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� ([1], c. 69) ¤«ï ®¡« áâ¨ G � R2, §¢¥§¤®© ®â®á¨â¥«ì®  ç «  ª®®à¤¨ â, ¯®«ãç¥  ä®à-
¬ã« 

u(x; y) = u0(x; y)�
Z 1

0
u0(xt; yt)

@

@t
J0[
q
�(x2 + y2)(1� t)]dt; (1)

á¢ï§ë¢ îé ï ¢á¥ à¥£ã«ïàë¥ ¤¢ ¦¤ë (¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¥) ¢ G à¥è¥¨ï ãà ¢¥¨ï
�¥«ì¬£®«ìæ 

uxx + uyy + �u = 0; (2)

£¤¥ � | ç¨á«®¢®© ¯ à ¬¥âà á £ à¬®¨ç¥áª¨¬¨ ¢ G äãªæ¨ï¬¨ u0(x; y).
� [2] ¯®ª § ®, çâ® ¨¬¥¥â ¬¥áâ®   «®£ ä®à¬ã«ë (1) ¤«ï â¥«¥£à ä®£® ãà ¢¥¨ï

uxx � uyy + �u = 0 (3)

¨ ¤«ï ãà ¢¥¨ï � ¢à¥âì¥¢ {�¨æ ¤§¥ á ç¨á«®¢ë¬ ¯ à ¬¥âà®¬

Lu � uxx + sgn y � uyy + �u = 0: (4)

� ¬ ¦¥ ¯®«ãç¥  â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (4) ¯à¨ � < 0
¨ ãª §   ¨¤¥ï á¢¥¤�¥¨ï íâ®© § ¤ ç¨ ª § ¤ ç¥ �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï � ¢à¥âì¥¢ {�¨æ ¤§¥.

� ¤ ®© à ¡®â¥ ¯à®¢¥à¥  á¯à ¢¥¤«¨¢®áâì ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï à¥è¥¨© ãà ¢¥¨ï
(4) á ª®¬¯«¥ªáë¬ ¯ à ¬¥âà®¬ � ¨ ¤®ª §   ¥£® ®¡à â¨¬®áâì. �«ï ª®¬¯«¥ªáëå � ¯®«ãç¥ 
â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �à¨ª®¬¨ ¨ ¤®ª §   â¥®à¥¬  áãé¥áâ¢®¢ ¨ï à¥è¥¨ï
§ ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (4) ¯à¨ ¡®«¥¥ á« ¡ëå ®£à ¨ç¥¨ïå   £à ¨çë¥ ¤ ë¥. � ª¦¥
ãª § ë ¯à¨«®¦¥¨ï ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï à¥è¥¨© ãà ¢¥¨ï (4) ¯à¨ à¥è¥¨¨ § ¤ ç¨
�à ª«ï ¨ ®¡®¡é¥®© § ¤ ç¨ �à¨ª®¬¨ ¤«ï íâ®£® ãà ¢¥¨ï.

1. � áá¬®âà¨¬ ãà ¢¥¨¥ (4) ¢ ®¡« áâ¨ D, ®£à ¨ç¥®© «ï¯ã®¢áª®© ªà¨¢®© �, «¥¦ é¥© ¢
¯®«ã¯«®áª®áâ¨ y > 0 á ª®æ ¬¨ ¢ â®çª å A=(0; 0) ¨ B=(1; 0) ¨ å à ªâ¥à¨áâ¨ª ¬¨ AC(x+ y = 0)
¨ CB(x� y = 1) ãà ¢¥¨ï (4) ¯à¨ y < 0. �ãáâì ®¡« áâì D+ = D \ fy > 0g, D� = D \ fy < 0g ¨
D+ ï¢«ï¥âáï §¢¥§¤®© ®â®á¨â¥«ì®  ç «  ª®®à¤¨ â.

�¥¬¬  1. �á«¨ äãªæ¨ï u0(x; y) ï¢«ï¥âáï à¥£ã«ïàë¬ ¢ D� à¥è¥¨¥¬ ãà ¢¥¨ï áâàãë

u0xx � u0yy = 0; (5)

â® äãªæ¨ï ¢¨¤ 

u(x; y) = u0(x; y)�
Z 1

0
u0(xt; yt)

@

@t
J0[
q
�(x2 � y2)(1� t)]dt (6)

ï¢«ï¥âáï à¥£ã«ïàë¬ ¢ D� à¥è¥¨¥¬ â¥«¥£à ä®£® ãà ¢¥¨ï (3).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 02-01-97901.
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�®ª § â¥«ìáâ¢®. B æ¥«ïå ã¤®¡áâ¢  ¯à®¢¥àª¨ ä®à¬ã«ë (6) ¯®«®¦¨¬ u0(x; y) = '(x + y) +
 (x � y), £¤¥ '; 2 C2, ¨ ¯¥à¥©¤¥¬ ¢ å à ªâ¥à¨áâ¨ç¥áª¨¥ ª®®à¤¨ âë � = x + y ¨ � = x � y.
�®£¤  ¯®«ãç¨¬

u(x; y) = u

�
� + �

2
;
� � �

2

�
= v(�; �) =

= '(�) �
Z �

0
'(s)

@

@s
J0[
q
��(� � s)]ds+  (�)�

Z �

0
 (t)

@

@t
J0[
q
��(� � t)]dt:

�âáî¤   å®¤¨¬

@2v

@�@�
= ��

4
'(�)�

Z �

0

'(s)
@

@s

@2

@�@�
J0[
q
��(� � s)]ds� �

4
 (�)�

Z �

0

 (t)
@

@t

@2

@�@�
J0[
q
��(� � t)]dt =

= ��
4
'(�) +

�

4

Z �

0
'(s)

@

@s
J0[
q
��(� � s)]ds� �

4
 (�) +

�

4

Z �

0
 (t)

@

@t
J0[
q
��(� � t)]dt = ��

4
v: �

�®¤ à¥£ã«ïàë¬ ¢ D à¥è¥¨¥¬ ãà ¢¥¨ï (4) ¡ã¤¥¬ ¯®¨¬ âì äãªæ¨î u(x; y), ã¤®¢«¥â¢®-
àïîéãî ãá«®¢¨ï¬ u(x; y) 2 C1(D) \ C2(D+ [D�), Lu(x; y) � 0 ¢ D+ [D�.

