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� ª ¨§¢¥áâ­®, £ ¬¨«ìâ®­®¢ë ãà ¢­¥­¨ï á®áâ ¢«ïîâ ®¤¨­ ¨§ ¢ ¦­¥©è¨å ª« áá®¢ ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©. � ç áâ­®áâ¨, ãà ¢­¥­¨ï íâ®£® ¢¨¤  ¢®§­¨ª îâ ¢ § ¤ ç¥ ­ å®¦¤¥­¨ï £¥®-
¤¥§¨ç¥áª¨å ªà¨¢ëå ­  à¨¬ ­®¢ëå ¬­®£®®¡à §¨ïå. �à¨ íâ®¬ áà¥¤¨ ¢á¥å £ ¬¨«ìâ®­®¢ëå á¨áâ¥¬
á«ãç © ¢¯®«­¥ ¨­â¥£à¨àã¥¬ëå ¯à¥¤áâ ¢«ï¥âáï ªà ©­¥ à¥¤ª® [1]{[4]. � ¤ ­­®© à ¡®â¥ à áá¬®âà¥­
£¥®¤¥§¨ç¥áª¨© ¯®â®ª ­  áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬ à áá«®¥­¨¨ ¤¢ã¬¥à­®£® à¨¬ ­®¢a ¬­®£®®¡à -
§¨ï á ¬¥âà¨ª®© � á ª¨ ¨ ¯®ª § ­®, çâ® ¥á«¨ ¡ §¨á­®¥ ¬­®£®®¡à §¨¥ «®ª «ì­® ¨§®¬¥âà¨ç­® ¯®-
¢¥àå­®áâ¨ ¢à é¥­¨ï, â® á®®â¢¥âáâ¢ãîé ï ¯®â®ªã £ ¬¨«ìâ®­®¢  á¨áâ¥¬  ¢¯®«­¥ ¨­â¥£à¨àã¥¬ 
¯® �¨ã¢¨««î. �âáî¤ , ª ª á«¥¤áâ¢¨¥, ­ å®¤ïâáï âà ¥ªâ®à¨¨ ¯®â®ª  ¢ ª¢ ¤à âãà å.

� ­­®¥ ¨áá«¥¤®¢ ­¨¥ ¢®§­¨ª«® ¢ á¢ï§¨ á ¨§ãç¥­¨¥¬  ¢â®à®¬ ¢ à¨ æ¨®­­ëå § ¤ ç ¤«ï äã­ª-
æ¨®­ «®¢ ¯®¢®à®â  ªà¨¢ëå [5]{[9]. �  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ �.� ¤ï [10] ¢ëïá­¨«®áì, çâ® ¡ -
§¨á­ë¥ âà ¥ªâ®à¨¨ ¯®â®ª  (â. ¥. ¯à®¥ªæ¨¨ âà ¥ªâ®à¨© ¯®â®ª  ­  ¡ §ã) ï¢«ïîâáï ¨§®¯¥à¨¬¥âà¨-
ç¥áª¨¬¨ íªáâà¥¬ «ï¬¨ ¯®¢®à®â  (¯¥à¢®£® ¯®àï¤ª ). � ©¤¥­­ë© ­ ¬¨ ¤«ï íâ¨å íªáâà¥¬ «¥©
®¡®¡é¥­­ë© ¨­â¥£à « �«¥à® ®ª § «áï ¨­â¥£à «®¬, ª®â®à®£® ­¥¤®áâ ¢ «® ¤«ï ¯®«­®© ¨­â¥£à¨-
àã¥¬®áâ¨ £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ­  áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬ à áá«®¥­¨¨ á ¬¥âà¨ª®© � á ª¨
[11], [12] ¢ á«ãç ¥, ª®£¤  ¡ §¨á­®¥ ¬­®£®®¡à §¨¥ «®ª «ì­® ¨§®¬¥âà¨ç­® ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï.
�â¬¥â¨¬, çâ® ª« áá¨ç¥áª¨© ¨­â¥£à « �«¥à® ¯à¨¢®¤¨â ª ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ £¥®¤¥§¨ç¥áª®-
£® ¯®â®ª  ­  ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï [1], [2]. �¢â®à áç¨â ¥â á¢®¨¬ ¯à¨ïâ­ë¬ ¤®«£®¬ ®â¬¥â¨âì,
çâ® £¨¯®â¥§  ® â ª®© à®«¨ ®¡®¡é¥­­®£® ¨­â¥£à «  �«¥à® ¢ â¥®à¨¨ £¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ ­ 
à áá«®¥­¨¨ ¡ë«  ¢ëáª § ­  �.�.�®¬¥­ª® ¨ ¯®«­®áâìî ¯®¤â¢¥à¤¨« áì.

