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�ãáâì fp(�;�)n (x)g | á¨áâ¥¬  ®àâ®£®­ «ì­ëå á ¢¥á®¬

�(�;�)(x) = (1� x)�(1 + x)�; �; � > �1;
­  ®âà¥§ª¥ [�1; 1] áâ ­¤ àâ¨§¨à®¢ ­­ëå ¬­®£®ç«¥­®¢ �ª®¡¨ ¨ fbp(�;�)n (x)g | á®®â¢¥âáâ¢ãîé ï
®àâ®­®à¬¨à®¢ ­­ ï á¨áâ¥¬  ([1], c. 268{273), n = 0; 1; : : : �§¢¥áâ­®, çâ® á¢®©áâ¢  áå®¤¨¬®áâ¨ ¨
áã¬¬¨àã¥¬®áâ¨ à §«®¦¥­¨© �ãàì¥ ¯® á¨áâ¥¬¥ ¬­®£®ç«¥­®¢ �ª®¡¨ (¨, ¢ ç áâ­®áâ¨, ¬­®£®ç«¥­®¢
�¥¦ ­¤à  pn(x), á®®â¢¥âáâ¢ãîé¨å á«ãç î � = � = 0) ¢® ¢­ãâà¥­­¨å â®çª å ®âà¥§ª  [�1; 1],
 ­ «®£¨ç­ë á®®â¢¥âáâ¢ãîé¨¬ á¢®©áâ¢ ¬ à §«®¦¥­¨© ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ ([2], c. 254;
[3], [4]). �­ ç¥ ®¡áâ®¨â ¤¥«® ¢ ª®­æ¥¢ëå â®çª å. � ª ¢ â®çª¥ x = 1 ¬¥â®¤ë áã¬¬¨à®¢ ­¨ï (C; 
)
àï¤®¢ �ãàì¥-�¥¦ ­¤à  ­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥à¥£ã«ïà­ë, ¢®®¡é¥ £®¢®àï, ¯à¨ 
 � 1=2 (¯à¨

 > 1=2 ®­¨ ®áâ îâáï à¥£ã«ïà­ë¬¨); ® á®®â¢¥âáâ¢ãîé¥¬ à¥§ã«ìâ â¥ �à®­ã®««  ¨ ¥£® ®¡®¡é¥­¨ïå
á¬. ¢ ([2], ác. 254, 257),   â ª¦¥ [5].

� ¤ ­­®© à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï, ¢ ç áâ­®áâ¨, çâ® ¯à¨ ¯¥à¥å®¤¥ ª ¤¢®©­ë¬ àï¤ ¬ �ãàì¥{
�¥¦ ­¤à  á¢®©áâ¢® à¥£ã«ïà­®áâ¨ (C; 
)-¬¥â®¤®¢ ­¥ á®åà ­ï¥âáï ¤ ¦¥ ¯à¨ 
 = 1.

�ãáâì f(x; y) | ­¥¯à¥àë¢­ ï ­  Q = [�1; 1]2 äã­ªæ¨ï ¨

�n(f) =
1

n+ 1

nX
k=0

Sk(f; 1; 1); n = 0; 1; : : : ; (1)

| ¯®á«¥¤®¢ â¥«ì­®áâì áà¥¤­¨å  à¨ä¬¥â¨ç¥áª¨å (¤àã£ ï â¥à¬¨­®«®£¨ï: áà¥¤­¨¥ (C; 1) ¨«¨ áà¥¤-
­¨¥ �¥©¥à ) ¯à¨­£áå¥©¬®¢áª¨å ç áâ­ëå áã¬¬

Sk(f; x; y) =
kX

�=0

kX
�=0

�Z Z
Q

f(t; z)bp�(t)bp�(z)dt dz�bp�(x)bp�(y)
e¥ ¤¢®©­®£® àï¤  �ãàì¥{�¥¦ ­¤à .

�à¥¤­¨¥ â¨¯  (1) ¢ á«ãç ¥ âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢ �ãàì¥ ¢¯¥à¢ë¥ ¨áá«¥¤®¢ «¨áì � à-
æ¨­ª¥¢¨ç¥¬, ¨å ¢ ¦­®áâì ®â¬¥ç¥­  ¢ [6].

�ãé¥áâ¢®¢ ­¨¥ ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x; y), ¤«ï ª®â®à®© àï¤ �ãàì¥{�¥¦ ­¤à  ­¥ áã¬¬¨-
àã¥¬ ¢ â®çª¥ (1; 1) ¬¥â®¤®¬ (C; 1) ¯®¤®¡­® ®¤­®¬¥à­®¬ã á«ãç î ([2], cá. 27, 266), ¡ã¤¥â á«¥¤®¢ âì
¨§ ­¥®£à ­¨ç¥­­®áâ¨ (¯à¨ n ! 1) ª®­áâ ­â �¥¡¥£  Ln(1; 1), ï¢«ïîé¨åáï §­ ç¥­¨ï¬¨ (¢ â®çª¥
(1; 1)) äã­ªæ¨© �¥¡¥£ 

