ 2�2�mi�1 + � � �+ �mi

) + 2�1�mi�1 + : : :+ �mi
= 0:

� ¯®á«¥¤­¥¬ ãà ¢­¥­¨¨ á« £ ¥¬ë¥ �mi
; �mi

à ¢­ë

�mi
= 2�k�k+1; �mi

= 2�k�1�k+1 + �2k; ¥á«¨ mi = 2k;

�mi
= 2�k�k+2 + �2k+1; �mi

= 2�k�k+1; ¥á«¨ mi = 2k + 1:

�á«¨ ª®à­¨ ª®¬¯«¥ªá­ë¥, â® áãé¥áâ¢ãîâ Gmi
-á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë smi� â ª¨¥, çâ® ¬®¦-

­® ­ ©â¨ à¥è¥­¨¥ ®¡®¨å ãà ¢­¥­¨© sTmi�Tmi
smi� = �Gmi

. � íâ®¬ á«ãç ¥ ¤«ï ®¤­®§­ ç­®£®
®¯à¥¤¥«¥­¨ï �1 ­ã¦­® ¯®âà¥¡®¢ âì, çâ®¡ë ª®¬¯«¥ªá­®¥ ç¨á«® �1 ¨¬¥«® ¯®«®¦¨â¥«ì­ãî ¢¥-
é¥áâ¢¥­­ãî ç áâì. �â¬¥â¨¬, çâ® ®¤­® à¥è¥­¨¥ ¯®«ãç ¥âáï ¨§ ¤àã£®£® ¯ãâ¥¬ ã¬­®¦¥­¨ï ­ 
Gmi

-á¨¬¬¥âà¨ç¥áªãî ¬ âà¨æã Pmi
= sgn(�i)iImi

, i | ¬­¨¬ ï ¥¤¨­¨æ , ã¤®¢«¥â¢®àïîéãî ãá«®-
¢¨î P 2

mi
= �Imi

. �¥®¡å®¤¨¬®áâì ¯à¨¢«¥ç¥­¨ï ¬ âà¨æ Pmi
¢ë§¢ ­  â¥¬, çâ® ¯à¥®¡à §®¢ ­¨¥

smi
¯¥à¥¢®¤¨â ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ®â­®á¨â¥«ì­® ª¢ ¤à â¨ç­®© ä®à¬ë á ¬ âà¨æ¥© Gmi

¢ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ®â­®á¨â¥«ì­® ª¢ ¤à â¨ç­®© ä®à¬ë á ¬ âà¨æ¥© Tmi
, ¨ ¯à¨ íâ®¬

§­ ç¥­¨ï ª¢ ¤à â¨ç­ëå ä®à¬ ­  á®®â¢¥âáâ¢ãîé¨å í«¥¬¥­â å ¡ §¨á®¢ ¨¬¥îâ ¯à®â¨¢®¯®«®¦­ë¥
§­ ª¨. � á«ãç ¥ ª®¬¯«¥ªá­ëå ª®à­¥© ¨ ¢ á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ª®à­¥©, ª®£¤  mi | ç¥â­®¥ ç¨-
á«®, ¨­¤¥ªáë ª¢ ¤à â¨ç­ëå ä®à¬ á ¬ âà¨æ ¬¨ Gmi

¨ Tmi
à ¢­ë ­ã«î. �á«¨ ¦¥ mi | ­¥ç¥â­®¥

ç¨á«® ¨ ª®à¥­ì ¢¥é¥áâ¢¥­¥­ ¨ ®âà¨æ â¥«¥­, â® ¯à¥®¡à §®¢ ­¨¥ smi
¯¥à¥¢®¤¨â ¨­¤¥ªá ¨­¥àæ¨¨

� ¢ ¨­¤¥ªá �. �§ § ª®­  ¨­¥àæ¨¨ ¨­¤¥ªá  ª¢ ¤à â¨ç­ëå ä®à¬ á«¥¤ã¥â, çâ® áã¬¬ à­ë© ¨­¤¥ªá
¨­¥àæ¨¨ ª«¥â®ª Tmi

, ¤«ï ª®â®àëå ¯à¨å®¤¨âáï ¢¢®¤¨âì ¬ âà¨æë Pmi
, ¤®«¦¥­ à ¢­ïâìáï ­ã«î.

� á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ®âà¨æ â¥«ì­ëå ª®à­¥© ¢ ª ­®­¨ç¥áª®¬ ¡ §¨á¥ ¬ âà¨æ � ¨ g ã¦¥ ­ ¤®
¢¢®¤¨âì ¬ âà¨æë Pmi;mj

(i 6= j, mi, mj | ­¥ç¥â­ë¥ ç¨á« , lilj < 0), ¤¥©áâ¢ãé¨¥ ­  ¯àï¬®© áã¬¬¥
¤¢ãå ª®à­¥¢ëå ¯®¤¯à®áâà ­áâ¢, á®®â¢¥âáâ¢ãîé¨å ª«¥âª ¬ à §¬¥à­®áâ¥© mi ¨ mj. �® ¬ âà¨æ¥

Gmi;mj
=

�
Gmi

Gmj

�
áâà®¨¬ ¬ âà¨æã Pmi;mj

á«¥¤ãîé¨¬ ®¡à §®¬. � âà¨æ ¬ ¢â®à®£® ¯®àï¤ª ,
à á¯®«®¦¥­­ë¬ á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® æ¥­âà  ¨ ¯®¡®ç­®© ¤¨ £®­ «¨ ¬ âà¨æ Gmi

¨«¨ Gmj

á®¯®áâ ¢¨¬ ¬ âà¨æë
�

�li
li

�
¨«¨

� �lj
lj

�
. � âà¨æ¥ ¢â®à®£® ¯®àï¤ª , «¥¦ é¥© ­  æ¥­âà «ì­ëå

í«¥¬¥­â å ¬ âà¨æ Gmi
¨ Gmj

, á®¯®áâ ¢¨¬ ¬ âà¨æã
�

li
lj

�
, á¢ï§ë¢ îéãî à §«¨ç­ë¥ ¦®à¤ ­®¢ë

ª«¥âª¨. �áâ «ì­ë¥ í«¥¬¥­âë ¬ âà¨æë Pmi;mj
¯®«®¦¨¬ à ¢­ë¬¨ ­ã«î. � âà¨æ  Pmi;mj

ï¢«ï-
¥âáï Gmi;mj

-á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æ¥©, P 2
mi;mj

= �Imi+mj
. �á«¨ ®âà¨æ â¥«ì­ëå ª®à­¥© ¡®«ìè¥

ç¥¬ ¤¢ , â® ¬®¦¥â ¢®§­¨ª­ãâì ¯à®¨§¢®« ¢ á®áâ ¢«¥­¨¨ ¯ à ¦®à¤ ­®¢ëå ª«¥â®ª. �® â®£¤  ¬®¦­®
¢¢¥áâ¨ ã¯®àï¤®ç¥­¨¥ ¢ à á¯®«®¦¥­¨¨ ¦®à¤ ­®¢ëå ª«¥â®ª, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥  ¡á®«îâ­ë¥
¢¥«¨ç¨­ë á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ ¯®àï¤ª¨ ¦®à¤ ­®¢ëå ª«¥â®ª. � «¥¥ ¯¥à¢ãî ¦®à¤ ­®¢ã ª«¥â-
ªã á li > 0 ­ã¦­® á¢ï§ âì á ¦®à¤ ­®¢®© ª«¥âª®© á lj < 0. � ¨â®£¥ ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© ª àâ¨­¥.

�¡®§­ ç¨¬ ç¥à¥§ U0 2 S2(p; q) ®¡« áâì, ¢ ª®â®à®© 8g 2 U0 áãé¥áâ¢ã¥â �-á¨¬¬¥âà¨ç¥áª®¥
¯à¥®¡à §®¢ ­¨¥ s(g) á ¢¥é¥áâ¢¥­­ë¬¨ ¯®«®¦¨â¥«ì­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¨«¨ á ª®¬-
¯«¥ªá­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ á ¯®«®¦¨â¥«ì­®© ¢¥é¥áâ¢¥­­®© ç áâìî, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬ sT (g)gs(g) = � ¨ s(�) = I. �â® ¯à¥®¡à §®¢ ­¨¥ s(g), ®¯à¥¤¥«¥­­®¥ ­  U0, ®¡®§­ ç¨¬
s0(g). �¥à¥§ Uk, k = 1; : : : ; r, ®¡®§­ ç¨¬ ®¡« áâì ¢ S2(p; q), ¢ ª®â®à®© ¬ âà¨æ  sk(g), ¯¥à¥¢®¤ïé ï
g ¢ �, ¨¬¥¥â ¢¨¤ s(g)P (g). �à¥®¡à §®¢ ­¨ï s(g) ¨ P (g) ï¢«ïîâáï �-á¨¬¬¥âà¨ç¥áª¨¬¨ ¯à¥®¡à §®-
¢ ­¨ï¬¨, ®¡« ¤ îâ ®¡é¨¬¨ ¨­¢ à¨ ­â­ë¬¨ ¯à®áâà ­áâ¢ ¬¨ V2k ¨ Vn�2k, ¯à¨ç¥¬ P 2

��
V2k

= �I2k,
  P 2

��
Vn�2k

= In�2k. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¥®¡à §®¢ ­¨ï s(g) ¯®«®¦¨â¥«ì­ë, ¥á«¨ ®­¨ ¢¥é¥-

áâ¢¥­­ë ¨ ¨¬¥îâ ¯®«®¦¨â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨, ¥á«¨ ª®¬¯«¥ªá­ë. �à¥®¡à §®¢ ­¨¥ P 2

á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® � ¨ g, ¨¬¥eâ ®¡é¨¥ ª®à­¥¢ë¥ ¯®¤¯à®áâà ­áâ¢  á g�1�, á®¡áâ¢¥­­ë¥
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§­ ç¥­¨ï à ¢­ë �, ¨ ª®¬¬ãâ¨àãeâ á s, g�1�. �¡« áâ¨ U0 ¨ Uk, k 6= 0, ¯¥à¥á¥ª îâáï ¢ â®çª å g,
¢ ª®â®àëå g ¨¬¥¥â ª®¬¯«¥ªá­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï.

