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� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª ï áâàãªâãà , ¯®à®¦¤¥­­ ï í¢®-
«îæ¨®­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬. �®áâà®¥­ äã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ, ®¯à¥¤¥«ïî-
é¨© £¥®¬¥âà¨î ãà ¢­¥­¨ï. � ©¤¥­  á¢ï§­®áâì, ®å¢ ç¥­­ ï ¯à®¤®«¦¥­­ë¬ äã­¤ ¬¥­â «ì­ë¬
®¡ê¥ªâ®¬. �ª § ­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå á¢ï§­®áâì ¬®¦¥â ¡ëâì à áè¨à¥­  ¤® á¢ï§­®áâ¨ ¢
à áá«®¥­¨¨ á ¡®«¥¥ è¨à®ª®© áâàãªâãà­®© £àã¯¯®© ¨ ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå à áè¨-
à¥­­ ï á¢ï§­®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë ¤«ï § ¤ ­­®£® í¢®«îæ¨®­­®£®
ãà ¢­¥­¨ï âà¥âì¥£® ¯®àï¤ª .

1. �ã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå âà¥âì¥£® ¯®àï¤ª  á«¥¤ã-
îé¥£® ¢¨¤ :

ut = '(t; x1; : : : ; xn; u; uj ; ujk; ujkl): (�)

�¤¥áì t; x1; : : : ; xn | ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥; ¯à¨ íâ®¬ t = x0 | ¢ë¤¥«¥­­ ï ¯¥à¥¬¥­­ ï (¨¬¥-
îé ï á¬ëá« \¢à¥¬¥­¨"), x1; : : : ; xn | ¯à®áâà ­áâ¢¥­­ë¥ ¯¥à¥¬¥­­ë¥, u { ­¥¨§¢¥áâ­ ï äã­ªæ¨ï,
uj , ujk, ujkl | ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¯¥à¥¬¥­­ë¬ xi ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®.
�á«®¢¨¬áï à áá¬ âà¨¢ âì t; x1; : : : ; xn; u ª ª  ¤ ¯â¨à®¢ ­­ë¥ «®ª «ì­ë¥ ª®®à¤¨­ âë à áá«®¥­-
­®£® (n+2)-¬¥à­®£® ¬­®£®®¡à §¨ï E á à áá«®¥­­®© (n+1)-¬¥à­®© ¡ §®©M, «®ª «ì­ë¬¨ ª®®à¤¨-
­ â ¬¨ ª®â®à®© ï¢«ïîâáï ¯¥à¥¬¥­­ë¥ t; x1; : : : ; xn. �®¯ãáâ¨¬ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ «®ª «ì­ëå
ª®®à¤¨­ â ï¢«ïîâáï ­¥¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ¢¨¤ 8>><>>:

~t = '0(t);

~xi = 'i(t; x1; : : : ; xn); i = 1; : : : ; n;

~u = 'n+1(t; x1; : : : ; xn; u):

(1a)

�â¨ ¯à¥®¡à §®¢ ­¨ï ¬®¦­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:8>><>>:
t =  0(~t);

xi =  i(~t; ~x1; : : : ; ~xn); i = 1; : : : ; n;

u =  n+1(~t; ~x1; : : : ; ~xn; u):

(1¡)

� ¯¨è¥¬ ãà ¢­¥­¨¥ (�) ¢ ¡®«¥¥ ®¡é¥¬ ¢¨¤¥

�0 � '(t; x1; : : : ; xn; u; �j ; �jk; �jkl) = 0; (2)
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£¤¥ t; x1; : : : ; xn; u; �j ; �jk; �jkl (j; k; l; : : : = 0; 1; : : : ; n) | «®ª «ì­ë¥ ª®®à¤¨­ âë ¬­®£®®¡à §¨ï
£®«®­®¬­ëå 3-áâàã© «®ª «ì­ëå á¥ç¥­¨© à áá«®¥­¨ï E. � ª®­ ¯à¥®¡à §®¢ ­¨ï «®ª «ì­ëå ª®®à-
¤¨­ â £®«®­®¬­ëå áâàã© â®â ¦¥, çâ® ¨ ã á®®â¢¥âáâ¢ãîé¨å ç áâ­ëå ¯à®¨§¢®¤­ëå ut; uj ; ujk; ujkl,
­ ¯à¨¬¥à,

~�0 =
@'n+1

@u

d 0

dt
�0; ~�i =

@'n+1

@u
�i:

�§ ¢¨¤  ¯à¥®¡à §®¢ ­¨© «®ª «ì­ëå ª®®à¤¨­ â áâàã© á«¥¤ã¥â, çâ® t; xi; u; �j ; �jk; �jkl ¬®¦­® ®¤-
­®¢à¥¬¥­­® à áá¬ âà¨¢ âì ¨ ª ª ç áâì «®ª «ì­ëå ª®®à¤¨­ â ¬­®£®®¡à §¨ï J3E, ¨ ª ª ¢áî
á®¢®ªã¯­®áâì «®ª «ì­ëå ª®®à¤¨­ â ­¥ª®â®à®£® ¬­®£®®¡à §¨ï J

