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� áá¬®âà¨¬ á¨áâ¥¬ã

x0 = Ax+
Z t

0
K(t� s)x(s)ds+ f(t; x) +

Z t

0
G[t; s; x(s)]ds; (1)

£¤¥ A| ¯®áâ®ï­­ ï n�n-¬ âà¨æ , K 2 L1[0;1), f ¨ G ­¥¯à¥àë¢­ë ¯à¨ 0 � s � t <1, kxk � r,
¯à¨ç¥¬ f(t; 0) = G(t; s; 0) � 0.

�¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï (1) ¨ ¥£®  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨
 ­ «®£¨ç­ë á®®â¢¥âáâ¢ãîé¨¬ ®¯à¥¤¥«¥­¨ï¬ ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

�¨¦¥ ¯à¨¢®¤ïâáï ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï á¨áâ¥¬ë (1), ª®â®àë¥ ¯®âà¥-
¡ãîâáï ¯à¨ ¨§ãç¥­¨¨ ®¤­®© ¨¬¬ã­®«®£¨ç¥áª®© ¬®¤¥«¨.

�ãáâì

sup
t
kf(t; x)k = o(kxk); x! 0 ¨ sup

t

Z t

0

sup
kxk��

kG(t; s; x)kds = o(�); � ! 0: (2)

�¥®à¥¬  1. �á«¨ ¬ âà¨æ  zI�A�cK(z), £¤¥ cK(z) | ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ï¤à  K, ®¡à -
â¨¬  ¯à¨ Re z � 0 ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2), â® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) ãáâ®©ç¨¢®.

�á«¨, ªà®¬¥ â®£®,

lim
t!1

Z T

0

sup
kxk��

kG(t; s; x)kds = 0 (3)

¯à¨ «î¡ëå T > 0 ¨ � � r, â® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�å¥¬  ¤®ª § â¥«ìáâ¢ . �§ det(zI �A� cK(z)) 6= 0 ¯à¨ Re z � 0 á«¥¤ã¥â (á¬., ­ ¯à., [1]), çâ®

¤«ï ¬ âà¨æë �®è¨ «¨­¥©­®© á¨áâ¥¬ë x0 = Ax+
tR
0

K(t� s)x(s)ds á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ kC(t)k �

M ,
1R
0

kC(t)kdt �M .

� á¨«ã (2) ¢ ¬ «®© ®ªà¥áâ­®áâ¨ ­ã«ï ¯à¨ t � 0

kf(t; x)k � �kxk;

Z t

0

sup
kxk��

kG(t; s; x)kds � ��:

�ãáâì kx(0)k � � ¨ x(t) = sup
0���t

kx(�)k. �®£¤  ¨§ à ¢¥­áâ¢ 

x(t) = C(t)x(0) +
Z t

0
C(t� s)

�
f(s; x(s)) +

Z s

0
G(s; �; x(�))d�

�
ds (4)

¨¬¥¥¬ x(t) � M [� + 2�x(t)], ®âªã¤  x(t) � M�=(1 � 2M�). �­ ç¨â, âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ãáâ®©-
ç¨¢®.
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�ãáâì ¢ë¯®«­¥­® (3), x = lim sup
t!1

kx(t)k ¨ kx(t)k � x+" ¯à¨ t � T . � ª ª ª
tR
0

C(t� s)'(s)ds! 0

¯à¨ t!1 ¤«ï «î¡®© '! 0, â® á®£« á­® (4) x � 2M�(x + "), ®âªã¤  x = 0.

�á«®¢¨¥ (2) ¯à¥¤¯®« £ ¥â ®£à ­¨ç¥­­®áâì f ¨
tR
0

G(t; s; x)ds ¯® t. �á«¨ ¢¬¥áâ® (2) ¢ë¯®«­¥­ë

ãá«®¢¨ï: ¯à¨ ­¥ª®â®àëå a > 0, qi(t), Qi(t; s)

kf(t; x)k � q1(t)o(kxk) + q2(t)kxk
1+a; (5)

kG(t; s; x)k � Q1(t; s)o(kxk) +Q2(t; s)kxk1+a; (6)