�®§­¨ª ¥â ¢®¯à®á ® £« ¤ª®áâ¨ ¯®áâà®¥­­ëå á¥ç¥­¨© (á¬., ­ ¯à., [12] á. 229).

�¥¬¬  1. �ãáâì ¤«ï ¬ âà¨æ A1 ¨ A2 «î¡ ï áã¬¬  á®¡áâ¢¥­­®£® §­ ç¥­¨ï ®¤­®© ¬ âà¨æë

á á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ ¤àã£®© ¬ âà¨æë ­¥ à ¢­  ­ã«î, â®£¤  ¬ âà¨ç­®¥ ãà ¢­¥­¨¥ A1X +
XA2 = B ¨¬¥¥â à¥è¥­¨¥ ®â­®á¨â¥«ì­® X ¨ ®­® ¥¤¨­áâ¢¥­­®.

�« ¤ª ï § ¢¨á¨¬®áâì Q = P 2 ®â g. � âà¨æ  Q ®¡« ¤ ¥â á¢®©áâ¢ ¬¨: Q2 = In, Qg�1� =
g�1�Q. �¨ää¥à¥­æ¨àãï íâ¨ á®®â­®è¥­¨ï, ¯®«ãç¨¬ ãà ¢­¥­¨ï

QdQ+ dQQ = 0;

g�1�dQ� dQg�1� = Qg�1dgg�1� � g�1dgg�1�Q:

�â¨ ãà ¢­¥­¨ï ®â­®á¨â¥«ì­® dQ ¤®¯ãáª îâ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �«ï ¤®ª § â¥«ìáâ¢  ­  ¨­-
¢ à¨ ­â­ëå ¯®¤¯à®áâà ­áâ¢ å ¢¢¥¤¥¬ ®àâ®­®à¬¨à®¢ ­­ë¥ ¡ §¨áë, ¢ ª®â®àëå ¬ âà¨æë Q ¨ g�1�
¨¬¥îâ ª«¥â®ç­® ¤¨ £®­ «ì­ãî áâàãªâãàã Q =

�
�I2k

In�2k

�
, g�1� =

�
R1

R2

�
, £¤¥ R1 á®áâ®¨â ¨§

¦®à¤ ­®¢ëå ª«¥â®ª á ®âà¨æ â¥«ì­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨,  R2 |¨§ ¦®à¤ ­®¢ëå ª«¥â®ª
á ¯®«®¦¨â¥«ì­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¨«¨ á ª®¬¯«¥ªá­ë¬¨ á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨
á ¯®«®¦¨â¥«ì­®© ¢¥é¥áâ¢¥­­®© ç áâìî. � âà¨æã dQ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ dQ =

�
dQ11 dQ12

dQ21 dQ22

�
.

� ¢¢¥¤¥­­®¬ ¡ §¨á¥ ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ dQ11 = 0, dQ22 = 0,   dQ12 ¨ dQ21 ®¤­®§­ ç­®
®¯à¥¤¥«ïîâáï ¨§ ¢â®à®£® ãà ¢­¥­¨ï ­  ®á­®¢¥ «¥¬¬ë. �§ áãé¥áâ¢®¢ ­¨ï ¯¥à¢®£® ¤¨ää¥à¥­æ¨-
 «  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¤¨ää¥à¥­æ¨ «®¢ «î¡ëå ¯®àï¤ª®¢. �­ ç¨â, Q = P 2 £« ¤ª® § ¢¨á¨â
®â g.

�ãé¥áâ¢®¢ ­¨¥ £« ¤ª®£® P . �¢¨¤ã £« ¤ª®áâ¨ Q ¢ ¥£® ª®à­¥¢ëå ¯à®áâà ­áâ¢ å ¬®¦­® ¯®-
áâà®¨âì ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¨§ £« ¤ª¨å ¢¥ªâ®à®¢, ¢ íâ®¬ ¡ §¨á¥, ­ ¯à¨¬¥à, ¯®«®¦¨¬
P
��
V2k

=
�

�Ik
Ik

�
, P

��
Vn�2k

= I
��
Vn�2k

. � ¡ §¨á¥, £¤¥ § ¤ ­  ¬ âà¨æ  �, í«¥¬¥­âë ¬ âà¨æë P ¡ã-
¤ãâ £« ¤ª¨¬¨.

�« ¤ª ï § ¢¨á¨¬®áâì s(g) ®â g. �à ¢­¥­¨¥ P T sT gsP = � ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ sTgs =
P T�1�P�1 = �P�12 = �Q�1. �® s ¨ Q ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©, ¯®íâ®¬ã g = �Q�1s�2, §­ ç¨â,
s2 = g�1�Q�1. �¨ää¥à¥­æ¨àãï, ­ å®¤¨¬ dss+ sds = d(g�1�Q�1). � á¨«ã «¥¬¬ë ds áãé¥áâ¢ã¥â,
§­ ç¨â, s ¥áâì £« ¤ª ï äã­ªæ¨ï ®â g.

3. �¥©áâ¢¨¥ £àã¯¯ë �¨ GL(n) ­  S2(p; q)� 	

�ãáâì ®¡« áâ¨ Ui, i = 0; 1; : : : ; r, ­  ª®â®àëå ®¯à¥¤¥«¥­ë á¥ç¥­¨ï si(g), § ¤ îâ ¯®ªàëâ¨¥
¬­®£®®¡à §¨ï S2(p; q). �  ­¥¯ãáâ®¬ ¯¥à¥á¥ç¥­¨¨ Ui\Uj ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® si(g) = sj(g)oij(g),
£¤¥ oij | ­¥ª®â®à®¥ ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥. � ¤ «ì­¥©è¥¬ ¢¬¥áâ® si ¡ã¤¥¬ ¯¨á âì s.

�ãáâì äã­ªæ¨ï � : O(p; q) ! Endf	g, o 2 O(p; q) ! �(o) 2 Endf	g § ¤ ¥â á¯¨­®à­®¥
¯à¥¤áâ ¢«¥­¨¥ ®àâ®£®­ «ì­®© £àã¯¯ë O(p; q) ¢ ¯à®áâà ­áâ¢¥ á¯¨­®à®¢ 	. �¥©áâ¢¨¥ £àã¯¯ë �¨
GL(n) ­  ¯à®áâà ­áâ¢¥ S2(p; q)�	 ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬:

A 2 GL(n) : (g;  ) ! (g0;  0);

g0 = A�1
T
gA�1;

 0 = �(s�1(g0)As(g)) :

�à£ã¬¥­â s�1(g0)As(g) äã­ªæ¨¨ � ¯à¨­ ¤«¥¦¨â ®àâ®£®­ «ì­®© £àã¯¯¥ O(p; q), â. ª.

(s�1(g0)As(g))T �(s�1(g0)As(g)) =

= sT (g)AT s�1
T
(g0)�s�1(g0)As(g) = sT (g)AT g0As(g) = sT (g)gs(g) = �:

�á«¨ g00 = (B�1)T g0B�1, â® s�1(g00)Bs(g0)s�1(g0)As(g) = s�1(g00)BAs(g).
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�á«¨ A 2 O(p; q), g = �, â® g0 = �,  0 = �(A) . �âáî¤  ¢¨¤­®, çâ® ¤¥©áâ¢¨¥ £àã¯¯ë �¨ GL(n)
­  ¯à®áâà ­áâ¢¥ S2(p; q)�	 á®¤¥à¦¨â ¯à¥¤áâ ¢«¥­¨¥ ®àâ®£®­ «ì­®© £àã¯¯ë O(p; q).

� àï¤ã á £ ¬¬ -¬ âà¨æ ¬¨ 
 = (
�), á¢ï§ ­­ë¬¨ á ª ­®­¨ç¥áª¨¬ ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬
�, ¢¢¥¤¥¬ £ ¬¬ -¬ âà¨æë 
g = (
�g ) = s(g)
 = (s(g)��


�), á¢ï§ ­­ë¥ á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ g.
� ª®­ ¨å ¯à¥®¡à §®¢ ­¨ï 
g0 = A�
g��1.

�à¨ ¯¥à¥å®¤¥ ª ¤àã£®¬ã á¥ç¥­¨î s1 = so § ª®­ ¯à¥®¡à §®¢ ­¨ï  s1 ¨¬¥¥â ¢¨¤

 0s1 = �(s�11 (g0)As1(g) s1 ) = �(o�1(g0)s�1(g0)As(g)o(g)) s1 =

= �(o�1(g0))�(s�1(g0)As(g))�(o(g)) s1 ;

¯®íâ®¬ã ¯¥à¥å®¤ ª ¤àã£®¬ã á¥ç¥­¨î ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ¨ ª ª ¯à¥®¡à §®¢ ­¨¥ ¡ §¨á  ¢
¯à®áâà ­áâ¢¥ á¯¨­®à®¢  s = �(o) so = �(o) s1 . �á«¨ ¦¥ s2 = s1o1 = soo1, â®  s = �(o) s1 =
�(o)�(o1) s2 = �(oo1) s0

2
.