�¥®à¥¬  1 ([2]). �á«¨ äãªæ¨ï u0(x; y) ¢ ®¡« áâ¨ D ï¢«ï¥âáï à¥£ã«ïàë¬ à¥è¥¨¥¬ ãà ¢-

¥¨ï

u0xx + sgn y � u0yy = 0; (7)

â®

u(x; y) = u0(x; y)�
Z 1

0

u0(xt; yt)
@

@t
J0[
q
�(x2 + sgn y � y2)(1� t)]dt (8)

ï¢«ï¥âáï ¢ ®¡« áâ¨ D à¥£ã«ïàë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (4).

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢®¤¨âáï   «®£¨ç® [2] c ¨á¯®«ì§®¢ ¨¥¬ «¥¬¬ë 1 ¨ à¥-
§ã«ìâ â®¢ à ¡®âë [1]. �â¬¥â¨¬, çâ® ¤  ï â¥®à¥¬  ¤®ª §   ¢ [2] ¯à¨ ãá«®¢¨¨ u(0; 0) = 0.

� ¬¥â¨¬, çâ® ãà ¢¥¨¥ (8) ®¤®§ ç® ®¡à â¨¬® ®â®á¨â¥«ì® äãªæ¨¨ u0(x; y) ¢ ª« áá¥
äãªæ¨© C(D). �¥©áâ¢¨â¥«ì®, à ¢¥áâ¢® (8) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

eu(r) = eu0(r)�
Z r

0

eu0(s) @
@s
J0[
q
�r(r � s)]ds; (81)

£¤¥

r2 = x2 + y2 sgn y; u(x; y) = u

�
x

r
r;
y

r
r

�
= eu(r); u0

�
x

r
s;
y

r
s

�
= eu0(s):

�®£¤  ¢ á¨«ã à¥§ã«ìâ â®¢ [1], [3] à¥è¥¨¥¬ ãà ¢¥¨ï (81) ï¢«ï¥âáï äãªæ¨ï ¢¨¤ 

eu0(r) = eu(r) + Z r

0

eu(s)r
s

@

@r
I0[
q
�s(r � s)]ds; (82)

£¤¥ I0(�) { ¬®¤¨ä¨æ¨à®¢  ï äãªæ¨ï �¥áá¥«ï.
�á«¨ äãªæ¨¨ eu0(r) ¨ eu(r) ¥¯à¥àë¢ë ¢ D, â® à ¢¥áâ¢  (81) ¨ (82) ï¢«ïîâáï ä®à¬ã« ¬¨

¢§ ¨¬®£® ®¡à é¥¨ï [3].
� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �á«¨ äãªæ¨¨ u0(x; y) ¨ u(x; y) ¥¯à¥àë¢ë ¢ D ¨ ï¢«ïîâáï á®®â¢¥âáâ¢¥®

à¥£ã«ïàë¬¨ ¢ D à¥è¥¨ï¬¨ ãà ¢¥¨© (7) ¨ (4), â® ¬¥¦¤ã ¨¬¨ áãé¥áâ¢ã¥â ¢§ ¨¬®®¤®-

§ ç®¥ á®®â¢¥âáâ¢¨¥, ª®â®à®¥ ãáâ  ¢«¨¢ ¥âáï ¯® ä®à¬ã« ¬ (81) ¨ (82).
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P áá¬®âà¨¬ ¢ ®¡« áâ¨ D § ¤ çã �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (4).
� ¤ ç  T. � ©â¨ ¢ ®¡« áâ¨ D äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) \ C1(D) \ C2(D+ [D�); (9)

Lu(x; y) � 0 ¯à¨ (x; y) 2 D+ [D�; (10)

u(x; y)
��
�
= u(x(s); y(s)) = '(s); 0 � s � l; (11)

x = x(s), y = y(s) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ªà¨¢®© �, s | ¤«¨  ¤ã£¨, ®âáç¨âë¢ ¥¬ ï ®â
â®çª¨ B, l | ¤«¨  ªà¨¢®© �;

u(x; y)
��
AC

= u(x;�x) =  (x); 0 � x � 1=2; (12)

£¤¥ '(l) =  (0), '(s) ¨  (x) | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨.

�â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (8) ¯®§¢®«ï¥â á¢¥áâ¨ à¥è¥¨¥ § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï
(4) ¢ ®¡« áâ¨ D á ªà ¥¢ë¬¨ ¤ ë¬¨ u = '   � ¨ u =    AC ª à¥è¥¨î § ¤ ç¨ �à¨ª®¬¨
¤«ï ãà ¢¥¨ï (7) ¢ ®¡« áâ¨ D á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ u0 = '0   � ¨ u0 =  0   AC.