â® ãáâ®©ç¨¢®áâì ¢®§¬®¦­  ¨ ¯à¨ ­¥ª®â®àëå ­¥®£à ­¨ç¥­­ëå ¯® t ­¥«¨­¥©­ëå ç«¥­ å.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­® (5), (6)) ¨ kC(t)k �M exp(��t) ¯à¨ ­¥ª®â®àëå � > 0, M > 0.
�á«¨ äã­ªæ¨ï

1
t

Z t

0

�
q1(s) +

Z s

0
exp(�(s� �))Q1(s; �)d�

�
ds

®£à ­¨ç¥­  ­  [0;1),   äã­ªæ¨ï

exp(��t)
�
q2(t) +

Z t

0
Q2(t; s) exp(�(1 + a)(t� s))ds

�
¯à¨­ ¤«¥¦¨â L1[0;1)

¯à¨ ­¥ª®â®à®¬ 0 < � < a�, â® âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�å¥¬  ¤®ª § â¥«ìáâ¢ . �ãáâì A(t) = q1(t) +
tR
0

exp(�(t� s))Q1(t; s)ds,
tR
0

A(s)ds �Mt ¨ ¯à¨

¤®áâ â®ç­® ¬ «®¬ 
 ¨ kxk � �

kf(t; x)k � 
q1(t)kxk + q2(t)kxk
1+a; (7)

kG(t; s; x)k � 
Q1(t; s)kxk +Q2(t; s)kxk
1+a: (8)

�¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® f ¨ G ®¯à¥¤¥«¥­ë ¯à¨ ¢á¥å x 2 Rn ¨ ¯à¨ ¢á¥å
x ã¤®¢«¥â¢®àïîâ (7), (8).

�¡®§­ ç¨¬ u(t) = exp(�t)kx(t)k, u(t) = sup
0���t

u(�). �®£¤  ¨§ ®æ¥­ª¨ ¬ âà¨æë �®è¨, ¨§ (7), (8)

¨ ãà ¢­¥­¨ï (4) ¯®«ãç¨¬

u(t) �M

Z t

0
f
A(s)u(s) + exp(�a�s)B(s)u1+a(s)gds+Mkx(0)k;

£¤¥ B(s) = q2(s) +
sR
0

Q2(s; �) exp(�(1 + a)(s� �))d� .

�® â¥®à¥¬¥ ®¡ ¨­â¥£à «ì­®¬ ­¥à ¢¥­áâ¢¥ (á¬., ­ ¯à., [2]) u(t),   §­ ç¨â, ¨ u(t) ¬¥­ìè¥ à¥è¥­¨ï
á®®â¢¥âáâ¢ãîé¥£® ãà ¢­¥­¨ï �¥à­ã««¨. �®íâ®¬ã

kx(t)k �Mkx(0)k exp
�
� �t+M


Z t

0

A(s)ds
�
�

�

�
1�M 1+aakx(0)ka

Z t

0

exp
�
M
a

Z s

0

A(�)d� � a�s)B(s)ds
��1=a

¨, á«¥¤®¢ â¥«ì­®, ¯à¨ ¤®áâ â®ç­® ¬ «ëå kx(0)k à¥è¥­¨¥ x(t)! 0 ¯à¨ t!1.

� ¬¥ç ­¨¥. �«ï íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ C(t) ¤®áâ â®ç­®, çâ®¡ë exp(�t)K(t) 2 L1[0;1)
¨ det(zI �A� cK(z)) 6= 0 ¯à¨ Re z � ��.

�á«¨ ¬ âà¨æ  zI�A�cK(z) ­¥®¡à â¨¬  ¯à¨ ­¥ª®â®à®¬ z0, Re z0 > 0, â® âà¨¢¨ «ì­®¥ à¥è¥­¨¥
(1) ¯à¨ ®¯à¥¤¥«¥­­ëå f ¨ G ­¥ãáâ®©ç¨¢®.
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�¥®à¥¬  3. �ãáâì z0 | ¯®«îá (zI �A� cK(z))�1 á ¬ ªá¨¬ «ì­®© ¤¥©áâ¢¨â¥«ì­®© ç áâìî
� = Re z0 > 0 ¨ (k + 1)| ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ¯®«îá®¢, «¥¦ é¨å ­  ¯àï¬®© Re z = �. �ãáâì
¢ë¯®«­¥­ë ãá«®¢¨ï (5) ¨ (6), ¯à¨ç¥¬

A(t) = q1(t)(t+ 1)k +
Z t

0
Q1(t; s) exp(��(t� s))(s+ 1)kds 2 L1[0;1);

  äã­ªæ¨ï

B(t) = q2(t)(t+ 1)k(1+a) +
Z t

0

Q2(t; s) exp(��(1 + a)(t� s))(s+ 1)k(1+a)ds

®£à ­¨ç¥­  ­  [0;1).
�®£¤  âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) ­¥ãáâ®©ç¨¢®.