1. �§®¯¥à¨¬¥âà¨ç¥áª¨¥ íªáâà¥¬ «¨ ¯®¢®à®â 
­  ¤¢ã¬¥à­ëå à¨¬ ­®¢ëå ¬­®£®®¡à §¨ïå

� à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (Mn; g) à áá¬®âà¨¬ äã­ªæ¨®­ « ¤«¨­ë l[
] =
Z t0

t1

(gij _x
i _xj)1=2dt,

£¤¥ _xi = �i | ª®¬¯®­¥­âë ª á â¥«ì­®£® ¢¥ªâ®à  _
 ­¥ª®â®à®© ¯ à ¬¥âà¨§®¢ ­­®© ªà¨¢®© 
,

¨ äã­ªæ¨®­ «  ¡á®«îâ­®£® ¯®¢®à®â  �[
] =
Z l0

l1

kgdl. �¤¥áì l | ¤«¨­  ¤ã£¨ ­  ªà¨¢®© 
, kg

| ¯¥à¢ ï ªà¨¢¨§­  �à¥­¥ ªà¨¢®© 
,   ¢ á«ãç ¥ ¤¢ã¬¥à­®£® ¯à®áâà ­áâ¢  kg ¥áâì  ¡á®«îâ­ ï
£¥®¤¥§¨ç¥áª ï ªà¨¢¨§­ .

� áá¬®âà¨¬ ¤«ï äã­ªæ¨®­ «  ¯®¢®à®â  ¨§®¯¥à¨¬¥âà¨ç¥áªãî ¢ à¨ æ¨®­­ãî § ¤ çã á ä¨ª-
á¨à®¢ ­­ë¬¨ ª®­æ ¬¨:

�� = 0; 
(t0) = p0; 
(t1) = p1; l0 = 0; l1 = bl; l[
] = bl = const :

� ¡®â  ç áâ¨ç­® ¯®¤¤¥à¦ ­  �¥¦¤ã­ à®¤­®© �®à®á®¢áª®© �à®£à ¬¬®© ¯®¤¤¥à¦ª¨ ®¡à §®¢ ­¨ï ¢
®¡« áâ¨ â®ç­ëå ­ ãª (ISSEP), £à ­â òAPU071057.
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�à¨¬¥­ïï áâ ­¤ àâ­ë© ¬¥â®¤ �©«¥à {� £à ­¦ , ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ¥¥ à¥è¥­¨ï ¢ ¤¢ã¬¥à-
­®¬ ¯à®áâà ­áâ¢¥ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

kg = cK; (1)

£¤¥ c | ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â ä¨ªá¨à®¢ ­­®© ¤«¨­ë bl, K | £ ãáá®¢  ªà¨¢¨§­  ¯à®áâà ­-
áâ¢ . �à®¬¥ â®£®, ¢ ®á®¡®¬ á«ãç ¥ K = 0, à¥è¥­¨¥¬ ï¢«ï¥âáï ¢áïª ï ¤®¯ãáâ¨¬ ï ªà¨¢ ï (ª« áá 
C4 ¡¥§ â®ç¥ª á¯àï¬«¥­¨ï). �à¨¢ë¥, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨î (1), ­ §¢ ­ë ¨§®¯¥à¨¬¥âà¨ç¥-
áª¨¬¨ íªáâà¥¬ «ï¬¨ ¯®¢®à®â  ¯à®áâà ­áâ¢  (M 2; g) [6].

�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (1) à ­¥¥ à áá¬ âà¨¢ «®áì ¢ ¨áá«¥¤®¢ ­¨ïå �.�ã ­ª à¥ ¢ á¢ï§¨
á ¨§ãç¥­¨¥¬ § ¬ª­ãâëå £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ®¢ «ì­®© ¯®¢¥àå­®áâ¨, ª ª®â®à®¬ã á¢®¤¨« áì
 áâà®­®¬¨ç¥áª ï \§ ¤ ç  ® âà¥å â¥« å" ([13], á. 229). � ¬¨ ãáâ ­®¢«¥­ë íªáâà¥¬ «ì­ë¥ á¢®©-
áâ¢  ¨§®¯¥à¨¬¥âà¨ç¥áª¨å íªáâà¥¬ «¥© ¯®¢®à®â  ¨ ¯®«ãç¥­ë ¨å ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï
¢ ­®à¬ «ì­®© ä®à¬¥ [8]. � á«ãç ¥, ¥á«¨ ¯à®áâà ­áâ¢® (M 2; g) ¥áâì ¯®¢¥àå­®áâì ¥¢ª«¨¤®¢  ¯à®-
áâà ­áâ¢ , ¨§®¯¥à¨¬¥âà¨ç¥áª¨¬ íªáâà¥¬ «ï¬ ¯®¢®à®â  ¤ ­  ¬¥å ­¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï [9].
�  ¯®¢¥àå­®áâïå ¢à é¥­¨ï ­ ©¤¥­ ®¡®¡é¥­­ë© ¨­â¥£à « �«¥à®

r sin! = ec sin + c1; e = �1; c; c1 | const; (2)

£¤¥ ! | ã£®« ¬¥¦¤ã íªáâà¥¬ «ìî ¨ ¬¥à¨¤¨ ­®¬ ¢ ¨å ®¡é¥© â®çª¥, r | à ááâ®ï­¨¥ ®â íâ®©
â®çª¨ ¤® ®á¨ ¢à é¥­¨ï,  | ã£®«, ®¡à §®¢ ­­ë© ª á â¥«ì­®© ª ¬¥à¨¤¨ ­ã á ®áìî ¢à é¥­¨ï [8].

2. �¥®¤¥§¨ç¥áª¨¥ ªà¨¢ë¥ ­  áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬ à áá«®¥­¨¨
¤¢ã¬¥à­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï á ¬¥âà¨ª®© � á ª¨

�¥âà¨ª  � á ª¨ ¢¯¥à¢ë¥ ¡ë«  à áá¬®âà¥­  ­  áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬ à áá«®¥­¨¨ ¥¤¨-
­¨ç­ëå ¢¥ªâ®à®¢ T1Mn,   § â¥¬ �.� ¤ì ®¡®¡é¨« ¥¥ ­  T�Mn | áä¥à¨ç¥áª®¥ ª á â¥«ì­®¥ à á-
á«®¥­¨¥ ¢¥ªâ®à®¢, ª¢ ¤à â ¤«¨­ë ª®â®àëå à ¢¥­ ¯®áâ®ï­­®© � [10]{[12].

�ãáâì (M 2; g) | ¯à®¨§¢®«ì­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ á ¬¥âà¨ª®© dl2 = gijdx
i dxj , i; j; : : : =

1; 2. �®£¤  ­  T�Mn ¨­¤ãæ¨àã¥âáï ¬¥âà¨ª 

dt2 = gijdx
i dxj + gijDy

iDyj; gijy
iyj = �; Dyk = dyk + �k

ijy
idxj : (3)

�¢¥¤¥¬ ¢ ª®®à¤¨­ â­®© ®ªà¥áâ­®áâ¨ ¬­®£®®¡à §¨ïM 2 ¯®«ã£¥®¤¥§¨ç¥áª¨¥ ª®®à¤¨­ âë x1, x2.
�®£¤ 

dl2 = (dx1)2 +G(x1; x2)(dx2)2; K = �(
p
G)11p
G

; �1

22
= �1

2
G1; �2

12
=
G1

2G
; �2

22
=
G2

2G
;