�¥©áâ¢¨â¥«ì®, ¯à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® u(x; y) = u0(x; y)   AC(x + y = 0), ¯®íâ®¬ã
 0(x) =  (x). �«ï  å®¦¤¥¨ï äãªæ¨¨ '0(s) ¢ ®¡« áâ¨ D+ äãªæ¨î u0(x; y) ®¯à¥¤¥«¨¬ ª ª
à¥è¥¨¥ § ¤ ç¨ �®«ì¬£à¥  ¤«ï ãà ¢¥¨ï � ¯« á  á £à ¨çë¬¨ ãá«®¢¨ï¬¨

u0(x; y)
��
�
= u0(x(s); y(s)) = '0(s); 0 � s � l;

@u0(x; y)
@y

����
y=0

= �0(x); 0 < x < 1:

�¥â®¤®¬ �à¨  à¥è¥¨¥ íâ®© § ¤ ç¨ ¢ë¯¨áë¢ ¥âáï ¢ ï¢®¬ ¢¨¤¥ ([4], £«. 4; [5])

u0(x; y) =
Z 1

0
�0(�)G(�; 0;x; y)d� +

Z l

0
'0(s)

@G(�(s); �(s);x; y)
@N

ds; (13)

£¤¥ G(�; �;x; y) | äãªæ¨ï �à¨  § ¤ ç¨ �®«ì¬£à¥ ,   äãªæ¨ï �0(x) ®¯à¥¤¥«ï¥âáï á®®â®è¥-
¨¥¬

�0(x) = F (x) +
Z 1

0
F (t)R(t; x)dt; (14)

£¤¥ R(t; x) | à¥§®«ì¢¥â  ¨§¢¥áâ®£® ï¤à  ¨â¥£à «ì®£® ãà ¢¥¨ï â¨¯  �à¥¤£®«ì¬ ,

F (x) =
1
2�

Z l

0

'0(s)
@

@x

@

@N
G[�(s); �(s);x; 0]ds � 1

2
 00

�
x

2

�
: (15)

� ª ¢¨¤¨¬, äãªæ¨ï �0(x) ®¯à¥¤¥«ï¥âáï ç¥à¥§ äãªæ¨¨ '0(s) ¨  0(x). �® äãªæ¨ï  0(x) ¨§¢¥áâ-
  ¨ à ¢   (x).

�®¤áâ ¢«ïï (15) ¢ (14),   ¯®á«¥¤¥¥ | ¢ (13), ¯®«ãç¨¬

u0(x; y) =
Z
�

'0(s)K(s;x; y)ds+ f(x; y); (16)

K(s;x; y) =
1
2�

Z 1

0
G(�; 0;x; y)

@

@�

@

@N
G[�(s); �(s); �; 0]d� +

+
Z 1

0
G(�; 0;x; y)

Z 1

0
R(t; �)

@

@t

@

@N
G[�(s); �(s); t; 0]dt d�;

f(x; y) = �1
2

Z 1

0

 00

�
�

2

�
G(�; 0;x; y)d� � 1

4�

Z 1

0

G(�; 0;x; y)
Z 1

0

 00

�
t

2

�
Rdt d�:
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�ãªæ¨î u0(x; y), § ¤ ãî ä®à¬ã«®© (16), ¯®¤áâ ¢¨¬ ¢ ¨â¥£à «ì®¥ á« £ ¥¬®¥ ä®à¬ã«ë (8).
�®£¤  ¨¬¥¥¬

u(x; y) = u0(x; y) �
Z l

0

'0(s)
Z 1

0

K(s;xt; yt)
@

@t
J0[
q
�(x2 + y2)(1� t)]dt ds�

�
Z 1

0

f(xt; yt)
@

@t
J0[
q
�(x2 + y2)(1� t)]dt: (17)

�¥à¥å®¤ï ¢ (17) ª ¯à¥¤¥«ã ¯à¨ (x; y) ! (x(s); y(s)) 2 �, ¯®«ãç¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®-
á¨â¥«ì® äãªæ¨¨

'0(s)�
Z l

0

'0(�)H(�; s)d� = g(s); (18)

£¤¥

H(�; s) =
Z 1

0

K(� ;x(s)t; y(s)t)
@

@t
J0[
q
�[x2(s) + y2(s)](1� t)]dt;

g(s) = '(s) +
Z 1

0

f [x(s)t; y(s)t]
@

@t
J0[
q
�[x2(s) + y2(s)](1 � t)]dt:

�á«¨ äãªæ¨ï '(s) ¥¯à¥àë¢    [0; l] ¨ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨ â®ç¥ª s = 0 ¨
s = l ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ � 2 [ 1

2
; 1],  (x) 2 C1[0; 1

2
] \ C2(0; 1

2
),

 00(x) 2 L2[0; 1], '(0) = '(l) =  (0) = 0, â® (18) ï¢«ï¥âáï ¨â¥£à «ìë¬ ãà ¢¥¨¥¬ �à¥¤£®«ì¬ 
¢â®à®£® à®¤ . � §à¥è¨¬®áâì ¥£® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2 ¨ á«¥¤ãîé¨å ãâ¢¥à¦¤¥¨© ¥¤¨áâ¢¥-
®áâ¨ à¥è¥¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (4).

�¥®à¥¬  3. �á«¨ áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (9){(12) ¤«ï ãà ¢¥¨ï (4), â® ®® ¥¤¨-

áâ¢¥® ¯à¨ ¢á¥å ª®¬¯«¥ªáëå �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

j Im�j <
p
2
�

�

t2 � t1

�2

+
p
2Re � ¯à¨ Re� < 0; (19)

j Im�j <
p
2
9
4

�
�

t2 � t1

�2
¯à¨ Re� � 0; (20)

£¤¥ t2 = max
D

2y, t1 = min
D

2y.