�å¥¬  ¤®ª § â¥«ìáâ¢ . �á¯®«ì§ãï [3], ¬®¦­® ¯®ª § âì, çâ® ¤«ï ¬ âà¨æë �®è¨ á¯à ¢¥¤-
«¨¢® ¯à¥¤áâ ¢«¥­¨¥

C(t) = (t+ 1)ke�t[B1e
i
1t +B2e

i
2t + � � � +Ble
i
lt + o(1)];

£¤¥ � + i
j | ¯®«îá  (zI �A� cK(z))�1 ¯®àï¤ª  (k + 1), «¥¦ é¨¥ ­  ¯àï¬®© Re z = �,   Bj |
­¥ª®â®àë¥ ¬ âà¨æë, Bj 6= 0. �âáî¤  á«¥¤ã¥â kC(t)k � M(t+ 1)k exp(�t) ¯à¨ ­¥ª®â®à®¬ M > 0
¨ áãé¥áâ¢ãîâ â ª®¥ ç¨á«® m > 0 ¨ ¨­â¥à¢ «ë (�l; �l), �l !1, çâ®

k�(t)k � m(t+ 1)ke�t ¯à¨ t 2 (�l; �l):

�ãáâì 
 > 0 â ª®¢®, çâ® q = 

1R
0

A(t)dt < m=(M(M +m)) ¨ ¢ë¯®«­¥­® (7), (8). �ãáâì ¤ «¥¥

C > 1, M=(1�Mq) < C < M +m ¨

kx(t)k � C(t+ 1)k exp(�t)kx(0)k (9)

­  ­¥ª®â®à®¬ ®âà¥§ª¥ [0; T ].
�§ à ¢¥­áâ¢  (4) ¨ ®æ¥­®ª (7){(9) ­  [0; T ] ¨¬¥¥¬

kx(t)k �M(t+ 1)k exp(�t)kx(0)k[1 + Cq + Cp(exp (�t)Ckx(0)k)a];

£¤¥ p = sup
t�0

B(t)(a�)�1. �®íâ®¬ã (9) ¡ã¤¥â ¢ë¯®«­ïâìáï ¯® ªà ©­¥© ¬¥à¥ ­  â ª®¬ ®âà¥§ª¥ [0; T ],

çâ® ¯à¨ ¤®áâ â®ç­® ¬ «ëå kx(0)k

M(T + 1)k exp(�T )kx(0)k[1 + Cq + Cp(exp(�T )Ckx(0)k)a] = C(T + 1)k exp(�T )kx(0)k;

â. ¥. ¥á«¨ T â ª®¢®, çâ® exp(�T )Ckx(0)k = [f(1�Mq)C �Mg=MCp]1=a.
�ç¥¢¨¤­®, T | ­¥¯à¥àë¢­ ï ã¡ë¢ îé ï äã­ªæ¨ï kx(0)k ¨ T ! 1 ¯à¨ kx(0)k ! 0. �«¥¤®-

¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì kxl(0)k ! 0 ¯à¨ l ! 1, çâ® á®®â¢¥âáâ¢ãîé¨¥
Tl 2 (�l; �l). �®£¤  ¯à¨ t = Tl

kx(Tl)k � (Tl + 1)k(M +m� C)[(1�Mq)C �M ]1=a=C(MCp)1=a >

> (M +m� C)[(1�Mq)C �M ]1=a=C(MCp)1=a;

§¤¥áì kxl(0)k ! 0. �â® ®§­ ç ¥â ­¥ãáâ®©ç¨¢®áâì âà¨¢¨ «ì­®£® à¥è¥­¨ï á¨áâ¥¬ë (1).
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