4. �¥©áâ¢¨¥ £àã¯¯ë �¨ GL(n) ­  ¯à®¨§¢®«ì­ëå ¬­®£®®¡à §¨ïå Y ,

 áá®æ¨¨à®¢ ­­ë¥ à áá«®¥­¨ï E(M;Y;GL(n); L(M)). �®¢ à¨ ­â­ë¥
¯à®¨§¢®¤­ë¥ ¨ ¨å á¢®©áâ¢ 

�ãáâì äã­ªæ¨¨ y0 = f(y;A), £¤¥ y 2 Y , dimY = m, A 2 GL(n), § ¤ îâ ¤¥©áâ¢¨¥ ¯®«­®©
«¨­¥©­®© £àã¯¯ë GL(n) ­  ¤¨ää¥à¥­æ¨àã¥¬®¬ ¬­®£®®¡à §¨¨ Y . �â¨ äã­ªæ¨¨ ®¡« ¤ îâ á¢®©-
áâ¢®¬

f(f(y;A); B) = f(y;BA) 8y 2 Y; 8B;A 2 GL(n):
�«ï â®¦¤¥áâ¢¥­­®£® ¯à¥®¡à §®¢ ­¨ï A = 1 ¢ë¯®«­ï¥âáï f(y; 1) � y.

� ¤ «ì­¥©è¥¬ ç¥à¥§ y = (y1; : : : ; yn)T ¡ã¤¥¬ ®¡®§­ ç âì «®ª «ì­ë¥ ª®®à¤¨­ âë ­  Y . �«¥-
¬¥­âë £àã¯¯ë �¨ GL(n) ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á ¬ âà¨æ ¬¨ A = (akl ). �¥à¥§

@f(y;A)
@A

®¡®§­ ç¨¬
¬ âà¨æã á í«¥¬¥­â ¬¨ [@f(y;A)

@A
]kl =

@f(y;A)

@al
k

. �¬¥îâ ¬¥áâ® â®¦¤¥áâ¢ , ¯®«ãç¥­­ë¥ ¤¨ää¥à¥­æ¨à®-
¢ ­¨¥¬ § ª®­  ã¬­®¦¥­¨ï ¢ £àã¯¯¥

@f(y;B)
@y

@f(y; In)
@A

=
@f(y;B)
@A

B;

@f(y; In)
@y

= Im;
@2f(y; In)

@y2
= 0;

@2f(y; In)
@y@akl

@f(y; In)
@aij

=
@2(y; In)
@aij@a

k
l

+
@f(y; In)
@akj

�li;

@f(f(y;B); In)
@A

= B
@f(y;A)
@A

:

�ãáâì M | ¬­®£®®¡à §¨¥, dimN = n. �¥©áâ¢¨¥ £àã¯¯ë �¨ GL(n) ­  ¬­®£®®¡à §¨¨ Y ¯®à®-
¦¤ ¥â à áá«®¥­¨¥E(M;Y;GL(n); L(M)),  áá®æ¨¨à®¢ ­­®¥ £« ¢­®¬ã à áá«®¥­¨î L(M) «¨­¥©­ëå
à¥¯¥à®¢ ­  ¬­®£®®¡à §¨¨ M . �áá®æ¨¨à®¢ ­­®¥ à áá«®¥­¨¥ E(M;Y;GL(n); L(M)) ®¯à¥¤¥«ï¥âáï
ª ª ä ªâ®à¯à®áâà ­áâ¢® ¯à®¨§¢¥¤¥­¨ï L(M)�Y ®â­®á¨â¥«ì­® ¯à ¢®£® ¤¥©áâ¢¨ï £àã¯¯ë GL(n)

A 2 GL(n) : (e; y) 2 L(M)� Y ! A(e; y) = (eA; f(y;A�1)):

�®«¥ à¥¯¥à®¢ e ­  U § ¤ ¥â âà¨¢¨ «¨§ æ¨î à áá«®¥­¨ï L(M) ¨, ®¤­®¢à¥¬¥­­®, âà¨¢¨ «¨§ -
æ¨î à áá«®¥­¨ï E. � § ¤ ­­®© âà¨¢¨ «¨§ æ¨¨ «î¡®¥ á¥ç¥­¨¥ s : U ! E ®¤­®§­ ç­® § ¤ ¥âáï
®â®¡à ¦¥­¨¥¬ y : U ! Y . �á«¨ e0(x) = e(x)A(x), â® ®â®¡à ¦¥­¨ï y; y0 : U ! Y , ®¯à¥¤¥«ïîé¨¥
®¤­® ¨ â® ¦¥ á¥ç¥­¨¥, á¢ï§ ­ë á®®â­®è¥­¨¥¬ y0(x) = f(y(x); A(x)).

�«ï ¬ âà¨æ ª®®à¤¨­ â ¢¥ªâ®à®¢ à¥¯¥à®¢ e0(x0) ¨ e(x) ®â­®á¨â¥«ì­® ­ âãà «ì­ëå à¥¯¥à®¢
@x0 ¨ @x á®®â¢¥âáâ¢¥­­®, ¨¬¥¥¬ e0(x0) = @x0e0 = @x @x

@x0
e0 = @xe, ®âªã¤  @x

@x0
e0 = e, e0 = @x0

@x
e,

(e0)�1 = e�1 @x
@x0
. �¥ç¥­¨ï ¢ ­ âãà «ì­®¬ à¥¯¥à¥ ®¡®§­ ç¨¬ y(x). � ª ª ª e = @x(e�a ), â® y(x) =
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f(ey(x); e(x)). �§ @x = @x0 @x
0

@x
á«¥¤ã¥â, çâ® y0(x0) = f(y(x); @x

0

@x
). �«ï á¥ç¥­¨ï ey0(x0) ¢ à¥¯¥à¥ e0(x0)

¨¬¥¥¬

ey0(x0) = f(y0(x0); (e0)�1(x0)) = f

�
y0(x0); e�1

@x

@x0

�
= f

�
f

�
y0(x0);

@x

@x0

�
; e�1

�
= f(y(x); e�1) = ey(x):

� ª¨¬ ®¡à §®¬, ¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â ¯®«ï ¢ à¥¯¥à å ey(x) ¢¥¤ãâ á¥¡ï ª ª áª «ïàë.
�¢ï§­®áâì ! ­  à áá«®¥­¨¨ L(M) ¨­¤ãæ¨àã¥â ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî 5�ey ¢¤®«ì ¢¥ª-

â®à­®£® ¯®«ï � ­  M . �®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ­ å®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�ãáâì L(M) | £« ¢­®¥ à áá«®¥­¨¥ «¨­¥©­ëå à¥¯¥à®¢ á ä®à¬®© á¢ï§­®áâ¨ !, á®®â¢¥âáâ¢ãî-

é¥© ­¥ª®â®à®¬ã ¯®«î à¥¯¥à®¢ e0(x) = (e0�a (x)), x 2M . �á«¨ x(t) | ¯ãâì ¢M , ¯®à®¦¤¥­­ë© ¢¥ª-
â®à­ë¬ ¯®«¥¬ ��, â® á®®â¢¥âáâ¢ãîé¨© £®à¨§®­â «ì­ë© ¯ãâì ¢ L(M) ¤«ï ¬ «ëå §­ ç¥­¨© t ¡ã¤¥â
¯à¥¤áâ ¢«ïâì ªà¨¢ãî t! (x(t); A(x(t))(In � t!(�))). � ¦¤ë© í«¥¬¥­â z = (x; e(x)) = (x; e0(x)B)
¯®à®¦¤ ¥â ®â®¡à ¦¥­¨¥

Y ! Yx; y ! z(y) = (x; e0(x)B; y) ' (x; e0(x); f(y;B
�1)):

�à¨¢ ï

t! (x(t); e0(x)(In � t!(�)))(ey(x)) ' (x(t); e0(x(t))(In � t!(�)))A; f(ey(x); A�1) '
' (x(t); e0(x(t)); f(ey(x); In � t!(�)))

¯à¥¤áâ ¢«ï¥â £®à¨§®­â «ì­ë© ¯ãâì ¢  áá®æ¨¨à®¢ ­­®¬ à áá«®¥­¨¨ ¨ ®¯à¥¤¥«ï¥â ¯ à ««¥«ì­ë©
¯¥à¥­®á ey(x) ¨§ â®çª¨ x ¢ â®çªã x(t). �®íâ®¬ã ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï 5�ey ¢ ­ ¯à ¢«¥­¨¨
¢¥ªâ®à  � ¥áâì

5�ey = lim
t!0

ey(x(t))� f(ey(x); In � t!(�))
t

= @�ey + Sp
�
@f(ey; In)
@A

!(�)
�
;

£¤¥ Sp ®§­ ç ¥â á«¥¤ ¬ âà¨æë. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. � âà¨¢¨a«¨§ æ¨¨ à áá«®¥­¨ï E ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¯®¤cç¨âë¢ ¥âáï ¯®

ä®à¬ã«¥

5�ey = @�ey + Sp
�
@f(ey; In)
@A

!(�)
�
:

�¥®à¥¬  2. �á«¨ ey0 = f(ey;A), â® 5�ey0 = @f(ey;A)
@y

5� ey.
�®ª § â¥«ìáâ¢®. � ®¤­®© áâ®à®­ë, ¨¬¥¥¬

5�ey0 = @�ey0 + Sp
�
@f(ey0; In)

@A
!0(�)

�
; £¤¥ !0 = A!A�1 � @�AA

�1;

@ey0 = @�f(ey;A) = @�f(ey;A)
@y

@�ey + Sp
�
@f(ey;A)
@A

@�A

�
;

á ¤àã£®© |
@f(ey0; In)

@A
= A

@f(ey;B)
@B

���
B=A

:

�®íâ®¬ã

Sp
�
@f(ey;A)
@A

@�A

�
+ Sp

�
@f(ey0; 1)
@A

(�@�AA�1)
�
= 0;

§­ ç¨â,

5�ey0 = @f(ey;A)
@y

@�ey + Sp
�
@f(ey;B)
@B

���
B=A

A!