Ln(x; y) =
1

n+ 1

Z 1

�1

Z 1

�1

���� nX
k=0

� kX
�=0

bp�(x)bp�(t)�� kX
�=0

bp�(y)bp�(z)�����dt dz: (2)

�¥®à¥¬ . �à¨ n!1 ¨¬¥¥â ¬¥áâ® ¯®àï¤ª®¢®¥ á®®â­®è¥­¨¥

Ln(1; 1) � ln2 n:
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�®ª § â¥«ìáâ¢®. �ãáâì n = 1; 2; : : : ,

K(�;�)
n (t; z) =

1
n+ 1

nX
k=0

D
(�;�)
k (1; t)D(�;�)

k (1; z); (3)

F (�;�)
n (t; z) =

1
n+ 1

nX
k=0

D
(�;�)
k (t; z); (4)

§¤¥áì

D
(�;�)
k (x; t) =

kX
�=0

bp(�;�)� (x)bp(�;�)� (t) (5)

| ï¤à® �¨à¨å«¥, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

D
(�;�)
k (x; t) = a

(�;�)
k

bp(�;�)k+1 (x)bp(�;�)k (t)� bp(�;�)k (x)bp(�;�)k+1 (t)
x� t

; (6)

ja(�;�)k j � c1 ([2], á. 56; ­ ¯à., a
(1;0)
k = (2n+ 3)�1

p
(n+ 1)(n+ 2); [1], c. 273),

D
(0;0)
k (1; t) =

bp(1;0)k (1)bp(1;0)k (t)
k + 1

(7)

(c¬. [2], c. 83, £¤¥ á®®â¢¥âáâ¢ãîé ï ä®à¬ã«  § ¯¨á ­  ¢ â¥à¬¨­ å áâ ­¤ àâ¨§¨à®¢ ­­ëå ¬­®£®-
ç«¥­®¢). �â¬¥â¨¬, çâ® ¯®áâ®ï­­ë¥ cj §¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬  ¡á®«îâ­ë¥ ¨ à §«¨ç­ë¥, ¢®®¡é¥
£®¢®àï, ¢ à §«¨ç­ëå ä®à¬ã« å,

bp(1;0)k (1) = (k + 1)
q
(k + 1)=2 (8)

([1], c. 288). �§ á®®â­®è¥­¨© (3), (7), (8) á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �¡¥«ï ¯®«ãç ¥¬

Kn(t; z) = K(0;0)
n (t; z) =

1
2(n+ 1)

nX
k=0

(k + 1)bp(1;0)k (t)bp(1;0)k (z) =

=
1
2

�
D(1;0)
n (t; z) � n

n+ 1
F

(1;0)
n�1 (t; z)

�
: (9)

� «ì­¥©è¥¥ ¤®ª § â¥«ìáâ¢® à §®¡ì¥¬ ­  âà¨ íâ ¯ .
10. �áâ ­®¢¨¬ á®®â­®è¥­¨¥

Ln(1; 1) � c2 ln
2(n+ 1); n = 1; 2; : : : (10)

�®£« á­® à ¢¥­áâ¢ ¬ (4) ¨ (9) ®­® ¡ã¤¥â ¢ëâ¥ª âì ¨§ á«¥¤ãîé¥£® ¢á¯®¬®£ â¥«ì­®£® ãâ¢¥à¦¤¥-
­¨ï.

�¥¬¬  1. �¬¥¥â ¬¥áâ® ®æ¥­ª 

dn
def=

Z 1

�1

Z 1

�1

jD(1;0)
n (t; z)jdt dz � c3 ln

2(n+ 1); n = 1; 2; : : : (11)

�®ª § â¥«ìáâ¢®. �§ à¥§ã«ìâ â®¢ à ¡®âë [7] á«¥¤ã¥â, çâ®Z 1

�1

jD(1;0)
n (t; z)j(1 � z)dz � c4(ln(n+ 1) +

p
n+ 1fjp(1;0)n (t)j+ jp(1;0)n+1 (t)jg);

  ¯®íâ®¬ã á®£« á­® ¯®àï¤ª®¢®¬ã á®®â­®è¥­¨îZ 1

0
(1� x)�jp(�;�)k (x)jdx � Ek; (12)
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£¤¥ Ek = k��2��2 ¯à¨ 2� < �� 3=2, Ek = k�1=2 lnk ¯à¨ 2� = �� 3=2, Ek = k�1=2 ¯à¨ 2� > �� 3=2
([2], á. 180), ¨¬¥¥â ¬¥áâ® ®æ¥­ª 


n =
Z 1

�1

Z 1

�1

jD(1;0)
n (t; z)j(1 � z)dt dz � c5 ln(n+ 1):

�­â¥£à « dn ¢ (11) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

dn =
Z 0

�1

Z 1

�1

+
Z 1

0

Z 0

�1

+
Z 1

0

Z 1

0

= d(1)n + d(2)n + d(3)n (13)

¨, § ¬¥ç ï, çâ® 1 � 1� z � 2 ¯à¨ z 2 [�1; 0], ¯®«ãç ¥¬
d(1)n � 
n � c6 ln(n+ 1):

�®¤®¡­ë¬ ®¡à §®¬

d(2)n � c7 ln(n+ 1):

