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�.�. ����������, �.�.�����

������ �������� ������������ �������
���������� ���� ����������� �� ����� Lq

�¨¦¥ Lq | ª®¬¯«¥ªá­®¥ ¯à®áâà ­áâ¢® á ­®à¬®© kfkLq
=
� 1R
�1

jf(x)jq!(x)dx
�1=q

, 1 � q < 1,

!(x) = (1�x2)
�1=2 | ¢¥á (0 < 
 < 1), L1 = L1[�1; 1] | ¢¥é¥áâ¢¥­­®¥ ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå,
®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ äã­ªæ¨©, D = D[�1; 1] | ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå
­  [�1; 1] äã­ªæ¨©.

� áá¬®âà¨¬ ¤¥©áâ¢ãîé¨© ¢ L2 ®¯¥à â®à T

Ty = �(1� x2)y00 + (2
 + 1)xy0:

�£® á®¡áâ¢¥­­ë¬ ç¨á« ¬ �n = n(n + 2
) á®®â¢¥âáâ¢ãîâ ®àâ®­®à¬¨à®¢ ­­ë¥ ¢ L2 á®¡áâ¢¥­­ë¥
äã­ªæ¨¨ vn(x) = h�1=2

n C

n(x), £¤¥ hn =

p
�(2
)n�(
+1=2)

(n+
)n!�(
)
, (�)n =

�(�+n)

�(�)
, C


n(x) | ¬­®£®ç«¥­ë �¥£¥­-

¡ ãíà  ([1], á. 176), n = 1;1. �á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï á¯à ¢®ç­¨ª  [1]. � ª ª ª vn (n = 1;1)
¯®«­ë ¢ L2 ([1], á. 160), â® ¬®¦­® ¯®ª § âì, çâ® T | á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à.

�ãáâì P : L2 ! L2 | ®¯¥à â®à ã¬­®¦¥­¨ï ­  äã­ªæ¨î p (p 2 L1). �¡®§­ ç¨¬ á®¡áâ¢¥­­ë¥
§­ ç¥­¨ï ®¯¥à â®à  T +P ç¥à¥§ �n, § ­ã¬¥à®¢ ­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï ¤¥©áâ¢¨â¥«ì­ëå ç -
áâ¥© á ãç¥â®¬  «£¥¡à ¨ç¥áª®© ªà â­®áâ¨,   ç¥à¥§ un | á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ®àâ®­®à¬¨à®¢ ­­ë¥
á®¡áâ¢¥­­ë¥ äã­ªæ¨¨.

�®áª®«ìªã à¥§®«ì¢¥­âë R�(T ) ¨ R�(T + P ) ®¯¥à â®à®¢ T ¨ T +P ï¢«ïîâáï ¨­â¥£à «ì­ë¬¨
®¯¥à â®à ¬¨ ([2], á. 219), â®, ®¡®§­ ç ï ¨å ï¤à  ç¥à¥§ KT (x; y; �) ¨ KT+P (x; y; �) á®®â¢¥âáâ¢¥­­®,
¬®¦¥¬ ¤®ª § âì ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  1. �®«®¦¨¬

�j(n; x; y) =
(�1)j

2�i

Z
Tn

([KT � P ]
j �KT )(x; y; �)d� (j = 1; t); (1)

't(n; x; y) =
(�1)t+1

2�i

Z
Tn

([KT � P ]t+1 �KT+P )(x; y; �)d� (t � 0);

(K � P �Q)(x; y; �) =
Z 1

�1
K(x; z; �)p(z)Q(z; y; �)!(z)dz;

£¤¥ Tn | § ¬ª­ãâë© à¥£ã«ïà­ë© ª®­âãà, ®å¢ âë¢ îé¨© â®«ìª® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �1; : : : ; �n
¨ ®âáâ®ïé¨© ®â ­¨å ­  à ááâ®ï­¨¨ ­¥ ¬¥­¥¥ ç¥¬ n.

�á«¨ p 2 L1, â®

nX
j=1

uj(x)uj(y) =
nX

j=1

vj(x)vj(y) +
tX

j=1

�j(n; x; y) + 't(n; x; y); (2)






nX

j=1

uj(x)uj(y)�
nX

j=1

vj(x)vj(y)� �1(n; x; y)





Lq

= O

�
lnn
n1=2

�
; 1 � q � 2: (3)

�¥à¢ë© ¨§  ¢â®à®¢ ¯®¤¤¥à¦ ­ £à ­â®¬ 192d ®¡é¥®¡à §®¢ â¥«ì­®£® ä®­¤  �®à®á .
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�«ï ¤®ª § â¥«ìáâ¢  ¯®âà¥¡ãîâáï âà¨ «¥¬¬ë.