3
E, ª®â®à®¥ ï¢«ï¥âáï ä ªâ®à-

¬­®£®®¡à §¨¥¬ ¬­®£®®¡à §¨ï J3E. � ¤ «ì­¥©è¥¬ ­ àï¤ã á ¬­®£®®¡à §¨¥¬ J
3
E ­ ¬ ¯à¨¤¥âáï

à áá¬ âà¨¢ âì ¬­®£®®¡à §¨¥ J
4
E, £« ¢­ë¬¨ ä®à¬ ¬¨ ª®â®à®£® ï¢«ïîâáï ä®à¬ë !i, !n+1, !n+1j ,

!n+1jk , !n+1jkl , !
n+1
jklm, ¨ ¬­®£®®¡à §¨¥ J

5
E, £« ¢­ë¬¨ ä®à¬ ¬¨ ª®â®à®£® ï¢«ïîâáï ä®à¬ë !i, !n+1,

!n+1j , !n+1i1;:::;ik
, k = 2; : : : ; 5. �â¨ ¬­®£®®¡à §¨ï ï¢«ïîâáï ä ªâ®à-¬­®£®®¡à §¨ï¬¨ ¬­®£®®¡à §¨©

J4E ¨ J5E.
� à¥§ã«ìâ â¥ ¯à®¨§¢®«ì­®£® ¤®¯ãáâ¨¬®£® ¯à¥®¡à §®¢ ­¨ï «®ª «ì­ëå ª®®à¤¨­ â ãà ¢­¥­¨¥

(2) ¯à¨¬¥â ¢¨¤
@ n+1

@~u
d'0

dt
~�0 � '

���
t= 0(~t)

= 0:

� íâ®¬ ãà ¢­¥­¨¨ «¥¢ ï ç áâì ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨î, § ¤ ­­ãî ­  J
3
E; á ¬  íâ  äã­ª-

æ¨ï ­¥ ¬¥­ï¥âáï ¯à¨ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨ïå «®ª «ì­ëå ª®®à¤¨­ â, ¬¥­ï¥âáï â®«ìª® ¥¥
¢ëà ¦¥­¨¥ ¢ «®ª «ì­ëå ª®®à¤¨­ â å. �¤­ ª® ¯à¨ ¯®¤®¡­ëå ¯à¥®¡à §®¢ ­¨ïå ª®®à¤¨­ â íâ®

ãà ¢­¥­¨¥ â¥àï¥â ¢¨¤ (2). �®¦¥¬ á­®¢  ¯à¥¤áâ ¢¨âì ¥£® ¢ ¢¨¤¥ (2), ã¬­®¦¨¢ ¥£® ­ 
�
@ n+1

@~u
d'0

dt

�
�1

,

­® â®£¤ , ¢®®¡é¥ £®¢®àï, ¨§¬¥­¨âáï äã­ªæ¨ï, áâ®ïé ï ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2).
�â®£® ­¥ ¯à®¨§®©¤¥â, ¥á«¨ ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãá«®¢¨î

@ n+1

@~u
d'0

dt
= 1;

çâ® ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ª®£¤  ¯¥à¥¬¥­­ë¥ t; xi; u ¯à¥®¡à §ãîâáï á«¥¤ãîé¨¬ ®¡à §®¬:8>><>>:
t = ~t+ c;

xi =  i(~t; ~x1; � ; ~xn);

u = ~u+  (~t; ~x1; � ; ~xn):

(3)

� ª¨¬ ®¡à §®¬, ¥á«¨ ®£à ­¨ç¨¬áï ¯à¥®¡à §®¢ ­¨ï¬¨ ¢¨¤  (3), â® ¢ëà ¦¥­¨¥

�0 � '(t; x1; : : : ; xn; u; �j ; �jk; �jkl)

ï¢«ï¥âáï ¨­¢ à¨ ­â­ë¬, ¯®íâ®¬ã ãà ¢­¥­¨¥ (2) § ¤ ¥â ­  ¬­®£®®¡à §¨¨ äã­ªæ¨î. �à¥®¡à §®-
¢ ­¨ï ¢¨¤  (3) á®áâ ¢«ïîâ £àã¯¯ã, ª®â®à ï ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë ­¥¢ëà®¦¤¥­­ëå ¯à¥-
®¡à §®¢ ­¨© (1).

�ãáâì

!î; !n+1; !n+1n+1; !
0
0; !

