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�«ï «¨­¥©­®-ª¢ ¤à â¨ç­®© § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á ¯à®¨§¢®«ì­ë¬¨ ¯ à ¬¥âà ¬¨
¨«¨ \¢®§¬ãé¥­¨ï¬¨" § ¤ ç¨ ¯à¥¤« £ ¥âáï á¯®á®¡ ¯®áâà®¥­¨ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ ¢¨¤¥
äã­ªæ¨¨ ®â ­¥§ ¢¨á¨¬®£® ¯¥à¥¬¥­­®£® ¨ ¯ à ¬¥âà®¢. � ª®¥ ã¯à ¢«¥­¨¥, á®åà ­ïîé¥¥ á¢®©áâ¢®
®¯â¨¬ «ì­®áâ¨ ¯à¨ «î¡ëå ¢®§¬ãé¥­¨ïå § ¤ ç¨, ¬®¦­® ®â­¥áâ¨ ª ª« ááã à®¡ áâ­ëå ã¯à ¢«¥­¨©.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ § ¤ çã ¬¨­¨¬¨§ æ¨¨ ¨­â¥£à «ì­®£® ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ « 

J(u) =
Z
T

[hg(t); x(t)i + hd(t); u(t)i + 1
2
hG(t)x(t); x(t)i + 1

2
hD(t)u(t); u(t)i]dt; (1.1)

®¯à¥¤¥«¥­­®£® ­  à¥è¥­¨ïå «¨­¥©­®© á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_x = A(t)x+B(t)u+ C(t)p+ f(t) (1.2)

á ãá«®¢¨ï¬¨

x(t0) = q; x(t1) = r (1.3)

­  ª®­æ å ®âà¥§ª  T = [t0; t1]. �¤¥áì x = x(t), x(t) 2 En, | á®áâ®ï­¨¥ ¯à®æ¥áá , u = u(t),
u(t) 2 Er, | ã¯à ¢«¥­¨¥ ¯à®æ¥áá®¬, h�; �i | á¨¬¢®« áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢¥ªâ®à®¢ ¢ En ¨«¨
¢ Er; A(t), B(t), C(t), G(t), D(t), f(t), g(t), d(t) | § ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨
à §¬¥à­®áâ¨ (n � n), (n � r), (n � k), (n � n), (r � r), (n � 1), (n � 1), (r � 1) á®®â¢¥âáâ¢¥­­®,
¯à¨ç¥¬ ¬ âà¨æ  G(t) á¨¬¬¥âà¨ç¥áª ï ¨ ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ ï,   D(t) | ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­­ ï á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ  ¢ ª ¦¤®¬ t 2 T , ¢¥ªâ®àë p 2 Ek, q 2 En, r 2 En

ï¢«ïîâáï ¯à®¨§¢®«ì­ë¬¨ ¯ à ¬¥âà ¬¨, � = (p; q; r), â. ¥. �| ¯à®¨§¢®«ì­ë¥ ¢®§¬ãé¥­¨ï § ¤ ç¨.
�à¥¡ã¥âáï ­ ©â¨ ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ u� ¢ ¢¨¤¥ äã­ªæ¨¨ u� = u�(t; �).

2. �¥â®¤ à¥è¥­¨ï

� ¯®áâ ¢«¥­­®© § ¤ ç¥ ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà®¢ � = (p; q; r) ®¯â¨-
¬ «ì­®¥ ã¯à ¢«¥­¨¥ u� ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  �.�.�®­âàï£¨­ , ¯®íâ®¬ã à¥è¥­¨¥
ªà ¥¢®© § ¤ ç¨

_x = A(t)x+B(t)D�1(t)B(t)0 �B(t)D�1(t)d(t)+C(t)p+f(t); _ = G(t)x�A(t)0 +g(t); (2.1)

x(t0) = q; x(t1) = r (2.2)

®¯à¥¤¥«ï¥â ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥

u�(t) = D�1(t)B(t)0 �D�1(t)d(t) (2.3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© ¨

�¥¤¥à «ì­®© æ¥«¥¢®© ¯à®£à ¬¬ë \�­â¥£à æ¨ï", ¯à®¥ªâ A 0037.
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¤«ï ¯à®¨§¢®«ì­ëå � = (p; q; r).
�«ï ã¯à®é¥­¨ï § ¯¨á¨ ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

B(t) = B(t)D�1(t)B(t)0; ef(t) = f(t)�B(t)D�1(t)d(t); (2.4)

A(t)(2n� 2n) =
�
A(t) B(t)
G(t) �A(t)0

�
; C(t) =

�
C(t)(n� k) 0(n� k)
0(n� k) 0(n� k)

