
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1999 ���������� ò 6 (445)

��� 517.548.9

�.�.��������, �.�. ������

������������ ��������� ���������� ����

� áâ âì¥ ¬¥â®¤ ¬¨ ª¢ â¥à­¨®­­ëå äã­ªæ¨© á ¨á¯®«ì§®¢ ­¨¥¬ ¨­â¥£à «ì­ëå â®¦¤¥áâ¢ ¯®-
áâà®¥­  á¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¤«ï ¢®ááâ ­®¢«¥­¨ï ¢¥ªâ®à­®£® ¯®«ï ¯® ¥£® à®â®àã ¨
¤¨¢¥à£¥­æ¨¨.

�¯à¥¤¥«¥­¨¥.�¢ â¥à­¨®­ ¬¨ ­ §ë¢ îâáï ç¨á«  a0+aiei = a0+a, £¤¥ ei |¬­¨¬ë¥ ¥¤¨­¨æë,
a0, ai (i = 1; 2; 3) { ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , a | ¬­¨¬ë© ª¢ â¥à­¨®­ [1]{[5]. �®¢â®àïîé¨©áï
¨­¤¥ªá ®§­ ç ¥â áã¬¬¨à®¢ ­¨¥.

�¥©áâ¢¨ï ­ ¤ ª¢ â¥à­¨®­ ¬¨ ®¯à¥¤¥«ïîâáï ç¥à¥§ ¤¥©áâ¢¨ï ­ ¤ ¬­¨¬ë¬¨ ¥¤¨­¨æ ¬¨. �á«¨
­  ¬­¨¬ë¥ ¥¤¨­¨æë ei á¬®âà¥âì ª ª ­  ®àâë ¤¥ª àâ®¢®£® ¡ §¨á , â® ®á­®¢­ë¥ ®¯¥à æ¨¨ ¬¥¦¤ã
­¨¬¨ ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë ç¥à¥§ áª «ïà­ë¥ ¨ ¢¥ªâ®à­ë¥ ¯à®¨§¢¥¤¥­¨ï

e2i = eiei = �ei � ei = �1; eiej = ei � ej = eijkek; i 6= j;

eijk | á¨¬¢®«ë �¥¢¨-�¨¢¨â .
�â¨ á®®â­®è¥­¨ï ¯®§¢®«ïîâ ¨­â¥à¯à¥â¨à®¢ âì ®¯¥à æ¨î ã¬­®¦¥­¨ï ª¢ â¥à­¨®­®¢ z1 = a0+

a, z2 = b0 + b ç¥à¥§ áª «ïà­ë¥ ¨ ¢¥ªâ®à­ë¥ ¯à®¨§¢¥¤¥­¨ï

z1z2 = a0b0 + a0b+ b0a+ a� b� a � b: (1)

�¤¥áì a0, b0 | ¤¥©áâ¢¨â¥«ì­ë¥, a, b | ¬­¨¬ë¥ ç áâ¨ ª¢ â¥à­¨®­®¢ z1, z2. � ¯à ¢®© ç áâ¨ (1)
ª¢ â¥à­¨®­ë à áá¬ âà¨¢ îâáï ª ª ¢¥ªâ®àë. �à®¨§¢¥¤¥­¨¥ ª¢ â¥à­¨®­®¢ ­¥ª®¬¬ãâ â¨¢­®, ¢¥à¥­
á®ç¥â â¥«ì­ë© § ª®­. �¢ â¥à­¨®­ë áâ ­®¢ïâáï äã­ªæ¨ï¬¨, ¥á«¨ ¢á¥ ¨å ª®¬¯®­¥­âë § ¢¨áïâ ®â
ª®®à¤¨­ â (x1; x2; x3).