�®ª § â¥«ìáâ¢®. �ãáâì Re u(x; y) = u1, Imu(x; y) = u2, � = Re� + i Im �. �®£¤  § ¤ ç 
(9){(12) à ¢®á¨«ì  § ¤ ç¥ �à¨ª®¬¨ ¤«ï á¨áâ¥¬ë

Uxx + sgn y � Uyy + CU = 0;

£¤¥

C =
��Re� Im�
� Im� �Re�

�
; U = (u1; u2):

�¥¯¥àì, ¯à¨¬¥ïï ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¬®¤ã«ï à¥è¥¨© á¨áâ¥¬ ãà ¢¥¨© á¬¥è ®£® â¨¯ 
[6], ¯®«ãç¨¬ ãá«®¢¨ï (19) ¨ (20) ®â®á¨â¥«ì® ¯ à ¬¥âà  �. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (19), (20)
¨ u = 0   AC á«¥¤ã¥â, çâ® max

D

jU j ¤®áâ¨£ ¥âáï   ªà¨¢®© �. �âáî¤  ã¦¥ á«¥¤ã¥â ¥¤¨áâ¢¥-

®áâì à¥è¥¨ï § ¤ ç¨ (9){(12) ¤«ï ãà ¢¥¨ï (4). �®«¥¥ ¯®«®¥ ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë
¯à¨¢¥¤¥® ¢ ([7], £«. 3, x 5).

�¥®à¥¬  4. �á«¨ áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ (9){(12) ¤«ï ãà ¢¥¨ï (4), â® ®® ¥¤¨-

áâ¢¥® ¯à¨ ¢á¥å ª®¬¯«¥ªáëå �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

j�j < 2�0 �Re�; �0 =
4

9mesD+

: (21)

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ®¯¨à ¥âáï   á«¥¤ãîéãî «¥¬¬ã.
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�¥¬¬  2. �á«¨ u(x; y) = 0   AC, a = j�2j, â® ¤«ï «î¡®£® à¥£ã«ïà®£® ¢ ®¡« áâ¨ D à¥è¥¨ï

ãà ¢¥¨ï (4) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

Re
Z 1

0

u
@u

@y

����
y=0

e�2axdx � 0; (22)

£¤¥ �2 = �, � = �1 + i�2.

�®ª § â¥«ìáâ¢®. �à¥¤¢ à¨â¥«ì® ¤«ï ãà ¢¥¨ï (4) ¢ ®¡« áâ¨ D� ¯®áâà®¨¬ à¥è¥¨¥ § -
¤ ç¨ � à¡ã á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ u(x; 0) = �(x), 0 � x � 1, u(x;�x) = 0, 0 � x � 1

2
, �(0) = 0.

�¥è¥¨¥ íâ®© § ¤ ç¨ ¯®áâà®¥® [8] ¢ ï¢®¬ ¢¨¤¥

u(x; y) = �(x+ y) + y
p
�

Z x+y

0

J1
p
�(x+ y � t)(x� y � t)�(t)p
(x+ y � t)(x� y � t)

dt; (23)

£¤¥ J1(�) | äãªæ¨ï �¥áá¥«ï ¯¥à¢®£® à®¤ ,
p
� > 0 ¯à¨ � > 0. �á¯®«ì§ãï (23), ¢ëç¨á«¨¬

uy(x; 0� 0) = �(x) = � 0(x) + �

Z x

0
�(t)

J1[�(x� t)]
(x� t)

dt: (24)

�à®¤®«¦¨¢ äãªæ¨î �(x) = 0 ¯à¨ x � 1, à ¢¥áâ¢ã (24) ¯à¨¤ ¤¨¬ ¥áª®«ìª® ¨®© ¢¨¤. B®á-
¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© ¯à¥®¡à §®¢ ¨ï � ¯« á  á¢¥àâª¨ ([9], á. 504) ¤«ïZ x

0

��(x)
J1[�(x� t)]

x� t
dt;

¯®«ãç¨¬

�(x) = � 0(x) +
1
2�i

Z a+i1

a�i1

(
p
p2 + �2 � p)�(p) exp(px)dp; (25)

£¤¥ Re p � j Im�j, a � j Im�j, �(x) = �1(x) + i�2(x), �(x) = �1(x)� i�2(x). �®£¤    «®£¨ç® ([10],
c. 15)   ®á®¢ ¨¨ à ¢¥áâ¢  (25) à áá¬®âà¨¬ ¨â¥£à «

I =
Z 1

0

�(x)�(x)e�2axdx =
Z 1

0

�(x)� 0(x)e�2axdx+

+
1
2�i

Z 1

0

�(x)
Z a+i1

a�i1

(
p
p2 + �2 � p)�(p)epxdp e�2axdx = I1 + I2: (26)

B á¨«ã â®£®, çâ® �(0) = �(1) = 0,

I1 = �
Z 1

0
� 0(x)�(x)e�2axdx+ 2a

Z 1

0
j�(x)j2e�2axdx: (27)

�§ íâ®£® à ¢¥áâ¢  á«¥¤ã¥â

Re I1 = a

Z 1

0

j�(x)j2e�2axdx:
�á¯®«ì§ãï à ¢¥áâ¢® � àá¥¢ «ï ¤«ï ¯à¥®¡à §®¢ ¨ï � ¯« á  ¨ â®â ä ªâ, çâ® �(x) = 0 ¯à¨
x � 1, ¯®á«¥¤¨© ¨â¥£à « ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

Re I1 = a

Z 1

0

j�(x)j2e�2axdx = a

2�i

Z a+i1

a�i1

j�(p)j2dp: (28)