�®íâ®¬ã (á¬. (11) ¨ (13)) ®áâ ¥âáï ¤®ª § âì, çâ® d(3)n � c8 ln
2(n+1). � ¤ «ì­¥©è¨å à ááã¦¤¥­¨ïå

ã¤®¡­® ¯¥à¥©â¨ ¯® ä®à¬ã«¥ ([1], c. 273)

bp(�;0)n (x) =

r
2n+ �+ 1

2�+1
p(�;0)n (x) (14)

ª áâ ­¤ àâ¨§¨à®¢ ­­ë¬ ¬­®£®ç«¥­ ¬ ¨ á¤¥« âì § ¬¥­ã ¯¥à¥¬¥­­ëå t = cos �, z = cos�. �®£¤ 

d(3)n =
Z �=2

0
sin�d�

Z �=2

0
jD(1;0)

n (cos �; cos�)j sin � d� =
Z �=2

0

Z �

0
+
Z �=2

0

Z �=2

�
;

¯à¨ç¥¬ ¤®áâ â®ç­® ®æ¥­¨âì ¯¥à¢ë© ¨­â¥£à « (®æ¥­ª  ¢â®à®£®  ­ «®£¨ç­ ). � «¥¥Z �=2

0

Z �

0
�
Z 2=(n+1)

0

Z 2=(n+1)

0
+
Z �=2

2=(n+1)

Z �

��1=(n+1)
+
Z �=2

2=(n+1)

Z ��1=(n+1)

0
= dn + edn + _dn (15)

¨, ¨á¯®«ì§ãï ®æ¥­ª¨ ([2], c. 176{177; [1], c. 299)

jp(�;�)k (x)j � c9(k + 1)�; jp(�;�)k (x)j � c10p
k + 1(1� x)�=2+1=4

(0 � x � 1); (16)

¯®«ãç ¥¬ (á¬. (5) ¨ (14))

dn + edn � c11

�Z 2=(n+1)

0

�d�

Z 2=(n+1)

0

nX
k=0

(k + 1)3=2(k + 1)3=2� d� +

+
Z �=2

2=(n+1)

�d�

Z �

��1=(n+1)

nX
k=0

�
sin2

�

2

��3=4�
sin2

�

2

��3=4

� d�

�
�

� c12

�
1 + (n+ 1)

Z �=2

2=(n+1)

d�p
�

Z �

��1=(n+1)

d�p
�

�
� c13 ln(n+ 1): (17)

�¤¥áì ¨á¯®«ì§®¢ ­® ­¥à ¢¥­áâ¢® � � � � 1=(n + 1) � �=2 ¢® ¢­ãâà¥­­¥¬ ¨­â¥£à «¥ ¢® ¢â®à®¬
á« £ ¥¬®¬.

�«ï ®æ¥­ª¨ _dn ¯®âà¥¡ã¥âáï ¯à¥¤áâ ¢«¥­¨¥ ([2], á. 83, á¬. â ª¦¥ [7])

p
(�;�)
n+1 (t)p

(�;�)
n (z)� p(�;�)n (t)p(�;�)n+1 (z) =

=
�
1 +

�+ �

2n+ 2

�
((1� z)p(�+1;�)

n (z)p(�;�)n (t)� (1� t)p(�+1;�)
n (t)p(�;�)n (z)):
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� ¥£® ¯®¬®éìî, ¯¥à¥å®¤ï ¢ (6) ª áâ ­¤ àâ¨§¨à®¢ ­­ë¬ ¬­®£®ç«¥­ ¬ á � = 1, � = 0 (c¬. (14)),
§ ¯¨è¥¬ (6) ¢ ¢¨¤¥

D(1;0)
n (t; z) =

n+ 2
4(t� z)

((1 � z)p(2;0)n (z)p(1;0)n (t)� (1� t)p(2;0)n (t)p(1;0)n (z)); (18)

®âªã¤ 

jD(1;0)
n (cos �; cos�)j � c14

p
n+ 1(�� �)�1(�+ �)�1(��1=2jp(1;0)n (cos �)j+ �2��3=2jp(2;0)n (cos �)j):

� ¬¥ç ï, çâ® ¢ ®æ¥­¨¢ ¥¬®¬ ¨­â¥£à «¥ � � �, ¡ã¤¥¬ ¨¬¥âì

_dn � c15
p
n+ 1

Z �=2

0
sin � d�

Z �=2

�+1=(n+1)
(jp(1;0)n (cos �)j+ �jp(2;0)n (cos �)j) sin�d�p

��(�� �)
�

� c16
p
n+ 1 ln(n+ 1)

Z �=2

0

��1=2(jp(1;0)n (cos �)j+ �jp(2;0)n (cos �)j) sin � d� � c17 ln
2(n+ 1):

�®á«¥¤­ïï ®æ¥­ª  á¯à ¢¥¤«¨¢  ¢ á¨«ã á®®â­®è¥­¨ï (12), ¥á«¨ § ¬¥â¨âì, çâ® � = arccos t �p
1� t. �®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¤«ï _dn ¢¬¥áâ¥ á (17) ¯à¨¢®¤¨â (á¬. (15)) ª ®æ¥­ª¥ d(3)n �c18 ln2(n+1),

ª®â®à ï ¨ âà¥¡®¢ « áì ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1.