�
=
@f(ey;A)
@y

�
@�ey + Sp

�
@f(ey; 1)
@A

!(�)
��

:

�«ï ­ âãà «ì­®£® à¥¯¥à  !(�) = �(�) = (���
�

), £¤¥ ���
 | ª®íää¨æ¨¥­âë  ää¨­­®© á¢ï§-

­®áâ¨.
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�¥®à¥¬  3. � âà¨¢¨a«¨§ æ¨¨, ¯®áâà®¥­­®© ¯® ­ âãà «ì­®¬ã à¥¯¥àã, ª®¢ à¨ ­â­ ï ¯à®-

¨§¢®¤­ ï 5�y ¨¬¥¥â ¢¨¤

5�y = @�y + Sp
�
@f(y; 1)
@A

�(�)
�
;

¨ § ª®­ ¯à¥®¡à §®¢ ­¨ï ¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â |

5�y
0(x0) =

@f(y; @x
0

@x
)

@y
5� y(x):

�®«ãç¨¬ ­®¢®¥  áá®æ¨¨à®¢ ­­®¥ á L(M) à áá«®¥­¨¥, ¨  ­ «®£¨ç­® ¬®¦­® ®¯à¥¤¥«¨âì ª®¢ -
à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ 2-£® ¯®àï¤ª , ª®â®àë¥ ¨¬¥îâ ¢¨¤

5� 5� ey = @� 5� ey + Sp
�
@2f(ey; 1)
@y@A

!(�)
�
5� ey:

�®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï á¯¨­®à®¢. �®áª®«ìªã á¯¨­®à­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®àâ®£®­ «ì­®©
£àã¯¯ë O(p; q) à áè¨à¥­® ¤® ¯à¥¤áâ ¢«¥­¨ï ¯®«­®© «¨­¥©­®© £àã¯¯ë GL(n), â® ª®¢ à¨ ­â-
­ãî ¯à®¨§¢®¤­ãî á¯¨­®à®¢ ¬®¦­® ®¯à¥¤¥«¨âì ®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­®© «¨­¥©­®© á¢ï§­®áâ¨
!(�). �® ¯à®¨áå®¦¤¥­¨¥ á¯¨­®à®¢ á¢ï§ ­® á ®àâ®£®­ «ì­®© £àã¯¯®©, ¯®íâ®¬ã ¯à¨ à áá¬®âà¥-
­¨¨ ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à®¢ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® «¨­¥©­ ï á¢ï§­®áâì !(�)
 áá®æ¨¨à®¢ ­  à¨¬ ­®¢®© á¢ï§­®áâ¨, â®£¤  !ab(�) = �r�e

a
�e

�
b �

�.
� ª ¨§¢¥áâ­®, ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ L ¨ á®®â¢¥âáâ¢ãîé¥¥ á¯¨­®à­®¥ ¯à¥®¡à §®¢ ­¨¥

�(L) á¢ï§ ­ë á®®â­®è¥­¨¥¬ L
 = ��1
�, £¤¥ 
 | áâ®«¡¥æ á í«¥¬¥­â ¬¨ 
�, ï¢«ïîé¨¬¨áï
¬ âà¨æ ¬¨ �¨à ª . �«ï ¤¨ää¥à¥­æ¨ «®¢ dL = @L

@A
�A, d� = @�

@A
�A ¨¬¥¥¬ d� = �

4

TL

�1dL
, 
T
| ¬ âà¨æ -áâà®ª  á í«¥¬¥­â ¬¨ 
� = ���


�. �®íâ®¬ã

Sp
�
@�
@A

�(�)
�����

A=1

=
�
4

TL

�1
�
� s�1

@s

@g

@g

@A
�(�)s�1s+ s�1�(�)s

�



����
A=1

=

=
1
4

T
�� s�1@�g + s�1�(�)s

�

:

�«ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à  ¢ ­ âãà «ì­®¬ à¥¯¥à¥ ¯®«ãç¨¬ ä®à¬ã«ã

r�g = 0; r� = @� +
1
4

�


�
�
s�1(g)

�
@�s(g) + �(�)s(g)

���
�
 :

�®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¢ ¯à®¨§¢®«ì­®¬ à¥¯¥à¥ ¨¬¥¥â ¢¨¤

r�eg = 0; r�
e = @� e + 1

4

�


�
�
s�1(eg)�@�s(eg) + !(�)s(eg)���

�
e :

�¢¨¤ã à ¢¥­áâ¢  ­ã«î ª®¢ à¨ ­â­ëå ¯à®¨§¢®¤­ëå ®â ¬¥âà¨ç¥áª®£® â¥­§®à , ª®¢ à¨ ­â­ë¥ ¯à®-
¨§¢®¤­ë¥ á¯¨­®à®¢ ¥áâì á¯¨­®à, â. ¥. § ª®­ ¯à¥®¡à §®¢ ­¨ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à 
á®¢¯ ¤ ¥â á § ª®­®¬ ¯à¥®¡à §®¢ ­¨ï á¯¨­®à 

r� 
0(x0) = �

�
s�1(g0(x0))

@x0

@x
s(g(x))

�
r� ;

r�
e 0(x) = �

�
s�1(eg0(x))As(eg(x))�r�

e :
�®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ 2-£® ¯®àï¤ª  á¯¨­®à®¢ ¢ à¥¯¥à¥ ¤«ï à¨¬ ­®¢®© á¢ï§­®áâ¨. � á«ã-

ç ¥ á¯¨­®à®¢ ey = (eg; e ) ¯à¨ ¯à¥®¡à §®¢ ­¨ïå y0 = f(y;A) ¯¥à¥¬¥­­ë¥ eg ¯à¥®¡à §ãîâáï â®«ìª®
á ¬¨ ç¥à¥§ á¥¡ï, â. ¥. eg0 = f(eg;A) = A�1

T egA�1. Oâªã¤  Sp �@~g0
@ ~ 
!(�)

�
= 0, ¯®íâ®¬ã

Sp
�
@2f(ey; In)
@y@A

!(�)
�
r�ey =

�
0;Sp

�
@2f(ey; In)
@ e @A !(�)

�
r�

e � =
�
0;Sp

�
@f((0;r�

e ); In)
@A

!(�)
��

:
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�à¨ ¯®«ãç¥­¨¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ãçâ¥­® â®, çâ® e 0 «¨­¥©­® ®â­®á¨â¥«ì­® e . � ¨â®£¥ ª®¢ -
à¨ ­â­ãî ¯à®¨§¢®¤­ãî 5� 5� ey ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

5�(5�ey) = @�(5�ey) + Sp
�
@f(5�ey; In)

@A
!(�)

�
:

�â® ®§­ ç ¥â, çâ® ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¢ëáè¨å ¯®àï¤ª®¢ ¢ëç¨á«ï¥âáï ª ª ª®¢ à¨ ­â­ ï
¯à®¨§¢®¤­ ï ®â ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© ¯®àï¤ª  ­  ¥¤¨­¨æã ­¨¦¥ ¯® ¯à ¢¨« ¬ ¢ëç¨á«¥­¨ï
ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© 1-£® ¯®àï¤ª .

� ª®­ ¯à¥®¡à §®¢ ­¨ï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à  ¯à¨ ¨§¬¥­¥­¨¨ á¥ç¥­¨ï. � ¯®¬®-
éìî ­¥¯®áà¥¤áâ¢¥­­®£® ¢ëç¨á«¥­¨ï ¬®¦¥â ¡ëâì ¤®ª § ­ 

�¥®à¥¬  4. �á«¨ ¤ ­ë ¤¢  á¥ç¥­¨ï : s, s0 ¨ s0 = so, â®

r� so = �(o�1)r� s; r�
e so = �(o�1)r�

e s:
5. �à®¨§¢®¤­ë¥ �¨ ¨ ¨å á¢®©áâ¢ 

�à®¨§¢®¤­ ï �¨ á¥ç¥­¨© y(x). �à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â x0 = x0(x) ¯®«e y(x) ¯à¥®¡à -
§ãeâáï ¯® § ª®­ã y0(x0) = f(y(x); @x

0

@x
). �®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ­¨©

x0 = x+ t�(x) ¨­¤ãæ¨àã¥â ¤¨ää¥®¬®àä¨§¬ á«®ï Yx�t� ¢ E(M;Y;GL(n); L(M)) ­  á«®© Yx

y(x� i�)! ey(x) = f

�
y(x� t�); In + t

@�

@x

�
2 Yx:

�¬¥¥¬ ey(x) = y(x� t�) + tSp
�@f(y;In)

@A

@�

@x

�
+ � � � . �«¥¤ãï ®¡é¥¬ã à¥æ¥¯âã ¯®áâà®¥­¨ï ¯à®¨§¢®¤­®©

�¨ ¯®«¥© ([10], á. 37), ¯à®¨§¢®¤­ãî �¨ L�y ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬

L�y = lim
t!0

(y(x)� ey(x))=t = @�y � Sp
�
@f(y; 1)
@A

@�

@x

�
:

� ª®­ ¯à¥®¡à §®¢ ­¨ï ¯à®¨§¢®¤­®© �¨ ¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â.

�¥®à¥¬  5. �¬¥¥â ¬¥áâ®

L�0y
0(x0) =

@f(y; @x
0

@x
)

@y
L�y(x):

�®ª § â¥«ìáâ¢®.