  ®áâ «ì­ë¥ á¨¬¢®«ë �à¨áâ®ää¥«ï à ¢­ë ­ã«î. � ª ç¥áâ¢¥ âà¥âì¥© ª®®à¤¨­ âë x3 ­  T�M 2

¢®§ì¬¥¬ ã£®« ¬¥¦¤ã ª á â¥«ì­ë¬ ¢¥ªâ®à®¬ yi ¨ ª á â¥«ì­ë¬ ¢¥ªâ®à®¬ @
@x1

ª ¯¥à¢®© ª®®à¤¨-
­ â­®© «¨­¨¨ ¢ â®çª¥ (x1; x2). � íâ®¬ á«ãç ¥

y1 =
p
� cos x3; y2 =

p
�p
G
sinx3:

� ª®®à¤¨­ â å (x1; x2; x3) ¬¥âà¨ª  dt2 ­  T�Mn ¢ á¨«ã (3) ¯à¨®¡à¥â ¥â ¢¨¤

dt2 = g���dx
� dx�; �; �; : : : = 1; 2; 3; (g���) =

0
B@1 0 0
0 G+ �(

p
G)2

1
�(
p
G)1

0 �(
p
G)1 �

1
CA :
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�âáî¤  ­ å®¤¨¬ ª®¬¯®­¥­âë ¢§ ¨¬­®£® ¬¥âà¨ç¥áª®£® â¥­§®à  g��� ¨ á¨¬¢®«ë �à¨áâ®ää¥«ï
¯¥à¢®£® ¨ ¢â®à®£® à®¤ 

(g���) =

0
B@1 0 0
0 G�1 �G�1(

p
G)1

0 �G�1(
p
G)1 ��1 +G�1(

p
G)2

1

1
CA ;

��
12;3 = ��

13;2 = ���
23;1 =

1
2
@g�

23

@x1
; ��

12;2 = ���
22;1 =

1
2
@g�

22

@x1
;

��
22;2 =

1
2
@g�

22

@x2
; ��

22;3 =
@g�

23

@x2
(®áâ «ì­ë¥ | ­ã«¨);

��1�� = g�1
����;
 = ����;1; ��2�� = g�2
����;
 = G�1����;2 �G�1(
p
G)1�

�
��;3;

��3�� = g�3
����;
 = �G�1(
p
G)1�

�
��;2 + (��1 +G�1(

p
G)2

1
)����;3:

�â­®á¨â¥«ì­® ¢¢¥¤¥­­ëå ª®®à¤¨­ â x� í«¥¬¥­â ¯®¢®à®â  d� ¨ £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  ªà¨¢®©
xi(l) ¯à¨®¡à¥â îâ ¢¨¤

d� = dx3 + (
p
G)1dx2; kg = e

d�

dl
= e

�
dx3

dl
+ (

p
G)1

dx2

dl

�
; e = �1:

�¥âà¨ªã dt2 â¥¯¥àì ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

dt2 = (dx1)2 + (G+ �(
p
G)2

1
)(dx2)2 + 2�(

p
G)1dx2dx3 + �(dx3)2 = dl2 + �d�2:

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå x�(t) ­  T�M 2, ®â­¥á¥­­ëå
ª ­ âãà «ì­®¬ã ¯ à ¬¥âàã

d2x


dt2
+ ��
��

dx�

dt

dx�

dt
= 0: (4)

�®¤áâ ¢¨¢ áî¤  ­ ©¤¥­­ë¥ §­ ç¥­¨ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï, ¯®«ãç¨¬

d2x1

dt2
+ �1

ij

dxi

dt

dxj

dt
= �(

p
G)11

dx2

dt

d�

dt
; (4.1)

d2x2

dt2
+ �2

ij

dxi

dt

dxj

dt
= ��G�1(

p
G)11

dx1

dt

d�

dt
; (4.2)

d2x3

dt2
+G�1

�
(G(

p
G)11 � �(

p
G)2

1
(
p
G)11 �G1(

p
G)1)

dx1

dt

dx2

dt
+

+(G(
p
G)12 � 1

2
G2(

p
G)1)