20. �¥¬¬  2. �¬¥¥â ¬¥áâ® ®æ¥­ª Z 1

�1=2

Z 1

�1=2

jD(1;0)
n (t; z)jdt dz � c19 ln

2 n; n!1: (19)

�®ª § â¥«ìáâ¢®. �à¨ ¤®ª § â¥«ìáâ¢¥ íâ®£® ãâ¢¥à¦¤¥­¨ï ¢®á¯®«ì§ã¥¬áï à¥§ã«ìâ â ¬¨ ¨
¬¥â®¤ ¬¨ [7]. �®-¯¥à¢ëå, ç¨á«¨â¥«ì ¤à®¡¨ ¢ (6) ¤«ï D(1;0)

n (t; z) § ¯¨è¥¬ ¢ ¢¨¤¥ [7]

hnf(1 � t2)p(2;1)n�1 (t)p
(1;0)
n (z)� (1� z2)p(2;1)n�1 (z)p

(1;0)
n (t) + 2(z � t)p(1;0)n (z)p(1;0)n (t)g; (20)

£¤¥ hn = � 2n+3
4(n+1)

: � «¥¥ ¢®á¯®«ì§ã¥¬áï  á¨¬¯â®â¨ç¥áª¨¬ à ¢¥­áâ¢®¬ ([2], c. 205; [7])

p(�;�)n (cos �) =
�p

n�

�
sin

�

2

��+1=2�
cos

�

2

��+1=2��1�
cos

�
2n+ �+ � + 1

2
� � 2� + 1

4
�

�
+

O(1)
n sin �

�
;

1=n � � � ��1=n ¤«ï ¯¥à¢ëå ¤¢ãå á« £ ¥¬ëå ¢ ¢ëà ¦¥­¨¨ (20). �ë¤¥«ïï ¢ ­¨å £« ¢­ë¥ ç«¥­ë,
¯à¨ 0 � � � �=2 ¡ã¤¥¬ ¨¬¥âì

In(�)
def=

Z 2�=3

�+1=n

jD(1;0)
n (cos �; cos�)j sin � d� �

� c20
p
n

�Z 2�=3

�+1=n

����2r n

n� 1
sin � � p(1;0)n (cos�) � sin(�(n+ 1)� 3�=4) �

� sin2 � � p(2;1)n�1 (cos �) cos
�
�(n+ 1)� 3�

4

����� � d�

(� � �)(� + �)�3=2

�
+

+O

�
1p
n
jp(1;0)n (cos�)j

Z 2�=3

�+1=n

�3d�

(� � �)(� + �)�7=2
+

+
1p
n
sin2 � � jp(2;1)n�1 (cos�)j

Z 2�=3

�+1=n

� d�

(� � �)(� + �)�5=2
+

+ njp(1;0)n (cos �)j
Z 2�=3

�+1=n

jp(1;0)n (cos �)j sin � d�
�
: (21)
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� ¬¥­¨¬ ¢ \£« ¢­®¬ ç«¥­¥" ¯à ¢®© ç áâ¨ (21) ¯®¤ §­ ª®¬ ¨­â¥£à «  ¬­®¦¨â¥«ì sin � ¢ ¯¥à¢®¬
á« £ ¥¬®¬ ­  sin�. �®£à¥è­®áâì, ­¥ ¯à¥¢®áå®¤ïéãî

c21
p
n

Z 2�=3

�+1=n

j sin � � sin�j jp(1;0)n (cos �)j d�

(� � �)(� + �)�1=2
;

¢ª«îç¨¬ ¢ ç«¥­ O(: : : ). �®£¤  ¢¥áì íâ®â ç«¥­ á®£« á­® (12) ­¥ ¯à¥¢§®©¤¥â ¢ëà ¦¥­¨ï

c22

�p
n��1=2jp(1;0)n (cos�)j+ lnnp

n
��3=2jp(1;0)n (cos�)j+ lnnp

n
��1=2jp(2;1)n�1 (cos�)j

�
; (22)

¨ ¯®á«¥¤ãîé¥¥ ¨­â¥£à¨à®¢ ­¨¥ ¯® ®âà¥§ªã [o; �=2] ¡«®ª  (22) á ¬­®¦¨â¥«¥¬ sin� ¯à¨¢¥¤¥â (á¬.
(12)) ª ®æ¥­ª¥ ¨­â¥£à «  ç¥à¥§

fpnn�1=2 lnn+
lnnp
n
n1+3=2�2 +

lnnp
n
n2+1=2�2g � c23 lnn: (23)

� ¤àã£®© áâ®à®­ë, \£« ¢­ë© ç«¥­" ¢ (21) ­¥ ¬¥­ìè¥, ç¥¬

Cn(�)��1=2

Z 2�=3

�+1=n

j cos((n+ 1)� + 
)j d�

(� � �)�3=2
�

� c24Cn(�)�
�1=2

Z 2�=3

�+1=n

[1 + cos((2n+ 2)� + 2
)]
d�

(� � �)�3=2
;