L�0y
0(x0) = @�0y

0(x0)� Sp
�
@f(y0(x0); In)

@A

@�0

@x0

�
=
@f(y; @x

0

@x
)

@y
@�y +

+Sp
�
@f(y; @x

0

@x
)

@A
@�
@x0

@x

�
� Sp

�
@x0

@x

@f(y; @x
0

@x
)

@A

�
@�
@x0

@x

@x

@x0
+
@x0

@x

@�

@x

@x

@x0

��
=

=
@f(y; @x

0

@x
)

@y
@�y � Sp

�
@f(y; @x

0

@x
)

@A

@x0

@x

@�

@x

�
=
@f(y; @x

0

@x
)

@y
@�y � Sp

�
@f(y; @x

0

@x
)

@y

@f(y(x); In)
@A

@�

@x

�
=

=
@f(y; @x

0

@x
)

@y

�
@�y(x)� Sp

�
@f(y(x); In)

@A

@�

@x

��
=
@f(y; @x

0

@x
)

@y
L�y(x): �

�à®¨§¢®¤­ ï �¨ ¯à®¨§¢®¤­®© �¨. �á¯®«ì§ãï § ª®­ ¯à¥®¡à §®¢ ­¨ï ¯à®¨§¢®¤­®© �¨ L�y(x)
¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â, ­ å®¤¨âáï á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï ¯à®¨§¢®¤­®© �¨ ®â ¯à®-
¨§¢®¤­®© �¨ ¯®«¥© y(x)

L�L�y = @�L�y � Sp
�
@2f(y; In)
@y@A

@�

@x

�
L�y:
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�®¬¬ãâ â®à ¯à®¨§¢®¤­ëå �¨. �¬¥¥¬

L�L�y � L�L�y = @�L�y � @�L�y + Sp
�
@2f(y; In)
@y@A

@�

@x

�
L�y � Sp

�
@2f(y; In)
@y@A

@�

@x

�
L�y:

� ª ª ª

@�L�y + Sp
�
@2f(y; In)
@y@A

@�

@x

�
L�y =

= @�@�y � Sp
�
@2f(y; In)
@y@A

@�

@x

�
Sp

�
@f(y; In)
@A

@�

@x

�
� Sp

�
@f(y; In)
@A

@�
@�

@x

�
;

â®

L�L�y � L�L�y = (@�@� � @�@�)y +

+ Sp
�
@2f(y; In)
@y@A

@�

@x

�
Sp

�
@f(y; In)
@A

@�

@x

�
� Sp

�
@2f(y; In)
@y@A

@�

@x

�
Sp

�
@f(y; In)
@A

@�

@x

�
+

+ Sp
�
@f(y; In)
@A

�
@�
@�

@x
� @�

@�

@x

��
:

� ¯à ¢®© ç áâ¨ íâ®£® ¢ëà ¦¥­¨ï à §­®áâì ¢â®à®£® ¨ âà¥âì¥£® ç«¥­®¢ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

Sp
�
@f(y; In)
@A

�
@�

@x

@�

@x
� @�

@x

@�

@x

��
;

á ¤àã£®© áâ®à®­ë,

@�
@�

@x
� @�

@�

@x
=
@[�; �]
@x

+
�
@�

@x

@�

@x
� @�

@x

@�

@x

�
;

¯®íâ®¬ã
L�L�y � L�L�y = L[�;�]y:

� ª¨¬ ®¡à §®¬, ¬ë ¯à®¢¥à¨«¨, çâ® ª®¬¬ãâ â®à ¯à®¨§¢®¤­ëå �¨ ¥áâì ¯à®¨§¢®¤­ ï �¨ ¢¤®«ì

ª®¬¬ãâ â®à , â. ¥. L�L�y � L�L�y = L[�;�]y.
�§ § ª®­  ¯à¥®¡à §®¢ ­¨ï ¯®«ï y(x) ¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â x0 = x0(x) ¯ãâ¥¬ ¤¨ä-

ä¥à¥­æ¨à®¢ ­¨ï ¯®«ãç¨¬ á«¥¤ãîé¨© § ª®­ ¯à¥®¡à §®¢ ­¨ï @�y(x):

@y0(x0)
@x0�

=
�
@f(y; @x

0

@x
)

@y
@�y(x) + Sp

�
@f(y(x); @x

0

@x
)

@A
@�
@x0

@x

��
@x�

@x0�
:

�­®¢  áâà®¨¬ ®â®¡à ¦¥­¨¥ @�y(x� t�) ¢^@�y(x) =
@y0(x0)
x0�

��
x0=x�t�:

^@�y(x) =
�
@f(y(x� t�); In + t @�

@x
)

@y
@�y(x� t�) + tSp

�
@f(y; In)
@A

@�
@�

@x

���
��� � t

@��

@x�

�
=

= @�y(x)� @�@�y � t
@��

@x�
@�y + tSp

�
@2f(y; In)
@y@A

@�

@x

�
@�y + tSp

�
@f(y; In)
@A

@�
@�

@x

�
+ � � � ;

¯®íâ®¬ã

L�@�y = @�@�y +
@��

@x�
@�y � Sp

�
@2f(y; In)
@y@A

@�

@x

�
@�y � Sp

�
@f(y; In)
@A

@�
@�

@x

�
:

�¥£ª® ¯à®¢¥à¨âì, çâ® L�@�y = @�L�y, â. ¥. ¤¢  ¤¨ää¥à¥­æ¨à®¢ ­¨ï ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©.

�¥®à¥¬  6. �á«¨ ¯®«¥ § ¤ ­® á ¯®¬®éìî ®â®¡à ¦¥­¨ï y(x) ¢ âà¨¢¨a«¨§ æ¨¨, ¯®à®¦¤¥­-

­®© ª àâ®© x�, â® ®¯¥à æ¨¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨ ¨ ç áâ­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï @� ¯®«ï

y(x) ª®¬¬ãâ¨àãîâ ¤àã£ á ¤àã£®¬.
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�à®¨§¢®¤­ ï �¨ á¥ç¥­¨ï ey(x) ¢ à¥¯¥à¥ áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬. �à¨ ¯à¥®¡à §®¢ ­¨¨
x0 = x+ t� í«¥¬¥­â (x� t�, e(x� t�), ey(x� t�)) ¯¥à¥å®¤¨â ¢ í«¥¬¥­â

(x; e� tL�e; ey(x� t�)) = (x; e(1 + tK); ey(x� t�));

£¤¥ K = �e�1L�e. �®«î ey(x� t�) ¢ à¥¯¥à¥ e(1 + tK) á®®â¢¥âáâ¢ã¥â ¯®«¥

ey0(x) = f(ey(x� t�); 1 + tK) = ey(x)� t

�
@�ey � Sp

�
@f(y; In)
@A

K

��
+ � � �

¢ à¥¯¥à¥ e(x). �à®¨§¢®¤­ ï �¨ L�ey, ®¯à¥¤¥«ï¥¬ ï ª ª
L�ey = lim

t!0

ey(x)� ey0(x)
t

;

à ¢­ 

L�ey = @�ey � Sp
�
@f(y; In)
@A

K

�
:

�®£¤  à¥¯¥à e�a@� ¯à¥¢à é ¥âáï ¢ ­ âãà «ì­ë© à¥¯¥à (@x) = (@1; : : : ; @n), ¬ âà¨æ  K áâ ­®¢¨âáï
à ¢­®© @�

@x
¨ ¯à®¨§¢®¤­ ï �¨ ¢ ­ âãà «ì­®¬ à¥¯¥à¥ ¯à¥¤áâ ¢«ï¥â ¯à®¨§¢®¤­ãî �¨ ¢ ª®®à¤¨­ â å

L�y = @�y � Sp
�
@f(y; In)
@A

@�

@x

�
:

�à®¨§¢®¤­ ï �¨ á¯¨­®à®¢. �à®¨§¢®¤­ ï �¨ á¯¨­®à®¢ ¢ ­ âãà «ì­®¬ à¥¯¥à¥ ®¯à¥¤¥«ï¥âáï ¢
¢¨¤¥

L�g = @�g +
�
@�

@x

�T
g(x) + g(x)

@�

@x
;

L� = @� � 1
4

T

�
s�1

@s

@g

��
@�

@x

�T
g(x) + g(x)

@�

@x

�
+ s�1

@�

@x
s

�

 :

�áª«îç ï ¯à®¨§¢®¤­ãî ¯® ­ ¯à ¢«¥­¨î @� á ¯®¬®éìî ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© r� , ¯à®-
¨§¢®¤­ãî �¨ L� ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

L� = r� � 1
4

T s

�1
�
@s

@g
L�g +r�s

�

 ; r� = (r��

�):

�­ «®£¨ç­ë¬ ®¡à §®¬ ­ å®¤¨âáï ¯à®¨§¢®¤­ ï �¨ á¯¨­®à  ¢ ¯à®¨§¢®«ì­®¬ à¥¯¥à¥

L�eg = (r�)T eg + egr�;
L� = @� e + 1

4

t

�
� s�1

@s

@g
e�1L�e+ s�1e�1L�es

�

 e = r�

e � 1
4

T s

�1
�
@s

@egL�eg +r�s
�

 e ;

£¤¥ r� = (rb�
a) = (ea�r��

�e�b ) = e�1r�e. �à¨ ¯®«ãç¥­¨¨ á¢ï§¨ ¬¥¦¤ã ¯à®¨§¢®¤­®© �¨ ¨ ª®¢ -
à¨ ­â­®© ¯à®¨§¢®¤­®© ­¥®¡å®¤¨¬® ãç¥áâì, çâ® K = r� � !(�).

�à¥®¡à §®¢ ­¨¥ ¯à®¨§¢®¤­®© �¨ á¯¨­®à  ¯à¨ ¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â.

�¥®à¥¬  7. �á«¨ ¢ á¥ç¥­¨¨ s : g ! s(g) 2 GL(n) ¯à¥®¡à §®¢ ­¨¥ s(g) ¥áâì �-á¨¬¬¥âà¨ç¥áª®¥
¯à¥®¡à §®¢ ­¨¥, â® ¯à®¨§¢®¤­ ï �¨ á¯¨­®à  ¥áâì á¯¨­®à ¯à¨ ¯à¥®¡à §®¢ ­¨ïå ª®®à¤¨­ â.