î

ĵ
; !n+1n+1; !

n+1

ĵ
; !0

00; !
î

ĵk̂
; !n+1n+1;n+1; : : : (4)

| ¯®á«¥¤®¢ â¥«ì­®áâì á¨¬¬¥âà¨ç­ëå ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬ áâàãªâãà­ëå ä®à¬ à áá«®¥­¨© £®-
«®­®¬­ëå à¥¯¥à®¢ ¬­®£®®¡à §¨ï E. �à¨ íâ®¬ ä®à¬ë !î; !n+1; !n+1

î1;:::;̂ik
(k = 1; 2; : : : ; r) ï¢«ïîâáï

£« ¢­ë¬¨ ä®à¬ ¬¨ ¢ à áá«®¥­¨¨ £®«®­®¬­ëå r-áâàã© JrE. � ª ç¥áâ¢¥ £« ¢­ëå ä®à¬ ¬®£ãâ,
¢ ç áâ­®áâ¨, ¡ëâì ¢ë¡à ­ë â ª ­ §ë¢ ¥¬ë¥ ª®­â ªâ­ë¥ ä®à¬ë, â. ¥. ä®à¬ë ¢¨¤  !î = dxî;
!n+1 = du� �îdx

î; !n+1
î1;:::;̂ik

= d�î1;:::;̂ik ĵdx
ĵ .

68



� ¬¥ç ­¨¥ 1.1. �«ï «î¡®£® á¥ç¥­¨ï � � E, § ¤ ­­®£® ãà ¢­¥­¨¥¬ u = u(t; x1; : : : ; xn), ¬®¦-
­® à áá¬ âà¨¢ âì ¯®¤­ïâë¥ á¥ç¥­¨ï �r � JrE, § ¤ ­­ë¥ ãà ¢­¥­¨ï¬¨

u = u(t; x1; : : : ; xn); �î1;:::;̂ik = uî1;:::;̂ik (k = 1; 2; : : : ; r):

� ¬¥â¨¬, çâ® ¨­â¥£à «ì­ë¬¨ ¬­®£®®¡à §¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨© �ä ää 

!n+1 = !n+1
î

= � � � = !n+1
î1;:::;̂ik

= 0;

£¤¥ !n+1, !n+1
î

; : : : ; !n+1
î1;:::;̂ik

| ª®­â ªâ­ë¥ ä®à¬ë, ï¢«ïîâáï ¯®¤­ïâ¨ï �r+1 � Jr+1E á¥ç¥­¨©
� � E ¨ â®«ìª® ®­¨.

�âàãªâãà­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¥ ä®à¬ë (4), ¢ª«îç îâ ãà ¢-
­¥­¨ï 8>><>>:

d!0 = !0 ^ !0
0;

d!i = !j ^ !ij + !0 ^ !0
0;

d!n+1 = !n+1 ^ !n+1n+1 + !j ^ !n+1j + !0 ^ !n+10

(5)

¨ ãà ¢­¥­¨ï, ª®â®àë¥ ¯®«ãç îâáï ¢ ¯à®æ¥áá¥ ¯à ¢¨«ì­®£® ¯à®¤®«¦¥­¨ï (á¬. ®¡ íâ®¬ ¢ [1])
ãà ¢­¥­¨© (5).

�¨ää¥à¥­æ¨ « «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

d(�0 � ') = !n+10 � F0!
0 � Fi!

i � F!n+1 � F!n+1 � F j!n+1j � F jk!n+1jk � F jkl!n+1jkl : (6)

�¨ää¥à¥­æ¨àãï íâ® ãà ¢­¥­¨¥ ¢­¥è­¨¬ ®¡à §®¬ (á ãç¥â®¬ (6) ¨ áâàãªâãà­ëå ãà ¢­¥­¨© ¤«ï
ä®à¬ (4)), ¯®«ãç¨¬ á®®â­®è¥­¨¥ á«¥¤áâ¢¨¥¬ ª®â®à®£® (¢ á¨«ã «¥¬¬ë � àâ ­ ) ï¢«ïîâáï à §-
«®¦¥­¨¥ à §­®áâ¨ !n+1n+1 � !0

0 ¯® £« ¢­ë¬ ä®à¬ ¬ ¬­®£®®¡à §¨ï J
3
E (§¤¥áì !n+1 § ¬¥­¥­  ­ 

d(�0 � '), çâ® ¢®§¬®¦­® ¢ á¨«ã (6) )

!n+1n+1 � !0
0 = �0

0!
0 +�0

i!i +�0
n+1!

n+1 +�00d(�0 � ')� �0j!n+1j +�0;jk!n+1jk +�0;jkl!n+1jkl ; (7)

  â ª¦¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®¬¯®­¥­âë F jkl, F jk,
F j , F , Fi, F0 (§¤¥áì à ¢¥­áâ¢® ­ã«î ¨¬¥¥â ¬¥áâ® ¯® ¬®¤ã«î £« ¢­ëå ä®à¬ ¬­®£®®¡à §¨ï J

3
E),

dF jkl + Fmkl!jm + F jml!km + F jkm!lm � F jkl!n+1n+1 = 0;

dF jk + Fmk!jm + F jm!km � F jk!n+1n+1 +
3
2
F uv(j!k)uv � 3F jkm!n+1m;n+1 = 0;

dF i + Fm!im � F i!n+1n+1 � 2F im!n+1m;n+1 + F uv!iuv + F uvw!iuvw � 3F iuv!n+1uv;n+1 = 0;

dF � F!n+1n+1 � Fm!n+1m;n+1 � F uv!n+1uv;n+1 � F jkl!n+1jkl;n+1 = 0;

dFi + Fl!
l
i + F!n+1i + F l!n+1il + F lk!n+1ilk + F jkl!n+1ijkl = 0;

dF0 + Fj!
j
0 � F!n+10 + F j!n+10j + F jk!n+10jk + F jkl!n+10jkl = 0:

� ¬¥ç ­¨¥ 1.2. � ¯à®æ¥áá¥ ¯à®¤®«¦¥­¨ï ãà ¢­¥­¨ï (7) ¯®«ãç îâáï ãà ¢­¥­¨ï ¤«ï ª®íä-
ä¨æ¨¥­â®¢ �0

0;�
0
i ;�

0
n+1; : : : � ç áâ­®áâ¨,

d�0
i � �0

m!
m
i + !n+1i;n+1 = �0

i;0 +�0
i;j!

i +�0
i;n+1!

n+1 +�00
i d(�0 � ') +

+ �0;j
i !n+1j +�0;jk

i !n+1jk +�0;jkl
i !n+1jkl +�0;jklm

i !n+1jklm:

� áá¬ âà¨¢ ï ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥­âë F jkl,
F jk, F j , F , Fi, F0, ¢¨¤¨¬, çâ® ®­¨ áãâì ª®¬¯®­¥­âë ¯®«ï £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ , § ¤ ­­®£® ­ 
¬­®£®®¡à §¨¨ J

4
E. �®¤®¡ê¥ªâ ¬¨ ¤ ­­®£® ®¡ê¥ªâ  ï¢«ïîâáï ®¡ê¥ªâë fF jkl; F jk ; F jg; fF jkl; F jkg;

fF jklg, ¯à¨ç¥¬ fF jklg ï¢«ï¥âáï ®â­®á¨â¥«ì­ë¬ â¥­§®à®¬.
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�¡ê¥ªâ á ª®¬¯®­¥­â ¬¨ F jkl, F jk, F j , F , Fi, F0 ãá«®¢¨¬áï ­ §ë¢ âì äã­¤ ¬¥­â «ì­ë¬ ®¡ê-

¥ªâ®¬.
�¢®©áâ¢  ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª®© áâàãªâãàë, ®¯à¥¤¥«ï¥¬®© § ¤ ­¨¥¬ äã­¤ ¬¥­-

â «ì­®£® ®¡ê¥ªâ , ãá«®¢¨¬áï ­ §ë¢ âì £¥®¬¥âà¨¥© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2).
� á«ãç ¥, ¥á«¨ ¬ë ®£à ­¨ç¨¬áï ¯à¥®¡à §®¢ ­¨ï¬¨ «®ª «ì­ëå ª®®à¤¨­ â ¢¨¤  (3), § ¤ ­¨¥

äã­¤ ¬¥­â «ì­®£® ®¡ê¥ªâ  à ¢­®á¨«ì­® ®¯à¥¤¥«¥­¨î (á â®ç­®áâìî ¤® ¯®áâ®ï­­®©) äã­ªæ¨¨
�0 � ' («¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2)).

2. �ã­¤ ¬¥­â «ì­ ï á¢ï§­®áâì

�®¯ãáâ¨¬, çâ® ­ àï¤ã á ¯á¥¢¤®â¥­§®à®¬ F jkl ­  ­ è¥¬ ¬­®£®®¡à §¨¨ ®¯à¥¤¥«¥­ ®¡à â­ë©
¥¬ã ¯á¥¢¤®â¥­§®à Fjkl, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î

FjuvF
uvi = �ij :

� ¬¥ç ­¨¥ 2.1. �§¢¥áâ­® (á¬. [1], [2]), çâ® â ª®© â¥­§®à F jkl ¬®¦­® ¯®áâà®¨âì, ¥á«¨ áãé¥-
áâ¢ã¥â ­¥ª®â®àë© ®å¢ ç¥­­ë© ®¡ê¥ªâ®¬ F jkl ®â­®á¨â¥«ì­ë© ¨­¢ à¨ ­â J = J(F jkl). � ç áâ­®áâ¨,
¯à¨ n = 2 ¬®¦­® ¢§ïâì J = 2

3
D, £¤¥ D| ¤¨áªà¨¬¨­ ­â ªã¡¨ç¥áª®© ä®à¬ë � = F jklyjykyl. �®£¤ 

F111 =
1
2J

@J

@F 111
; F112 = �

1
6J

@J

@F 112
; F122 =

1
6J

@J

@F 122
; F222 =

1
2J

@J

@F 222
:

�®áª®«ìªã (á¬. [2])

J = F 111F 112F 122F 222 �
2
3
(F 112)3F 222 �

2
3
F 111(F 122)3 +

1
2
(F 112)2(F 122)2 �

1
6
(F 111)2(F 222)2;