�
dx2

dt

�2

� �(
p
G)1(

p
G)11

dx1

dt

dx3

dt

�
= 0: (4.3)

�§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (4) ¢ëâ¥ª ¥â, çâ® ¢¤®«ì £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ­  T�M 2

¨¬¥¥â ¬¥áâ® gij�i(t)�
j
1(t) = 0, �i

1
= rt�

i ¨, á«¥¤®¢ â¥«ì­®,

h � 1

2
gij�

i(t)�j(t) = const : (5)

�ëç¨á«ïï £¥®¤¥§¨ç¥áªãî ªà¨¢¨§­ã ¡ §¨á­ëå ªà¨¢ëå xi(t), ¢á«¥¤áâ¢¨¥ (4), (5) ¯®«ãç ¥¬

k2g(t) =
h�; �ih�1; �1i � h�; �1i2

h�; �i3 = gij�
i
1
(t)�j1(t)[gij�

i(t)�j(t)]�2 =

= (2h)�2

�
�2(
p
G)2

11

�
dx2

dt

�2�
d�

dt

�2

+ �2G�1(
p
G)2

11

�
dx1

dt

�2�
d�

dt

�2�
=

= �2(2h)�2G�1(
p
G)2

11

�
G

�
dx2

dt

�2

+
�
dx1

dt

�2��
d�

dt

�2

= �2K2(2h)�1

�
d�

dt

�2

:
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�®áª®«ìªã ¯ à ¬¥âà t ¢ë¡à ­ ­ âãà «ì­ë¬, â®

g����
�(t)��(t) = gij�

i(t)�j(t) + �

�
d�

dt

�2

= 1;

  §­ ç¨â, ¢¤®«ì £¥®¤¥§¨ç¥áª¨å

2h+ �a2 = 1; (6)

a � d�

dt
=
dx3

dt
+ (

p
G)1

dx2

dt
= const : (7)

�«¥¤®¢ â¥«ì­®,

kg =
e�ap
2h
K: (8)

�¥âàã¤­® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¢á«¥¤áâ¢¨¥ (7) ãà ¢­¥­¨¥ (4.3) ¢ëâ¥ª ¥â ¨§ ãà ¢­¥­¨© (4.1), (4.2).
� ¢¥­áâ¢® (7) ¤ ¥â ¯à®¬¥¦ãâ®ç­ë© ¨­â¥£à « £¥®¤¥§¨ç¥áª¨å ¨ ®§­ ç ¥â, çâ® ª á â¥«ì­ë© ¢¥ª-

â®à dxi

dt
¢¤®«ì ¡ §¨á­®© ªà¨¢®© xi(t) á®¢¥àè ¥â ¯à®áâ®¥ ¢¨­â®¢®¥ ¤¢¨¦¥­¨¥: � = at+ a0, a; a0 |

const. � á¢®î ®ç¥à¥¤ì, à ¢¥­áâ¢® (8) ¯®ª §ë¢ ¥â, çâ® ¡ §¨á­ ï ªà¨¢ ï ï¢«ï¥âáï ¨§®¯¥à¨¬¥âà¨-
ç¥áª®© íªáâà¥¬ «ìî ¯®¢®à®â  ¯à®áâà ­áâ¢  (M 2; g) á ¨§®¯¥à¨¬¥âà¨ç¥áª®© ¯®áâ®ï­­®© c = e�ap

2h
.

� ª¨¬ ®¡à §®¬, à¥§ã«ìâ âã ¨§ [10] ¬®¦­® ¯à¨¤ âì á«¥¤ãîéãî ä®à¬ã«¨à®¢ªã.