�®ª § â¥«ìáâ¢®. � ª ª ª @
@ 
(�(L) )L� = �(L)L� , â® ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®-

áâ â®ç­® ¤®ª § âì, çâ® @
@g
�(L) = 0 ¨«¨ çâ® �L = @L

@g
�g = 0, £¤¥ �g | ­¥ª®â®à ï ¯à®¨§¢®«ì­ ï

¢ à¨ æ¨ï ¬¥âà¨ª¨. � ª ª ª L = s�1(g0(x0))@x
0

@x
s(g(x)), â® ãà ¢­¥­¨¥ �L = 0 íª¢¨¢ «¥­â­® ãà ¢-

­¥­¨î

s�1(g0)
@s(g0)
@g0

�g0 = Ls�1(g)
@s(g)
@g

�gL�1:
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�á«¨ s(g) | �-á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥, â® s2(g) = g�1�, ®âªã¤ 

s�1(g)
@s(g)
@g

�g +
@s(g)
@g

�gs�1(g) = �s��1�gs:

� ª ª ª ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï s(g) ¯à¥¤¯®« £ ¥âáï, çâ® ã ­¥£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯®-
«®¦¨â¥«ì­ë,   ª®¬«¥ªá­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨¬¥îâ ¯®«®¦¨â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨,
â® á­®¢  ¬®¦¥¬ ãâ¢¥à¦¤ âì, çâ® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨¥ @s(g)

@g
�g ¨ ®­® ¥¤¨­áâ¢¥­­®.

�®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  á®®â­®è¥­¨ï �L = 0 ¤®áâ â®ç­® ¤®ª § âì, çâ®

s0��1�g0s0 = Ls��1�gsL�1:

�® íâ® á®®â­®è¥­¨¥ ¥áâì â®¦¤¥áâ¢® ¢ á¨«ã á®®â­®è¥­¨© �g0 = @x
@x0

T
�g @x

@x0
, @x

0

@x
= s0Ls�1.

�à¨¢¥¤¥¬ ¤àã£®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ­  ®á­®¢¥ ¨­®£® ¯®¤å®¤  ¨ ­  ï§ëª¥ à¥¯¥à®¢.
� ª®­ ¯à¥®¡à §®¢ ­¨ï ¯à®¨§¢®¤­®© �¨ á¯¨­®à  ¯à¨ ¯à¥®¡à §®¢ ­¨¨ à¥¯¥à®¢. �®«ì§ãïáì ¯®-

­ïâ¨¥¬ ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© á¯¨­®à , ¯à®¨§¢®¤­ãî �¨ á¯¨­®à  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

L� = 5� +
1
4

TS

�1(�s�5�s)
 ;
£¤¥

s�1�s+ �ss�1 = s��1L�gs; 5� = (5a�
b):

�«ï ¯à®¨§¢®¤­®© �¨ ¬¥âà¨ç¥áª®£® â¥­§®à  g ¬®¦­® â ª¦¥ ¨á¯®«ì§®¢ âì ä®à¬ã«ã

L�gab = 5a�b +5b�a:

�®áª®«ìªã5� | á¯¨­®à, â® ¤«ï ¤®ª § â¥«ìáâ¢  â®£®, çâ® L� | á¯¨­®à, ­¥®¡å®¤¨¬® ¤®ª § âì,
çâ®


T (s
0)�1(�s0 �5�0s0)
 0 = �
T s

�1(�s�5�s)
 ;
¥á«¨  0 = � , ¨«¨ ¯à¨ ãá«®¢¨¨, çâ® s�1(�s � 5�s) | �-ª®á®á¨¬¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥,
¤®ª § âì à ¢¥­áâ¢®

(s0)�1�s0 = Ls�1�sL�1: (1)

�®á¯®«ì§®¢ ¢è¨áì á®®â­®è¥­¨ï¬¨

L
 = ��1
�; 
TL
�1 = ��1
T�; 5�0 = A5 �A�1;

¤«ï ¤®ª § â¥«ìáâ¢  (1) ­ã¦­® ¯®ª § âì, çâ® ®¯à¥¤¥«ï¥¬®¥ ¨§ (1) ¢ëà ¦¥­¨¥ ¤«ï �S0 ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î

(s0)�1�s0 + �s0(s0)�1 = s0��1L�g
0s0:

�§ (1) ¨¬¥¥¬
�s0(s0)�1 = ((s0)�1�s0)� = L�ss�1L�1;

¯®íâ®¬ã ¯à®¢¥àª  ¢ë¯®«­¥­¨ï ¯à¥¤ë¤ãé¥£® ãà ¢­¥­¨ï á¢®¤¨âáï ª ¯à®¢¥àª¥ ¢ë¯®«­¥­¨ï á®®â-
­®è¥­¨ï

s0��1L�g
0s0 = Ls��1L�gsL

�1:

�â® á®®â­®è¥­¨¥ ¥áâì á«¥¤áâ¢¨¥ á®®â­®è¥­¨©

L�g = ATL�g0A; L = (s0)�1As:

� ª¨¬ ®¡à §®¬, (1) â®¦¤¥áâ¢¥­­® ¢ë¯®«­ï¥âáï,   íâ® ®§­ ç ¥â, çâ® ¯à®¨§¢®¤­ ï �¨ á¯¨­®à 
¥áâì á¯¨­®à ®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­ëå ¯à¥®¡à §®¢ ­¨© à¥¯¥à®¢.

�¢¨¤ã ¢ ¦­®áâ¨ â¥®à¥¬ë ® ª®¬¬ãâ â¨¢­®áâ¨ ®¯¥à æ¨© ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨ ¨ ç áâ­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ ¤«ï ¯®áâà®¥­¨ï ¬¥âà¨ç¥áª®£® â¥­§®à 
í­¥à£¨¨-¨¬¯ã«ìá  ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¢ ç áâ­®¬ á«ãç ¥ á¯¨­®à­ëå ¯®«¥©,
à áá¬ âà¨¢ ¥¬ëå ¢ ª®®à¤¨­ â å.
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�à®¨§¢®¤­ ï �¨ ç áâ­®© ¯à®¨§¢®¤­®© á¯¨­®à . � ª®­ ¯à¥®¡à §®¢ ­¨ï á¯¨­®à®¢  (x) ¯à¨
¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â x0 = x0(x) ¨¬¥¥â ¢¨¤  0(x0) = �(L) , L = s�1(g0(x0))@x

0

@x
s(g(x)), ¯®íâ®¬ã

§ ª®­ ¯à¥®¡à §®¢ ­¨ï ¤«ï ç áâ­®© ¯à®¨§¢®¤­®© á¯¨­®à  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

@�0 
0(x0) =

@�
@L

@�0L (x) + �(L)@� (x)
@x�

@x0�
:

�á«¨ x0 = x+ t�, â® eg(x) � g0(x� t�) = g(x)� tL�g,^@�g(x) = @� � t@�L�g. �®£¤  eL, ®¯àe¤¥«ï¥¬®¥
ª ª eL = s�1(eg(x))@(x + t�)

@x
s(g(x� t�));

à ¢­®

eL = 1 + tL�L; L�L = s�1
�
@s

@g
(L�g � @�g) +

@�

@x
s

�
:

�à®¨§¢®¤­ãî �¨ á¯¨­®à  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ L� = @� � 1
4

TL�L
 . �«ï ^@� (x) ¨¬¥¥¬

^@� (x) =
1
4

T g@�L
 (x� t�) +

�
1 +

t

4

�
L�L

�



�
@� (x� t�)(��� � t@��

�);

£¤¥

g@�L =
@s�1(eg(x))

@g
g@�g

�
1 + t

@�

@x

�
s(g(x� t�))(��� � t@��

�) + ts�1@�
@�

@x
s+

+ s�1(eg(x))�1 + t
@�

@x

�
@�s(x� t�)(��� � t@��

�):

� ª ª ª

@s�1(eg(x))
@g
^@�g(x) = �s�1(eg(x))@s(eg(x))

@g
^@�g(x)s�1(eg(x)) =

= �
�
s�1 + ts�1

@s

@g
L�gs

�1
��

@sS

@g
� t

@2s

@g2
L�g

�
(@�g � t@�L�g)

�
s�1 + ts�1

@s

@g
L�gs

�1
�
=

= �s�1 @s
@g
@�gs

�1 + tP1;

£¤¥

P1 = s�1
�
� @s

@g
L�gs

�1 @s

@g
@�g +

@2s

@g2
L�g@�g +

@s

@g
@�L�g � @s

@g
@�gs

�1 @s

@g
L�g

�
s�1;

â® ¤«ï ¯¥à¢®£® á« £ ¥¬®£® ¢ ¢ëà ¦¥­¨¨ ¤«ï g@�L ¨¬¥¥¬ §­ ç¥­¨ï

�s�1 @s
@g
@�g + t

�
P1s+ s�1

@s

@g
@�gs

�1
�
@s

@g
@�g � @�

@x
s

�
+ s�1

@s

@g
@�g

@��

@x�

�
:

�à¥âì¥ á« £ ¥¬®¥ ¢ ¢ëà ¦¥­¨¨ ¤«ï g@�L à ¢­®�
s�1 + ts�1

@s

@g
L�gs

�1
��

1 + t
@�

@x

��
@s

@g
@�g �

�
@2s

@g2
@�g@�g +

@s

@g
@�@�g

��
(��� � t@��

�) =

= s�1
@s

@g
@�g + ts�1

�
@s

@g
L�gs

�1 @s

@g
@�g +

@s

@g
@�g � @2s

@g2
@�g@�g � @s

@g
@�@�g � @s

@g
@�g@��

�

�
:

�­ ç¨â

g@�L = ts�1
�
@2s

@g2
(L�g � @�g)@� +

@s

@g
@�(L�g � @�g)� @s

@g
@�gL�g + @�

@�

@x
s+

@�

@x

@s

@g
@�g

�
= t@�L�L;
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¯®íâ®¬ã

g@� =
t

4

T@�L�L
 (x) + @� (x) + t

�
1
4

TL�L
@� � @�@� � @� @��

�

�
;

®âªã¤ 

L�(@� ) = @�@� � 1
4
@�(
TL�L
 ) = @�L� :

�®ª § ­ 

�¥®à¥¬  8. �à®¨§¢®¤­ ï �¨ ç áâ­®© ¯à®¨§¢®¤­®© ®â á¯¨­®à  à ¢­  ç áâ­®© ¯à®¨§¢®¤­®©

®â ¯à®¨§¢®¤­®© �¨ á¯¨­®à .