â® J 6= 0, ¥á«¨ áãé¥áâ¢ã¥â «®ª «ì­ ï á¨áâ¥¬  ª®®à¤¨­ â, ¯® ®â­®è¥­¨î ª ª®â®à®© ª®¬¯®­¥­âë
â¥­§®à  ¯à¨­¨¬ îâ §­ ç¥­¨ï

F 112 = F 122 = 0; F 111 = F 222 = 1:

�à ¢­¥­¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥­âë Fjkl, ¨¬¥îâ ¢¨¤

dFjkl � Fmkl!
m
j � Fjml!

m
k � Fjkm!

m
l + Fjkl!

n+1
n+1 = 0

(à ¢¥­áâ¢® ­ã«î ¨¬¥¥â ¬¥áâ® ¯® ¬®¤ã«î £« ¢­ëå ä®à¬ ¬­®£®®¡à §¨ï J
3
E). �®¯®«­¨â¥«ì­®

¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï á«¥¤ãîé¥£® ãá«®¢¨ï ­¥¢ëà®¦¤¥­­®áâ¨:

det



eF i

jk

��







 6= 0; i; j; k; �; �; 
 = 1; : : : ; n; (8)

£¤¥

eF i

jk

! 
��




!
= �i
�

�
(j�

�

k) + F iu�Fu
(j�
�

k) + F iu�Fu
(j�
�
k) � �i(jFk)u
F

u��;

¯à¨ íâ®¬ âà®©ª  ¨­¤¥ªá®¢
�
i

jk

�
ãª §ë¢ ¥â ­  ­®¬¥à áâà®ª¨,   âà®©ª 

�
��




�
| ­  ­®¬¥à áâ®«¡æ 

¬ âà¨æë



eF i

jk

��







.
� ¬¥ç ­¨¥ 2.2. �§ à áá¬®âà¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ª®â®àë¬ ã¤®¢«¥â¢®àïîâeF i

jk

��



, ¬®¦­® § ª«îç¨âì, çâ® eF i

jk

��



| â¥­§®à. � ­­®¥ ãá«®¢¨¥ ¢ë¯®«­¥­® ¢ ¯à¥¤¯®«®¦¥­¨-

ïå § ¬¥ç ­¨ï 2.1. �á«¨ ãá«®¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨ ¢ë¯®«­¥­®, â® ¬®¦­® ¢¢¥áâ¨ â¥­§®à F i

jk

��



,

®¡à â­ë© â¥­§®àã eF i

jk

��



, â ª, çâ®


F i

jk

��







 = 


eF i

jk

��







�1 ; eF i

jk

��



� F 


��

pq

r
= 1

2
�ir�

p

(j�
q

k):
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�®áâà®¨¬ ®¡ê¥ªâë

�ikjF
i

jk

��




h
1
3
F
u�(F��(u;�) � F��u;�)� 1

3
�
(��

0
�) +

1
3
F���F

�
m � �0
m

i
; (9)

�i0 = Fi + 2Fim�0
m + �ijk�

0
lF

jkl:

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®¬¯®­¥­âë íâ¨å ®¡ê¥ªâ®¢ ¨¬¥îâ ¢¨¤

d�ijk + �mjk!
i
m � �imk!

m
j � �ijm!

m
j � !ijk = �ijk;0!

0 + �ijk;l!
l + �ijk;n+1!

n+1 +

+ �i0jkd(�0 � ') + �i;ljk!
n+1
l + �i;uvjk !n+1uv + �i;uvwjk !n+1uvw + �i;uvw;�jk !n+1uvw�;

d�i0 + �m0 � �i0!
0
0 � !i0 = �i0;0!

0 + �i0;j!
j + �i0;n+1!

n+1�i00 d(�0 � ') + �i;j0 !
n+1
j +

�i;jk0 !n+1jk + �i;jkl0 !n+1jkl + �i;jkln0 !n+1jkln:

�¥¯¥àì ¢¢¥¤¥¬ ª®íää¨æ¨¥­âë

�000 = �F+�0
0 � Fm�0

m � Fuv(�0
u�

0
v � �0

uv) + �0mFm; (10)

�ij0 = �i0;j + �m0 �
i
mj;

ª®â®àë¥, ¢ á¢®î ®ç¥à¥¤ì, ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

d�ij0 + �mj0!
i
m � �im0!

m
j � �ij0!

0
0 � �ijm!

m
0 � !ij0 =

= �ij0;0!
0 + �ij0;k!

k + �ij0;n+1!
n+1 +�i0j0d(�0 � ') +

5X
l=1

�i;i1;:::;ilj0 !n+1i1;:::;il
;

d�000 � �000!
0
0 � !0

00 = �0000!
0 + �000;k!

k + �000;n+1!
n+1 +�0;000 d(�0 � ') +

5X
l=1

�0;i1;:::;il00 !n+1i1;:::;il
:

�§ ãà ¢­¥­¨©, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥­âë �ijk, �
i
j0, �

0
00, á«¥¤ã¥â, çâ® ®­¨ ï¢«ïîâáï

ª®¬¯®­¥­â ¬¨ ®¡ê¥ªâ  á¢ï§­®áâ¨, § ¤ ­­®© ¢ £« ¢­®¬ à áá«®¥­¨¨ H(J
5
E; G1).