�
;

z(t) = (x(t);  (t)) 2 E2n; f(t) = ( ef(t); g(t)) 2 E2n; p = (p; 0) 2 E2k; b = (q; r) 2 E2n;

L0 =
�
I(n� n) 0(n� n)
0(n� n) 0(n� n)

�
; L1 =

�
0(n� n) 0(n� n)
I(n� n) 0(n� n)

�
;

§¤¥áì I | ¥¤¨­¨ç­ ï ¬ âà¨æ , 0 | ­ã«¥¢ ï ¬ âà¨æ . � ãç¥â®¬ íâ¨å ®¡®§­ ç¥­¨© ªà ¥¢ ï § ¤ ç 
(2.1), (2.2) ¯à¨¬¥â ¢¨¤

_z = A(t)z + C(t)p+ f(t); L0z(t0) + L1z(t1)� b = 0; (2.5)

£¤¥ rank [L0L1] = 2n.
� ¯¨è¥¬ [1], [2]  ­ «¨â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (2.5). �«ï íâ®£® ¯à¥¤-

áâ ¢¨¬ à¥è¥­¨¥ § ¤ ç¨ �®è¨

_Z = A(t)Z; Z(t0) = I (2.6)

¢ ä®à¬¥ ª«¥â®ç­®© ¬ âà¨æë

Z(t) =
�
Z11(t) Z12(t)
Z21(t) Z22(t)

� �
Z�1(t) =

�
Z�

11(t) Z�

12(t)
Z�

21(t) Z�

22(t)

��
;

£¤¥ ª ¦¤ ï ª«¥âª  | ¬ âà¨ç­ ï äã­ªæ¨ï à §¬¥à­®áâ¨ (n� n). �®£¤  ¥á«¨

det[L0 + L1Z(t1)] 6= 0; (2.7)

â® à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (2.5) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­® ¨ ¯à¥¤áâ ¢¨¬® ¢ ä®à¬¥

z(t) = Z(t)[L0 + L1Z(t1)]
�1b� Z(t)[L0 + L1Z(t1)]

�1L1Z(t1)
Z t1

t0

Z�1(t)[C(t)p+ f(t)]dt+

+ Z(t)
Z t

t0

Z�1(�)[C(�)p+ f(�)]d�: (2.8)

�¥¯¥àì ¨§ à¥è¥­¨ï (2.8) ¢ë¤¥«¨¬ ¯®¤¢¥ªâ®à  (t) ¨ ¯®¤áâ ¢¨¬ ¥£® ¢ ä®à¬ã«ã (2.3). � à¥§ã«ìâ â¥
®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¯à¨¬¥â ¢¨¤

u�(t; �) = P (t)p+Q(t)q +R(t)r + �(t); (2.9)

£¤¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ P (t), Q(t), R(t), �(t) ¢ë¯¨áë¢ îâáï ¢ ï¢­®¬ ¢¨¤¥. �«ï ¨å ¯®¤áç¥â 
âà¥¡ã¥âáï à¥è¨âì ­¥áª®«ìª® § ¤ ç �®è¨ ¨ ¯à®¢¥áâ¨ í«¥¬¥­â à­ë¥  «£¥¡à ¨ç¥áª¨¥ ®¯¥à æ¨¨.
�â¨ ®¯¥à æ¨¨ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥  «£®à¨â¬ , à¥ «¨§ãîé¥£® ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ (2.9).

� ¬¥â¨¬, çâ® ãá«®¢¨¥ à §à¥è¨¬®áâ¨ (2.7) ªà ¥¢®© § ¤ ç¨ (2.5) ¯® áãâ¨ ï¢«ï¥âáï ãá«®¢¨¥¬
áãé¥áâ¢®¢ ­¨ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (2.9) ¤«ï § ¤ ç¨ (1.1){(1.3).

3. �«£®à¨â¬ ¬¥â®¤ 

1) �ëç¨á«¨âì D�1(t), ¨ ¯® ä®à¬ã« ¬ (2.4) ­ ©â¨ B(t) ¨ ef(t).
2) �¥è¨âì ¬ âà¨ç­ãî § ¤ çã �®è¨ (2.6) ¨ ¢ë¤¥«¨âì ª«¥âª¨ Zij(t), i = 1; 2, j = 1; 2, ¬ âà¨ç­®©
äã­ªæ¨¨ Z(t).
3) �à®¢¥à¨âì ãá«®¢¨¥ à §à¥è¨¬®áâ¨ (2.7), ª®â®à®¥ ¯à¨¬¥â ¢¨¤

detZ12(t1) 6= 0; (3.1)