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ªà¨¢ ï x�(t) ¡ë«  £¥®¤¥§¨ç¥áª®© ¢ áä¥à¨ç¥áª®¬ ª á â¥«ì­®¬

à áá«®¥­¨¨ T�M
2 á ¬¥âà¨ª®© � á ª¨ dt2, ­¥®¡å®¤¨¬® ¨ (¯à¨ K 6= 0) ¤®áâ â®ç­®, çâ®¡ë ¡ §¨á-

­ ï ªà¨¢ ï xi(t) ¡ë«  ¨§®¯¥à¨¬¥âà¨ç¥áª®© íªáâà¥¬ «ìî ¯®¢®à®â  ¨ ¥¥ ª á â¥«ì­ë© ¢¥ªâ®à
dxi

dt
á®¢¥àè « ¢¤®«ì ­¥¥ ¯à®áâ®¥ ¢¨­â®¢®¥ ¤¢¨¦¥­¨¥.

3. �¥®¤¥§¨ç¥áª¨© ¯®â®ª ­  T�M2

� áá¬®âà¨¬ ª®ª á â¥«ì­®¥ à áá«®¥­¨¥ T �(T�M 2) á «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨ x�, p� ¨ ¥áâ¥-
áâ¢¥­­®© ª ­®­¨ç¥áª®© á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà®© ! = dp� ^ dx�. �®§ì¬¥¬ äã­ªæ¨î � ¬¨«ì-
â®­  H(x; p) = 1

2
g���p�p� ¨ ®â¢¥ç îé¨© ¥© £ ¬¨«ìâ®­®¢ ¯®â®ª _x = sgradH ®â­®á¨â¥«ì­® á¨¬-

¯«¥ªâ¨ç¥áª®© áâàãªâãàë ! ­  T �(T�M 2). �®áª®«ìªã H | ¯¥à¢ë© ¨­â¥£à « íâ®£® ¯®â®ª , â®
¥¤¨­¨ç­®¥ ª®ª á â¥«ì­®¥ à áá«®¥­¨¥ T �

1
(T�M 2) = fx� 2 T �(T�M 2) : kpk = 1g ¨­¢ à¨ ­â­o ®â­®-

á¨â¥«ì­® ¯®â®ª  sgradH. �£à ­¨ç¥­¨¥ íâ®£® ¯®â®ª  ­  T �
1
(T�M 2) ¡ã¤¥â £¥®¤¥§¨ç¥áª¨¬ ¯®â®ª®¬

­  T�M 2. �à¨ ¥áâ¥áâ¢¥­­®¬ ¨§®¬®àä¨§¬¥ T �(T�M 2) ! T (T�M 2) âà ¥ªâ®à¨¨ £¥®¤¥§¨ç¥áª®£® ¯®-
â®ª  sgradH ¯¥à¥å®¤ïâ ¢ ªà¨¢ë¥, á®áâ ¢«¥­­ë¥ ¨§ ª á â¥«ì­ëå ¢¥ªâ®à®¢ ¢ T�M 2.

�ãáâì �t | «®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ­¨©, ¯®à®¦¤¥­­ ï ¯®â®-
ª®¬ sgradH. �â¤¥«ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨§ �t ¯¥à¥¢®¤ïâ ¯ àã (x(0); p(0)) ¢ ¯ àã (x(t); p(t)) =
�t(x(0); p(0)), £¤¥ ¤«ï ¯®«ãç¥­¨ï x(t) á«¥¤ã¥â ¯à®¢¥áâ¨ £¥®¤¥§¨ç¥áªãî ç¥à¥§ â®çªã x(0) ¢ ­ ¯à -
¢«¥­¨¨ ª®¢¥ªâ®à  p(0), ¨ â®£¤  x(t) ®âáâ®¨â ®â x(0) ­  à ááâ®ï­¨¨ t ¢¤®«ì íâ®© £¥®¤¥§¨ç¥áª®©,
  ª®¢¥ªâ®à p(t) ª á ¥âáï íâ®© £¥®¤¥§¨ç¥áª®© ¢ x(t) ¨ ­ ¯à ¢«¥­ â ª ¦¥, ª ª ¨ p(0). � ª¨¬ ®¡à -
§®¬, ¯à¨ ¯®«ãç¥­¨¨ x(t) = (x�(t)) ­  ¡ §¥ á«¥¤ã¥â ¯à®¢®¤¨âì ¨§®¯¥à¨¬¥âà¨ç¥áªãî íªáâà¥¬ «ì
¯®¢®à®â  ç¥à¥§ ¨áå®¤­ãî â®çªã xi(0). � íâ®© æ¥«ìî ¨­â¥£à¨àã¥¬ á¨áâ¥¬ã (4.1), (4.2) á ãç¥â®¬
¯à®¬¥¦ãâ®ç­®£® ¨­â¥£à «  (7) ¨ ¯®áâ®ï­­ãî a ®¯à¥¤¥«¨¬ ­ ç «ì­ë¬¨ ¤ ­­ë¬¨