�­¢ à¨ ­â­ë¬¨ áâàãªâãà­ë¬¨ ä®à¬ ¬¨ £àã¯¯ë G1 ï¢«ïîâáï ä®à¬ë !ij ¨ !0
0 (ç¥àâ  ­ ¤

ä®à¬ ¬¨ ®§­ ç ¥â ä¨ªá æ¨î â®çª¨ ¡ §ë). �®à¬ë á¢ï§­®áâ¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

~!ij = !ij + �ij0!
0 + �ijk!

k;

~!0
0 = !0

0 + �000!
0:

(11)

�­¨ ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬

d~!ij = ~!mj ^ ~!im +
ij ; d~!0
0 = 
0

0:

�à¨ íâ®¬ ä®à¬ë ªà¨¢¨§­ë 
0
0, 


i
j ¨¬¥îâ ¢¨¤


ij = Ri
jkl!

k ^ !l + 2Ri
j0k!

0 ^ !k + 2Ri
jkn+1!

k ^ !n+1 + 2Ri
j0n+1!

0 ^ !n+1 + 2Ri0
jk!

k ^ d(�0 � ') +

2Ri0
j0! ^ d(�0 � ') + 2

5X
l=1

R
i;i1;:::;il
jk !k ^ !n+1i1;:::;il

+ 2
5X
l=1

R
i;i1;:::;il
j0 !0 ^ !n+1i1;:::;il

;


0
0 = 2R0

00k!
o ^ !k + 2R0

00;n+1!
0 ^ d(�0 � ') + 2

5X
l=1

R0j1;:::;jl
00 !0 ^ !n+1j1;:::;jl

:

�ëà ¦¥­¨ï ¤«ï ª®¬¯®­¥­â â¥­§®à  ªà¨¢¨§­ë ¢ë¢®¤ïâáï ®ç¥¢¨¤­ë¬ ®¡à §®¬, ­® ¨§-§  £à®¬®§¤-
ª®áâ¨ §¤¥áì ­¥ ¯à¨¢®¤ïâáï. � ¬¥â¨¬, çâ® ¢ëà ¦¥­¨ï ¤«ï 
ij ¨ 
0

0 á¨«ì­® ã¯à®é îâáï, ¥á«¨ ¢
ª ç¥áâ¢¥ £« ¢­ëå ä®à¬ ¢ë¡à ­ë ª®­â ªâ­ë¥ ä®à¬ë


ij = Ri
jkl!

k ^ !l + 2Ri
j0k!

0 ^ !k + 2Ri0
jk!

k ^ d(�0 � ') + 2Ri0
j0!

0 ^ d(�0 � ');


0
0 = 2R0

00k!
0 ^ !k + 2R00

00!
0 ^ d(�0 � '):
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� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (2), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î ­¥¢ëà®¦¤¥­­®-

áâ¨ (8), ¨­¤ãæ¨àã¥â á¢ï§­®áâì ¢ £« ¢­®¬ à áá«®¥­¨¨ H(J
5
E) á ä®à¬ ¬¨ á¢ï§­®áâ¨ (11). �®¬-

¯®­¥­âë ®¡ê¥ªâ  á¢ï§­®áâ¨ ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (9).

3. � áè¨à¥­­ ï äã­¤ ¬¥­â «ì­ ï á¢ï§­®áâì

� ã¦¥ ¨¬¥îé¨¬áï ª®íää¨æ¨¥­â ¬ ¤®¡ ¢¨¬ ª®íää¨æ¨¥­âë

�i00 = �i0;0 � �i0�
0
00 + �m0 �

i
m0: (12)

�­¨ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

d�000 + �000!
i
0 + �m00!

i
m � 2�i00!

0
0 � 2�im0!

m
0 � !i00 � �i;m0 !n+10m � �ijk0 !n+1jk0 � �ijkl0 !n+10jkl � �ijklm0 =

= �i000!
0 + �i00;j!

j + �i00;n+1!
n+1 + �i000d(�0 � ') +

5X
l=1

�i;i1;:::;il00 !n+1i1;:::;il
:

�â® ãà ¢­¥­¨¥ ¢ ¯à®æ¥áá¥ ¯à ¢¨«ì­®£® ¯à®¤®«¦¥­¨ï (á¬. [1]) ¯à¨¢®¤¨â ª ãà ¢­¥­¨ï¬ ¤«ï ª®-
íää¨æ¨¥­â®¢ �i;j0 , �i;jk0 , �i;jkln, ª®â®àë¥ ¨¬¥îâ âã ¦¥ áâàãªâãàã, çâ® ¨ ãà ¢­¥­¨ï ¤«ï F jkl, â. ¥.
®¯¨áë¢ îâ ª®¬¯®­¥­âë § ¤ ­­®£® ­  J