�¡®§­ ç¨¬ ç¥à¥§ r = ei
@

@xi

á¨¬¢®«¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «ì­ë© ª¢ â¥à­¨®­­ë© ®¯¥à â®à
� ¬¨«ìâ®­ , h = r 1

jrj
, jrj = jx � yj, x; y 2 V �, £¤¥ V + | ®¡« áâì âà¥å¬¥à­®£® ¯à®áâà ­áâ¢ ,

®£à ­¨ç¥­­ ï ¯®¢¥àå­®áâìî S, V � | ¤®¯®«­¥­¨¥ ª ®¡« áâ¨ V +, n| ¢­¥è­ïï ­®à¬ «ì ¢ â®çª å
¯®¢¥àå­®áâ¨ S. � ª¢ â¥à­¨®­­ëå § ¯¨áïå à ¤¨ãá-¢¥ªâ®àë x, y ¨ ­®à¬ «ì n = niei ¨¬¥îâ á¬ëá«
¬­¨¬ëå ª¢ â¥à­¨®­®¢,   ¢ ¢¥ªâ®à­ëå | á¬ëá« ¢¥ªâ®à®¢.

�®áâà®¨¬ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¢¥ªâ®à­®£® ¯®«ï ¯® ¥£® à®â®àã ¨ ¤¨¢¥à£¥­æ¨¨, ¨á¯®«ì§ãï
ãâ¢¥à¦¤¥­¨¥ ¨§ ([7], á. 178).

�¥®à¥¬  1. �ãáâì S | à¥£ã«ïà­ ï ¯®¢¥àå­®áâì, ®£à ­¨ç¨¢ îé ï ®¡ê¥¬ V +, ¨ ¯ãáâì ¢

ª ¦¤®© â®çª¥ V + ®¯à¥¤¥«¥­ë à®â®à ¨ ¤¨¢¥à£¥­æ¨ï ­¥ª®â®à®£® ¢¥ªâ®à­®£® ¯®«ï q

r� q = 	; (2)

r � q = �	0: (3)

�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (2), (3) ¯à¨ ãá«®¢¨¨, çâ® ­  £à ­¨æ¥ ¨§-

¢¥áâ­  ­®à¬ «ì­ ï á®áâ ¢«ïîé ï ¢¥ªâ®à  q

n � qjS = f; (4)
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¨ äã­ªæ¨¨ 	0, 	, f ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

r �	 = 0;
Z
S

f dS = �
Z
V +

	0dV: (5)

�­ «®£¨ç­ ï â¥®à¥¬  ¨¬¥¥â ¬¥áâ® ¨ ¤«ï ®¡« áâ¨ V � ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ lim q(x) =
0, jxj ! 1.

�á«¨ ¢¢¥áâ¨ ª¢ â¥à­¨®­ P = 	0+	, â® â®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (2), (3) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥
®¤­®£® ª¢ â¥à­¨®­­®£® à ¢¥­áâ¢ 

rq = P: (6)

�¤¥áì q | ¬­¨¬ë© ª¢ â¥à­¨®­, â. ¥. à ¢­  ­ã«î ¥£® ¤¥©áâ¢¨â¥«ì­ ï ç áâì q0. �à¥¤¯®«®¦¨¬,
çâ® ¤«ï ª¢ â¥à­¨®­  P ¢ë¯®«­¥­ë ãá«®¢¨ï (5), â®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 áãé¥áâ¢ã¥â ¥¤¨­-
áâ¢¥­­ë© ª¢ â¥à­¨®­ q, à¥è îé¨© ãà ¢­¥­¨¥ (6) ¨ ã¤®¢«¥â¢®àïîé¨© £à ­¨ç­®¬ã ãá«®¢¨î (4).

�®®¯à¥¤¥«¥­¨¥ ­  £à ­¨æ¥ ¤®áâ¨£ ¥âáï à¥è¥­¨¥¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© [6]

q(y) = �
1
2�

Z
S

hnxq(x)dSx �
1
2�

Z
V �

hrq(x)dVx

¨«¨ ¨å ¢¥ªâ®à­®£®  ­ «®£ 

q0 = �Bq0 � Fq � �0; q = �Cq0 �Dq � �; (7)

£¤¥

Bq0 =
1
2�

Z
S

h � nq0dSx; F q =
1
2�

Z
S

(h� n) � q dSx;

Dq =
1
2�

Z
S

[(h� n)� q � (h � n)q]dSx; Cq0 =
1
2�

Z
S

h� nq0dSx

¨

�0 +� =
1
2�

Z
V �

hrq dV =
1
2�

Z
V �

h(	0 +	)dV:

�®ááâ ­®¢«¥­¨¥ ¢ ®¡« áâ¨ ¢ë¯®«­ï¥âáï ¯® ä®à¬ã«¥ [6]