¨, ¥á«¨ ¯à¨¬¥­¨âì ¢â®àãî â¥®à¥¬ã ® áà¥¤­¥¬ ª ¨­â¥£à «ã ¢â®à®£® á« £ ¥¬®£®, ®£à ­¨ç¨¢è¨áì
à áá¬®âà¥­¨¥¬ � 2 [arccos(1 � 1=n); �=2], â® ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¡ã¤¥â ¨¬¥âì ®æ¥­ªã á­¨§ã
ç¥à¥§

Cn(�)
�
��1=2

Z 4�=3

�+1=n

d�

(� � �)�3=2
+O(��2)

�
� c25Cn(�)��2 lnn�: (24)

�¤¥áì [7] ¯à¨ � 2 [arccos(1� 1=n); �=2]

Cn(�) =

s
n� sin2 �

n
sin2 �(p(2;1)n�1 (cos �))2 +

4n
n� 1

(p(1;0)n (cos�))2
o
� c26 > 0;

a


 = arg
�
sin�p(2;1)n�1 (cos�) + 2i

r
n

n� 1
p(1;0)n (cos�)

�
:

�¥¯¥àì ¢ á¨«ã ®æ¥­®ª (21){(24)Z �=2

arccos(1�1=n)

In(�) sin�d� � c27

Z 1�1=n

0

lnn
p
1� x

1� x
dx+O(lnn) � c28 ln

2 n (n!1);

®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ (19) «¥¬¬ë 2.

30. �®á«¥¤­¥¥ ¢á¯®¬®£ â¥«ì­®¥ ãâ¢¥à¦¤¥­¨¥ á®áâ®¨â ¢ á«¥¤ãîé¥¬.

�¥¬¬  3. �¬¥¥â ¬¥áâ® ®æ¥­ª 

fn
def=
Z 1

�1=2

Z 1

�1=2

jF (1;0)
n (t; z)jdt dz � c29 ln(n+ 2); n = 0; 1; : : :

41



�®ª § â¥«ìáâ¢® ã¤®¡­® ¯à®¢®¤¨âì ¢ â¥à¬¨­ å ®àâ®­®à¬¨à®¢ ­­ëå ¬­®£®ç«¥­®¢. �®áª®«ìªã
¯à¥¤áâ®ïâ £à®¬®§¤ª¨¥ ¢ëª« ¤ª¨, ãá«®¢¨¬áï ¢ á«¥¤ãîé¨å ®¡®§­ ç¥­¨ïå:

�n(t) = bp(1;0)n (t); �n(t) = bp(2;0)n (t); e�n(t) = bp(3;0)n (t);

¢ â¥å á«ãç ïå, ª®£¤  íâ® ­¥ ¯à¨¢®¤¨â ª ­¥¤®à §ã¬¥­¨ï¬,  à£ã¬¥­âë äã­ªæ¨© ¡ã¤¥¬ ®¯ãáª âì.
�®âà¥¡ãîâáï á®®â­®è¥­¨ï

j�n � �n+1j = O(1� t)j�nj+O( 1
n
)j�n+1j; (25)

j�n ��n+1j = O(1� t)je�nj+O( 1
n
)j�n+1j; (26)

ª®â®àë¥ «¥£ª® á«¥¤ãîâ ¨§ ä®à¬ã«ë ([2], c. 83)

(n+ �+ 1)p(�;�)n (t)� (n+ 1)p(�;�)n+1 (t) = (1� t)(n+ (�+ �)=2 + 1)p(�+1;�)
n (t);

¥á«¨ ¢ ­¥© (¯à¨ � = 0) ¯¥à¥©â¨ ª ®àâ®­®à¬¨à®¢ ­­ë¬ ¬­®£®ç«¥­ ¬ (á¬. (14)).
�à¥¦¤¥, ç¥¬ ¯®«ãç âì ®æ¥­ª¨ fn, ¢ëà ¦¥­¨¥ (6) ï¤à  �¨à¨å«¥ § ¯¨è¥¬ ¢ ¢¨¤¥ (á¬. (18) ¨

(14))

D
(1;0)
k (t; z) = �k

(1� z)�k(z)�k(t)� (1� t)�k(t)�k(z)
t� z

; (27)

£¤¥

�k =
k + 2p

(k + 1)(2k + 3)
=

1p
2

�
1 +O

�
1

k + 1

��
:

�ãáâì H+
n (�; �) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï â®£® ¯®¤¬­®¦¥áâ¢  (¯à¨­ ¤«¥¦ é¥£® ª¢ -

¤à âã [0; 2�=3]2), ­  ª®â®à®¬ F (1;0)
n (cos �; cos�) � 0, a H�

n (�; �) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï
¬­®¦¥áâ¢ -¤®¯®«­¥­¨ï (¤® ª¢ ¤à â ), â ª çâ® jF (1;0)

n j = H+
n F

(1;0)
n � H�

n F
(1;0)
n . �®áâ â®ç­®, ®ç¥-

¢¨¤­®, ®æ¥­¨âì

8

fn =
Z 2�=3

0

Z 2�=3

0

H+
n (�; �)F

(1;0)
n (cos �; cos�) sin� sin � d� d� (28)