� «¥¥, á®¢    ®á®¢ ¨¨ à ¢¥áâ¢  � àá¥¢ «ï ¤«ï ¯à¥®¡à §®¢ ¨ï � ¯« á  ¨â¥£à « I2 ¯à¥-
®¡à §ã¥¬ ª ¢¨¤ã

I2 =
Z 1

0
�(x)

1
2�i

Z a+i1

a�i1
(
p
p2+�2�p)e�(p)epxdp e�2axdx = 1

2�i

Z a+i1

a�i1
j� j2(

p
p2+�2�p)dp: (29)
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�®¤áâ ¢«ïï (27) ¨ (29) ¢ à ¢¥áâ¢® (26), á ãç¥â®¬ (28) ¯®«ãç¨¬

Re I = Re I1 +Re I2 = Re
1
2�i

Z a+i1

a�i1
j�(p)j2(

p
p2 + �2 � p+ a)dp =

=
1
2�i

Z a+i1

a�i1
j�(p)j2Re(

p
p2 + �2 � p+ a)dp:

�âáî¤  Re I � 0, ¥á«¨ Re(
p
p2 + �2� p+ a) � 0. �®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¨¬¥¥â ¬¥áâ® â®£¤ , ª®£¤ 

Re
p
p2 + �2 � 0,   íâ® ¢®§¬®¦® ¯à¨ a = j�2j.

�¥¯¥àì ¯¥à¥©¤¥¬ ¥¯®áà¥¤áâ¢¥® ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4. B ®¡« áâ¨ D+ à áá¬®âà¨¬
ãà ¢¥¨¥ (4) ¨ ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î u = v exp ax. �®£¤  ãà ¢¥¨¥ (4) ¯à¨ y > 0
¯à¥®¡à §ã¥âáï ª ¢¨¤ã

Mv = vxx + vyy + 2avx + (a2 + �)v = 0:

� áá¬®âà¨¬ ¢ ®¡« áâ¨ D+ â®¦¤¥áâ¢® vMv = 0. �â¥£à¨àãï ¥£® ¨ ¯à¨¬¥ïï ä®à¬ã«ã �à¨ ,
¯®«ãç¨¬Z

D+

vMv dx dy =
Z
@D+

(�vvydx+ vvxdy)�
Z
D+

(vxvx + vyvy)dx dy +

+ 2a
Z
D+

vvxdx dy + (a2 + �)
Z
D+

jvj2dx dy = 0:

�âáî¤  á ãç¥â®¬ £à ¨ç®£® ãá«®¢¨ï v
��
�
= 0 ¨¬¥¥¬

�
Z
AB

vvyjy=0dx�
Z
D+

jrvj2dx dy + 2a
Z
D+

vvxdx dy + (a2 + �)
Z
D+

jvj2dx dy = 0:

� ¯®«ãç¥®£® à ¢¥áâ¢  ¢ë¤¥«¨¬ à¥ «ìãî ç áâì

Re
Z
AB

vvyjy=0dx+
Z
D+

jrvj2dxdy � 2aRe
Z
D+

vvxdx dy �Re(a2 + �)
Z
D+

jvj2dx dy = 0: (30)

�®áª®«ìªã

2Re
Z
D+

vvxdx dy =
Z
D+

@

@x
jvj2dx dy =

Z
@D+

jvj2dy =
Z
AB

jvj2dy = 0;

â® à ¢¥áâ¢® (30) ¯à¨¬¥â ¢¨¤Z
D+

jrvj2dx dy �Re(a2 + �)
Z
D+

jvj2dx dy +Re
Z
AB

vvyjy=0dx = 0: (31)

�á«¨ Re(a2 + �) � 0; â® ¨§ à ¢¥áâ¢  (31)   ®á®¢ ¨¨ «¥¬¬ë 2 á«¥¤ã¥â, çâ® jrvj � 0 ¢ D+,
¯®íâ®¬ã u(x; y) � 0 ¢ D+. �®£¤  ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®è¨ ¨«¨ � à¡ã ¤«ï
ãà ¢¥¨ï (4) ¯à¨ y < 0 ¢ëâ¥ª ¥â u(x; y) � 0 ¢ D�.

�á«¨ Re(a2 + �) � 0, â® ¨§ à ¢¥áâ¢  (31) ¯®«ãç¨¬Z
D+

jrvj2dx dy � (a2 +Re�)
Z
D+

jvj2dx dy: (32)

C ¤àã£®© áâ®à®ë, ¢ á¨«ã   «®£  ¥à ¢¥áâ¢  �ã ª à¥{�à¨¤à¨åá  ([11], c. 307; [12], c. 71)Z
D+

jvj2dx dy � 9
4
mesD+

Z
D+

jrvj2dx dy: (33)

�®£¤  ¨§ (32) ¨ (33) ¡ã¤¥¬ ¨¬¥âìZ
D+

jrvj2dx dy � (a2 +Re�)
9
4
mesD+

Z
D+

jrvj2dx dy:

�âáî¤  v(x; y) � 0 ¢ D+ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (21). C«¥¤®¢ â¥«ì®, u(x; y) � 0 ¢ D.
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� ¬¥â¨¬, çâ® â¥®à¥¬ë 3 ¨ 4 ¢¥àë ¡¥§ ª ª¨å-«¨¡® ®£à ¨ç¥¨© £¥®¬¥âà¨ç¥áª®£® å à ªâ¥à 
  ªà¨¢ãî �. �§ ¤®ª § ëå â¥®à¥¬ 1{4 á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  5. �á«¨ äãªæ¨ï '(s) ¥¯à¥àë¢    [0; l] ¨ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨

â®ç¥ª s = 0 ¨ s = l ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ � 2 [1=2; 1],  (x) 2
C1[0; 1=2]\C2(0; 1=2),  00(x) 2 L2[0; 1=2], '(0) = '(l) =  (0) = 0 ¨ ª®íää¨æ¨¥â � ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ â¥®à¥¬ë 3 ¨«¨ 4, â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ (9){(12).