Z
S

hnxq(x)dSx �

Z
V +

hrq(x)dVx =

(
0; y 2 V �;

4�q(y); y 2 V +:
(8)

� ª ª ª q0 = 0, â® ¨§ ãà ¢­¥­¨© (7) á«¥¤ã¥â, çâ® ¤«ï ®¯à¥¤¥«¥­¨ï ¢¥ªâ®à­®£® ¯®«ï q, § -
¤ ­­®£® ¢ ®¡« áâ¨ V +, ­¥®¡å®¤¨¬® ­ ©â¨ á­ ç «  ¥£® £à ­¨ç­®¥ §­ ç¥­¨¥ ¨§ á¨áâ¥¬ë ç¥âëà¥å
£à ­¨ç­ëå ¨­â¥£à «ì­ëå ¨ ®¤­®£®  «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨©

Fq = ��0; Dq = q +�; n � q = f: (9)

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
�«ï ¢®ááâ ­®¢«¥­¨ï ¢¥ªâ®à­®£® ¯®«ï ¢ ®¡« áâ¨ V � á¨áâ¥¬  ãà ¢­¥­¨© § ¯¨è¥âáï ¢ ¢¨¤¥

Fq = �0; Dq = �q � �; n � q = f: (10)

� ç áâ­®¬ á«ãç ¥ ®¤­®à®¤­ëå ãà ¢­¥­¨© (2), (3) 	0 = 	 = 0 ¨ ¢ ¯à¥¤¯®«®¦¥­¨¨ f = 0
ãà ¢­¥­¨ï (9), (10) ¯¥à¥©¤ãâ ¢ á¨áâ¥¬ã

Fq = 0; Dq = �q; n � q = 0: (11)

� ª ª ª ¢ ¤ ­­®¬ á«ãç ¥ ãá«®¢¨ï (5) ¢ë¯®«­¥­ë, â® ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë
ï¢«ï¥âáï q � 0.

�¢¥¤¥¬ á¨áâ¥¬ã ¯ïâ¨ ãà ¢­¥­¨© (9) á­ ç «  ª âà¥¬,   § â¥¬ ª ¤¢ã¬ ãà ¢­¥­¨ï¬, ¢áïª¨© à §
¤®ª §ë¢ ï íª¢¨¢ «¥­â­®áâì ¯à¥®¡à §®¢ ­¨ï.
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�¥®à¥¬  2. �¨áâ¥¬  ¯ïâ¨ ãà ¢­¥­¨© (9) íª¢¨¢ «¥­â­  á¨áâ¥¬¥ ¨§ âà¥å ãà ¢­¥­¨©

Fq = ��0; n �Dq = n � q + n � � = f + n � �; n � q = f: (12)

�®ª § â¥«ìáâ¢®. �¨áâ¥¬¥ (12) ã¤®¢«¥â¢®àï¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (9). �ãáâì v

| ¥é¥ ®¤­® à¥è¥­¨¥ á¨áâ¥¬ë (12). �®¤áâ ­®¢ª  v ¢ (9) ¯à¨¢®¤¨â ª à ¢¥­áâ¢ ¬

Fv = ��0; Dv = w +�; n � v = f: (13)

�¤¥áì w 6= v, ¨­ ç¥ á¨áâ¥¬  (9) ¨¬¥«  ¡ë ¢â®à®¥ à¥è¥­¨¥. �§ áà ¢­¥­¨ï (12) ¨ (13) á«¥¤ã¥â
â ª¦¥ n � w = f . �ëç¨â ï ¨§ (9) á®®â¢¥âáâ¢ãîé¨¥ à ¢¥­áâ¢  (13), ­ ©¤¥¬

F (q � v) = 0; D(q � v) = q � w; n � (q � v) = 0: (14)

�®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢ ¬¨ ¨§ [6], ¢¥à­ë¬¨ ¤«ï ¯à®¨§¢®«ì­ëå ¢¥ªâ®à®¢

B2q0 � FCq0 = q0; �BFq + FDq = 0; CBq0 �DCq0 = 0; �CFq +D2q = q: (15)

�¥§ã«ìâ â ¯®¤áâ ­®¢ª¨ ¢ (15) §­ ç¥­¨© F (q � v) ¨ D(q �w) ¨¬¥¥â ¢¨¤

F (q � w) = 0; D(q �w) = q � v; n � (q � w) = 0: (16)