�¥¬¬  1. �á«¨ � 2 
n =
n
� j Re� = �n+1+�n

2

o
, â®

1P
i=1

1
j�i��j = O

�
lnn
n

�
.

�®ª § â¥«ìáâ¢®.

1X
i=1

1
j�i � �j

�
1X
i=1

1
j�i �Re�j

=
nX
i=1

1
Re�� �i

+
1

n+ 2
+1
2

+
1X

i=n+2

1
�i �Re�

�

�

Z n

0

dx

Re �� x2 � 2
x
+

1
n+ 2
+1

2

+
Z 1

n+1

dx

x2 + 2
x�Re�
= O

�
lnn
n

�
: �

�ãáâì �n =
�
� j � = �n+1+�n

2
+
��n+1+�n

2
+ n

�
ei'; �

2
� ' � 3

2
�
	
.

�¥¬¬  2. �á«¨ � 2 �n, â®
1P
i=1

1
j�i��j = O

�
1

n1=2

�
.

�®ª § â¥«ìáâ¢®.

1X
i=1

1
j�i � �j

�
nX
i=1

1
n+ �i

+
1

�n+1+�n
2

+ n
+
Z 1

n+1

dx

x2 + 2
x�Re �
= O

�
1

n1=2

�
:

�¥¬¬  3. �¬¥îâ ¬¥áâ®  á¨¬¯â®â¨ç¥áª¨¥ à ¢¥­áâ¢ 

vn(cos�) =
O(1) cos[(n+ 
)�� 
�=2]

(sin�)

; 0 < � < �; (4)

kvnkLq
= O(1); 1 � q � 2;

£¤¥ O(1) | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â n.

�®ª § â¥«ìáâ¢®. �«ï ¬­®£®ç«¥­®¢ �¥£¥­¡ ãíà  ¨§¢¥áâ­  ([1], á. 198) à ¢­®¬¥à­ ï ¯® n ¨ �
 á¨¬¯â®â¨ª 

C

n(cos�) =

�(2
 + n)
(
)n+1

O(1) cos[(n+ 
)�� 
�=2]
(sin�)


; 0 < � < �:

�®£¤  (4) á«¥¤ã¥â ¨§ â®£®, çâ®

h�1=2
n

�(2
 + n)
(
)n+1

O(1) =
�
(n+ 
)n!�(2
 + n)
[�(
 + n+ 1)]2

�1=2
O(1) =

�
n

n+ 


n�1Y
k=1

1 + 2
=k
(1 + 2
=k)2

�1=2
O(1) = O(1):

�âáî¤ 

kvnkLq
=
�Z �

0

jvn(cos�)jq(sin�)2
d�
�1=q

= O(1); 1 � q � 2:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ Tn ª®­âãà, á®áâ®ïé¨© ¨§ ®âà¥§ª  
(n) =�
� j � = �n+1+�n

2
+ ri; ��n+1+�n

2
� n � r � �n+1+�n

2
+ n

	
¨ ¯®«ã®ªàã¦­®áâ¨ �n. � ª®© ª®­âãà

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë. A ¯®áª®«ìªã � =2 �(T ) [ �(T + P ), â®, ¨á¯®«ì§ãï â®¦¤¥áâ¢®
�¨«ì¡¥àâ  R�(T + P )�R�(T ) = �R�(T )PR�(T + P ), ¯®«ãç¨¬ à ¢¥­áâ¢®

R�(T + P ) =
tX

l=0

(�1)l[R�(T )P ]lR�(T ) + (�1)t+1[R�(T )P ]t+1R�(T + P ): (5)
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� «¥¥, ¥á«¨ ­¥ ãª § ­® ¯à®â¨¢­®¥, ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ®â �1 ¤® 1. �¬¥¥¬

[R�(T )P ]lR�(T )v(x) = [R�(T )P ](l�1)R�(T )
Z
p(x)KT (x; y; �)v(y)!(y)dy =

= [R�(T )P ](l�1)

Z � Z
KT (x; y1; �)p(y1)KT (y1; y; �)!(y1)dy1

�
v(y)!(y)dy = � � � =

=
Z � Z

� � �

Z
KT (x; y1; �)p(y1)KT (y1; y2; �) : : : p(yl) �

�KT (yl; y; �)!(y1) : : : !(yl)dy1 : : : dyl

�
v(y)!(y)dy =

Z � Z
� � �

Z
KT (x; y1; �) : : : p(yl�1)(KT �P �KT )(yl�1; y; �)!(y1) : : : !(yl�1)dy1 : : : dyl�1