�®à¬ã«ã (8) ¬®¦® ¨á¯®«ì§®¢ âì ¨ ¯à¨ à¥è¥¨¨ § ¤ ç¨ �¥««¥àáâ¥¤â  ¤«ï ãà ¢¥¨ï (4) á
£à ¨çë¬¨ ¤ ë¬¨ ¯à¨ y < 0   ªãáª å å à ªâ¥à¨áâ¨ª x� y = 0 ¤«ï ãà ¢¥¨ï (4) ¨ § ¤ ç¨
�à¨ª®¬¨ á ¤¢ã¬ï «¨¨ï¬¨ ¨§¬¥¥¨ï â¨¯  ¤«ï ãà ¢¥¨ï

sgnx � uxx + sgn y � uyy + �u = 0:

2. � áá¬®âà¨¬ ãà ¢¥¨¥ (4) ¢ ®¡« áâ¨ �, ®£à ¨ç¥®© ®âà¥§ª®¬ AA1 ®á¨ x = 0, jyj < 1,
å à ªâ¥à¨áâ¨ª®© A0B ãà ¢¥¨ï (4), A0 = (0;�1), B = (1; 0) ¨ ªà¨¢®© � ¨§ ª« áá  �ï¯ã®¢ 
á ª®æ ¬¨ ¢ â®çª å B ¨ A = (0; 1), «¥¦ é¥© ¢ ¯¥à¢®© ç¥â¢¥àâ¨. �ãáâì H0 = H \ fy > 0g,
H1 = H \ f�x < y < 0; x > 0g, H2 = H \ fy < �xg, O = (0; 0), P = (1=2;�1=2), l | ¤«¨ 
ªà¨¢®© �.

� ¤ ç  �à ª«ï. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(H) \ C1(H [OA [OA0 nOP ) \ C2(H0 [H1 [H2); (34)

Lu(x; y) � 0; (x; y) 2 H0 [H1 [H2; (35)

u(x; y)
��
�
= u(x(s); y(s)) = '(s); 0 � s � l; (36)

u(0; y) � u(0;�y) = f(y); 0 � y � 1; (37)

ux(0; y) = 0; 0 < jyj < 1; (38)

£¤¥ '(s) ¨ f(y) | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨.

�¥¬¬  3. �á«¨ äãªæ¨ï u0(x; y) ï¢«ï¥âáï à¥£ã«ïàë¬ ¢ ®¡« áâ¨ H à¥è¥¨¥¬ ãà ¢¥¨ï

(7), â® äãªæ¨ï

u(x; y) =

8>><
>>:
u0(x; y)�

1R
0

u0(xt; yt) @@tJ0[
p
�(x2 + y2)(1� t)]dt; (x; y) 2 H0;

u0(x; y)�
1R
0

u0(xt; yt) @@tJ0[
p
�jx2 � y2j(1� t)]dt; (x; y) 2 H1 [H2;

(39)

ï¢«ï¥âáï à¥£ã«ïàë¬ ¢ H à¥è¥¨¥¬ ãà ¢¥¨ï (4).

C¯à ¢¥¤«¨¢®áâì íâ®© «¥¬¬ë á«¥¤ã¥â ¨§ «¥¬¬ë 1 ¨ â¥®à¥¬ë 1.
�®à¬ã«  (39) ¯®§¢®«ï¥â á¢¥áâ¨ à¥è¥¨¥ § ¤ ç¨ (34){(38) ¤«ï ãà ¢¥¨ï (4) ¢ ®¡« áâ¨ � c

ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ u = '   � ¨ u(0; y)�u(0;�y) = f(y), 0 � y � 1, ª à¥è¥¨î § ¤ ç¨ �à ª«ï
¤«ï ãà ¢¥¨ï (7) ¢ ®¡« áâ¨ � á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ u0 = '0   � ¨ u0(0; y)�u0(0;�y) = f0(y),
0 � y � 1.

�¥©áâ¢¨â¥«ì®, ¯ãáâì u0(x; y) | à¥è¥¨¥ § ¤ ç¨ �à ª«ï ¤«ï ãà ¢¥¨ï (7) c ®â¬¥ç¥ë¬¨
¢ëè¥ £à ¨çë¬¨ ãá«®¢¨ï¬¨. �®£¤  ¨§ ä®à¬ã«ë (39) ¨¬¥¥¬

u(0; y) = u0(0; y)�
Z 1

0
u0(0; yt)

@

@t
J0[y

q
�(1� t)]dt; y � 0;

u(0; y) = u0(0; y)�
Z 1

0

u0(0; yt)
@

@t
J0[�y

q
�(1 � t)]dt; y � 0;

¨«¨

u(0;�y) = u0(0;�y)�
Z 1

0
u0(0;�yt) @

@t
J0[y

q
�(1� t)]dt; y � 0:
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�âáî¤  á ãç¥â®¬ ãá«®¢¨ï (37) ¯®«ãç¨¬

f(y) = u(0; y) � u(0;�y) = u0(0; y) � u0(0;�y)�

�
Z 1

0
[u0(0; yt)� u0(0;�yt)] @

@t
J0[y

q
�(1� t)]dt =

= f0(y)�
Z 1

0
f0(yt)

@

@t
J0[y

q
�(1� t)]dt = f0(y)�

Z y

0
f0(s)

@

@s
J0[
q
�y(y � s)]ds:

�¡à é ï ¯®á«¥¤¥¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¯® â¥®à¥¬¥ 1 [3],  ©¤¥¬ äãªæ¨î

f0(y) = f(y) +
Z y

0
f(s)

y

s

@

@y
I0[
q
�s(y � s)]ds;

ª®â®à ï ¨¬¥¥â âã ¦¥ £« ¤ª®áâì, çâ® ¨ äãªæ¨ï f(y).
�«ï  å®¦¤¥¨ï äãªæ¨¨ '0(s) ¯®áâã¯¨¬ â ª. B ®¡« áâ¨ H0 ¢ë¯¨è¥¬ ¬¥â®¤®¬ �à¨  à¥è¥-

¨¥ u0(x; y) § ¤ ç¨ �®«ì¬£à¥  ¤«ï ãà ¢¥¨ï � ¯« á    «®£¨ç® â®¬ã, ª ª ¡ë«® ¯®ª § ® ¢
¯. 1, ¨ ¯®¤áâ ¢¨¬ ¥£® ¢ ¨â¥£à «ìë© ç«¥ ä®à¬ã«ë (39) ¯à¨ y > 0. � â¥¬, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã
¯à¨ (x; y) ! (x(s); y(s)) 2 �, ¯®«ãç¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® '0(s), ª ª®â®à®-
¬ã ¯à¨ ¨§¢¥áâëå ãá«®¢¨ïå   äãªæ¨¨ '(s) ¨ f(y) ([4], á. 340; [13], £«. 8) ¯à¨¬¥¨¬  â¥®à¨ï
�à¥¤£®«ì¬ .

3. � áá¬®âà¨¬ â¥«¥£à ä®¥ ãà ¢¥¨¥ (3) ¢ ®¡« áâ¨ Dk
�, ®£à ¨ç¥®© ®âà¥§ª ¬¨ AB (y = 0),

AC (y = �kx, 0 < k � 1) ¨ CB (x� y = 1), ¨ ¯®áâ ¢¨¬ § ¤ ç¨ � à¡ã.

� ¤ ç  D1. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(Dk
�) \ C2(Dk

�); (40)

uxx � uyy + �u � 0; (x; y) 2 Dk
�; (41)

u(x; y)
��
y=�kx

=  (x); 0 � x � 1
1 + k

; (42)

u(x; y)
��
y=0

= �(x); 0 � x � 1: (43)

� ¤ ç  D2. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (40){(42) ¨, ªà®¬¥ â®£®,

uy(x; 0) = �(x); 0 < x < 1;

£¤¥  (x), �(x), �(x) | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨.

�¡®§ ç¨¬ ç¥à¥§ u0(x; y) à¥è¥¨ï § ¤ ç D1 ¨ D2 ¤«ï ãà ¢¥¨ï (41) ¯à¨ � = 0 ¨ ç¥à¥§  0(x),
�0(x), �0(x) | c®®â¢¥âáâ¢ãîé¨¥ £à ¨çë¥ äãªæ¨¨. �®£¤  á¯à ¢¥¤«¨¢a

�¥¬¬  4. �á«¨ �0(x) 2 C[0; 1] \ C1[0; 1) \ C2(0; 1),  0(x) 2 C[0; 1
1+k

] \ C1[0; 1
1+k

) \ C2(0; 1
1+k

),
�0(0) =  0(0) = 0, äãªæ¨¨ � 000 (x�

n)�n ¨  000 (x�
n)�n ®£à ¨ç¥ë ¯® n ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬

x, â® äãªæ¨ï

u0(x; y) = �0(x+ y)�
1X
n=0

�
 0

�
(1 + �)�n

x+ y

2

�
�

�  0

�
(1 + �)�n

x� y

2

�
� �0[�

n+1(x+ y)] + �0[�
n+1(x� y)]

�
; (44)

£¤¥ � = (1� k)=(1 + k), ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (40){(43) ¯à¨ � = 0.
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�á«¨ �0(x) 2 C[0; 1) \C1(0; 1) \ L1[0; 1], äãªæ¨ï � 00(x�
n)�n ®£à ¨ç¥  ¯® n ¯à¨ «î¡®¬ ä¨ª-

á¨à®¢ ®¬ x,   äãªæ¨ï  0(x) ã¤®¢«¥â¢®àï¥â ®â¬¥ç¥ë¬ ¢ëè¥ ãá«®¢¨ï¬, â® äãªæ¨ï

u0(x; y) =
Z x+y

0

�0(t)dt+
+1X
n=0

(�1)n
�
 0

�
(1 + �)�n

x+ y

2

�
+

+  0

�
(1 + �)�n

x� y

2

�
�
Z (x+y)�n+1

0

�0(t)dt�
Z (x�y)�n+1

0

�0(t)dt
�

(45)

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ D2 ¤«ï ãà ¢¥¨ï áâàãë.

�â¬¥â¨¬, çâ® ä®à¬ã«  (44) ¯à¨  0(x) � 0 ¯à¨¢¥¤¥  ¢ ([10], c. 53), ¨ ¤®ª § â¥«ìáâ¢® «¥¬¬ë
¯à®¢®¤¨âáï   «®£¨ç® íâ®© à ¡®â¥.

B á¨«ã ä®à¬ã« (44) ¨ (45) «¥¬¬  1 ¯®§¢®«ï¥â à¥è¥¨¥ § ¤ ç D1 ¨ D2 ¤«ï ãà ¢¥¨ï (3)
á¢¥áâ¨ ª à¥è¥¨î § ¤ ç D1 ¨ D2 ¤«ï ãà ¢¥¨ï áâàãë.