(®æ¥­ª  ¢ á«ãç ¥ ¨­â¥£à «  á H�

n  ­ «®£¨ç­ ). � «¥¥, ¯ãáâì �k(�; �) ¨ e�k(�; �) | å à ªâ¥à¨áâ¨-
ç¥áª¨¥ äã­ªæ¨¨ ¯®¤¬­®¦¥áâ¢ 

Gk =
�

2
k + 1

� � � 2�
3
; 0 � � � �� 1

k + 1

�[�
2

k + 1
� � � 2�

3
; 0 � � � � � 1

k + 1

�
¨ ¥£® ¤®¯®«­¥­¨ï Gk (¤® ª¢ ¤à â  [0; 2�=3]2). �®£¤ 

D
(1;0)
k = �kD

(1;0)
k + e�kD(1;0)

k ;

¨ á«¥¤®¢ â¥«ì­®, ¨­â¥£à « (28) á®£« á­® (4) ¯à¨®¡à¥â ¥â ¢¨¤

8

fn =
Z 2�=3

0

Z 2�=3

0

H+
n (�; �)

�
1

n+ 1

nX
k=0

�k(�; �)D
(1;0)
k (cos �; cos�) sin� sin � d� d� +

+O

�
1

n+ 1

nX
k=0

kX
�=0

Z Z
Gk

j��(cos�)��(cos �)j sin� sin � d� d�
�
: (29)

�« £ ¥¬®¥ O(: : : ) ¢ (29) á®£« á­® (16) ¨ (14) ­¥ ¯à¥¢®áå®¤¨â

c30
n+ 1

nX
k=0

(k + 1)
�Z 2=(k+1)

0

�d�

Z 2=(k+1)

0

(k + 1)2� d� +
Z 2�=3

2=(k+1)

�d�

Z �+1=(k+1)

��1=(k+1)

��3=2��3=2� d�

�
�

� c31
n+ 1

nX
k=0

(k + 1)
�

1
(k + 1)2

+
ln(k + 1)
k + 1

�
� c32 ln(n+ 2):
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�®íâ®¬ã ¢ (29) ¤®áâ â®ç­® ®æ¥­¨âì ¯¥à¢®¥ á« £ ¥¬®¥, ª®â®à®¥ á ¯®¬®éìî (27), ¢ë¤¥«ïï ¨ ¢ �k
£« ¢­ë© ç«¥­, § ¯¨è¥¬ ¢ ¢¨¤¥

efn = 2

(n+ 1)
p
2

Z 2�=3

0

Z 2�=3

0

H+
n (�; �)

cos � � cos�

nX
k=0

�k(�; �)
�
sin2

�

2
�k(cos �)�k(cos �)�

� sin2
�

2
�k(cos �)�k(cos�)

�
sin� sin � d� d� +

+O

�
1

n+ 1

nX
k=0

Z 2�=3

0

Z 2�=3

0

1
k + 1

jD(1;0)
k (cos �; cos�)j sin� sin � d� d�

�
: (30)

� ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ®áâ â®ç­ë© ç«¥­ O(: : : ) ­¥ ¯à¥¢®áå®¤¨â (á¬. (11))

c33
n+ 1

nX
k=0

ln2(k + 2)
k + 1

� c34;

¨ ¤®ª § â¥«ìáâ¢® «¥¬¬ë 3 á¢®¤¨âáï ª ¯®«ãç¥­¨î ®æ¥­ª¨

fn =
1

n+ 1

Z 2�=3

0

Z 2�=3

0

����sin2 �
2
sin� sin �

cos � � cos�
H+
n (�; �)

nX
k=0

�k(�; �)�k(cos�)�k(cos �)
����d� d� �
� c35 ln(n+ 2); (31)

¯®áª®«ìªã �k(�; �) = �k(�; �),   §­ ç¨â, ¢ \£« ¢­®© ç áâ¨" (30) ¨­â¥£à « ®â ¬®¤ã«ï ®áâ ¢è¥£®áï
ç«¥­  ®æ¥­¨¢ ¥âáï  ­ «®£¨ç­®.

� ¯®¬®éìî à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï ([1], c. 273{274)

xbp(�;0)n (x) = �(�)n bp(�;0)n+1 (x) + 
(�)n bp(�;0)n (x) + �
(�)
n�1bp(�;0)n�1 (x);

£¤¥

�(�)n = 2

s
(n+ 1)2(n+ 1 + �)2

(2n+ 1 + �)(2n+ 2 + �)2(2n+ 3 + �)
; (32)


(�)n = � �2

(2n+ 2 + �)(2n+ �)
; bp(�;0)

�1 (x) = 0;

¯à®¨§¢¥¤¥¬ ¯à¥®¡à §®¢ ­¨ï

(z � t)
nX

k=0

�k�k(z)�k(t) =
nX

k=0

�kz�k�k �
nX

k=0

�kt�k�k =
nX

k=0

(�k�
(2)
k �k+1�k � �k�

(1)
k�1�k�k�1) +

+
nX

k=0

(�k�
(2)
k�1�k�1�k � �k�

(1)
k �k�k+1) +

nX
k=0

(
(2)k � 

(1)
k )�k�k�k:

� ¯¥à¢®© áã¬¬¥ ç«¥­ �k�
(1)
k�1�k�k�1 § ¬¥­¨¬ ­  �k�1�

(2)
k�1�k�k�1;   ¢® ¢â®à®© �k�

(2)
k�1�k�1�k | ­ 

�k�1�
(1)
k�1�k�1�k. �ëç¨á«ïï â®£¤  \áª®àà¥ªâ¨à®¢ ­­ë¥" áã¬¬ë, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ¯®£à¥è-

­®áâì ®â ¯à®¨§¢¥¤¥­­®© § ¬¥­ë ¨ á®®â­®è¥­¨¥ (32), ¢ á¨«ã ª®â®à®£®

�
(2)
k � �

(1)
k = O

�
1

(k + 1)2

�
; �

(1)
k � �

(1)
k+1 = O

�
1

(k + 1)2

�
;
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¨¬¥¥¬

(z � t)
nX

k=0

�k�k(z)�k(t) = �n(�(2)n �n+1�n � �(1)n �n�n+1) +

+
nX

k=0

f(�k�1�
(2)
k�1 � �k�

(1)
k�1)�k�k�1 + (�k�

(2)
k�1 � �k�1�

(1)
k�1)�k�1�kg+

+
nX

k=0

�kO( 1
k2
)j�k�kj = �n�

(1)
n (�n+1�n ��n�n+1) +

+
nX

k=0

(�k � �k�1)�
(1)
k�1[�k�1�k ��k�k�1] +

nX
k=0

�k�
�

k�
�

kO

�
1

(k + 1)2

�
: (33)

�¤¥áì

p�k(x) =
k+1X

�=k�1

jbp(�;�)� (x)j;

â ª çâ®, ­ ¯à¨¬¥à, ��

k á®®â¢¥âáâ¢ã¥â á«ãç î � = 2, � = 0.
� ª®­¥æ, á ¯®¬®éìî á®®â­®è¥­¨©

�k�1�k ��k�k�1 = (�k�1 ��k)�k +�k(�k � �k�1)

¨ (25), (26) ¨§ à ¢¥­áâ¢  (33) ¯®«ãç ¥¬ ®æ¥­ªã

jz � tj
���� nX
k=0

�k�k(z)�k(t)
���� � c36

�
�n[(1� z)e��

n(z)�
�

n(t) + (1� t)��

n(z)e��

n(t)] +

+
nX

k=0

j�k � �k�1j
�
[(1� z)e��

k(z)�
�

k(t) + (1� t)��

k(z)�
�

k(t)] +

+
1

k + 1
[��

k(z)�
�

k(t) + ��

k(t)�
�

k(z)]
�
+

nX
k=0

�k[�
�

k(z)�
�

k(t) + ��

k(t)�
�

k(z)]
1

(k + 1)2
+

+
1
n
[��

n(z)�
�

n(t) + ��

n(t)�
�

n(z)]
�
; (34)

ª®â®à®© ¬ë ¨ ¢®á¯®«ì§ã¥¬áï ¯à¨ ¤®ª § â¥«ìáâ¢¥ (31). �®£« á­® (34) ¨¬¥¥¬

fn � c37

5X
m=1

f
(m)

n ; (35)

£¤¥ (á ®¡®§­ ç¥­¨ï¬¨ u(�; �) = �3�(� � �)�2(� + �)�2, �1 = cos�, �1 = cos �)

f
(m)

n =
1

n+ 1

nX
k=0

Z 2�=3

0

Z 2�=3

0

Fm;k(�; �)d� d�;

¯à¨ íâ®¬

F1;k(�; �) = F1;n(�; �) =
1

n+ 1
�nu(�; �)(�2 e��

n(�1)�
�

n(�1) + �2��

n(�1)�
�

n(�1));

F2;k(�; �) = j�k � �k�1ju(�; �)(�2 e��

k(�1)�
�

k(�1) + �2��

k(�1)�
�

k(�1));

F3;k(�; �) =
1

k + 1
j�k � �k�1ju(�; �)(��

k(�1)�
�

k(�1) + ��

k(�1)�
�

k(�1));

F4;k(�; �) =
1

(k + 1)2
�ku(�; �)(�

�

k(�1)�
�

k(�1) + ��

k(�1)�
�

k(�1));

F5;k(�; �) = F5;n(�; �) =
1

(n+ 1)2
�nu(�; �)(��

n(�1)�
�

n(�1) + ��

n(�1)�
�

n(�1)):
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�®«ì§ãïáì á®®â­®è¥­¨ï¬¨ (16) ¨ (12), ¨¬¥¥¬

f
(1)

n � c38
n+ 1

� Z 2�=3

0

d�

Z 2�=3

�+1=(n+1)

�
�5 e��

n(�1)
�

(� � �)2��
1
�3=2

+ �3��

n(�1)
�3

(� � �)2�2
1

�5=2

�
d� +

+
Z 2�=3

0

d�

Z 2�=3

�+1=(n+1)

�
���n(�1)