�
v(y)!(y)dy =

= � � � =
Z
([KT � P ]l �KT )(x; y; �)v(y)!(y)dy:

�á¯®«ì§ãï ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¤«ï [R�(T )P ]lR�(T )v(x) ¯à¨ ¯¥à¥å®¤¥ ®â ®¯¥à â®à®¢ ¢ à ¢¥­-
áâ¢¥ (5) ª ¨å ï¤à ¬, ¡ã¤¥¬ ¨¬¥âì

KT+P (x; y; �) = KT (x; y; �) +
tX

l=1

(�1)l([KT � P ]
l �KT )(x; y; �) +

+ (�1)t+1([KT � P ]
t+1 �KT+P )(x; y; �): (6)

�®¦­® ¯®ª § âì, çâ® ¢ «î¡®© ª®¬¯ ªâ­®© ç áâ¨ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨, ­¥ á®¤¥à¦ é¥© â®ç¥ª
á¯¥ªâà  ®¯¥à â®à®¢ T ¨ T + P , ¨¬¥îâ ¬¥áâ® à §«®¦¥­¨ï

KT (x; y; �) =
1X
k=1

vk(x)vk(y)
�k � �

; KT+P (x; y; �) =
1X
j=1

uj(x)uj(y)
�j � �

:

�®¤áâ ¢«ïï ¨å ¢ «¥¢ãî ç áâì à ¢¥­áâ¢  (6) ¨ ¨­â¥£à¨àãï ¯® ª®­âãàã Tn, ¯®«ãç¨¬ (2).
�®ª ¦¥¬ (3). �á¯®«ì§ãï à §«®¦¥­¨¥ ¤«ï ¯à¥®¡à §®¢ ­¨ï ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (6), ¨¬¥¥¬

([KT � P ]
l �KT )(x; y; �) =

Z
� � �

Z
KT (x; y1; �)p(y1) : : : p(yl)KT (yl; y; �)!(y1) : : : !(yl)dy1 : : : dyl =

=
Z
� � �

Z 1X
k=1

vk(x)vk(y1)
�k � �

p(y1)KT (y1; y2; �) : : : KT (yl�1; yl; �)p(yl) �

�
1X
j=1

vj(yl)vj(y)
�j � �

!(y1) : : : !(yl)dy1 : : : dyl =

= � � � =
X
k;j

vk(x)
Z
vk(y1)p(y1)[R�(T )P ]l�1vj(y1)!(y1)dy1vj(y)

(�k � �)(�j � �)
=

=
X
k;j

vk(x)(P [R�(T )P ]l�1vj ; vk)vj(y)
(�k � �)(�j � �)

: (7)

�®¤áâ ¢¨¬ ­ ©¤¥­­®¥ ¢ëà ¦¥­¨¥ ¢¬¥áâ® ([KT � P ]l �KT )(x; y; �) ¢ (6). �®«ãç¨¬

1X
j=1

uj(x)uj(y)
�j � �

�
1X
k=1

vk(x)vk(y)
�k � �

=
tX

l=1

(�1)l
X
k;j

vk(x)(P [R�(T )P ]l�1vj ; vk)vj(y)
(�k � �)(�j � �)

+

(�1)t+1
X
k;j

vk(x)(P [R�(T )P ]tuj ; vk)uj(y)
(�k � �)(�j � �)

:

22



� «¥¥, ¨á¯®«ì§ãï ®¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® �¨­ª®¢áª®£® ([3], á. 178), ¨§ (1) ¨ (7) ­ ©¤¥¬

k�l(n; x; y)kLq
=




(�1)

l

2�i

Z
Tn

X
k;j

vk(x)(P [R�(T )P ]l�1vj ; vk)vj(y)
(�� �k)(�� �j)

d�






Lq

=

=
1
2�

� Z Z ����
Z
Tn

X
k;j

vk(x)(P [R�(T )P ]l�1vj ; vk)vj(y)
(�� �k)(�� �j)

d�

����
q

!(x)!(y)dx dy
�1=q

�

�
1
2�

X
k;j

� Z Z � Z
Tn

����vk(x)(P [R�(T )P ]l�1vj ; vk)vj(y)
(�� �k)(�� �j)