�¥©áâ¢¨â¥«ì®, ¯ãáâì u0(x; y) | à¥è¥¨¥ § ¤ ç¨ D1 ¢ ®¡« áâ¨ Dk
� ¤«ï ãà ¢¥¨ï áâàãë (5).

�®£¤  äãªæ¨ï u0(x; y) ¢ëà ¦ ¥âáï ä®à¬ã«®© (44). �®¤áâ ¢«ïï u0(x; y) ¢ ¨â¥£à «ìë© ç«¥
ä®à¬ã«ë (6), ¯®«ãç¨¬

u(x; y) = u0(x; y) �
Z 1

0

�
�0(xt+ yt)�

1X
n=0

�
 0

�
(1 + �)�nt

x+ y

2

�
�

�  0

�
(1 + �)�nt

x� y

2

�
� �0[�

n+1t(x+ y)] + �0[�
n+1t(x� y)]

��
@

@t
J0[
q
�(x2 � y2)(1� t)]dt: (46)

�®« £ ï ¢ (46) y = �kx, ¡ã¤¥¬ ¨¬¥âì

 (x) =  0(x)�
Z 1

0

 0(xt)
@

@t
J0[
q
�(1� k2)x2(1� t)]dt

¨«¨

 (x) =  0(x)�
Z x

0
 0(s)

@

@s
J0[
q
�(1� k2)x(x� s)]ds: (47)

�¡à é ï ¨â¥£à «ì®¥ ãà ¢¥¨¥ (47) ¯® â¥®à¥¬¥ 1 [3],  å®¤¨¬ ¥¨§¢¥áâãî äãªæ¨î

 0(x) =  (x) +
Z x

0
 (t)

x

t

@

@t
I0[
q
�(1� k2)t(x� t)]dt; (48)

ª®â®à ï ®¡« ¤ ¥â â®© ¦¥ £« ¤ª®áâìî, çâ® ¨ äãªæ¨ï  (x).
�§ ä®à¬ã«ë (46) ¯à¨ y = 0 ¯®«ãç¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® äãªæ¨¨ �0(x)

�(x) = �0(x)�
Z 1

0

�0(xt)
@

@t
J0[
q
�x2(1� t)]dt;

à¥è¥¨¥¬ ª®â®à®£® ï¢«ï¥âáï äãªæ¨ï

�0(x) = �(x) +
Z x

0

�(t)
x

t

@

@x
I0[
q
�t(x� t)]dt: (49)

�â ª, ¥á«¨ äãªæ¨¨  (x) ¨ �(x) ®¡« ¤ îâ ®â¬¥ç¥ë¬¨ ¢ «¥¬¬¥ 4 á¢®©áâ¢ ¬¨ äãªæ¨©
 0(x) ¨ �0(x), ª®â®àë¥ ®¯à¥¤¥«¥ë ä®à¬ã« ¬¨ (48) ¨ (49), â®  0(x) ¨ �0(x) ã¤®¢«¥â¢®àïîâ ãá«®-
¢¨ï¬ «¥¬¬ë 4. �®£¤  ä®à¬ã«  (6), £¤¥ u0(x; y) § ¤   ä®à¬ã«®© (44),   äãªæ¨¨  0(x) ¨ �0(x)
®¯à¥¤¥«¥ë á®®â¢¥âáâ¢¥® ä®à¬ã« ¬¨ (48) ¨ (49), ®¯à¥¤¥«ï¥â à¥è¥¨¥ § ¤ ç¨ (40){(43).

B á«ãç ¥ § ¤ ç¨ D2   «®£¨ç®  å®¤¨âáï äãªæ¨ï  0(x) ¯® ä®à¬ã«¥ (48),   �0(x) ®¯à¥¤¥-
«ï¥âáï ª ª à¥è¥¨¥ ¨â¥£à «ì®£® ãà ¢¥¨ï

�(x) = �0(x) +
Z 1

0
�0(xt)t

@

@t
J0[
q
�x2(1� t)]dt;
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ª ª®â®à®¬ã â ª¦¥ ¯à¨¬¥¨¬  â¥®à¥¬  1 [3].
�®íâ®¬ã ä®à¬ã«  (6), ¢ ª®â®à®© u0(x; y) ®¯à¥¤¥«¥  ä®à¬ã«®© (45),  0(x) § ¤   à ¢¥áâ¢®¬

(48), äãªæ¨ï �0(x)  å®¤¨âáï ¯® ä®à¬ã«¥

�0(x) = �(x) +
Z x

0

�(s)
@

@x
I0[
q
�s(x� s)]ds;

®¯à¥¤¥«ï¥â à¥è¥¨¥ § ¤ ç¨ D2 ¤«ï â¥«¥£à ä®£® ãà ¢¥¨ï (3) ¢ ®¡« áâ¨ Dk
�.

�â¬¥â¨¬, çâ®   ®á®¢ ¨¨ íâ¨å à¥§ã«ìâ â®¢   «®£¨ç® ¯. 1 ¬®¦® á¢¥áâ¨ ®¡®¡é¥ãî § -
¤ çã �à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (4) ¢ ®¡« áâ¨ D, £¤¥ ®¡« áâì £¨¯¥à¡®«¨ç®áâ¨ á®¢¯ ¤ ¥â á Dk

�, á
£à ¨çë¬¨ ãá«®¢¨ï¬¨ u = '   � ¨ u =    AC(y = �kx; 0 < k � 1) ª ®¡®¡é¥®© § ¤ ç¥
�à¨ª®¬¨ ¤«ï ãà ¢¥¨ï (7) ¢ â®© ¦¥ ®¡« áâ¨ á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ u0 = '0   � ¨ u0 =  0  
AC.
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