a =
dx3(0)
dt

+ (
p
G)1

dx2(0)
dt

:

� ª®­¥æ, ¤«ï ®¯à¥¤¥«¥­¨ï ª®¬¯®­¥­âë âà ¥ªâ®à¨¨ x3(t) ¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥ (7) ¯à¨ ¢ëè¥-
ãª § ­­®© ¯®áâ®ï­­®© a.

� ª ¨§¢¥áâ­®, £ ¬¨«ìâ®­¨ ­ H(x; p) ï¢«ï¥âáï ®á­®¢­ë¬ ¯¥à¢ë¬ ¨­â¥£à «®¬ £¥®¤¥§¨ç¥áª®£®
¯®â®ª . �§ (7) ¨¬¥¥¬ ¥é¥ ®¤¨­ ¯¥à¢ë© ¨­â¥£à «

a = p�(g�3� + (
p
G)1g�2�) = ��1p3:
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�­ «®£¨ç­ë¬ ®¡à §®¬ ¨§ (5) ¯®«ãç ¥¬ ¯¥à¢ë© ¨­â¥£à « h = 1

2
gijg

�i�g�j�p�p�, ®¤­ ª® ¢ á¨«ã (6)
¨­â¥£à «ë H, a, h § ¢¨á¨¬ë: 2H = 2h+ �a2.

� á«ãç ¥, ª®£¤  ¬­®£®®¡à §¨¥ (M 2; g) «®ª «ì­® ¨§®¬¥âà¨ç­® ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï, ¢®§-
¬®¦­® ãª § âì ¤®¯®«­¨â¥«ì­ë© ¨­â¥£à « ¯®â®ª , ª®â®àë© ¢ëâ¥ª ¥â ¨§ ­ ©¤¥­­®£® ­ ¬¨ ®¡-
®¡é¥­­®£® ¨­â¥£à «  �«¥à®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¬­®£®®¡à §¨¥ (M 2; g) «®ª «ì­® ¨§®¬¥âà¨ç-
­® ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï á ¬¥à¨¤¨ ­®¬ f(r), £¤¥ r | à ááâ®ï­¨¥ ¤® ®á¨ ¢à é¥­¨ï. �®£¤ 
dl2 = F 2dr2 + r2(dx2)2, F =

p
1 + f 02, £¤¥ x2 | ¤®«£®â  â®çª¨. �¢®¤ï ­®¢ãî ª®®à¤¨­ âã

x1 : dx1 = F dr, ¯®«ãç¨¬ ¬¥âà¨ªã dl2 ¢ ¢¨¤¥

dl2 = (dx1)2 + r2(dx2)2;

â. ¥. ª®®à¤¨­ âë x1, x2 ¯®«ã£¥®¤¥§¨ç¥áª¨¥ ¨ r(x1) =
p
G. �¥âàã¤­® ã¡¥¤¨âìáï ¢ â®¬, çâ® sin =

F�1 = (
p
G)1. �®áª®«ìªã ¤«ï ¡ §¨á­®© âà ¥ªâ®à¨¨ ¨§®¯¥à¨¬¥âà¨ç¥áª ï ¯®áâ®ï­­ ï c = e�ap