�ëç¨â ï ¥é¥ à § ¨§ à ¢¥­áâ¢ (14) á®®â­®è¥­¨ï (16), ¯®«ãç¨¬

F (w � v) = 0; D(w � v) = �(w � v); n � (w � v) = 0: (17)

�à ¢­¥­¨¥ á¨áâ¥¬ë (17) á à ¢¥­áâ¢ ¬¨ (11) ¯à¨¢®¤¨â ª ¢ë¢®¤ã, çâ® w � v � 0. �®£¤  ¨§ (13)
á«¥¤ã¥â, çâ® à¥è¥­¨¥ v á¨áâ¥¬ë ãà ¢­¥­¨© (12) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬ (9). �¤¨­áâ¢¥­­®áâì
íâ®£® à¥è¥­¨ï á«¥¤ã¥â ¨§ (14).

�¨áâ¥¬  ãà ¢­¥­¨© (12) ®¯à¥¤¥«ï¥â ¢¥ªâ®à q ¢ â®çª å ¯®¢¥àå­®áâ¨ S. � ª ª ª ­®à¬ «ì­ ï
á®áâ ¢«ïîé ï íâ®£® ¢¥ªâ®à  n � q = f ¢ ª ¦¤®© â®çª¥ ¨§¢¥áâ­ , â® á¨áâ¥¬ã âà¥å ãà ¢­¥­¨©
(12) ¬®¦­® á¢¥áâ¨ ª á¨áâ¥¬¥ ¤¢ãå ãà ¢­¥­¨©. �«ï íâ®£® ­ ¤® ¢¢¥áâ¨ ¬¥áâ­ãî ª®á®ã£®«ì­ãî
á¨áâ¥¬ã ª®®à¤¨­ â. �ãáâì p | ¯à®¨§¢®«ì­ë© ¯®áâ®ï­­ë© ¢¥ªâ®à. � §«®¦¨¬ ¨áª®¬ë© ¢¥ªâ®à
q = q1n+ q2p + q3(n� p) ¯® ¡ §¨áã n, p, n� p. �¬­®¦¨¢ íâ® à ¢¥­áâ¢® áª «ïà­® ¨ ¢¥ªâ®à­® ­ 
¢¥ªâ®à n, ¯®«ãç¨¬

n � q = q1 + q2(n � p) = f; (18)

n� q = q2(n� p) + q3[n� (n� p)]: (19)

�ç¨âë¢ ï ®¯¥à â®àë ¨§ [6] F ¨ D, ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï (15) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

1
2�

Z
S

h � [q2(n� p) + q3(n� (n� p))]dS = ��0;

n �
1
2�

Z
S

h� [q2(n� p) + q3(n� (n� p))]dS = f + n � �+ n �
1
2�

Z
S

hf dS:

(20)

� ¯à®æ¥áá¥ à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨ ¨§ á¨áâ¥¬ë (20) ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï
¢¥«¨ç¨­ë q2, q3,   ª®¬¯®­¥­â  q1 ®¯à¥¤¥«ï¥âáï ¨§ (18). � ª¨¬ ®¡à §®¬, ­  £à ­¨æ¥ ¢¥ªâ®à­®¥
¯®«¥ ¢®ááâ ­ ¢«¨¢ ¥âáï ¯®«­®áâìî. �¥ªâ®à­®¥ ¯®«¥ ¢ ®¡« áâ¨ V + ¢®ááâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî
á®®â­®è¥­¨ï (8) ç¥à¥§ ­ ©¤¥­­®¥ £à ­¨ç­®¥ §­ ç¥­¨¥ íâ®£® ¯®«ï, ­¥ âà¥¡ã¥âáï ç¨á«¥­­® ¤¨ä-
ä¥à¥­æ¨à®¢ âì ­ ©¤¥­­ë¥ ¢¥«¨ç¨­ë. �®áâã¯ ï  ­ «®£¨ç­®, ¬®¦­® § ¯¨á âì ¢á¥ ­¥®¡å®¤¨¬ë¥
à ¢¥­áâ¢  ¤«ï à¥è¥­¨ï § ¤ ç¨ ¢ ®¡« áâ¨ V �.
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