6. �¥­§®à í­¥à£¨¨-¨¬¯ã«ìá  á¯¨­®à­ëå ¯®«¥©

� ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ äã­ªæ¨ï � £à ­¦  á¢®¡®¤­®£® á¯¨­®à­®£® ¯®«ï ¢ à¨¬ ­®-
¢®¬ ¯à®áâà ­áâ¢¥-¢à¥¬¥­¨ ¨¬¥¥â ¢¨¤

L = i( 
ara �ra 

a )=2 �m  :

� ª ª ª ¯à¨ à áá¬®âà¥­¨¨ á¯¨­®à®¢ ª ª ¢ ¯à®¨§¢®«ì­ëå à¥¯¥à å, â ª ¨ ¢ ª®®à¤¨­ â å ¬¥âà¨ç¥-
áª¨© â¥­§®à ¨ £ ¬¬ -¬ âà¨æë â¥àïîâ á¢®© ª ­®­¨ç¥áª¨© ¢¨¤, â® ¯à¨ ¯¥à¥å®¤¥ ª « £à ­¦¨ ­ ¬
¯à®¨§¢®«ì­®© áâàãªâãàë ¢ ¨å  à£ã¬¥­âë ­ã¦­® ¢ª«îç âì ¨ ¬¥âà¨ç¥áª¨© â¥­§®à, ¨ ¬ âà¨æë
�¨à ª . �­ ç¨â, « £à ­¦¨ ­ ®¡é¥£® ¢¨¤  ¨¬¥¥â ¢¨¤

L( ;r� ; ;r� ; 
g�; g��):

�à®¨§¢®¤­ ï �¨ á¯¨­®à®¢ ¢ ª®®à¤¨­ â å ®¡« ¤ ¥â á¢®©áâ¢®¬: ¯à®¨§¢®¤­ ï �¨ ®â ç áâ­®©
¯à®¨§¢®¤­®© ¥áâì ç áâ­ ï ¯à®¨§¢®¤­ ï ®â ¯à®¨§¢®¤­®© �¨. �§ íâ®£® á¢®©áâ¢  á«¥¤ã¥â

�¥¬¬  2. �¥­§®à T ��, ®¯à¥¤¥«ï¥¬ë© á ¯®¬®éìî ¢ à¨ æ¨®­­®© ¯à®¨§¢®¤­®© ¯® ¬¥âà¨ç¥-

áª®¬ã â¥­§®àã ®â äã­ªæ¨¨ � £à ­¦ 

T �� =
2p�g

�(Lp�g)
�g��

;

¥áâì á®åà ­ïîé¨©áï â¥­§®à.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ L( ;5� ; 5� ; 
g�; g��) ª ª äã­ªæ¨î ®â g��, @
g��,  , @� .
T®£¤  ¯à¨ ¯à¥¤¯®«®¦¥­¨¨, çâ® ãà ¢­¥­¨ï ¯®«ï �(Lp�g)

� 
= 0 ¢ë¯®«­¥­ë, ¨¬¥¥¬

�s =
Z



�
@(Lp�g)
@g��

L�g�� +
@(Lp�g)
@@
g��

L�@
g�� +
@(Lp�g)

@ 
L� +

@(Lp�g)
@@� 

L�@� 

�
d4x =

=
Z



�(Lp�g)
�g��

L�g��d
4x =

Z



T �� 5� ��
p�gd4x =

Z



5�T
����

p�gd4x = 0:

� ª ª ª ®¡« áâì 
 ¨ ¢¥ªâ®à­®¥ ¯®«¥ �� ¯à®¨§¢®«ì­ë, â® 5�T
�� = 0.

�®ª ¦¥¬, çâ® â¥­§®à T �� ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ �. �®§¥­ä¥«ì¤  ¢ ¢¨¤¥ áã¬¬ë ª ­®­¨ç¥-
áª®£® â¥­§®à  í­¥à£¨¨-¨¬¯ã«ìá  ¨ ¤¨¢¥à£¥­æ¨¨ â¥­§®à  ã£«®¢®£® ¬®¬¥­â .
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� ¬ ¯®­ ¤®¡ïâáï ¯à®¨§¢®¤­ë¥ �¨  à£ã¬¥­â®¢  , 5� ,  , 5� , 
g�, g�� äã­ªæ¨¨ � £à ­¦ 
L( ;5� ; 5�  ; 
K�; g��). �®« £ ï P = s�1 @s

@g

�
( @�
@x
)T g + g @�

@x

�
+ s�1 @�

@x
s, ¨¬¥¥¬

L� = @� � 1
4

TP
 ; L� = @� +

1
4
 
TP
;

L� 5�  = @� 5�  � 1
4

TP
 5�  + @��

� 5�  ;

L� 5�  = @�@ 5�  +
1
4
5�  
TP
 + @��

� 5�  ;

L�
g� = @�
g� +
1
2
(s�1)��(P��


� � P �
� 
�) + @��

�
g�:

� ¢ëª« ¤ª å �.�®§¥­ä¥«ì¤  ¢ ¦­ãî à®«ì ¨£à îâ ª®íää¨æ¨¥­âë ¯à¨ @��� ¢ ¢ëà ¦¥­¨ïå ¤«ï
¯à®¨§¢®¤­®© �¨ ­¥ª®â®à®£® ®¡ê¥ªâ  Q. �â¨ ª®íää¨æ¨¥­âë ®¡®§­ ç¨¬ C(Q)�� . �®£¤ 

L�Q = @�Q+ C(Q)��@��
�:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

s�j��� =
@s��
@g��

; P
� j�
�j� = (s�1)��s

�
� + 2(s�1)��s

�j��
� g��:

�®£¤ 

C( )�� = �1
4

�P

� j�
�j� 


� ; C( )�� =
1
4
 
�P

� j�
�j� 


�;

C(5� )�� = ��� 5�  � 1
4

�P

� j�
�j� 


� 5�  ;

C(5� )�� = ��� 5�  +
1
4
5�  
�P

� j�
�j� 


�;

C(
g�)�� =
1
2
(�4��

 � �
� 
�)(s

�1)��P
�j�

j� + ���
g� ;

C(g��)�� = ���g�� + ���g��:

�ëç¨á«¨¬ L�(L
p�g):

L�(L
p�g) = @(Lp�g)

@g��
L�g�� +

@(Lp�g)
@@
g��

L�@
g�� +
@(Lp�g)

@ 
L� +

+
@(Lp�g)
@@
 

L�@
 + L� 
@(Lp�g)

@ 
+ L�@
 

@(Lp�g)
@@
 

=

=
�(Lp�g)
�g��

L�g�� +
�(Lp�g)

� 
L� + L� +

�(Lp�g)
� 

+

+ @


�
@(Lp�g)
@@
g��

L�g�� +
@(Lp�g)
@@
 

L� + L� 
@(Lp�g)
@@
 

�
=

=
�
�(Lp�g)
�g��

@�g�� +
�(Lp�g)

� 
@� + @� 

�(Lp�g)
� 

�

� @�

�
�(Lp�g)
�g��

C(g��)
�
� +

�(Lp�g)
� 

C( )�� + C( )��
�(Lp�g)

� 

��
�� +

+ @�

��
�(Lp�g)
�g��

C(g��)
�
� +

�(Lp�g)
� 

C( )�� + C( )��
�(Lp�g)

� 
+

+
@(Lp�g)
@@�g��

@�g�� +
@(Lp�g)
@@� 

@� + @� 
@(Lp�g)
@@� 

�
�� +
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+
�
@(Lp�g)
@@�g��

C(g��)
�
� +

@(Lp�g)
@@� 

C( )�� + C( )��
@(Lp�g)
@@� 

�
@��

�

�
:

�®íâ®¬ã ¤«ï L�(Lp�g)� @�(Lp�g��) áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥­¨¥
L�(L

p�g) + @�(L
p�g��) = Y��

� + @�
�
Y �
� �

� +R��
�@��

�
�
;

£¤¥

Y� =
�(Lp�g)
�g��

@�g�� +
�(Lp�g)

� 
@� + @� 

�(Lp�g)
� 

�

� @�

�
�(Lp�g)
�g��

C(g��)�� +
�(Lp�g)

� 
C( )�� + C( )��

�(Lp�g)
� 

�
;

Y �
� = �Lp�g��� +

�
�(Lp�g)
�g��

C(g��)
�
� +

�(Lp�g)
� 

C( )�� +

+ C( )��
�(Lp�g)

� 
+
@(Lp�g)
@@�g��

@�g�� +
@(Lp�g)
@@� 

@� + @� 
@(Lp�g)
@@� 

�
;

R��
� =

@(Lp�g)
@@�g��

C(g��)
�
� +

@(Lp�g)
@@� 

C( )�� +C( )��
@(Lp�g)
@@� 

:

� ¢¥­áâ¢® ­ã«î ¨­â¥£à « 
R



�
L�(Lp�g)+@�(Lp�g��)

�
d4x ¤®«¦­® ¨¬¥âì ¬¥áâ® ¤«ï «î¡®© ®¡« -

áâ¨ 
 ¨ ¤«ï «î¡®£® ¢¥ªâ®à­®£® ¯®«ï ��, ¯®íâ®¬ã ¤®«¦­ë ã¤®¢«¥â¢®àïâìáï â®¦¤¥áâ¢ 

Y� = 0; Y �
� + @�R

��
� = 0; R��

� +R��
� = 0:

� ¯à¥¤¯®«®¦¥­¨¨, çâ® ãà ¢­¥­¨ï ¯®«ï �L
� 

= �L
� 

= 0 ã¤®¢«¥â¢®à¥­ë, â®¦¤¥áâ¢® Y� = 0 íª¢¨¢ -
«¥­â­® â®¦¤¥áâ¢ã p�g

2
T ��@�g�� � @�(

p�gT �� ) = 0;

ª®â®à®¥ ¢ á¢®î ®ç¥à¥¤ì íª¢¨¢ «¥­â­® â®¦¤¥áâ¢ã

5�T
�
� = 0:

C­®¢  ¯à¨è«¨ ª ãâ¢¥à¦¤¥­¨î ¤®ª § ­­®© ¢ëè¥ «¥¬¬ë ® â®¬, çâ® ¬¥âà¨ç¥áª¨© â¥­§®à í­¥à£¨¨-
¨¬¯ã«ìá  ¥áâì á®åà ­ïîé¨©áï â¥­§®à.

Bëç¨á«¨¬ R��
�. � ª ª ª â®«ìª® 5� ¨ 5� § ¢¨áïâ ®â ç áâ­ëå ¯à®¨§¢®¤­ëå @�g�� ¬¥âà¨-

ç¥áª®£® â¥­§®à  g�� ¨ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯à®¨§¢®¤­ëå @� ¨ @� á¯¨­®à­ëå ¯®«¥©  ¨  ,
â®

R��
� =

@(Lp�g)
@ 5�  

@ 5�  

@@�g��
C(g��)�� +

@(Lp�g)
@ 5�  

C( )�� +
@ 5�  

@@�g��
C(g��)��

@(Lp�g)
@ 5�  

+ C( )��
@(Lp�g)
@ 5�  

:

� ª ª ª 5� = @� + 1
4

TQ�
 , 5� = @� � 1

4
 
TQ�
, £¤¥ Q� = s�1@�s + s�1��s, â® ¤«ï

¢ëç¨á«¥­¨ï
@ 5�  

@@�g��

@ 5�  

@@�g��
C(g��)

�
�

­ã¦­® ­ ©â¨ @Q�

@@�g��
. �¬¥¥¬

@�k�s
@@igjm

=
1
4

�
�i� (�

j
k�
m
s + �mk �

j
s) + �ik(�

j
��
m
s + �m� �

j
s)� �is(�

m
k �

j
� + �jk�

m
� )
�
;
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®âáî¤ 

@��k�
@@igjm

=
1
4

�
�i� (�

j
kg
m� + �mk g

j�) + �ik(�
j
�g
m� + �m� g

j�)� gi�(�mk �
j
� + �jk�

m
� )
�
;

@��k�
@@igjm

C(gjm)
�
� =

1
2

�
�i�
�
��k�

�
� + gk�g

��
�
+ �ik

�
��� �

�
� + g��g

��
�� gi�

�
��� gk� + ��kg��

��
;


K�
@��k�
@@igjm

C(gjm)
�
�


k
K =

1
2

�
2�i��

�
� + ���

�

K�


i
K � 
iK
K�

�� g��
�

�K


i
K � 
iK


�
K

�	
:

�¡®§­ ç¨¬ s�� = (s�j��� ), â®£¤ 


T
@(s�1@�s)
@@igjm

C(gjm)��
 = 2�i�
gT s
�mgm�
;

@ 5�  

@@�g��
C(g��)

�
� =

1
4

�
2��� 
gT s

�mgm�
 + ��� �
�
� + ����g�

� + g���
��
g

�
 ;

£¤¥ �g�i = 1
2
(
�g


i
g � 
ig


�
g ). �ëà ¦¥­¨¥ 
�P

� j�
�j� 


� ¢ �( )�� ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥


�P
� j�
�j� 


� = 
g�

�
g + 2
gs�mgm�
;

¯®íâ®¬ã

@(Lp�g)
@ 5�  

@ 5�  

@@�g��
C(g��)�� +

@(Lp�g)
@ 5�  

C( )�� =
1
4

�
���K�� ����K�� +���K��

�
 ;

£¤¥

�� =
@(Lp�g)
@ 5�  

:

�­ «®£¨ç­ë¬ ®¡à §®¬ ­ å®¤¨¬

@ 5�  

@@�g��
C(g��)��

@(Lp�g)
@ 5�  

+ C( )��
@(Lp�g)
@ 5�  

=
1
4
 
�
��g��

� � ��g��
� � �g

����
�
;

£¤¥

�
�
=
@(Lp�g)
@ 5�  

:

� ¨â®£¥ ¤«ï R��
� ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥

R��
� = U��

� + U
��

�;

£¤¥

U��
� =

1
4

�
����g� � ����g� +���g

��
�
 ;

U
��

� =
1
4
 
�
��g��

� � ��g��
� � �g

����
�
:

�áâ «®áì ­ ©â¨ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï Y �
� . �«ï íâ®£® ã¦¥ ­ ¤® ¢ëç¨á«¨âì á«¥¤ãîé¥¥:

@ 5�  

@@�g��
@�g�� = 2

@ 5�  

@@�g��
����g�� =

1
2

T

@Q�

@@�g��
����g��
 =

1
2

T

�
s�1

@@�s

@@�g��
+s�1

@��
@@�g��

s

�
����g��
 :

�¡à â¨¬áï ª ¢ëç¨á«¥­¨î


T s
�1 @��
@@�g��

s����g��
 = 
g�
@��k�
@@�g��

s����g��
 =

=
1
4

g�

�
���
�
���k + ���jg

j�g�k
�
+ ��k

�
���� +���jg��g

j�
�� g��

�
����g�k + ���kg��

�	

kg :
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� ª¦¥ ­ å®¤¨¬


T s
�1 @@�s

@@�g��
����g��
 = 
gs

����� �
�
��g��
 :

� «¥¥ ¨¬¥¥¬

@(Lp�g)
@ 5�  

@ 5�  

@@�g��
@�g�� +

@(Lp�g)
@ 5�  

@� =

= ��
�
1
8

g�

�
���
�
���k + ���jg

j�g�k
�
+ ��k

�
���� + ���jg��g

j�
��

�g�������g�k + ���kg��
�	

kg +

1
2

gT s

����� �
�
��g��
 

�
+

+��
�
5�  � 1

4

�
2
gT s

����� �
�
��g��
 + 
gT��
g

�
 

�
= �� 5�  + Z�� ;

£¤¥

Z�� =
1
8

�
��

�

jg�

�
�j
g� � 
KT��
g

�
+

+��
g�
gT
�
���� + ���jg��g

j�
�

�g � ��
�g

�
����g�k + ���jg��

�

kg
	
 :

�ãáâì R��
�=
p�g = P ��

�, £¤¥ P ��
� ï¢«ï¥âáï â¥­§®à®¬, â®£¤ 

@�R
��
� =

p�g5� P
��
� + ����R

��
� :

�¬¥¥â ¬¥áâ®

Z�� + ����U
��
� = 0:

�­ «®£¨ç­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ­ å®¤¨¬

@ 5�  

@@�g��
@�g��

@(Lp�g)
@ 5�  

+ @� 
@(Lp�g)
@ 5�  

= 5� �
� � ����U

��

� :

�«ï Y �
� + @�R

��
� ¯®«ãç¨¬

Y �
� + @�R

��
� = �Lp�g��� +

p�gT �� +�� 5�  +5� �
�
+
p�g5� P

��
�;

®âªã¤ 

T �� = L��� �
�
�� 5�  +5� �

��
=
p�g �5�P

��
�:

�®ª § ­ 

�¥®à¥¬  9. �ãáâì äã­ªæ¨ï � £à ­¦  L( ;5� ; ;5� ; 
K�; g��) ¥áâì ¨­¢ à¨ ­â ®â­®-

á¨â¥«ì­® ¯à®¨§¢®«ì­ëå ¯à¥®¡à §®¢ ­¨© ª®®à¤¨­ â ¨ ã¤®¢«¥â¢®à¥­ë ãà ¢­¥­¨ï á¯¨­®à­®£® ¯®«ï
�L
� 

= 0. �®£¤  â¥­§®à T �� = 2p�g
�Lp�g
�g��

¥áâì á®åà ­ïîé¨©áï â¥­§®à ¨ ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

�.�®§¥­ä¥«ì¤  ¢ ¢¨¤¥ áã¬¬ë ª ­®­¨ç¥áª®£® â¥­§®à  í­¥à£¨¨-¨¬¯ã«ìá  ¨ ¤¨¢¥à£¥­æ¨¨ â¥­§®à 

ã£«®¢®£® ¬®¬¥­â .

�¢â®à ¢ëà ¦ ¥â ¯à¨§­ â¥«ì­®áâì �.�.� « å «ìæ¥¢ã §  ®¡áã¦¤¥­¨¥ à¥§ã«ìâ â®¢ à ¡®âë ¨
æ¥­­ë¥ ªà¨â¨ç¥áª¨¥ § ¬¥ç ­¨ï.
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