2h
=

ep3p
2h
, â® ®¡®¡é¥­­ë© ¨­â¥£à « �«¥à® (2) ¯à¨®¡à¥â ¥â ¢¨¤

{ =
p
G sinx3 +

p3p
2h
:

�ç¨âë¢ ï, çâ® sinx3 =
q

G
2h

dx2

dt
, ¯®«ãç¨¬

{ =
Gp
2h
g�2�p� +

p3p
2h

(
p
G)1 =

p2p
2h
:

�âáî¤  ¢ëâ¥ª ¥â, çâ® ¢ ¤ ­­®¬ á«ãç ¥ ¢â®à ï ª®¬¯®­¥­â  p2 ¨¬¯ã«ìá  â ª¦¥ ï¢«ï¥âáï ¨­â¥-
£à «®¬ £¥®¤¥§¨ç¥áª®£® ¯®â®ª .

� áá¬®âà¨¬ áª®¡ªã �ã áá®­  ª ­®­¨ç¥áª®© á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë

fF1; F2g =
X
�

@F1

@p�

@F2

@x�
� @F2

@p�

@F1

@x�
:

� ª ª ª ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ £ ¬¨«ìâ®­¨ ­ H ­¥ § ¢¨á¨â áà §ã ®â ¤¢ãå ¯¥à¥¬¥­­ëå x2,
x3, â® ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¨­â¥£à «ë H, p2, p3 ­ å®¤ïâáï ¢ ¨­¢®«îæ¨¨, â. ¥.

fH; p2g = fH; p3g = fp2; p3g = 0:

�ç¥¢¨¤­®, ãª § ­­ë¥ âà¨ ¨­â¥£à «  ­¥§ ¢¨á¨¬ë ¨ à §à¥è¨¬ë ®â­®á¨â¥«ì­® ¨¬¯ã«ìá®¢ p1, p2,
p3. �«¥¤®¢ â¥«ì­®, ¢ë¯®«­¥­  â¥®à¥¬  �¨ã¢¨««ï [1], [2] ¨ äã­ªæ¨¨ H, p2, p3 ®¡à §ãîâ ¯®«­®¥
¨­¢®«îâ¨¢­®¥ á¥¬¥©áâ¢® ¨­â¥£à «®¢ £ ¬¨«ìâ®­®¢ëå ãà ¢­¥­¨©

dx�

dt
=
@H

@p�
;

dp�

dt
= � @H

@x�
:

�¥¬ á ¬ë¬ ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �á«¨ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ (M 2; g) «®ª «ì­® ¨§®¬¥âà¨ç­® ¯®¢¥àå­®áâ¨ ¢à -

é¥­¨ï, â® £¥®¤¥§¨ç¥áª¨© ¯®â®ª áä¥à¨ç¥áª®£® ª á â¥«ì­®£® à áá«®¥­¨ï T�M
2 á ¬¥âà¨ª®© � á ª¨

ï¢«ï¥âáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬.

� ª ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ à ¡®âë [8], á®®â¢¥âáâ¢ãîé ï ª¢ ¤à âãà  ¤«ï ¡ §¨á­ëå âà ¥ª-
â®à¨© (­¥ ï¢«ïîé¨åáï ¯ à ««¥«ï¬¨) ¨¬¥¥â ¢ ª®®à¤¨­ â å à ¤¨ãá{¤®«£®â  ¢¨¤

x2 =
Z r

r0

ec+ c1F

r(r2 � (ecF�1 + c1)2)1=2
dr + x2

0
:

�à¨ c = 0 íâ  ª¢ ¤à âãà  á®¢¯ ¤ ¥â á ¨§¢¥áâ­®© ª¢ ¤à âãà®© ¤«ï £¥®¤¥§¨ç¥áª¨å ªà¨¢ëå ­ 
¯®¢¥àå­®áâ¨ ¢à é¥­¨ï [14].
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