¢ëç¨á«¨âì � = Z�1
12 (t1), �1 = Z�1

12 (t1)Z11(t1).
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4) �¥è¨âì ¬ âà¨ç­ãî § ¤ çã �®è¨ _S = �SA(t), S(t0) = I. �¥ à¥è¥­¨¥¬ ([3], á. 197) ï¢«ï¥âáï
S(t) = Z�1(t). �ë¤¥«¨âì ª«¥âª¨ Z�

ij(t), i = 1; 2, j = 1; 2, íâ®© ¬ âà¨æë.
5)�¥è¨âì ¬ âà¨ç­ë¥ § ¤ ç¨ �®è¨ _Y1 = Z�

11(t)C(t), Y1(t0) = 0; _Y2 = Z�

21(t)C(t), Y2(t0) = 0, £¤¥ Y1,
Y2 ¨¬¥îâ à §¬¥à­®áâì (n� k).
6) �¥è¨âì ¢¥ªâ®à­ë¥ § ¤ ç¨ �®è¨ _y(1) = Z�

11(t) ef(t) + Z�

12(t)g(t), y
(1)(t0) = 0; _y(2) = Z�

21(t) ef(t) +
Z�

22(t)g(t), y
(2)(t0) = 0.

7) �ëç¨á«¨âì P , Q, R, � ¯® ä®à¬ã« ¬

P (t) = D�1(t)B(t)0[Z21(t)Y1(t) + Z22(t)[Y2(t)��1Y1(t1)� Y2(t1)]];

Q(t) = D�1(t)B(t)0[Z21(t)� Z22(t)�1]; R(t) = �D�1(t)B(t)0Z22(t)�;

�(t) = D�1(t)B(t)0[Z21(t)y
(1)(t) + Z22(t)[y

(2)(t)��1y
(1)(t1)� y(2)(t1)]] �D�1(t)d(t):

� ¬¥â¨¬, çâ® ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ¯à¨¢¥¤¥­­ëå § ¤ ç �®è¨ ¬ âà¨æë P , Q, R ¨ ¢¥ªâ®à �
§ ¯®¬¨­ îâáï ¢ ã§« å ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï. � ª¨¥ â ¡«¨æë «¥¦ â ¢ ®á­®¢¥ à¥ «¨§ æ¨¨
®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¯® ä®à¬ã«¥ (2.9) ¤«ï «î¡ëå § ¤ ­­ëå x(t0) = q, x(t1) = r ¨ ¯ à ¬¥-
âà®¢ p, ¢å®¤ïé¨å ¢ ¯à ¢ãî ç áâì á¨áâ¥¬ë (1.2). �á«¨ ¯à®¢¥áâ¨  ¯¯à®ªá¨¬ æ¨î í«¥¬¥­â®¢ íâ¨å
¬ âà¨æ, ­ ¯à¨¬¥à, ¯®«¨­®¬ ¬¨ á § ¤ ­­®© â®ç­®áâìî ¯® ¨§¢¥áâ­ë¬ ¯à®£à ¬¬ ¬, â® ¯®«ãç¨¬
¯à¨¡«¨¦¥­­ë© á¨­â¥§ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ ä®à¬¥ (2.9). � à ¬¥âà¨ç¥áª¨© á¨­â¥§ (2.9)
¢®§¬®¦¥­ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (3.1).

� ª®­¥æ, ¯à¨ f = g = d = 0 (¢ § ¤ ç¥ (1.1)-(1.3)) ¢ ¯ à ¬¥âà¨ç¥áª®¬ á¨­â¥§¥ (2.9) � = 0.
�«ï ¨««îáâà æ¨¨ ¯®«ãç¥­­®£® ¯à¨¢¥¤¥¬

�à¨¬¥à. J(u) =
1R

0:5

[2tx(t) + 1
t
u(t)]dt + 1

2

1R
0:5

u2(t)
t2
dt ! min, _x = 1

t
x + u + tp + t2, x(0:5) = q,

x(1) = r. �«ï íâ®© § ¤ ç¨

Z(t) =
�
2t 1

2
t2 � t

4

0 1
2t

�
; Z�1(t) =

� 1
2t

� 1
2
t2 + t

4

0 2t

�
; Y1(t) =

1
2
t�

1
4
; Y2(t) = 0;

y(1)(t) = �
t4

4
+
t3

6
+
t2

4
�
t

2
+

35
192

; y(2)(t) =
4
3
t3 �

1
6
:

�¯â¨¬ «ì­ë© ¯ à ¬¥âà¨ç¥áª¨© á¨­â¥§ (2.9) ¨¬¥¥â ¢¨¤ u�(t; �) = �tp� 4tq + 2tr + 2
3
t4 � 17

16
t.
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