�5

(� � �)2�2
1

�7=2
+ �3��

n(�1)
�3

(� � �)2�2
1

�5=2

�
d�

�
�

� c39

� Z 2�=3

0

(�5=2 e��

n(�1) + �3=2��

n(�1))d� +
Z 2�=3

0

(�1=2��n(�1) + �3=2��

n(�1))d�)
�
� c40 ln(n+ 2):

(36)

�¤¥áì ¨á¯®«ì§®¢ ­® â®, çâ® ¢® ¢­ãâà¥­­¨å ¨­â¥£à « å ¯¥à¢ëå ¤¢ãå á« £ ¥¬ëå � � �,  Z 2�=3

�+1=(n+1)

d�

(� � �)2
= O(n+ 1);

¯®¤®¡­ë¬ ®¡à §®¬ ®¡áâ®¨â ¤¥«® ¨ ¢® ¢â®à®¬ ¤¢®©­®¬ ¨­â¥£à «¥. �à¨ ®æ¥­ª¥ f
(2)

n § ¬¥â¨¬, çâ®

­ «¨ç¨¥ ¬­®¦¨â¥«ï j�k��k�1j ¢ ¯®¤¨­â¥£à «ì­®¬ ¢ëà ¦¥­¨¨ ¯®§¢®«ï¥â ¬ ¦®à¨à®¢ âì
2�=3R
0

2�=3R
0

áã¬¬®© Z 2�=3

0

Z �+1=(k+1)

�+1=(k+2)

+
Z 2�=3

0

Z �+1=(k+1)

�+1=(k+2)

¨, ¥á«¨ ãç¥áâì, çâ® Z �+1=(k+1)

�+1=(k+2)

d�

(� � �)2
= O(1);

â® ¢ â®ç­®áâ¨, ª ª ¨ ¢ á«ãç ¥ f
(1)

n , ¯®«ãç¨¬

f
(2)

n � c41
n+ 1

nX
k=0

ln(k + 2) � c42 ln(n+ 2): (37)

�­ «®£¨ç­® ¯®«ãç ¥¬

f
(3)

n � c43: (38)

� «¥¥, ¯®¤®¡­® á«ãç î (36) ¨¬¥¥¬

f
(4)

n � c44
n+ 1

nX
k=0

2(k + 1)
(k + 1)2

� Z 2�=3

0
�1=2��

k(�1)d�+
Z 2�=3

0
��1=2��k(�1)d�

�
�

� c45
n+ 1

nX
k=0

k + 1
k + 1

� c46: (39)

�­ «®£¨ç­®,

f
(5)

n � c47: (40)

�¥¯¥àì, á®¥¤¨­ïï ®æ¥­ª¨ (36){(40), ¢ á¨«ã á®®â­®è¥­¨ï (35) ¯à¨å®¤¨¬ ª ãâ¢¥à¦¤¥­¨î (31),
â. ¥. «¥¬¬  3 ¤®ª § ­ .

40. � á¨«ã ãâ¢¥à¦¤¥­¨© «¥¬¬ë 2, «¥¬¬ë 3 ¨ à ¢¥­áâ¢  (9) ¨¬¥¥¬

Ln � c48 ln
2 n; n!1;

çâ® ¢ á®ç¥â ­¨¨ á ®æ¥­ª®© (10) ¯®§¢®«ï¥â § ª«îç¨âì á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë.

50. �«¥¤áâ¢¨¥. �¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Ln(�1; 1) = Ln(1;�1) = Ln(�1;�1) = Ln(1; 1);
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â ª çâ® ª ¦¤ ï ¨§ íâ¨å ¢¥«¨ç¨­ ¯à¨ n!1 à áâ¥â á® áª®à®áâìî ¯®àï¤ª  ln2 n.

�®ª § â¥«ìáâ¢®. �®-¯¥à¢ëå, ®â¬¥â¨¬ á¯à ¢¥¤«¨¢®áâì á®®â­®è¥­¨©

D
(0;0)
k (�1; t) = bp(0;1)k (�1)bp(0;1)k (t)

k + 1

(íâ®â  ­ «®£ ä®à¬ã«ë (7) ¢ëâ¥ª ¥â ¨§ à ááã¦¤¥­¨© [2], c.83) ¨ bp(�;�)n (�x) = (�1)nbp(�;�)n (�x) ([1],
c. 283), ¢ á¨«ã ª®â®àëå ¨ à ¢¥­áâ¢ (2) ¨ (8) ¨¬¥¥¬

Ln(�1; 1) = 1
n+ 1

Z 1

�1

Z 1

�1

���� nX
k=0

k + 1
2

(�1)k bp(0;1)k (t)bp(1;0)k (z)
����dt dz =

=
1

2(n+ 1)

Z 1

�1

Z 1

�1

���� nX
k=0

(k + 1)bp(1;0)k (t)bp(1;0)k (z)
����dt dz = Ln(1; 1):

�®ç­® â ª ¦¥ ¤®ª §ë¢ ¥âáï, çâ® Ln(1;�1) ¨ Ln(�1;�1) à ¢­ë Ln(1; 1). �áâ ¥âáï ¢®á¯®«ì§®¢ âìáï
à¥§ã«ìâ â®¬ â¥®à¥¬ë .
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