5
E â¥­§®à­®£® ¯®«ï. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ®¡à é¥­¨¥

¢ ­ã«ì íâ¨å ª®íää¨æ¨¥­â®¢ ­®á¨â ¨­¢ à¨ ­â­ë© å à ªâ¥à. � á«ãç ¥, ª®£¤  íâ® ¨¬¥¥â ¬¥áâ®,

�i;j0 = �i;jk0 = �i;jkl0 = 0: (13)

�®¦­® à áè¨à¨âì ®¡ê¥ªâ á¢ï§­®áâ¨, ¯à¨á®¥¤¨­¨¢ �i00 ª ­ ©¤¥­­ë¬ ª®íää¨æ¨¥­â ¬ �ijk, �
i
j0,

�i00, �
0
00. �®¡ ¢«ïîâáï á«¥¤ãîé¨¥ ­®¢ë¥ ä®à¬ë á¢ï§­®áâ¨:

~!i0 = !i0 + �i00!
0 + �ij0!

j : (14)

�â¨ ä®à¬ë ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬

d~!i0 = ~!0
0 ^ ~!i0 + ~!j0 ^ ~!ij +
i0;

£¤¥


i0 = Ri
0kl!

k ^ !l + 2Ri
00k!

0 ^ !k + 2Ri
0kn+1!

k ^ !n+1 + 2Ri
00n+1!

0 ^ !n+1 + 2Ri0
00!

0 ^ d(�0 � ') +

+ 2Ri0
k0!

k ^ d(�0 � ') + 2
5X
l=1

Ri;i1;:::;il
0k !k ^ !n+1i1;:::;il

+ 2
5X
l=1

Ri;i1;:::;il
00 !0 ^ !n+1i1;:::;il

:

� áè¨à¥­­ë© ®¡ê¥ªâ á¢ï§­®áâ¨ ®¯à¥¤¥«¥­ ¢ £« ¢­®¬ à áá«®¥­¨¨ H(J
5
E; G), ¨­¢ à¨ ­â­ë¬¨

áâàãªâãà­ë¬¨ ä®à¬ ¬¨ £àã¯¯ë G ï¢«ïîâáï ä®à¬ë !ij , !
0
0, !

i
0 (ç¥àâ  ®§­ ç ¥â ä¨ªá æ¨î â®çª¨

¡ §ë).
�â ª, ¤®ª § ­ 

�¥®à¥¬  2. �ãáâì ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 1 ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (2)
ã¤®¢«¥â¢®àï¥â â ª¦¥ ãá«®¢¨î (13). �®£¤  á¢ï§­®áâì ¨§ â¥®à¥¬ë 1, ¨­¤ãæ¨à®¢ ­­ ï ¢ à áá«®-
¥­¨¨ H(J

5
E; G1), ¬®¦¥â ¡ëâì à áè¨à¥­  ¤® á¢ï§­®áâ¨ ¢ £« ¢­®¬ à áá«®¥­¨¨ H(J

5
E; G), ¯à¨

íâ®¬ ª ä®à¬ ¬ á¢ï§­®áâ¨ (11) ¤®¡ ¢«ïîâáï ä®à¬ë (14),   ª ª®¬¯®­¥­â ¬ (9), (10) ®¡ê¥ªâ 
á¢ï§­®áâ¨ | ª®¬¯®­¥­âë (12).
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� ¬¥ç ­¨¥ 3.1. �§ à áá¬®âà¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ
ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë á«¥¤ã¥â, çâ® ®­ á®¤¥à¦¨â ¤¢  ¯®¤â¥­§®à . �¥à¢ë© ¨§ ­¨å | A1

á ª®¬¯®­¥­â ¬¨

Ri
jkl; Ri

j0k; R
i;l
jk; R

i;lm
jk ; Rilmt

jk ; Rilmtn
jk :

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (13) ¯®¤â¥­§®à A1 à áè¨àï¥âáï ¤® ¯®¤â¥­§®à  A, â. ¥. ª ¢ë¯¨á ­­ë¬
¢ëè¥ ª®¬¯®­¥­â ¬ ¤®¡ ¢«ïîâáï

Ri
0kl; Ri

00k; Ri;l
j0; Ri;lm

j0 ; Rilmt
j0 ; Rilmtn

j0 :

�â®à®© ¯®¤â¥­§®à | ¯®¤â¥­§®à B1 á ª®¬¯®­¥­â ¬¨

Ri0
jk; Ri0

j0; R00
00;

ª®â®àë© â ª¦¥ ¤®¯ãáª ¥â à áè¨à¥­¨¥ ¤® ¯®¤â¥­§®à  B á ¤®¯®«­¨â¥«ì­ë¬¨ ª®¬¯®­¥­â ¬¨ Ri0
00.

�¡à é¥­¨¥ ¢ ­ã«ì â®£® ¨«¨ ¤àã£®£® ¨§ íâ¨å â¥­§®à®¢ ­®á¨â ¨­¢ à¨ ­â­ë© å à ªâ¥à.