����d�
�q

!(x)dx!(y)dy
�1=q

=

=
1
2�

X
k;j

kvkkLq
kvjkLq

�Z
Tn

j(P [R�(T )P ]l�1vj ; vk)j
j�� �kj j�� �j j

d�

�q 1q

=

= O(1)
Z
Tn

X
k;j

j(P [R�(T )P ]l�1vj ; vk)j
j�� �kj j�� �j j

d� = O(1)
Z
Tn

X
k;j

kPklkR�(T )kl�1kvjkL2kvkkL2
j�� �kj j�� �j j

d� =

= O(1)kPkl
Z
Tn

kR�(T )k
l�1

1X
k;j=1

1
j���kj j���j j

d�=O(1)kPkl
�Z

�n

+
Z

(n)

�
kR�(T )k

l�1O

�
lnn
n3=2

�
d�:

�¤¥áì ¬ë ¯¥à¥è«¨ ®â ¨­â¥£à «  ¯® ª®­âãàã ª ªà¨¢®«¨­¥©­®¬ã ¨­â¥£à «ã 1-£® à®¤  ¯® ªà¨¢®© Tn.
�à®¤®«¦¨¬ ¯à¥®¡à §®¢ ­¨¥, ãç¨âë¢ ï, çâ® P |®£à ­¨ç¥­­ë© ®¯¥à â®à, kR�(T )k � 1=�(�; �(T ))
£¤¥ �(�; �(T )) | à ááâ®ï­¨¥ ®â � ¤® á¯¥ªâà  ®¯¥à â®à  T ([4], á. 367),

kPklO

�
lnn
n3=2

��Z
�n

+
Z

(n)

�
kR�(T )k

l�1d� = O

�
lnn
n3=2

��Z
�n

+
Z

(n)

�
d�

nl�1
=

= O

�
lnn
n3=2

�
(� + 2)(n2 + 2n+ 2n
 + 
 + 1=2)

nl�1
= O

�
lnn
nl�3=2

�
:

�âáî¤  ¢¨¤­®, çâ® ¥á«¨ l � 2, â® k�l(n; x; y)kLq
! 0 ¯à¨ n!1. � «¥¥

k't(n; x; y)kLq
=






1X
l=t+1

�l(n; x; y)





Lq

�
1X

l=t+1

k�l(n; x; y)kLq
= O(lnn)

1X
l=t+1

1
nl�3=2

= O

�
1

nt�1=2

�
:

� ª¨¬ ®¡à §®¬, ¥á«¨ t � 1 (¯à¨ íâ®¬ l � 2), â® k't(n; x; y)kLq
! 0 ¯à¨ n ! 1. �¥¯¥àì ¨§ (2)

¨¬¥¥¬






nX

j=1

uj(x)uj(y)�
nX

j=1

vj(x)vj(y)� �1(n; x; y)





Lq

� k�2(n; x; y)kLq
+ k'2(n; x; y)kLq

= O

�
lnn
n1=2

�
: �

� ¬¥ç ­¨¥. �­ «®£¨ç­ ï â¥®à¥¬  ¡ë«  ¯®«ãç¥­  ¢ à ¡®â¥ [5] (á ¤¨áªà¥â­ë¬ ¯®«®¦¨â¥«ì-
­ë¬ ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®àï¤ª  m (m > 1) ®¯¥à â®à®¬ T ¨ âà¥¡®¢ ­¨¥¬ £« ¤ª®áâ¨
äã­ªæ¨¨ p).

� ª« ¤ë¢ ï ­  p ¡®«¥¥ ¦¥áâª¨¥ ãá«®¢¨ï, ãá¨«¨¬ ¢â®àãî ç áâì ¤®ª § ­­®£® ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  2. �á«¨ p 2 D ¨ p(�1) = p(1) = 0, â®






nX

j=1

uj(x)uj(y)�
nX

j=1

vj(x)vj(y)





Lq

= O

�
lnn
n1=2

�
; 1 � q � 2:
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�®ª § â¥«ìáâ¢®. �¬¥¥¬

� Z Z
jvk(x)(Pvj ; vk)vj(y)jq!(x)!(y)dxdy

�1=q
� j(Pvj ; vk)j kvkkLq

kvjkLq
= O(1)j(Pvj ; vk)j =

= O(1)
����
� Z "

0

+
Z �

��"

�
p(cos�)vj(cos�)vk(cos�)(sin�)2
d�

����+

+O(1)
����
Z ��"

"

p(cos�)vj(cos�)vk(cos�)(sin�)
2
d�

���� = I1 + I2:

�§ ®æ¥­ª¨ (sin�)
 jC

n(cos�)j <

�
n
2

�
�1
[�(
)]�1, 0 � � � � ([1], á. 205)  ­ «®£¨ç­® «¥¬¬¥ 3 ¯®«ãç¨¬

jvn(cos�)j =
O(n
 )
(sin�)


. �âáî¤ 

I1 =
����O(k
j
)

�Z "

0

+
Z �

��"

�
p(cos�)d�

���� = O(k
j
"2) = O((k + j)�2):

�¤¥áì p(cos�) ¢¡«¨§¨ � = 0, � = � ¢¥¤¥â á¥¡ï ª ª sin� ¨ ¢§ïâ® " = (kj)�
=2(k + j)�1.
� «¥¥, ¨á¯®«ì§ãï  á¨¬¯â®â¨ªã (4), ­ ©¤¥¬

I2 = O(1)
����
Z ��"

"
p(cos�) cos[(j + 
)�� 
�=2] cos[(k + 
)�� 
�=2]d�

���� =

= O(1)
����
Z ��"

"
p(cos�) cos[(k + j + 2
)�� 
�]d� +

Z ��"

"
p(cos�) cos[(k � j)�]d�

���� =

=
O(1)

k + j + 2

+

O(1)
k + j + 2


����
Z ��"

"

p0(cos�) sin[(k + j + 2
)� � 
�]d�
����+

+
O(1)
jk � jj

+
O(1)
jk � jj

����
Z ��"

"

p0(cos�) sin[(k � j)�]d�
���� = O(1)

jk � jj
:

� ª ª ª ãá«®¢¨¥ â¥®à¥¬ë 1 ¢ë¯®«­ï¥âáï, â® ¤®áâ â®ç­® ®æ¥­¨âì k�1(n; x; y)kLq
. �§ (1) ¨ (7),

®¡®§­ ç ï vk(x)(Pvj ; vk)vj(y) ç¥à¥§ qkj , ¨¬¥¥¬

k�1(n; x; y)kLq
=
� Z Z �����12�i

Z
Tn

X
k;j

qkj
(�� �k)(�� �j)

d�

����
q

!(x)!(y)dx dy
�1=q

=

=
� Z Z ����

� nX
k=1

nX
j=1

+
1X

k=n+1

nX
j=1

+
nX

k=1

1X
j=n+1

+
1X

k=n+1

1X
j=n+1

�
�

�

�
qkj
2�i

Z
Tn

d�

(�� �k)(�� �j)

�����
q

!(x)!(y)dx dy
�1=q

=

=
� Z Z ����

� 1X
k=n+1

nX
j=1

qkj
�j � �k

+
nX

k=1

1X
j=n+1

qkj
�k � �j

�����
q

!(x)!(y)dx dy
�1=q

�

�
1X

k=n+1

nX
j=1

[
R R

jqkj j
q!(x)!(y)dx dy]1=q + [

R R
jqjkj

q!(x)!(y)dx dy]1=q

�k � �j
=

1X
k=n+1

nX
j=1

O(1)
(k � j)(�k � �j)

=

= O(1)
1X

k=n+1

Z n

0

dx

(k � x)2(k + x)
= O(1)

Z 1

n

lnxdx
x2

+
O(1)n
(n+ 1)2

+O(1)n
Z 1

n+1

dx

x2(x� n)
= O

�
lnn
n

�
:

� ª¨¬ ®¡à §®¬,






nX
j=1

uj(x)uj(y)�
nX

j=1

vj(x)vj(y)





Lq

= O

�
lnn
n

�
+O

�
lnn
n1=2

�
= O

�
lnn
n1=2

�
: �
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�«¥¤áâ¢¨¥. �á«¨ p 2 D ¨ p(�1) = p(1) = 0, â®����
nX

j=1

[�j � �j � (Pvj ; vj)]
���� = O

�
lnn
n1=2

�
:

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¯® â¥®à¥¬¥ 1 ¨§ [6] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
nX

j=1

(Puj ; uj) �
nX

j=1

�j � �j �
nX

j=1

(Pvj ; vj);

â®����
nX

j=1

[�j � �j � (Pvj ; vj)]
���� �

����
nX

j=1

[(Puj ; uj)� (Pvj ; vj)]
���� =

=
����

nX
j=1

� Z
p(x)uj(x)uj(x)!(x)dx�

Z
p(x)vj(x)vj(x)!(x)dx

����� �

� max
x2[�1;1]

jp(x)j






nX
j=1

uj(x)uj(x)�
nX

j=1

vj(x)vj(x)





L1

= O

�
lnn
n1=2

�
:
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