� ¬¥ç ­¨¥ 3.2. �à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¢®¯à®á, ª®£¤  à áè¨à¥­­ ï äã­¤ ¬¥­â «ì­ ï á¢ï§-
­®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥­¨¥ ­ã«¥¢®© ªà¨¢¨§­ë. �á«®¢¨¬áï ­ §ë¢ âì á¥ç¥­¨¥ � � E ®¡®¡-

é¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2), ¥á«¨ ­  ¯®¤­ïâ¨¨ �3 � J
3
E ¨¬¥¥â ¬¥áâ® ®¡à é¥­¨¥ ¤¨ää¥-

à¥­æ¨ «  d(�0�') ¢ ­ã«ì, â. ¥. äã­ªæ¨ï �0�' ¯à¨­¨¬ ¥â ¯®áâ®ï­­®¥ §­ ç¥­¨¥. �à¥¤¨ íâ¨å ®¡®¡-
é¥­­ëå à¥è¥­¨© á®¤¥à¦ âáï ¨ à¥è¥­¨ï ¢ á®¡áâ¢¥­­®¬ á¬ëá«¥. �®­ïâ¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï
¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© «®ª «ì­ëå ª®®à¤¨­ â ¢¨¤  (3),   ¯®­ïâ¨¥ à¥è¥­¨ï ¢
á®¡áâ¢¥­­®¬ á¬ëá«¥ ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© «®ª «ì­ëå ª®®à¤¨­ â ¢¨¤  (1).

�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥

�â¢¥à¦¤¥­¨¥. �á«¨ ¯®¤â¥­§®à A (á¬. § ¬¥ç ­¨¥ 3:1) à ¢¥­ ­ã«î,   ¯®¤â¥­§®à B ®â«¨-

ç¥­ ®â ­ã«ï, â® â®£¤  à áè¨à¥­­ ï äã­¤ ¬¥­â «ì­ ï á¢ï§­®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥­¨¥

­ã«¥¢®© ªà¨¢¨§­ë.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã § ¬¥ç ­¨ï 3.1 ¤®áâ â®ç­® ¯à®¢¥à¨âì ãâ¢¥à¦¤¥­¨¥
¢ á«ãç ¥, ª®£¤  ¢ ª ç¥áâ¢¥ £« ¢­ëå ä®à¬ ¬­®£®®¡à §¨ï ­ ¬¨ ¢ë¡à ­ë ä®à¬ë !0 = dt, !i = dx1

¨ ª®­â ªâ­ë¥ ä®à¬ë. � íâ®¬ á«ãç ¥, ª ª ã¦¥ ®â¬¥ç «®áì, ­  ¯®¤­ïâ¨ïå á¥ç¥­¨© ¨¬¥îâ ¬¥áâ®
à ¢¥­áâ¢ 

!0
0 = !0

00 = � � � = 0;

!ij = !i
ĵk̂
= � � � = 0;

!n+1n+1 = !n+1
ĵ;n+1

= � � � = 0;

!n+1 = !n+1
ĵ

= � � � = !n+1
ĵ1;:::;ĵk

= 0:

(15)

�®íâ®¬ã ¤«ï ä®à¬ á¢ï§­®áâ¨ ¨¬¥¥¬

~!ij = �ij0dt+ �ijkdx
k;

~!i0 = �i00dt+ �ik0dx
k;

~!0
0 = �000dt:

� á¨«ã (15) ­  ¯®¤­ïâ¨ïå á¥ç¥­¨© � � E ä®à¬ë ªà¨¢¨§­ë ¯à¨­¨¬ îâ ¢¨¤


ij = Ri
jkldx

k ^ dxl + 2Ri
j0kdt ^ dx

k + 2Ri0
jkdx

k ^ d(�0 � ') + 2Ri0
j0dt ^ d(�0 � ');


i0 = Ri
0kldx

k ^ dxl + 2Ri
00kdt ^ dx

k + 2Ri0
0kdx

k ^ d(�0 � ') + 2Ri0
00dt ^ d(�0 � ');


0
0 = 2R0

00kdt ^ dx
k + 2R00

00dt ^ d(�0 � '):
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�á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï ãâ¢¥à¦¤¥­¨ï, â® ­  ¯®¤­ïâ¨ïå á¥ç¥­¨©


ij = 2Ri0
jkdx

k ^ d(�0 � ') + 2Ri0
j0dt ^ d(�0 � ');


0
0 = 2R00

00dt ^ d(�0 � ');


i0 = 2Ri0
0kdx

k ^ d(�0 � ') + 2Ri0
00dt ^ d(�0 � ');

®âªã¤  á«¥¤ã¥â, çâ® ä®à¬ë ªà¨¢¨§­ë ®¡à é îâáï ¢ ­ã«ì ­  ¯®¤­ïâ¨ïå á¥ç¥­¨© â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  á¥ç¥­¨ï ï¢«ïîâáï ®¡®¡é¥­­ë¬¨ à¥è¥­¨ï¬¨ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2),
çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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